SOLUTIONS TO CHAFTER 1

Problem 1.1
{a) Since the growth rate of a vaniable equals the time denivative of its log, as shown by equation {1.10]) in
the text, we can writs
@ _dinZit) dIn[X(t)¥(t)]
Ziy & dt ’
Since the log of the product of two variables equals the sum of their logs, we have
Z(t) dnX@)+InYit) dlnX() i dIn¥(t)
@ 20" dt T a i
orsimply
Ziy X Yo

Ziy  X(r) Yin)

{b) Again, smee the growth rate of a vaniable equals the time derivative of its log, we can write
() dinz) dn[X@)/ Y]
Z(ty  dt de '

Since the log of the ratio of two vanables equals the difference in their logs, we have

s 20 dlin X@) -InY(t)] dinX() dInYie)
Z() dt Toa dt

or simply
Z( XM Y

.

{c) We have
a Zm) dinZ@) din[X@®"]
Z()  d dt

Using the fact that In[X(t)" | = alnXit), we have
2(1) dfaln X(t)] ] dlIn X(t) o X(e)

Z()y ot dt X'
where we have used the fact that o iz a constant.

Problem 1.2

{a) Using the information provided in the question, the ,
path of the growth rate of X, X(t)/X(t), is depicted in | ~oL)
the figure at nght. Xty
From time 0 to time t, , the growth rate of X is constant
and equalto a > 0. At time t; , the growth rate of X
drops to 0. From time t; to time t; , the growth rate of P
X rises gradually from 0 to a. Note that we have mads ;
the assumption that K{r},«'X{t] rises at a constant rate
from t; tot; . Finally, after time t; | the growth rate of
X is constant and equal to a agamn
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(b) Note that the slope of InX(t) platted againet time js
equal to the growth rate of Xit). That is, we know
dinX(t) _ X(r)
dt Xit)
(See equation (1.10) in the text.)

From time 0 to time t, the slope of InX{t) equals

a > 0. The nX(t) locus has an inflection point at t, ;
when the growth rate of X(t) changes discontinuously
from a to 0. Between t, andt, » the slope of InXit)
rises gradually from O to a. After time t; the slope of
InX(t) is constant and equal to a > 0 again,

Frem 1.3

(a) The slope of the break-even investment line is
given by {n + g + 5) and thus a fall in the rate of
depreciation, &, decreaszes the slope of the break-gven
imvestment line,

The actual investment curve, f{k) is unaffected,

From the figure at right we can see that the balanced-
growth-path level of capital per unit of effective labor
rises from k* to k*h'zu.r :

(b} Since the slope of the break-even investment line
is given by (n + g + 8), a rise in the rate of
technological progress, g, makes the break-even
investment line stesper

The actual investment curve, sfik), is unaffected
From the figure at right we can see that the balanced-

growth-path level of capital per unit of effective labor
falls from k* to k*pw

InX(1)

[0

slope = a

slope=a

4

time
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(c) The break-even investment line, (n + g = &)k, is b
unaffected by the rise in capital’s share, o, el lab

The effect of a change in @ on the actual mvestment
curve, sk® can be determinad by examining the
derivative &(sk™)de. It is possible to show that

k™
(1} P
Far 0 < @ < 1, and for positive values of k, the sign
of &{k™)/fn 15 determined by the sign of Ink, For
Ink>0,ork>1, ﬁk“fﬂ::}ﬂ and so the new actual
investment curve lies above the old ane. For
Ink=0ork=1, Esic”,"rﬂc,-ﬁﬂ and so the new actual investment curve lies below the old one. Atk =1, so
that Ink = 0, the new actual mvestment curve intersects the old one.

(n+ g+ &k

=sk®Ink.

k* E*eew k

Tn addition, the effect of a nse in = on k* is ambiguous and depends on the relative magnitudes of < and
{n+ g+ 8&). It is possible to show that a rise in capital's share, o, will cause k* to rise if s > (n + g + §).
This is the case depicted in the figure above

{d) Suppose we madify the intensive form of the

production fimction to include a non-negative Inw!
constant, B, so that the actual investment curve is ell lab R~
given by sBf(k), B> 0. +g+8

Then workers exerting more effort, so that cutput per

I B k)
unit of effective labor is higher than before, can be j

modeled as an increase in B. This increase in B EBAT)
shifts the actual investment curve up.
The break-even investment line, (n + g + &)k, is S
unaffected.
k* K e k

From the figure at right we can see that the balanced-growth-path level of capital per unit of effective labor

rises from k* to k¥ypw -

Problem 1.4

{3) At some time, call it ty , there is a discrete upward jump in the number of workers. This reduces the
amount of capital per unit of effective labor from k* to kypw . We can see this by simply locking at the
definition, k = K/AL . An increase m L without a jump in K or A causes k to fall. Since f' (k) = 0, this
fall in the amount of capital per unit of effective labor reduces the amount of output per unit of effective
labor as well. In the figure below, v falls from v* to vurw .
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(b) Now at this lower kuew , actual | Tnvesument
investment per unit of effective labor | /efT I,
exceeds break-even investment per
unit of effective labor. That is, ¥ :
sflkyew ) > (g + 8)kogw . The 5+ &k
ECONOMY is now saving and investing _ i

more than enough to offset ol
depreciation and technological
progress at this lower kygy . Thus k
begins rising back toward k*. As

capital per unit of effective labor
begins rising, so does cutput per unit \/__"—_\i
of effective labor. That is, v begins
rising from ywew back toward y*, g k* k=K/AL

¥=1ik)

siik)

() Capital per unit of effective labor will continue to rise until it eventually retumns to the origmal level of
k*. Atk*, investment per unit of effective labor is agam just enough to offset technological progress and
depreciation and keep k constant. Since k retums to its original value of k* once the economy again retums
to a balanced growth path, sutput per unit of effective labor also retums to its original value of
¥ =Rk*).
Problem 1.5
(a) The equation deseribing the evolution of the capital stock per unit of effective labor is given by
(1) k=sf(k)~(n+g+8)k.
Substituting in for the intensive form of the Cobb-Douglas, fik) = k”, yields

k=sk™ - (n+g+5)k,
On the balanced growth path, k is Zefo, mvestment per unit of effective labar is equal to break-even
investment per unit of effective labor and so k remains constant. Denoting the balanced-growth-path value
of k as k*, we have sk*™ = (n + 8+ 8)k* Rearranging to solve for k* yialds

1i{l-a

2) k*=[s/(n +g+8)]"",
To get the balanced-growth-path value of output per unit of effective labor, substitute equation (2} into the
intensive form of the production function, v = k™
(3) y*=[s/tn+g+8)]""™
Consumption per unit of effective labor on the balanced growth path is given by c* = (1 - siy*.
Substituting equation (3) mto this expression yizlds
) c*=(1-9)[s/(n+g+8)] ¥ |

(b) By definition, the golden-rule level of the capital stock is that level at which consumption per unit of
effective labor is maximized. To derive this level of k, take equation (2), which expresses the balanced-
growth-path level of k, and rearrange it to solve for ¢
(5) s=(m+g+8)k"
Now substitute equation (5) into equation (4):

c*=[I-(n+g+H)k -““}[{n +g+8)k* % fn1g +5}]“"'“-“’ :
After some straightforward algebraic manipulation, this simplifies to
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(8) c*=k* -in+g+ak*

Equation (&) can be easily interpreted, Consumption per unit of effective labor is equal to output per unit
of effective labor, k*?, less actual investment per unit of effective labor, which on the balanced growth path
is the same as break-even investment per unit of effective labor, (n + g + 8k,

Mow use equation (6) to maximize c* with respect to k*. The first-order condition is given by
fetfokt=ak *™ ! ~(n+g+8)=0,

ar simply

(7) ak*' = (n+g+8)

Note that equation (7} is just a specific form of f* (k*) = (n + g + &), which is the general condition that

implicitly defines the golden-rule level of capital per unit of effective labor, Equation (7) has a graphical

nterpretation: it defines the level of k at which the slope of the intensive form of the production function is

equal to the zlope of the break-gven investment line,

Selving equation (7) for the golden-rule lovel of k yields
(8) k*gp = {ui'liﬂ+g+ 5}] I!.-{I—u.J_

(c) To get the saving rate that will yield the golden-rule lavel of k, substitute equation (E) into (5):

Bgp =(n+g+ E]{:;,."{n +5 +$]]{I_M'I{I_IIJ,
which simplifies to
() sz=o
With a Cobb-Douglas production function, the saving rate required to reach the golden rule is equal to the
elasticiry of output with respect to capital or capital's share in output (if capital eams its marginal product).

