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PREFACE

This Complete Solutions Manual contains solutions to all of the exercises in my textbook Applied Calculus for the
Managerial, Life, and Social Sciences, Tenth Edition. The corresponding Student Solutions Manual contains solutions
to the odd-numbered exercises and the even-numbered exercises in the “Before Moving On” quizzes. It also offers
problem-solving tips for many sections.

I would like to thank Tao Guo for checking the accuracy of the answers to the new exercises in this edition of the text
and the Complete Solutions Manual, and Andy Bulman-Fleming for rendering the art and typesetting this manual. |
also wish to thank my editor Rita Lombard of Cengage Learning for her help and support in bringing this supplement to
market.

Please submit any errors in the solutions manual or suggestions for improvements to me in care of the publisher: Math
Editorial, Cengage Learning, 20 Channel Center Street, Boston, MA, 02210.

Soo T. Tan
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PRELIMINARIES

1.1 Precalculus Review |

Exercises page 13

1. The interval (3, 6) is shown on the number line 2. The interval (—2, 5] is shown on the number line
below. Note that this is an open interval indicated by below.
“(” and “)”. ( ] > x
, . -2 5
Ay 7 > X
0 3 6
3. The interval [—1, 4) is shown on the number line 4. The closed interval [—g, —%] is shown on the

below. Note that this is a half-open interval indicated
by “[’* (closed) and “)”(open).

number line below.

F 1 X
[ \ _6 1
L 7 ;-X 5 2
-1 4
5. The infinite interval (0, co) is shown on the number 6. The infinite interval (—oo, 5] is shown on the
line below. number line below.
¢ b 1 > X
0 5
2/3 _ (23\2/3 _ a2 _ ap_(Ly_1_ 1
7.27/_(3) =3*=0. 8. 8 /_(W)_F_E'
0
1) — i 1/2\4 _ 742 _ 72 _
9. (ﬁ) = 1. Recall that any number raised to the 10. (7Y%)" =742 =72 = 49.

zeroth power is 1.

1. [(%)1/3}_2 - (%)_2 = (22) =4, 12. [
(

-5 72 -1
13. (7 ! ) e A B () W S RS

7-2

1

15. (125%%) 7% = 125@/1/D — 125712 = =

16. /26 = (26)"/° = 260/3) = 22 = 4,

V32 [32 -8 Y-8 2
17. —==/==V4=2 18. J—= = =——.
V8 8

gl
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21.

23.

25.
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29.

31.

33.

35.

37.

41.

43.

1 PRELIMINARIES

5/81a1/2
16271677 668+ Wa-1/8) _ 1614 — o
167/8
1/3
1/4 -1/3 _ 1 _ 1 _
161/4. g1/ _2-(5) =2.1=1
True.
False. x3 x 2x2 = 2x3+2 = 2x5 £ 2x5.
24X 24X
_ 2  __ 94
False. o= = 2%,
1 3
False. — = 4° = 64.
4-3
False. (1.21/2)71/2 = (1.2)7 /4 # 1.

1
(xy)—? = :
(xy)?
-1/3
X X13-(/2) — x—5/6 — =
x1/2 x5/6
1 1

0 -3 _1. _ _
12 E+nT =1 s+1t)°3  (s+1)°

x1/3
39, =z = x(7/3)+2 _ y(7/3)+(6/3) _ y13/3
(x2y=3) (x~5y3) = x25y=3+3 = x—3y0 = x 3
X3/ (3/4)—(=1/4) _ 4/
=i =X = X¥" =X.

45

47.

3\ 23 1\ -2/3
Y R — 323 (2 y6(=2/3)
—27y5 27

1\ 9
_y—2 -4 __
=X (_§) eIV R

1
-3

X

20.

22.

24.

26.

28.

30.

32.

34.

36.

38.

40.

42.

44,

46.

48.

-1/2 1
— 9(-3+5+2)(-1/2) _ g4(-1/2) —

9-3.9°
(%)

62.5 . 6—1.9
_ 62.5—1.9—(—1.4) _ 62.5—1.9+1.4 _ 62
614 - - -
= 36.
True. 32 x 22 = (3 x 2)? = 62 = 36.

False. 3% + 3 = 27 +3 = 30 # 3%,

True. (22 x 32)2 = (4 x 9)2 = 362 = (62)° = 6%,

432 g 1
True.?

16 2
True.