Problem 1.6

(a) Since there is no technological progress, we can carry out the entire analysis in terms of capital and
output per worker rather than capital and output per unit of effective labor. With A constant, they behave
the zame. Thus we can define v=Y/L and k = K/L.

The fall in the population growth rate makes the

break-even mvestment line flatter. In the
absence of technolagical progress, the per unit
time change in k, capital per worker, is given by P S T A k)
k =sf(k) - (5+n)k. Since k was 0 before the T
decrease in n -- the economy was on a balanced
growth path — the decrease in n causes k to
become posttive. At k*, actual investment per
wotker, sf(k*), now exceeds break-even
investment per worker, (Mayew + 6)k*. Thus k
maves to a new higher balanced growth path
level. Seethe figure at right.

(M + Bk

sfik)

As k nises, v — output per worker — also rises,
Since a constant fraction of output is saved, ¢ —
consumption per worker — rises as y rises, This
is summanzed i the figures below,
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time tife time

(b} By definition, output can be written as ; '|
Y = Ly. Thus the growth rate of output is Iny i
Y/¥=L/L+%/y. On the initial balanced growth
path, ¥/yv = 0 — output per worker is constant —
so Y/Y =L/L=n. On the final balanced growth
path, ¥y = 0 again -- cutput per warker is
constant again - and so /¥ = L/L = NyEw <0
In the end, output will be growing at a
permanently lower rate

What happens during the transitien? Examine the production function Y = F(E,AL), On the mitial
balanced growth path AL, K and thus Y are all growing at rate n. Then suddenly AL begmns growing at
some new lower rate uzw. Thus suddenly Y will be growing at some rate between that of K {which is
growing at n) and that of AL (which is growing at fyew). Thus, during the transition, output grows more
rapidly than it will an the new balanced growth path, but Jess rapidly than it would have without the
decrease in population growth. As output growth gradually slows down during the transition, so does
capital growth until finally K, AL, and thus Y are all grovanng at the new lower nupe.

Problem 1.7
The derivative of y* = flk*) with respect to n is given by
(1} dv*én = F'(k*)[Sk*/on).
To find &k*/fn, use the equation for the eveluticn of the capital stock per unit of effective labor,
k =sf(k)—(n+g+8)k. In addition, use the fact that on a balanced growth path, k =0, k = k* and thus
$fk*) = (n+ g+ 8)k*. Taking the derivative of both sides of this expression with respect to n yields
L 3 L]

k &k
Wl = 5__ E ]
rf{k}ﬂn En+g+}aﬂ+k,
and rearranging yields
ik * k*

) =
@ in  sFk*) —(n+g+8)
Substituting equation (2) into equation (1) gives us
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SRR A,

fﬁ_p"*_ . k* ]
G fn ~Lik )[sf’{k']l—(n+g+5} '

Rearrangmmg the condition that implicitly defines k*, sfilk*) = (n + g + 8)k*, and solving for 5 yields
(4) s=in+g+Hk*Hk*).
Substitute equaticn (4) into equation (3):
@) By f'ik*)k*
on [(n+g+8)E (k* )k * (k")) - (o +g +8)
To tumn this into the elasticity that we want, multiply both sides of equation (5) by nf'y*:
L e n fik*pk * (k")

¥* &0 (n+g+8) [FkDk*/Fk*)]-1"
Using the definition that oy (k*) = £'(k*}k*/f(k*) gives us
o ndt_ _n [ @y |

y* & (n+g+3)|I —ﬂxtk‘}lJ

Now, with o (k*) = I/3, g = 2% and § = 3%, we need to caleulate the effect on v* of a fall in n from 2%
to 1%. Using the midpeint of n = 0.015 to calculate the elasticity gives us

n &y 0.015 {143 J

i e | —————— i

y' h T 00154+ 002+003j41-1/3
So this 50% drop in the population growth rate, from 2% to 1%, will lead to approximately a 6% increase
in the level of output per unit of effective labor, smee (-0.50)(=0.12) = 0.06. This calculation illustrates the
point that observed differences m population growth rates across countries are not nearly enough to
account for differences in y that we see.

Problem 1.8
{a) A permanent inereace in the fraction of autput that 15 devoted to investment frem 0.15 ta 0.18
represents a 20% increase in the saving rate, From equation (1.27) in the text, the elasticity of output with
respect to the saving rate is
iy LAt gl

y* & l-agk*’
where ag (k*) 15 the share of income paid to capital (assuming that capital is paid its marginal product),

Substituting the assumption that oy (k*) = 1/3 into equation (1) gives us
g dy*  ap(k") 1/3 1

y* & l-op(k®) 1-13 2
Thus the elasticity of output with respect to the saving rate is 1/2. So this 20% increase in the saving rate
- from s = 0,15 bo spew = 0,18 — will cause output to rise relative to what it would have been by about
10%%, [MNete that the analysis has been carmied cut in terms of cutput per unit of effective labor, Since the
paths of A and L are not affected, however, if output per unit of effective labor rises by 10%, output itself
is also 10% higher than what it would have been_]

{b) Consumption will rise less than output. Although output winds up 10% higher than what it would
have been, the fact that the saving rate is higher means that we are now consuming a smaller fraction of
output. We can calculate the elasticity of consumption with respect to the saving rate. On the balanced
growth path, consumption 15 given by

_
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(2) e* =(1-s)y*.
Taking the derivative with respect to s yields
dc* -

3 ==y *4{l- i
3) el R P
To tum this inte an elasticity, multiply both sides of equation (3) by s/c*:

dc? g5 ~-y*s oy* g
Tt +({1-5} .
g5 c* (l-gy* ds (1-g)y*
where we have substituted c* = (1 - s)v* on the right-hand side. Simplifying gives us
det s -5 dy* 3
) ——= + :
g5 c* (1-5) & (l-gy*

From part (a), the second term on the right-hand side of (4), the elasticity of output with respact to the
saving rate, equals 1/2. We can use the midpoint between s = 0.15 and s,ew = 0.18 to calculate the
elasticity:

et g —0165

———=——4(5=030,

& ¢* (1-0165)

Thus the elasticity of consumption with respect to the saving rate is approximately 0.3, So this 20%
increase in the saving rate will cause consumption to be approsamately 5% above what it would have been.

(¢) The immediate effect of the rise in investment as a fraction of output is that consumption falls.
Although y* does not jump immediately ~ it only begins to move toward its new, higher balanced-growth-
path level == we are now saving a greater fraction, and thus consuming a smaller fraction, of this same y*.
At the moment of the rise in s by 3 percentage points - since ¢ = (1 - 5)y® and ¥* is unchanged -- ¢ falls.

In fact, the percentage change in ¢ will be the percentage change in (1 - 5). Now, (1 - 5) falls from 0.85 to
0.82, which is approximately a 3.5% drop. Thus at the moment of the rise in s, consumption falls by about
three and a half percent.

We can use some results from the text an the speed of convergence to determine the length of time it takes
for consumption to retum to what it would have been without the increase in the saving rate. After the
initial riss in s, s remains constant throughout. Singe ¢ = {1 - s}y, this means that consumption will grow at
the same rate as y on the way to the new balanced growth path. In the text it is shown that the rate of
convergence of k and y, after a linear approximation, ie given by L = (1 - oy }n +g +8). With (n + g + &)
equal to 6% per year and ay. = 1/3, this vields a value for 1 of about 4%, This means that k and v move
about 4% of the remaining distance toward their balanced-growth-path values of k*® and v* each year.
Since ¢ is proportional to y — ¢ = (1 - s}y - it also approaches its new balanced-growth-path value at that
same constant rate. That is, analogous to equation (1.31) in the text, we could write
(5) c(t)—cr=e BRI ) 1y
or equivalently

-hb _ C{t}—ﬂt
e e(l)-c*
The term on the right-hand side of equation (6) is the fraction of the distance to the balanced growth path
that remains to be traveled,

We know that consumption falls mitially by 3.5% and eventually will be 6% higher than it would have
been. Thus it must change by 9.5% on the way to the balanced growth path. It will therefore be equal to
what it would have been about 36 8% (3.5%/9 5% = 36.8%) of the way to the new balanced growth path.
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Equivalently, this is when the remaining distance to the new balanced growth path is 63 2% of the original
distance. In arder to determine the length of timz this will take, we need to find a t* that solves
(M ™ =0632
Taking logs of both sides of equation (7) yields
- = In{0.632).
Rearranging to solve for t gives us
t* = 0.459/0.04,
and thus
{8) t*=11.5 years.
It will take a fairly long time — over a decade - for consumption to retum to what it would have been in the
absence of the increase in investment as a fraction of output.

Problem 1.9
{a) Define the marginal product of labor as w = SF(K,ALYEL. Then write the production function as

¥ = ALfTk) = ALfIK/AL), Taking the partial derivative of output with respect to L yields
(1} w= &Y/OL = ALF' (k)[-K/AL? | + ARK) = A[-K/ALF ' (k) + fk)] = A[fik) - k£ (k)]
as required,

(b} Define the marginal product of capital as r = [EF(K,ALY8K] - & Again, writing the production
function as ¥ = ALf{k) = ALf{K/AL) and now taking the partial derivative of output with respect to K
yields
(2) re=[6Y/EK] - 8= ALF (k)[1/AL] -6 = £" (k) - &.
Substitute equations (1) and (2) into wL + rK:

wL + K = A[fik) - k' (k)] L + [£' (k) - 5]K = ALfk) - £ ([K/ALJAL + £' (kK - 8K,
Simplifying gives us
(3) wL +rK = ALfK) - ' (KK + ' (kK - 8K = Alfik) - 6K = ALF(K/AL, 1) - K.
Finally, since F is constant returns to scale, equation (3) can be rewritten as
{4) wL +rk = F{ALKSAL, AL) - 8K = F{K, AL) - 6K.

(¢) As shown above, r="F'(k) - §. Since & is a constant and since k is constant on a balanced growth path,
s0 is £'(k) and thus sois r. In other words, on a balanced growth path, i/r = 0. Thus the Sclow model
does exhibit the property that the retum to capital is constant over time,

Since capital is paid its marginal product, the share of output going to capital is tK/Y. Cn a balanced
growth path,
(/)

(5 W:Hr+ KK-Y/Y=0+(n+g)-(n+g)=0

Thus, en a balanced growth path, the share of output going to capital is constant, Since the shares of
output going to capital and labor sum to one, this implies that the share of output going to laber is also
constant on the balanced growth path.

We need to determine the growth rate of the marginal product of labor, w, on a balanced growth path. As
shown above, w = A[f(k) - kf'(k)]. Taking the time derivative of the log of this expression yields the
growth rate of the ma;g'inal product of labor:

w A . [£0k) = %f(8)] , +{f'(k}|’: - kf'(k) — kf"(k)k] e ~kf*(k)k
w A [fk)-kf(k)] ’ f(k) - kf'(k) g Fk) = kf' (k)

(5)
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On a balanced growth path k = 0 and so W/w =g That is, on a balanced growth path, the marginal
product of labor rises at the rate of growth of the effectiveness of labor.

(d} As shown in part (c), the growth rate of the marginal product of labor is

W —kf (k)
(8, g

w £(k) - kF'(k)
Ifk < k*, then as k moves toward k*, v /w >g. This is true because the denominater of the secand term
on the right-hand side of equation {8) is positive because f{k) is a concave function. The numerator of that
same term 15 positive because k and k are positive and " (k) is negative, Thus, as k rises toward k*, the
marginal product of labor grows faster than on the balanced growth path. Intuitively, the marginal product
of labor rises by the rate of growth of the effectivenase of labor on the balanced growth path. As we move
from k to k*, however, the amount of capital per unit of effective labor is also rising which also makes
labor more productive and this increases the marginal product of laber even more.

The gmwthlmte of the marginal product of capital, r, is

i [f)] kK

e fik) fik)
As k rises toward k*, this growth rate is negative since £' (k) > 0, £ (k) <0 and k > 0. Thus, as the
econamy moves from k to k*, the marginal product of capital falls, That is, it grows at a rate less than on
the balanced growth path where its growth rate is 0,

Problem 1.10

(a) By definition a balanced growth path occurs when all the variables of the model are growing at
constant rates. Despite the differences between this model and the usual Solow model, it tums out that we
can again show that the economy will converge to a balanced growth path by examining the behavior of k =
KrAL.

Taking the time derivative of both sides of the definition of k = K/AL gives us
@ E=[£]_ K(AL) - K[LA - AL] Ii_iri“’**“‘]: E_;{Eii}
AL (AL)* AL AL|_ AL AL L A

Substituting the capital-accumulation equation, K = [#F(K, AL)/K|K - 8K, and the constant growth rates
of the laber force and technology, L/L=nand A/A =g, into equation (1) yiclds

. [eF(K,AL)/oK] K- 8K 8F(K,AL)
Grken AL i K
Substituting SF(K, AL)EK = f'(k) into equation (2) gives us k = £'(k)k -8k - (n + g)k or simply
(3 k=[f)-n+g+H]k.

n+gk= k—6k-(n+glk.

Capital per unit of effective labor will be constant when k=0, i.e. when [f' (k) - (n + g+ 8)] k= 0. This
condition holds if k = 0 (a case we will ignore) or f' (k) - (n + g + 8) = 0. Thus the balanced-growth-path
level of the capital stock per unit of effective labor is implicitly defined by £'(k*) = (n + g+ &), Since

capital per unit of effective labor, k = K/AL, is constant on the balaneed growth path, K must grow at the
same rate as AL, which grows at rate n + g. Since the production finction has constant retums to capital
and effective labor, which both grow at rate n + g on the balanced growth path, output must also grow at
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rate n + g on the balanced growth path, Thus we have found a balanced growth path where all the
variables of the model grow at constant rates.

The next step i5 to show that the cconomy actually converges to this balanced growth path. At k= k*,
Flki=(+g+8). IFk>k® £ (k) <(n+g+8). This follows from the assumption that £* (k) < 0 which
means that £° (k) falls as k rises. Thus if k > k*, we have k < 0 so that k will fall toward its balanced-
growth-path value. [fk <k* ' (k) >(n+g+8). Again, this follows from the assumption that £" (k) < 0
which means that £' (k) rises as k falls. Thus if k < k*, we have k > 0 o that k will rise toward its
balanced-growth-path value. Thus, regardless of the initial value of k (as long as it is not zero), the
econony will eonverge to a balanced growth path at k*, where all the vanables in the model are growing at
constant rates.

(b} The golden-rule level of k - the level of k that maximizes consumption per unit of effective labor -- is
defined implicitly by £'(k™) = {n +g + 5). Graphically, this occurs when the slope of the production
function equals the slope of the break-even investment line. Mote that this is exactly the level of k that the
economy converges to m this model where all capital income 15 saved and all labor income 15 consumed.

In this model, we are saving capital's contribution to cutput, which is the marginal product of capital times
the amount of caprtal. If that contribution exceeds break-even investment, (n + g + 4)k, then k nses. Ifitis
less than break-even investment, k falls, Thus k settles down to a pomt where saving, the margmal product
of capital times k, equals break-even investment, (n + g + &)k, That 15, the economy settles down to a pomnt
where ' (k)k = (1 + g + &)k or equivalently f' (k) = (0 + g + &).

Problem 1.11

{a) The production function with capital-augmenting technelogical progress is given by
(1 Y =[AmKD)]* L™,
Dividing both sides of equation (1) by A@D™" L) yields

yoo | amKe _T uy __]H‘
AM¥ L LA ] LAm* L
and simplifying;
YW _'Mﬂ‘""‘-”-*“}m}]“ S M:}““"*"“’m}“f_c{_u]“
Ay | Lit) 1 Lit) '
and thus finally _
v | ke }
AL [Ap¥ L

Now, defining 4 = a/(1 - ), kit) = KVARLE) and v(t) = Y ARFLIE) yields
(2) ¥yt =k)®*.