52/3 % 252/3 = 52/3 (52)%/° = 52/3 x 54/3 = 52 = 25,

351/3.5-7/3 — 35(1/3)—(7/3) _ 35—6/3 _ 3¢—2 _ iz
s

VXL JOx3 = x~1/2 . 3x=3/2 — 3x(-L/2+(=3/2)

3

_ay—2_ 2
= 3Xx =7

1
X=y)(xT+y ) =x-y) (; +

y+X
(%)

1)
y
X=Xty x2—y?
B Xy Xy

eX \ Y2 1
ex—2 e’

(rn)4

4n—(5—-2n) 4n+2n-5 6n—5
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r5—2n
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78.

=2 . a5 = x—2/3 . 41/2 . x5/2 — x(=2/3)+(5/2) . 9

— 2Xll/6.

— Y16x8y8 = — (1614 . x4/4 . yB/4) = _oxy2,

6axBy3 — 641/6 . x8/6y3/6 — 2x4/3y1/2,

2%/2 =2 (21/?) ~ 2(1.414) = 2.828.

93/4:(32)3/4 36/4 — 33/2 — 3.3L/2

~ 3(1.732) = 5.196.

10%/2 = 10Y/2 . 10 ~ (3.162) (10) = 31.62.

10%5 = 10?2 - 10%/2 ~ 100 (3.162) = 316.2.

«/Sy' 3y 3
1 Ix2 Iz Y2
F P He T x
2/ X 2

3 X 3JX

y_VH vy _ 2y
NN TN

X2z IxZ Ix38 Xz
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1.1 PRECALCULUS REVIEW |

3
V/81x8y—4 = (81)1/2 . x6/2. y=4/2 — gyiz

3/x3a+h — x(Ba+b)(1/3) _ ya+(b/3)

Y276 . 3244 — 271/3 (re)l/s (52)1/2 (t4)1/2

= 3r2st2,
8L/2 = (23)/% = 23/2 = 2 (21/2) ~ 2.828.

61/2 @- 3)1/2 21/2 31/2

~ (1.414) (1.732) ~ 2.449.

100032 = (103)*% = 1092 = 10* x 10%/2
~ (10000) (3.162) = 31,620.

(0.0001)7%/3 = (104) 7% = 10%3 = 10 10%/3
~ 10/(2.154) = 21.54.

3 /Y35

VXY VXY xy

5x2  V/3x 5x2\/_x 5X /3%
V33X JBx 3 3
X _ Ny VXY

y NN y
BT

24 Y2 ¥
J2X V22X J@0F X

3y By Yx? xdy

Ixty Ixy?2 o oxy y
2x  Ixy?  axIxyz  2¥xy?

2X + 54 2x% +5x —4 = 9x2 + 3x + 1.

(3x2 + 55Xy + 2y) + (4 — 3xy — 2x2) = 3x2 + 5xXy + 2y + 4 — 3xy — 2x? = x2 + 2xy + 2y + 4.

(5y2—2y+1)— (Y2 =3y —7) =5y> -2y + 1 —y2 + 3y + 7 =4y> +y +8.

3(a—b)—4(b—-2a)=6a—3b—4b+8a=14a—-7b=7(2a —b).



79.

80.

81.

82.
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85.

86.

87.

88.

89.

90.

91

92.

93.

94.

95.
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97.

98.
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X—{2X —[-x—A-=-X)]=x—-{2X—-[-x—14+x]}=x—-(2X+1)=x—-2x—-1=—x—1.

-2+l —x[x— @2 —DI}+2=32-[X>+1-x (X —2x + 1)] +2

=32 = [X*+1-x(—x+D]+2=38x*— (x* + 1+ x* —X) +2
=32 —(2x®=x+1)+2=x2—1+x+2=x>+x+1.

1 1 1 1 1 2 1 3e?+2-3
S—l4e)—(-S-14et)=Z—-l4e44+1l-=Z4e-="""_T7
(3 +) (3 + ) 3 + +3+ e 3+ e 3e
—3y —Ix+100+ $x + 2y —120 = =3y + 1y — ix + Ix + 100 — 120 = -3y + %x — 20.
3VB+8-2 Y +2/X—-32 /y=3/8+8+3x—-R y=6v2+8+1x-1L 5.

8x% + 6X +48x? — 48x — 18x + 18 _ 56x? — 60X + 18
9 B 9
= £ (28x% — 30x +9).

8y2 4 2 16,2 _ 16 _
gX H X+ FX = FX—2X+2 =

X+8)(Xx—2)=x(Xx—2)+8(x —2) =x%—2x +8x — 16 = x? + 6x — 16.
(5% 4 2) (3x — 4) = 5x (3x —4) + 2 (3x — 4) = 15x? — 20x + 6x — 8 = 15x2 — 14x — 8.
(@a+57°=(@+5)(a+5 =a(@a+5) +5(@+5) =a?+5a+5a+25=a?+ 10a + 25.