In order to analyze the dynamics of kit), take the time derivative of both sides of kit) = K{t)/A(t°L{t):
i koAt Lo] -Kolsaw* ALy + Loaw®)

[A{t}“’ b[ﬂl1

1
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; Kit) Kt [ Am Lo
e Ry,

ALt A() L)L Aty Lit) ]
and then using kit) = KV AL, At)/A(D) = and Lit)/L(t) = n vields
() k(1) = K@)/ AW L(t) - (b + )kt
The evolution of the total capital stock is given by the usual
{4y K(t)=sY(t) - 5Kt
Substituting equation (4) mto (3) gives us

k(t) = sY(£)/A(0)® L(t) - 8Kt} AC)® Lit) - Gy + n)k(t) = sy(t) — (bya+n + 5)k(1).

Finally, using equation (2), w{t) = k{t)", we have
(5) k() =sk(t)™ - (dp+ n +E)k(r).

Equation (5) is very similar to the basic equation
governing the dynamics of the Solow madal with
labor-augmenting technological progress. Hera,
however, we are measuring in units of AL
rather than in units of effective labor, A{fL(). (P
Using the same graphical technigue as with the
basic Solow model, we can graph both
components of k(t). See the figure at right.

{6+ n + &

When actual investment per unit of A(t)"Lit),
skit)®, exceeds break-even investment per unit of
A(t)*L{E), given by (s + n + S)ket), k will rise
toward k*. When actual investment per unit of k* kit) = K{v AL

A)'Lit) falls short of break-even investment
per unit of A{t)*L(¢), k will fall toward k*® Ignoring the case in which the initial level of k is zero, the
economy will converge to a situatien in which k is constant at k* Since y = k*, w will also be constant
when the economy converges to k*,

The total capital stock, K, can be written as A*Lk. Thus when k iz constant, K will be growing at the
constant rate of gy +n. Similarly, total output, Y, can be written as A®Ly. Thus when y is constant,
output grows at the constant rate of ¢ + n as well. Since L and A grow at constant rates by assumption,
we have found a balanced growth path where all the variables of the model grow at constant rates.

(b} The production function is now given by

(6) Y(t) =30 L(ty' ™.

Define J{t) = M A(t). The production function can then be written as

(M Y =[amim] Lo,

Proceed as in part (a). Divide both sides of equation (7) by A@)™““'L{t) and simplify to obtain

() _{ i) T
AWMLy Lap™ iy |
Now, defining ¢ = o/(1 - ), j(t) = J(t)/A{Li) and y(t) = YEVAD'LA) vields
@) ylty=j0"
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In order to analyze the dynamics of j(t), take the time derivative of both sides of j(t) = J(t) /ALY
. Jo[ae’ Lo]-Toluo* ' Aouw + Loaw®]
i= :

[Mt}* L{:}] *
: i) i [ Aw L]
o e e ed
AL ATLL A Ly
and then using j(t) = J()/A@PLIE), A(t)/A(t) = u and Lit)/Lit) =n yields

(10} 56 =T/ Am° L) - (gu + m)jit).

El

The next step is to get an expression for J(t), Take the time derivative of both sides of T{t) = J(t)/A(t):
IA® -JWA® I Am Jn
Al)? CAMD A Al
Now use J(t) = J(t)/A(t), A(t)/A(t)=p and J{t) = sA(t)Y () - 5I (1) to obtain
_sAMY®) 8I()

Jin= A —m—}dlﬂh
nrsimply

(11) Tit)=sY(t) ~ (u+ 8T (1)
Sub:mnrte equation {11) mto equation (10):
30 =sY(0)/ AP L)~ (u+ 8T/ AWM L) (s + 1)j(1) = sy(t) ~[n + 8-+ pt + 8)] 0.
Finally, using equation (%), y(t) = j(t)}", we have
(12) J©) =50 - [n +5 -+ u(1+p)]jir).
Using the same graphical technique as in the basic Solow model, we can graph both components of j{t}.

T{t] =

See the figure at right. Ignoring the
pessibility that the mitial value of | is

zoro, the economy will converge to a i

i ! = = kGl 4+ t
situation where j is constant at j ¥, ! ML+ 8l
Since y = ] ° y will also be constant when 5jin®

the economy converges to | *.

The level of total cutput, Y, can he
written as ALy, Thus when v is
constant, output prows at the constant rate
of dp+n

LI

By definition, T= A®Lj. Once the
economy converges to the situation where
J is constant, ] grows at the constant
rate of g+ n. Since J = J A, the effective capital stock, J, grows at rate du +n + porn + p(l +4). Thus
the economy does converge to a balanced growth path where all the variables of the model are growing at
constant rates.

I 30 =T/ AP Loy
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(c) On the balanced growth path, j{t) = 0 and thus from equation (12).
5% =|n +B+pl+d)); = =5/[n +8 -+ il + )],
and thus
(13) 3*=[s/{n+5 4+ p(1+4))] ",
Substitute equation (13) into equation (2) to get an expression for ewtput per unit of ALt} on the
balanced growth path: _
(14) y*=[sf(n+5+ pa1+)) .
Take the derivative of y* with respect to s:

E_ o T 5 :r.-"fl!—u}-lir | T
i _[I~a][n+6+u[l++} [n+-5+p|:]+¢.}J'

In order to tum this into an elasticity, multiply both sides by s/y* using the expression for y* from equation
(14) on the right-hand side;

y*s [ o ][ s i | 1 ]I’ 5 e

_uriu';_y_“"_Ll—u n+&+u(l+4) | L—:+6+;.Lf]+¢] sLn+E+—p{|+¢JJ '
Simplifying yields

y* s _I_L:|[n+6+p{']+¢]'J[_ g

& y* Ll-a s n+8+u(l1+4) |
and thus finally

iy 5 a

(15 ——©c ——

% y* l-a’

(d) A first-order Taylor approximation of ¥ around the balanced-growth-path value of y = v* will be of
the form
(16) y=ay/ay| _ [y-v].
Taking the time derivative of both sides of equation (9) vields
(17 y=aj*'],
Substitute equation (12) into equation (17):
y=01" [ ~(n +5+ u(1+4))j,
or
(18) §= 5o o[ +5+{1+4)].
Equation (18) expresses ¥ in terms of ] . We can express | in terms of y: since y = ] *, we can write

J=y"™ T'hul_s Oy /0y evaluated at y = y* is given by
i |
Er o % J[EJ— = [sa(20 - PO _ a2 Y 450 +¢;}] [—I yli-eia }
ey y=y* |. Ulyaye JL & =y oz
Now, ¥ is simply J'** since y = 7 *and thus

% =5(2m~ lfl‘-i“""[':l_!‘H{H‘LJ = a.]q_[m_“:'!n +5+p(1+4)] =5(2a - I)__iﬂ_! ~an+8+p(l +4)].
¥=x*
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Finally, substitute out for s by rearranging equation (13) to obtain s= ]Hi [n+5+ (1 +4)] and thus

ﬂ‘ =37 n+8+ pl+ ) 2a - D> —afn +5+ u(1+4)],
oyl oye

or simply
(19) r:_y =—(1-a)[n + 5+ u(l +4)]
&y

¥lyays
Substituting equation (19) into equation (16} gives the first-order Taylor expansion:
20) y=-(1-a){n+8+pl+4)] [y-y*]

Solving this differential equation (as m the text} yields

{2-[} }'{t} ity },¢= E-I]—u}[1l+ﬁ+u£|*+]]' E},(ﬂj i }r*]

This means that the economy moves fraction (1 - a)[n + & + pil + 4] of the remammg distance toward y*
each year.

{e) The elasticity of cutput with respect to s is the same in this model as in the basic Solow model. The
speed of convergence is faster in this model. In the basic Solow model, the rate of convergence is given by
(1 - a)[n + & + p], which is less than the rate of convergence in this model, (1 - et)[a + & + pil + ¢4)], sinee
=] - a) is pesitive

Problem 1.12
{a) The growth-accounting technique of Section 1.7 yields the following expression for the growth rate of
output per person:

Y() L) K@) L

(n Yo L 'H;{l}[m - E} Rit),

where oy (t) is the elasticity of cutput with respect to capital at time t and Rit) i5 the Solow residual.

Mow imagine applying this growth-accounting equation to a Sclow economy that is on its balanced growth
path. On the balanced growth path, the growth rates of output per worker and capital per worker are both
equal to g, the grewth rate of A Thus equation (1) implies that growth accounting would attributz a
fraction oy, of growth i output per worker to growth in capital per worker. [t would attribute the rest —
fraction 1 = og = to technological progress, as this is what would be left in the Solow residual. So with cur
usnal estimate of ug = 1/3, growth accounting would attribute about 67% of the growth in cutput per
worker to technological progress and about 33% of the growth in output per worker to growth in caprtal
per worker,

(b) In an accounting sense, the result in part (a) would be true, but in a deeper sense it would not: the
reason that the capital-labor ratio grows at rate g on the balanced growth path is because the effectiveness
of labor 15 growing at rate g That is, the growth in the effectrveness of labor — the g!'mluﬂ‘l. in A — raises
output per worker through two channels, First, by directly raising output but alse by (for a given saving
rate) increasing the resources devoted to capital accumulation and thereby raising the capital-labor ratio.
Growth accounting attributes the rise in cutput per worker through the second channel to growth in the
capital-labor ratie, and not to its underlying source. Thus, although growth accounting is often instructive,
it is not appropriate to interpret it as shedding light on the underlying determinants of growth,
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Problem 1.13
{a) Ordinary least squares (OLS) yields a biased estimate of the slope coefficient of 3 regression if the
explanatory variable is correlated with the error term, We are given that

(1) m[[&jm}mgj-Jn[{wmlm]'=a+bm][wn}1m]'+s,md

Subs:tituling equation (2) into (1) and rearranging yields
) mf{wm}]m]—h{[vm}mﬂ]:a +bin[(¥/N), i

Running an QLS regression on model (3) will vield a biased estimate of b i 10[(Y/ Nhen] is correlatag with
the emror term, [g - (1 + biu]. In general, of course, this will be the case since u is the measilfement error
that helps to determine the value of In[{(Y/N),5] that We get 1o observe. However, in the special case in
which the true valye of b = -1, the error term in modei (3) is simply . Thus OLS will be unbiased eina
the explanatory variable will No langer be correlated with the rTor tarm

(b} Measurement error in the dependent variable will not capse a problem for OLS estimation and is, in
fact, one of the justifications for the disturbance term in 3 regression model. Intuitively, if the measurement
error is im 1870 income per capita, the explanatory variable, there will be a bias toward finding
convergence, If 1870 income Per capita is overstated, growth is understated. This looks like canvergence:
a "high" initial income country growing slowly. Similarly, if 1870 income Per capita is understated, growth
is overstated. This also looks like canvergence: a "Jow" initial income country growing quickly.

Suppose instead that it is only 1979 income per capita that is subject to random, MEAN-2Lr0 measurement
error. When 1979 income is overstated, 50 is growth for g Elven level of 1870 income, When 1979 income
is understated, so i growth for a given 1370 income, Either case is equally likely: overstating 1970 neame
for any given 1870 INComs is just as likely as understating it {or more precisely, measurement error is an
average equal to zero). Thus there js no reason for this to systematically cause us to see more or less
convergence than there really is in the data,

Problem .14
What is needed for a balancad growth path is that K and ¥ are each growmng at a constant rate. The
equation of motion for capital, Kit)=sY(t) —~8K(t), implies the growth rate of Kis
i 2, Y0,

K(t) Kt
As in the mode! in the text, Y/K must be constant in order far the growth rate of K to be constant. That s,
the growth rates of Y and K muyst be aqual

Taking logs of both sides of the production funetion, Y(t) = K(t)* Ryt Yy [A@L@) B vields
(2) InY(t) = alnKt) + PinR{t) + yInT(t) + (1 - - B - VA + InLt)).
Differentiating both sides of (2} with respect to tima gives us
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(3) gyt =ogg (O +Beg () + e+ (1-a—p-y)gs ) +g. ()]
Substituting in the facts that the growth rates of B, T, and L are all equal to n and the growth rate of A is
equal to g gives us
gyl =wgg(t)+fo+m+{l-a—P-y)n+g).
Simplifying gives us
gy =agg(t)+(B+yn+-am-(PF+yn+(l-a-f-y)g
=aggti+(l-an+{l-a-f-yig
Using the fact that gy and gy must be egual on a balanced growth path leaves us with
gr=cgyF(l-em*(l-a-p-yg
(1-apgy=00-amn+(l-a-p-vg,
and thus the growth rate of output on the balanced growth path is given by
bgp _{I-cn+(l-a-P-v)g

© & g

E The growth rate of eutput per worker on the balanced growth path is

~bEp _ - bgp . bgp
| ByiL =8y ~EL -

Using equation (5] and the fact that L grows at rate n, we can write

_bgp (l—en+{l-a-P-y)g  (I-ah+(l-a-p-g-(-an

i E?J'L;—EH—.__H= I
- l-a

: And thus finally

_ 1=t =B

§ 6) Eﬁﬂr:{ a-p '.I’}E.

H l—ﬂ-

Equation () i identical to equation (1.50) in the text.

L e e s s e e
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Problem 2.1

(a} The firm's problem is to choose the quantities of capital, K, and effective labor, AL, in order to

minimize costs, wAL + rK, subject to the production function, ¥ = ALfk). Set up the Lagrangian:
<=wAL+1K + A[Y - ALF(K/AL)].

The first-order conditions are given by

= AALCRALGAL] <0 = rear, @)

i 2 :
mw-x[rm;uuau{K,f.u,}(—m:]r(m,) [=0 = w=ifao-krm). @

Dividing equation (1) by equation (2) gives us
r (k)

@ w o f(k)-kf' (k)

Equation (3) implicitly defines the cost-minimizin i choice of k. Clearly this cheice does not depend upon

the level of output, Y. Note that equation (3) is the standard cost-minimizing condition: the ratio of the

marginal cost of the two inputs, capital and effective labor, must equal the ratio of the marginal products of

the two inputs,

{b) Since, as shown in part (a), each firm chooses the same value of k and since we are told that each firm
has the same value of A, we can write the total amount produced by the N cost-minimizing firms as
n n o 22
LY, = EALfk) = Af(k) ZL; = ALf(k),
i=1 i=l i=1
where L is the total amount of labor employed,

The single firm also has the same value of A and would choose the same value of k; the choice of k does
not depend on Y. Thus if it used all of the labor employed by the N cost-minimizing firms, L, the single
firm would produce Y = ALf{k). This is exactly the same amount of cutput produced in total by the N
cost-minimizing firms.

Problem 2.2
() The individual’s problem is to maximize lifetime utility given by
g 1 g
(W U=y — 22
-8 l+p 1-8
subject to the lifetime budget constraint given by
(2) PiC, = PyCo =W,
where W represents lifetime income.