(3a — 4b)? = (3a — 4b) (3a — 4b) = 3a (3a — 4b) — 4b (3a — 4b) = 9a2 — 12ab — 12ab + 16b?
= 9a2 — 24ab + 16b2.

(X +2y)2 = (X 4+ 2y) (X 4+ 2y) = X (X 4+ 2y) + 2y (X + 2y) = X2 4+ 2Xy + 2yx + 4y2 = x2 + 4xy + 4y2.

(6 — 3%)2 = (6 — 3x)(6 — 3x) = 6(6 — 3x) — 3x(6 — 3X) = 36 — 18X — 18 + 9x2 = 36 — 36x + 9x2.

@X+Yy)2x —y) =2X 2X —y) + Y (2X — y) = 4x2 — 2Xy + 2xy — y? = 4x? — y2.

Bx+2)(2-3x)=3x(2—-3x)+2(2 —3x) =6x — 9% + 4 — 6x = —9x% + 4.

(2x2 — 1) (3x?) + (x2 +3) (4x) = 6x* — 3x2 +4x3 + 12x = 6x* 4 4x3 — 3x% + 12x = x (6x3 + 4x? — 3x + 12).

(x2 —1) (2x) —x2 (2x) = 2x3 — 2x — 2x3 = —2x.
6x (3) (232 +3) 7 @0 +6(22+3)F =3(2x2+3) ¥ [x (4x) +2 (22 +3)] =

(Xl/z + 1) (%X—l/z) _ (x1/2 _ 1) (%X—l/Z) _ %X—l/Z [(X1/2 + 1) _ (Xl/Z _ 1)] _ %X—l/Z ) =

100 (—10te~01t — 100e~01) = —1000 (10 + t) e~O-X.

2(t+ VI)? =22 =2 (t+ VA) (t+ vI) — 22 = 2 (12 + 2t/ + 1) — 22 = 242 4 4t /T + 2t — 212

=4t/ +2t =2t (21 +1).

6 (4x2 +3)
(2x2 +3)"%



99. 4x5 — 12x* — 6x3 = 2x3 (2x2 — 6x — 3).
100. 4x2y2z — 2x°y? + 6x3y?2% = 2x2y? (2z — x® + 3x2?).
101. 7a* — 42a%h? + 49a%b = 7a? (a? + 7ab — 6b?).
102. 3x?/3 — 2x1/3 = x1/3 (3x1/3 — 2).
103. e ¥ —xe* =e X (1 —x).
104. 2yeY’ 4 2xy3eXY’ = 2yeY’ (1+ xy?).
105. 2x75/2 — 3x=3/2 = Ix=5/2 (4 - 3x).
106. 3 (3u%/2 —20%%) =4 - 212 (u - 3) = ful? u - 3).
107. 6ac + 3bc — 4ad — 2bd = 3c (2a + b) — 2d (2a + b) = (2a + b) (3¢ — 2d).
108. 3x3 —x2+3x —1=x2(3x —1) +1(3x — 1) = (x2 +1) 3x — 1).
109. 4a? — b? = (2a + b) (2a — b), a difference of two squares.
110. 12x2 — 3y = 3 (4x2 — y?) =3 (2x +y) (2x — y).
111. 10 — 14x — 12x% = =2 (6x* + 7x — 5) = —=2(3x + 5) (2x — 1).
112. x2 —2x —15 = (x — 5) (x + 3).
113. 3x? —6x —24 =3 (x2 —2x — 8) =3 (x —4) (X + 2).
114, 3x2 —4x — 4 = (3x + 2) (X — 2).
115. 12x% — 2x — 30 = 2 (6x% — x — 15) = 2(3x — 5) (2x + 3).
6. (x+y)P2—1=Xx+y—-1)x+y+1).
117. 9x2 — 16y2 = (3x)% — (4y)? = (3x — 4y) (3x + 4y).
118. 8a? — 2ab — 6b? = 2 (4a? — ab — 3b?) = 2 (a — b) (4a + 3b).
119, x8 + 125 = (x2)° + (5)3 = (x2 +5) (x* — 5x? + 25).
120. x3 =27 =x3-33 = (x = 3) (x> + 3x +9).
121, (X% +y2) x —xy (2y) = x3 + xy? — 2xy? = x3 — xy2.
122. 2kr (R —r) —kr2 = 2kRr — 2kr2 — kr2 = 2kRr — 3kr2 = kr (2R — 3r).

1.1 PRECALCULUS REVIEW |



123.