Rearrange the budget constraint to solve for C;:
{3} 'C; = “’TF; = C|P:| ."Pz .
Substitute equation (3) into equation (1):

CI!_H 1 [“lrl." Pz x {:] Pl I."P:].I_ﬂ
) Us—m—yp —

I-8 1+p 1-@

Now we can solve the unconstrained problem of maximizing utility, as given by equation (4), with respect
1o first period consumption, C; . The first-order condition is given by
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aufec, =€, +{11+ 9GP /By ) =0 = ¢ =()f14 ) (P /P;) 57",
o E 18
® ¢ =(1+0"(p/R) "y,

In order to solve for C; | substitute equation (5) imto equation (3):
Cz=Wa'er-'[1+P:|Ifﬂ{?zfp’i}l"ﬂc:{ﬁfpz} = Cz[l*'[H p?mlrpzfpl]1I_E}’ﬂ]=w.'"|’zr

or simply i
/P

o) G -
Pl [;“{HP}W{PL-"Fl]'“_um]

Finally, to get the optimal choice of €, , substitute equation (6) into equation (5):
o ¢ o e (e /p) Pwrm,)
1= ; TN R
[1+(1+0)"%(p, /m, )07

(b) From equation (5), the optimal ratio of first-period to second-period consumption is
o 18
® €/C; =(1+0)"(p,/p,)"
Taking the log of bath sides of equation () vields
©) 1n(C,/C;) =(1/8)n{1+p) +(1/8)n(P, /P)) .
The elasticity of substitution betwesn C, and C; |, defined in such a way that it is positive, is given by
aci/cy) (ry/m) E e’{kﬂ{ct-"'cz H 1
dry/m) (Cy/c;) {3[‘3“{ P .f'PiJ] 8
where we have used equation (9) to find the denvative. Thus higher values of @ imply that the individual is
less willing to substitute consumption between periods,

Problem 2.3
(a) We can use analysis similar to the intuitive derivation of the Euler equation in Section 2.2 of the text.
Think of the househald's consumption at two moments of time,  Specifically, consider a short (formally

infinitesimal) peried of time At from (L, - £) to (1, + &),

Imagine the household reducing consumption per unit of effective laber, ¢, at {ty - £) -- an instant before the
confiseation of wealth — by a small (again, infinitesimal) amount Ac. It then invests this additional saving
and consumes the proceeds at (t; + €). If the household is optimizing, the marginal impact of this change
on lifetime wtility must be zera.

This experiment would have a utility cost of u "(Cuefier )¢, Ordinarily, since the instantaneous rate of retum
is rit), ¢ at time (ta + ) could be increased by c[r{t]—u—g].ﬁtm_ But here, half of that increase will be
confiscated. Thus the utility benefit would be [1/2]u’(c ;5 Yl i1 8IM e Thye for the path of
consumption to be utility-maximizing, it must satisfy

(1) W(Cpeppre)dc= Etu'{cm}e[r“:"“‘ﬂ"—“m,

Rather informally, we can cancel the Ac's and allow At —» 0, leaving us with
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]
() w'icpypme)= Eu-(:aﬂg}-

Thus there will be a discontinuous jump in consumption at the time of the confiscation of wealth
Specifically, consumption will jump down. Intuitively, the household's consumption will be high before t,
because it will have an incentive not to save so as to avoid the wealth confiscation.

(b} In this case, from the viewpoint of an individual household, its actions will not affect the ameunt of
wealth that is confiscated. For an individual household, essentially a predetermined amount of wealth will
be confiscated at time t; and thus the household's optimization and its choice of consumption path would
take this into account. The household would still prefer to smooth consumption over time and there will not
be a discontinuous jump in consumption at time t; .

Problem 2.4

We need to solve the household's problem assuming log utility and in per capita terms rather than in units
of effective labor, The household's problem is to maximize lifetime utility subject to the budget constramt,
That is, its problem is to maximize

() u= | e‘mmc{t}ﬂm,
1=0 H
subject to
b e K{@® T _ L{t)
2 | e RUo X KO T Rty
() :=|:|¢ (t) H H +1=ﬂ= Aftwit) m d.

g
Now let W:-}:(—l+ | e'R“]Mﬂw[t]l—'{Hdt
H t=0 H

We can use the informal method, presented in the text, for solving this type of problem. Set up the
Lagrangian:
1] _ t C ) - L :
4= [ e My cmﬁm W= [ e ““’cmﬂ
1=10 H 1=t H

The first-order condition is given by
(]

dt |.

_ePopt MY, ke LO
x{:}—e Cit) T he = =10
Canceling the Lit)'H yields
(3 ePow ™ =ae RO,
which implies

(4) Clt)=e™ 1" ™"
Substituting this into the budget constraint, equation (2}, gives us
5 I e‘““}[e‘“rfe““il O i w.

el H
Since L(t) = e L(0), this implies

B )
@ 1O Jer (Ml v

1=0

As long as p - n > ( (which it must be), the integral is equal to 1/(p - n) and thus A" is given by
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o W
-=1{D}_-’H(F n.

ting equation (7} into equation (4) vields

W
_C{ﬂ=cﬁ{t:'_pl m)“l_?(i‘-“ n) |.

4 28 consumption is therefore

(p-n).

~ L(o)/H

: t!ll::t C(0) is consumption per person, W is wealth per household and L{0)VH is the number of people

path of the real interest rate, Also note that the bigger is the household's discount rate p - the more the
household discounts the future - the bigger is the fraction of wealth that it initially consumes

he hoosehold's problem is to maximize lifetime utility subject to the budget constraint, That is, its
oblem is to maximize

-] o 00t
e 1-6 H

bject to

o,

): [ et

]

Lo
t H

re W denotes the household's initial wealth plus the present value of its lifetime labor income, i.e. the
-hand side of equation (2.6) in the text. Note that the real interest rate, r, is assumed to be constant.

dt =W,

can use the informal method, presented in the text, for solving this type of problem. Set up the

= T, PRI g e, SR 1T

Eian:

€)™ L) ® . L), |
J:Te P d+aw- | e o —at |
.t t=0 1-8 H 1=0 {} H J
first-order condition is given by
C oS " L{t) Lit
— =g pic-t hE__M-rt —_—
2Clt) ) H H

i Lan L_':eting the L{t)H yields

¢ e-pl:t{-ﬂ—ﬂ " le-—n _

Differentiate both sides of equation (3) with respect to time:
2 e o0 o) - pe e+ e 0.

i can:: be rearranged to obtain

I.'I{!- '—E'Ei—ge_r"t(t}_ﬂ - pe":"(:(t]'a +rhe ™ =0

Now substitute the first-order condition, equation (3), into equation (4):
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—G%Ae‘“ —phe ™ e =,

Canceling the e ™™ and solving for the growth rate of consumption, C(t)/C(t), yields
Cit -

(5 ) il
City 8

Thus with a constant real interest rate, the growth rate of consumption is a constant. If r > p — that is, if
the rate that the market pays to defer consumption exceeds the household's discount rate - consumption
will be rising over time. The value of § determines the magnitude of consumption growth if r exceeds p. A
lower value of 8 - and thus a higher value of the elasticity of substitution, 1/8 — means that consumption
growth will be higher for any given difference between rand p.

We now need to solve for the path of Cit). First, note that equation (5) can be rewritten as

® ln C(t) -_—E.
ot a

Integrate equation (6) forward from time T = 0 to time T = -
InC(©)-In CO)=(r~ plfBls[ ",

which simplifies to

(7) In[C(1)/(0)] =[(r - p) fot.

Taking the exponential function of both sides of equation {7) yields
Cir)/C(0) = El{r- el :

and thus

(8) C(t)=C(0) gl{r=rl/elt :

We can now solve for mitial consumption, C(0), by using the fact that it must be chosen to satisfy the
household's budget constraint, Substitute equation (8} into equation (2);

T e'"C{ﬂ}e[{r'P}’IHll %{-{-t-:ld: =W,

t=0
Using the fact that L(t) = L(0)e™ yields

':?} fiﬂll-(ﬂ) Tﬂ—fp-riﬂ(r—n]rtﬁm i w
=0

As long as [p - r+ 8(r - n)]/8 > 0 , we can solve the integral:
(10) ? E—lpu:+3[r—|l:|fl.-"€!dt= 6 ]

=t p-r+8(r-n)
Substitute equation (10} into equation (9) and solve for C(oy:

W | (p-r)
0) = =——

Uipch Lio)/HL @
Finally, to get an expression for consumption at each instant in time, substitute equation (11) into equation
(8
(12) C[t}=E[[rup+'ij W ]—{P—I} ]

+{r=n)|.

LoyHL g TU~™
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Problem 2.6 .
(&) The equation describing the dynamics of the capital stock per unit of effective labor is

(1) k(o) =£{k(t)) - c(t) - (n + g)kir)

For a given k, the level of ¢ that implies k = 0 is given by ¢ = f{k) - (n + g)k. Thus a fall in g makes the
level of ¢ consistent with k = 0 higher for a given k. That is, the k = 0 curve shifts up. Intuitively, a lower
g makes break-even investment lower at any given k and thus allows for more resources to be devoted to
consumption and still mamtain a given k. Since (n + g)k falls proportionately more at higher levels of k,
the k =0 curve shifts up more at higher levels of k. See the figure.