124.

125.

126.

127.

128.

129.

130.

131.

132.

133.

134.

135.

136.
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21D 22X+ 2B X —D+@x+2)]=2(x —1) (2x +2)3 (4x — 4+ 2x + 2)
=2(x—1)(2x+2)%6x —2) =4(x —1) Bx — 1) (2x + 2)°
=32(x —1)(Bx — 1) (x + 1)3.

5x2 (3x2 + 1) (6x) + (3x2 +1)° (2x) = (2x) (3x2 + 1) [15x% + (3x2 + 1)] = 2x (3x2 + 1) (18x? + 1),

Ax—122x+2° Q)+ 2x+2*@Q(x—1) =2(x —1) 2x +2)°[4 (x — 1) + (2x + 2)]
=2(x—1)(@2x+2°%6x—2)=4(x —1)Bx —1) 2x +2)°
=32(x —1)3x — 1) (x + 1)3.

X2 + 1) (4x3 — 3x2 4+ 2x) — (x* = x3 + x2) (2x) = 4x® — 3x* + 2x3 + 4x3 — 3x2 + 2x — 2x® + 2x* — 2x3
( )
= 2x° — x4 + 4x3 — 3x% 4 2x.
(2 +2)°[5.(<2 +2)" 3] @x) = (x2 +2)" [5 (x* + 4x? + 4) = 3] 2x) = (20) (x? +2)° (5x* +20x2 + 17).

(x2 = 4) (x? +4) (2x +8) — (x® + 8x — 4) (4x3) = (x* — 16) (2x + 8) — 4x> — 32x* + 16x°
= 2x% 4 8x* — 32x — 128 — 4x® — 32x* 4+ 16x3 = —2x°® — 24x* 4+ 16x3 — 32x — 128
= —2(x® + 12x* — 8x3 + 16x + 64).

We factor the left-hand side of x2 + x — 12 = 0 to obtain (x 4+ 4) (x —3) = 0, so x = —4 or x = 3. We conclude
that the roots are x = —4 and x = 3.

We factor the left-hand side of 3x2 — x — 4 = 0 to obtain (3x — 4) (x + 1) = 0. Thus, 3x =4 or x = —1, and we
conclude that the roots are x = % and x = —1.

42 +2t—2= (2t —1) (2t +2) = 0. Thus, the roots are t = 1 and t = —1.

—6x2 + X + 12 = (3x + 4) (—2x + 3) = 0. Thus, x = —5 and x = 3 are the roots of the equation.
i2_x+1= (lx - 1) (lx — 1) =0. Thus £x = 1, and so x = 2 is a double root of the equation
3 =\2 2 =0 X=4 = q :

fa?+a—12=a%+2a—24=(a+6)(a—4)=0. Thus,a = —6 and a = 4 are the roots of the equation.

We use the quadratic formula to solve the equation 4x2 + 5x — 6 = 0. In this case, a = 4, b = 5, and ¢ = —6.
—b+vb?—dac  —5£57-4(#)(-6) _ —5+vI2l 5411 o 1 _

2a B 2(4) B 8 T8 A
and x = & = 2 are the roots of the equation.

Therefore, x =

We use the quadratic formula to solve the equation 3x2 —4x +1 = 0. Herea = 3,b = —4,andc = 1, so
‘= —b+vb?—4ac - (-4 +/(=4)> —4(3) (1) . 44 /4

- 2a - 2(3) 6
roots of the equation.

. Thus,x =8 =1andx = £ = { are the
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137. We use the quadratic formula to solve the equation 8x2 — 8x —3 = 0. Herea = 8,b = —8, and ¢ = —3, s0
. —b + /b2 — 4ac _ —(-8) £ /(-8 —4(8) (-3) _ 8 + /160 _ 8 +4./10 _ 2+ /10 T
2a 2(8) 16 16 4
x =2 +3v10and x = § — /10 are the roots of the equation.

hus,

138. We use the quadratic formula to solve the equation x2 — 6x + 6 = 0. Herea = 1, b = —6, and ¢ = 6. Therefore,

. —b+vb?—4ac  —(-6)+(-6)>—4(1)(6) 6+2/3

2a 2(1) 5 = 34 /3. Thus, the roots are 3 + +/3 and

3-43.

139. We use the quadratic formula to solve 2x? + 4x —3 = 0. Herea = 2, b = 4, and ¢ = —3, s0

,_ “hEvbP-dac 44 /#-4Q)(-8) _ -4+vA0 _ —442V10 24710

2a 202) 2 2 2 hus,
x = —1+4 34/10and x = —1 — 1./10 are the roots of the equation.