{(b) The equation describing the dynamics of consumption per unit of effective labor is given by

5 40 £'(k(t)) - p-0g

( clt) ] '

Thus the condition required for &= 0 is given by £ (k) = p + 8. After the fall in g, £' (k) must be lower in
order for £=0, Since f" (k) is negative this means that the k needed for ¢ = 0 therefore rises. Thus the
&= 0 curve shifts to the right.

{e) At the time of the change in g, the

value of k, the stock of capital per unit of B

effective labor, is given by the history of &=

the economnty, and it cannot change

discentinucusly, It remains equal to the Exzw
k* on the old balanced growth path. ShwEw | R

In contrast, ¢, the rate at which
households are consuming in units of .
effective labor, can jump at the time of c*
the shock. In order for the economy to
reach the new balanced growth path, ¢
must jump at the instant of the change so
that the economy is on the new saddle

path. k* k*ew k

However, we cannat tell whether the new saddle path passes above or below the origimal point E. Thus we
cannot tell whether ¢ jumps up or down and in fact, if the new saddle path passes right through peint E, ¢
might even remain the same at the instant that g falls. Thereafter, ¢ and k rise gradually to their new
balanced-growth-path values; these are higher than their values on the original balanced growth path.

(d) On a balanced growth path, the fraction of output that is saved and invested is given by

[f(k*) - ¢*)/f{k*). Sincek is constant, er k =0 on a balanced growth path then, from equation (1), we can
write fk*) - ¢* = {n + g)k*. Using this, we can rewrite the fraction of output that is saved on a balanced
growth path as

(3} 5= [(n + gk*)/f(k?).

Differentiating both sides of equation (3) with respect to g yields
w3 f(k*)[(n +g)(2k */3g) + k *| - (n + g)k * £(k*)(k */0g)
&g [Foen)?

which simplifies to

L




24 Solutions to Chapter 2

_f.ls_ _ (4 g)[F(k*) =k * £ k)00 * Og) + fll* )k *

o8 [fekn)? '

Since k* iz defined by £(k*) = p + Bg, differentiating both sides of this exprezsion gives us
fU(k*)ck*/8g) = 8. Solving for ok*/Og gives us

(6) kg =0/f"k*) <0

Substituting equation (&) into equation (3) yields

7 8 (n+g)[f(k*) - k* £(k*))0+ F(k*)k *£7(k*)

% (e £7ck) |

The first term in the numerator is positive, whereas the second is negative and so the sign of Js/0p is

ambiguous. Thus we cannot tell whether the fall in g raises or lowers the saving rate on the new balanced
growth path,

(3)

(e) When the production function is Cobb-Douglas, fik) = k*, (k) = ok™" and £ "(k) = oo - 1k
Substituting these facts into equation (7) yields
& (n+g)k** —k ok *" 1B+ k*" k* afe - Dk
dg k** k** afo— Dk **2
which simplifies to
& (n+gk*® (1-a)b-(1-o)k** ak **"!
3B [(1-ak*™(ak** ) ak** )/ a)
which implies
e i
ag = _gln+e) m;ﬂg}]_
g (p+8g)
Thus, finally, we have

e WO AR

& (preg)’  (p+ew)

(8)

¥

b

Problem 2.7
The two equations of motion are
elt) fk(t))-p-8 -

Wg=T e @ KO=HkO) - (k).

(m) A rise in© or a fall in the elasticity of

substitution, 1/89, means that households become

less willing to substitute consumption between /

A

M
E

n
-
[}
L=

I

periods. It alse means that the marginal utility
of consumption falls off more rapidly as
consumption rises. If the economy is growing, f
this tends to make households value present

consumption more than future consumption, E.

The capital-accumulation equaticn is unaffected k=0
The condition required for £ =0 is given by
f'(k}=p +6g. Since £" (k) < 0, the £ (k) that e
makes ¢ =10 is now higher. Thus the value of k H

that satisfies &= 0 is lower, The ¢=0 locus k* ke k

e Bt
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shifts to the left. The econcmy moves up to point A on the new saddle path; people consume more now,
Movement is then dewn along the new saddle path until the economy reaches pomt E*, At that point, ¢*
and k* are lower than their oniginal values.

(b} We can assume that a downward shift of the production function means that for any given k, both fik)
and £ (k) are lower than before.

& é=10 fik)

E
L~
L~

E 1

ke k* || K

The condition required for k=0is ziven by e = f(k)—(n+p)k. We can see from the figure on the right
that the k = 0 locus will shift down more at higher levels of k. Also, since for a given k, f' (k) is lower
now, the golden-rule k will be lower than before. Thus the k = 0 locus shifts as depicted in the figure.

The condition required for ¢ = 0 is given by (k) = p+ 8z, For a given k, ' (k) is now lower, Thus we
need a lower k to keep £' (k) the same and satisfy the & =0 equation. Thus the ¢ =0 locus shifts left. The
economy will eventually reach point E * with lower ¢* and lower k*, Whether ¢ initially jumps up or down
depends upon whether the new saddle path passes above or below point E.

(<} Wiﬂ! a positive rate of depreciation, & = 0, the new capital-accumulation equation is
(3) kit) = f(k{t)) —cit) - (n+ g+ E)k(t)
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The level of saving and investment required just to keep any given k constant is now higher == and thus the
amount of consumption passible is now lewer — than in the case with no depreciation. The level of extra
investment required is also higher at higher levels of k. Thus the k = 0 locus shifts down more at higher
levels of k.

In addition, the real retumn on capital is now f' (kit)) - 5 and so the househald's maximization will yield
ét)  £k(t)) -6 p-te
4 —=—— =
clt) a
The condition required for ¢ =0 is f'(k) = 8+ p+8g_ Compared to the case with no depreciation, £' (k)
must be higher and k lower in order for ¢=0. Thus the & = 0 locus shifts to the left. The econanty will
eventually wind up at point E ' with lower levels of ¢* and k*, Again, whether ¢ jumps up or down initially
depends upon whether the new saddle path passes abeve or below the original equilibrium point of E,

Problem 2.7

With a positive depreciation rate, 5 > 0, the Euler equation and the capital-accumulation equation are given

by
ety ki) -6-p-8
(1) %:‘I'LBIJ—'E, and (] k{t}=f{k(!}l}—c{t}—{n +g -l-ﬁ}kl[t}

We begin by taking first-order Taylor approximations to (1} and (2) around k = k* and ¢ = ¢*, That is, we
Can write

e i " ik
3 z—IJk—k¥+—Jc— Y, =—[k=k¥+—[c-c¥,
(3 ¢ 5!ﬁ[k I+E'(_:E= ct| | and (4 k ﬂ;[ k]+ﬂ:|: ¢t
where §¢ /8k, 8¢ /0e, Ok /ck and Jk /8¢ are all evaluated at k = k* and ¢ = o*

Define E=c-c*and k=k~k*. Since ¢* and k* are constants, & and k are equivalent to & and k
respectively. We can therefore rewrite (3) and (4)as

. e 08 s k. &
i) Ez—k+—F d 6) k=—k+—F.
(3} € ﬂtk+c‘:'¢c1 an 5 k s = c
Using equations (1) and (2) to compute theze derivatives yields
i (k*)c* i kY -6-p=0
) ~| SR (8) ~{ Shd o ol il 97
Kl @ &by B
|i ]
(9) %—[ =fik*)-{n+g+85), (10} ,.E{ =-1
| bgp “logp

Substituting equations (7) and (3) into (5) and equations (%) and {10) into (6) yields

) "k*ye* _
n E"Ef{k L k , and

(1) k=[f(k*) -(n+g+8)]| k-7

z[{5+p+ﬂg}-{n +g+8)| k-¢

=pk-¢.
The second line of equation (12) uses the fact thar (1) implies that {' (k*) = 6 + p + 8g. The third line uses
the definition of f=p -n - (1 - B)g.
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Dividing equation (11) by € and dividing equation (12) by K vields

13y Eofketk k
( g 6 €
Mate that these are exactly the same as equations (2.31) and (2.32) in the text; adding a positive

ad  (14) m=p-o
i E_ E.