140. We use the quadratic formula to solve the equation 2x? 4+ 7x — 15 = 0. Thena = 2, b = 7, and ¢ = —15.

—b+vbZ—4dac —7+72-4(@2)(-15) -T7+/169 —7+13
2a - 2(2) - 4 T4

X = % and x = —5 are the roots of the equation.

Therefore, x = . We conclude that

141. The total revenue is given by (0.2t? + 150t) + (0.5t2 4 200t) = 0.7t + 350t thousand dollars t months from now,
where 0 <t < 12.

142. In month t, the revenue of the second gas station will exceed that of the first gas station by
(0.5t + 200t) — (0.2t2 4 150t) = 0.3t? + 50t thousand dollars, where 0 <t < 12.

143. a. f (30,000) = (5.6 x 10%1) (30,000)~1° ~ 107,772, or 107,772 families.
b. f (60,000) = (5.6 x 10%!) (60,0001 ~ 38,103, or 38,103 families.
c. f(150,000) = (5.6 x 101) (150,000) 1 ~ 9639, or 9639 families.

144, —t3 4+ 6t% + 15t = —t (t2 — 6t — 15).

145. 8000x — 100x? = 100x (80 — X).

—b + /b2 — 4ac

146. True. The two real roots areT

147. True. If b? — 4ac < 0, then +/b2 — 4ac is not a real number.

148. True, because (a + b) (b — a) = b? — a2
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Exercises page 23

1.

10.

12.

13.

14,

15.

X24x—-2 (X+2(x-1) x-1
X2—4  (x+2)(x—=2) x-=2

2a?—3ab—-9b> (2a+3b)(@a—3b) a—23b

2ab2+3b3 ~  b2(a+3b) b2
1212 + 12t +3  3(42+4t+1) 3@+ Qt+1)  3@2t+1)
42—-1 42 —1 @@+ D@et-1) 2t—1
x3+2x2—3x  x(X24+2x-3)  x(x+3)(x-1)  x(x+3)
—2x2—x+3_—(2x2+x—3)_—(2x+3)(x—1)__2x+3'
Wx-DE-Bx+)@# 12x-3-12x-4 7
(4x — 1)2 B (4x — 1)2 O (x =17
1+x)°@-22x@ (1+x) @)  (1+x) @ (1+x2—4x2)  (1+x2) (@) (-3x2+1) 2(1-3%?)
(1+x)°* B (1+x)°* YOS (1+x2)°
2a2 — 2b? 4a + 4b _2(a+b)(a—b)4(a+b)__8
b—a a2+2ab+b2 —(@-by@+b@+b
x2 —6x +9 3x+6 3(x —3)° (X +2) 3

Z_X—6 2X2—7x4+3 (X-3)(x+2)(@x-1)(x-3) 2x-1

242x—1 x2-1  @Bx-DKx+1) (x+3)(x—-1) 3x-1

2Xx+6  X2+2x—3  2(X+3) x+)(x—1) 2
3x2 — 4xy — 4y? L@y - X2 (3X +2y) (x — 2y) ‘ x3y X (3x+2y)
x2y oxdy x2y Qy-x)Qy—-x)  x-2y
58 1 584+3t+2  3t+60 t+20

3(3t+2)+§_ 33t+2) 3(3t+2) 3t+2

a+l b-2_ Sb@+1)+3ab-2 _5ab+5b+3ab—6a —6a+B8ab+ 5

3a 5b 15ab - 15ab N 15ab
2x 3x  2x(2x+5) —3x(2x—1)  4x®+10x —6x?4+3x  —2x2 413«
2x —1 2x+5 (2x — 1) (2x 4+ 5) T 2x=1)(@2x+5  (2x-1)(2x+5)
. X (2x — 13)
T @2x—-1)(2x+5)
—xe* o —xe* 4+ (x+1e*  —xeX +xe* e eX
X+1 X+1 X+1 Xx+1
4 5 4 5  4(x—3)—5(x+3) X + 27

X2—9 x2—6x+9 (xX+3)x—-3) (x—382  (x-32(x+3) C(x=3)2(x+3)
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18.

19.

20.
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22.

23.

24,

25. 3

26.

27.

X +2x+3_—x(x+l)+2x+3_—x2—x—|-2x+3_ x2—x -3
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1-x  x2—-1  (X+1)(x—-1) x2—1 Tx2-1
1 Xx+1
1"";_ x _x+1 x  x+1
1_£_X—1_ X x—-1 x-1
X X
1+1 X+y
Xy Xy _x+y. Xy X4y
1_i_xy—1_ xy xy—1 xy-—1
Xy Xy
4x2 42 4 2V2XZ 4 TV/2x2 47 4x2+4x° +14  4xX2 47
+m:+«/+\/+:++:+'
2V2x2 +7 2V2x2 +7 2V2x2 7 V2x2 47
2x + 1% 6(@x +1)2Vx2 2) V/x2 2x + 1)
6(2X+1)2\/m+(x+) — (X+ ) \/X +X()\/X +X+(X+)
X2 4 X 2/ X2 + X
@+ D?[12(x2+X) + 42+ 4x+1] (X +1)% (16x% 4 16x + 1)
B 24/%x2 £ x B 2Vx2 +x '
(tP+1)@O-t@)| 5(*+1-2t) 5(1-t?)  5(t*-1)
(2 +1)° +1° @+ (@2+1)°
2+ D)2 —x+ D2 x+DMP@x-x-1) x+DY2x-1) x-1
X2 - X2 N X2 x2S+ 1
(X2 + 1)% (=2) + (20 2 (x2 + 1) (2%) 202+ [P+ +4x3]  2(3x2-1)
(2 +1)° (2 +1)° (2 +1)°
R+ 222+ 1) 2+ 1) T2+ 1-2¢2) (X2 4+1) A (—x2+ 1) 1
1—x2 o 1—x2 - 1-—x2 N

32X+ 1% (6x+4—6x—3)  3(2x+1)°

3X +2 (3x +2)?

X+ —x+2@x+ D72 2x+D)V2@x+1-x-2) x+DV2(x-1)

(Zx + 1)2 [(3x +2)(2) - (2x +1) (3)

(3x 4+ 2)*

Bx +2)*

x—1

2x+1

2Xx+1

100 [(t2 + 20t + 100) (2t 4 10) — (t + 10t + 100) (2t + 20)}

(t2 + 20t + 100)°

2Xx +1

T @x+ 1372

_ 100 |:2t3 + 40t? + 200t + 10t? 4 200t + 1000 — 2t3 — 202 — 200t — 20t? — 200t — 2000

(t2 + 20t + 100)°

_ 100 (10t? —1000) 1000 (t — 10)

(12 4 20t + 100)°

(t +10)°

|
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22x =P —(x - @x =323  (@2x=3)?PR@x -3 - (x -]  (x -3 Ux —6—x+1)

(2x — 3)%/3 (2x — 3)%/3 (2x — 3)%/3
_ 3X-=5
T (2x =343
1 JB4+1 VB4+1 VB+1 w0 L VX=5_ JX-5
J3-1 J3+1 3-1 2 ° X +5 X =5 x=25'
1 X+ XN 5 2 1+va_a(l+va)
VX=S X+ x—y "1-a 1+,a l1l-a
2 2
Ja+vb Ja+vb (ﬁJ“/B) 2/a++vb 2/a+vb (2ﬁ+¢5)
. = . 34, . = .
Va-vb Ja+b a—b 2/a—vb 2/a+b 4a—b
N o ST VY
3 X 3UX xSy Iy
) 2
1-v3 143 1 —(ﬁ) 2 g YX—1 VX41_ x-1
31+V3 3(1+43)  3(1+43) X VXL x(VX+])
1+vx+2 1—-Xx+2 1-x+2) _ X+1
VXF2  1-x+2 AXF2(1-vx+2) SxF+2(1-Vx+2)
VX+3 =X X+34+X  x+3-—x B 1
3 VXF3+UX 3(WXH3+X) X H3+UX
The statement is false because —3 is greater than —20. See the number line below.
> X
—20 30
The statement is true because —5 is equal to —5.
The statement is false because 4 = # is less than 2.
> s
0 36
; 5 __ _10: 1
The statement is false because —g = — 13 is greater than —35.

We are given 2x + 4 < 8. Add —4 to each side of the

inequality to obtain 2x < 4, then multiply each side of the

inequality by % to obtain x < 2. We write this in interval notation as (—oo, 2).

We are given —6 > 4 + 5x. Add —4 to each side of the inequality to obtain —6 — 4 > 5x, so —10 > 5x. Dividing

by 2, we obtain —2 > x, so x < —2. We write this in interval notation as (—oo, —2).

We are given the inequality —4x > 20. Multiply both

sides of the inequality by —% and reverse the sign of the

inequality to obtain x < —5. We write this in interval notation as (—oo, —5].
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54.

55.

56.
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58.
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—12 < =3x = 4 > X, or x < 4. We write this in interval notation as (—oo, 4].