¥

depreciation rate does not alter the expressions for the growth rates of € and k. Thus equation (2.36), the

expression for i, the constant growth rate of both € and k as the economy moves toward the balanced

growth path, is still valid. Thus
B-yB% —4F(k*)c*/®

(15) py = -

where we have chosen the negative growth rate so that ¢ and k are moving toward c* and k*, not away

from them.

Mow consider the Cobb-Douglas production function, flk) = k® Thus

(16) F(k*)=ak** ' =r*+5, and (17) F(k*) =afe - Dk **2,
Squaring both sides of equation {16) gives us

(18) (r* +5}|1 :::2]; .,Iu.-ll

and so equation (17) can be rewritten as

oy O @D a-1(*45)

(19) f{k*)= - B F(k*) .

In addition, defining s* to be the saving rate on the balanced growth path, we can write the balanced-

growth-path level of eonsumption as
(20) e* = (1 -s*)fik*).
Substituting equations (19} and (20) into (15) yelds

~1)(r * +5)°
B = 5 ;

Caneeling the flk*) and multiplymg through by the minus sign vields
3 4l -a 2
B=yB7 o] [(r*48)7 (1~ 5%)
o a

2

@y =

Om the balanced prowth path, the eondition required for ¢ = 012 given by r* = p + Bg and thus
(22) M+ é=p+0+5.
In addition, actual saving, s*f(k*), equals break-even investment, (n + g + &)k*, and thus
(n+g+8)k* (n+g+d) on+g+a)
(23) s*= = - =
fik*) k** {r*+3)

where we have used equation (16), £* + § = ok*™" . From equation (23), we can write

*Hi)-aln+z+5
a9 “_5_}:& )—oin+g+8)

(r*+3)

Substituting equations (22) and (24) inte equation (217 yields
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T AT
ﬂ—Jﬂ‘ - a[l—u){p+ﬂg+5}1p+ﬂs +6-afn +g +8)]
[
(25) py = 3 —,

Equation (25) is analogous to equation (2.38) in the text Tt expresses the rate of adjustment i terms of the
underlying parameters of the model. Keeping the values in the text — o = 13, p=d% n=2%g=1%
and & = 1 — and using & = 3% yields a value for u; of approximately - 8 8%. This is faster CONVErzence
than the -5.4% obtained with no depreciation,

Prohlem 2.9

(a) The real after-tax rate of retum on capital is now given by (1 - 13" (k(t)). Thus the housshold's
maximization would now yield the following expression describing the dynamics of consumption per unit of
effective labor:
ay 0 [(1= D)) - p-og] .

e(t) 8
The condition required for ¢ = 0 is given by (1 - 7)f' (k) = p+8g. The after-tax rate of return must equal
P +8g. Compared to the case without a tax on capital, £' (k), the pre-tax rate of retum on capital, must be
higher and thus k must be lower in order for & = 0. Thus the ¢ = 0 locus shifts to the left.

The equation describing the dynamics of the capital stock per unit of effective labor is still given by

(2) kit) = F(k(t)) - e(t) - (n+ghkit)

For a given k, the level of ¢ that implies k = 0 is given by cit) = fik) - in+ ghk. Since the tax is rebated to
househalds in the form of lump-sum transfers, this k = 0 locus is unafected.

(b} At time 0, when the tax is put in place,
the value of k, the stock of capital per unit c é=
of effective labor, is given by the history of —
the economy, and it cannot change A
discontinuously. It remains equal to the k*
an the old balanced growth path.

0

M

In contrast, ¢, the rate at which households
are eensuming in units of effective labor,
can jump at the time that the tax is
introduced. This jump in ¢ is net
inconsistent with the consumption-
smoothing behavior implied by the
household's optimization problem since the
tax was unexpected and could not be —
prepared for.

Evpw

k=0

k*smor k* k

In order for the economy to reach the new
balanced growth path, it should be clear what must occur. At time 0, ¢ jumps up so that the economy iz on
the new saddle path. In the figure, the economy jumps from point E to a point such as A, Since the retumn
to saving and accumulating capital is now lower than before, people switch away from saving and into
consumption,
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After time 0, the economy will gradually move down the new saddle path until it eventually reaches the new

balanced growth path at Enpw .

{c) On the new balanced growth path at E.pw , the distortionary tax on investment mcome has caused the
ecomarty to have a lower level of capitzl per unit of effective labor as well as a lower level of consumption
per unit of effective labor.

{(d) (i) From the analysis above, we know that the higher 15 the tax rate on investment income, =, the lower
will be the balanced-growth-path level of k*, all else equal, In terms of the above story, the higher is  the
more that the & = 0 locus shifts to the left and hence the more that k* falls. Thus ck*/'dr <0.

Om a balanced growth path, the fraction of output that is saved and invested, the saving rate, is given by
[f(k*) - c*J/fik*). Simce k is constant, or k=0, on a balanced growth path then from
kit) = fik(t)) = c(t) = (n + g)kit) we can write fik*) - ¢* = (n + g)k*. Using this we can rewnite the
fraction of output that is saved on a balanced growth path as
(3) s=[{n+gk*]Hk*).
Use equation (3) to take the derivative of the saving rate with respect to the tax rate, ©
g8 (n+g)(dk* /o) E(k*)—(n+gik * k) {3k */ )
(4) T T ;
i, f{kt}
Simplifying vizlds )
P (n+g)dk* (n+g) k*"F(k*) Tk* (n +s}_ﬁ§c__j[ k* f'{k“‘]-l
&t f(k*) St f(k%) f(k*) &t k) &l f(kY)
Recall that k*f" (k*)fik*) = ax (k*) is capital's (pre-tax) share in income, which must be less than ene.
Sinc?afk"fﬁ': < ﬂ'} wax can write
it -1 & .
) o= e [1-ag k)] <0
Thus the saving rate on the balanced growth path is decreasing in 1.

(d) (ii) Citizens in low-t, high-k*, high-saving countries do not have the incentive to invest in low-saving
countries, From part (a), the condition required for ¢ = 05 (1 -0)f' (k) = p + Bg.. That is, the after-tax
rate of retum must equal p + 8g. Assuming preferences and technology are the same across countries so
that p, 8 and g aro the same across countries, the after-tax rate of retamn will be the same acrass countries,
Smee the after-tax rate of retum is thus the same m low-saving countries as it is in high-saving countries,
there is no meentive to shift saving from a high-saving to a low-saving country

(e} Should the government subsidize mvestment instead and fund this with a lump-sum tax? This would
lead to the opposite result from abeve and the economy would have higher ¢ and k on the new balanced
growth path,
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| The answer is no. Tha original market cutcome is
already the ane that would be chosen by a central
planner attemptmg to maximize the lifetime utility of
a representative household subject to the capital-
accumulation equation, It therefore Zives the
household the highest possible lifetime utility,

Starting at point E, the implementation of the subsidy
would lead to a short-term drop in consumption st
point A, but would eventually result in permanently
higher consumption at point Exere . It would tum out
that the utility lost from the short-term sacrifice
would cutweigh the utility gained in the long-term (all
in present value terms, a ppropriately discounted).
This is the same type of argument used to explain the reason that households do not cheose to consume at
the golden-rule level. See Section 2 4 for a more complete description of the welfare implications of this
miodel.

govemnment purchases. Let Git) represent govemment purchases per unit of effective labor. The equation
describing the dynamics of the capital stock per unit of effective labor is now given by

(2') kit = k(1)) - c(t)~ G(t) - (n + g)k(t)

The fact that the government is making purchases that do not add to the caprtal stock — it is assumed to be
govemment cansumption, not govemnment investment — shifts down the k = 0 lecus.

—

c E=0

After the imposition of the tax, the & = 0
locus shifts to the left, just as it did in the
case in which the government rebated the
tax to households. In the end, k* falls to
k*ugw just as in the case where the
govermnment rebated the tax. Consumgption
per unit of effective labor on the new
balanced growth path at Eupy is lower
than in the case where the tax is rebated by
the amount of the govemnment purchases,
which is of ' (k)k,

Fmnally, whether the level of ¢ jumps up or
down initially depends upon whether the
new saddle path passes above or belaw the
original balanced-growth-path point of E.