We are given the inequality —6 < x — 2 < 4. First add 2 to each member of the inequality to obtain
—6+2<x <4+ 2and —4 < x < 6, so the solution set is the open interval (—4, 6).

We add —1 to each member of the given double inequality 0 < x +1 < 4 to obtain —1 < x < 3, and the solution
setis[—1, 3].

We want to find the values of x that satisfy at least one of the inequalitiesx +1 > 4and x + 2 < —1. Adding —1 to
both sides of the first inequality, we obtainx +1 —1 > 4 — 1, s0 x > 3. Similarly, adding —2 to both sides of the
second inequality, we obtain x +2 — 2 < —1 — 2,50 x < —3. Therefore, the solution set is (—oco, —3) U (3, c0).

We want to find the values of x that satisfy at least one of the inequalities x +1 > 2 and x — 1 < —2. Solving these
inequalities, we find that x > 1 or x < —1, and the solution set is (—oo, —1) U (1, 00).

We want to find the values of x that satisfy the inequalities x +3 > 1 and x — 2 < 1. Adding —3 to both sides of the
first inequality, we obtain x +3 —3 > 1 — 3, or x > —2. Similarly, adding 2 to each side of the second inequality,
we obtainx —2 +2 <1+ 2,50 x < 3. Because both inequalities must be satisfied, the solution set is (-2, 3).

We want to find the values of x that satisfy the inequalities x — 4 < 1 and x + 3 > 2. Solving these inequalities, we
find that x < 5and x > —1, and the solution set is (—1, 5].

We want to find the values of x that satisfy the inequality
(x 4+ 3) (x —5) < 0. From the sign diagram, we see that the given
inequality is satisfied when —3 < x < 5, that is, when the signs of

the two factors are different or when one of the factors is equal to -3 0 5
zero.

__________ 0 ++ Signofx—5
- —0++++++++++ Signofx+3

X

We want to find the values of x that satisfy the inequality
(2x — 4) (x + 2) > 0. From the sign diagram, we see that the given
inequality is satisfied when x < —2 or x > 2; that is, when the

signs of both factors are the same or one of the factors is equal to -2 0 2
zero.

77777777 0 + + Signof2x—4
-—0++++++++ Signofx+2

> X

We want to find the values of x that satisfy the inequality

L L e Sign of 2x —
(2x — 3) (x — 1) > 0. From the sign diagram, we see that the given 0+ Signot2y—3

—————— 0+ + + + Signofx—1
inequality is satisfied when x < 1orx > %; that is,when the signs . x

3
0 L3

of both factors are the same, or one of the factors is equal to zero.

We want to find the values of x that satisfy the inequalities
Bx—-4)@2x+2)<0.
From the sign diagram, we see that the given inequality is satisfied

_________ 0 + + Signof3x—4
- —0+++++++++ Signof2x+2

> X
when —1 < x < 3, that is, when the signs of the two factors are -1 0 4

different or when one of the factors is equal to zero.
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65.
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69.
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We want to find the values of x that satisfy the inequalities

X +3 Inequality not defined

> 0. From the sign diagram, we see that the given inequality

X — ——0+++++++ Signofx+3
is satisfied when x < —3 or x > 2, that is, when the signs of the  ~ _ _ __ _ _ _ 0 ++ Signofx—2
two factors are the same. Notice that x = 2 is not included because x

the inequality is not defined at that value of x. =3 0 2

We want to find the values of x that satisfy the inequality Inequality not defined

2x — 3 . . . 2x — 3

T 1 > 4. We rewrite the inequality as T~ 4 >0, P40 mm e —m Sign of —2x— 7

——————— 0 ++++ Signofx+1
2x —3—4x —4 —2x — 7 . .
> 0,and ———— > 0. From the sign diagram, x
x+1 x+1 -1 1 0

we see that the given inequality is satisfied when —% <X < -1,
that is, when the signs of the two factors are the same. The solution set is [—%, —1). Notice that x = —1 is not

included because the inequality is not defined at that value of x.

We want to find the values of x that satisfy the inequality Inequality not defined
X—2 . . . . .
< 2. Subtracting 2 from each side of the given inequality P 40— — Sign of —x
xX—2 . mmmmmee 0 ++ + Signofx—1
and simplifying gives —-2<0, > x
X —1 0 1
X—2—-2(x-=-1) . . . . - L
1 < 0, and Y1 < 0. From the sign diagram, we see that the given inequality is satisfied when

x < 0orx > 1; that is, when the signs of the two factors differ. The solution set is (—oo, 0] U (1, 0o). Notice that
x = 1is not included because the inequality is undefined at that value of x.

We want to find the values of x that satisfy the

2x — 1 Inequality not defined
inequality > < 4. Subtracting 4 from each side of the given

X+ oy — 1 ++0-—-—-———-—-—-= Sign of —2x—9
inequality and simplifying gives Ve 4<0, T -—-—- 0 ++++ Signofx+2

X
2X —1—4(x+2 2x —1—4x—8 _ — -2 0
x+2) _ 0, < 0, and finally 2
X+ 2 X+ 2

-2x -9 . . L I -
<12 < 0. From the sign diagram, we see that the given inequality is satisfied when x < —% orx > —2. The

solution set is (—oo, —%] U (=2, 00).

|6 +2| = 4. 64. 44 |4 =4+4=8.

e = =2 o6 | 5774 = |05 =15
V31-21+3|-v3| = V3@ +3/3=5/3. 68. |-/ +2|—2| = 1+2V2.
|[r=1+2=m—-14+2=m+ L 70. |[r—6/—-3=6—7"—3=3—m.
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. (ﬁ-le_ﬁ\ —V2-1+43-2=2

ev3-s|-|VE-4=2v3-3- (4-v3) =3v3-7.
False. Ifa > b, then —a < —b, —a+b < —b+b,andb—a < 0.

False. Leta = —2andb = —3. Thena/b = =% = % < 1.

False. Leta = —2and b = —3. Thena? = 4 and b2 = 9, and 4 < 9. Note that we need only to provide a
counterexample to show that the statement is not always true.

1 1 1 1 1 1
False. Leta = —-2andb=-3. Then— =—=and - = ——,and —= < ——.
a_ 2 pT 73 2 =73

True. There are three possible cases.

Case 1: Ifa > 0andb > 0, then a® > b3 since a® — b® = (a — b) (a® + ab + b?) > 0.

Case2: Ifa> 0andb < 0, thena® > 0and b® < 0, and it follows that a > bS.

Case 3: Ifa <0Oandb < 0, thena® — b3 = (a —b) (a2 +ab +b?) > 0, and we see that a® > b®. (Note that
a—b>0andab > 0)

True. If a > Db, then it follows that —a < —b because an inequality symbol is reversed when both sides of the
inequality are multiplied by a negative number.

False. If we take a = —2, then |—a| = |— (=2)| = |2| = 2 # a.

True. If b < 0, then b? > 0, and |b?| = b2

True. Ifa—4 <0,thenjla—4|=4—-a=1|4—al.Ifa—4>0,thenjd—al=a—-4=]a—4|.
False. Ifweleta=—2,thenja+ 1| =|-2+1=|-1=1#|-2|+1=3.

False. If wetakea =3andb = —1,thenja+b| =13 -1 =2+#|a]+|b|=3+1=4.

False. If wetakea =3andb = —1,thenja—b| =4 #]a|—|b|=3-1=2.

If the car is driven in the city, then it can be expected to cover (18.1) (20) = 362 %?—S - gal, or 362 miles, on a

full tank. If the car is driven on the highway, then it can be expected to cover (18.1) (27) = 488.7 %‘fﬁ -gal, or

488.7 miles, on a full tank. Thus, the driving range of the car may be described by the interval [362, 488.7].

Simplifying 5 (C — 25) > 1.75 4 2.5C, we obtain 5C — 125 > 1.75 + 2.5C, 5C — 2.5C > 1.75 + 125,
2.5C > 126.75, and finally C > 50.7. Therefore, the minimum cost is $50.70.

6 (P — 2500) < 4 (P + 2400) can be rewritten as 6P — 15,000 < 4P + 9600, 2P < 24,600, or P < 12,300.
Therefore, the maximum profit is $12,300.

. a. We want to find a formula for converting Centigrade temperatures to Fahrenheit temperatures. Thus,

13

C =3 (F—32) = 3F — 18 Therefore, 3F = C + 18, 5F = 9C + 160, and F = 2C + 32. Calculating the
lower temperature range, we have F = % (—15) + 32 = 5, or 5 degrees. Calculating the upper temperature range,

F= % (—=5) + 32 = 23, or 23 degrees. Therefore, the temperature range is 5° < F < 23°.
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b. For the lower temperature range, C = g (63 —32) = % A 17.2, or 17.2 degrees. For the upper temperature

range, C = g (80 —32) = % (48) ~ 26.7, or 26.7 degrees. Therefore, the temperature range is
17.2° < C < 26.7°.

Let x represent the salesman’s monthly sales in dollars. Then 0.15 (x — 12,000) > 6000,
15 (x — 12,000) > 600,000, 15x — 180,000 > 600,000, 15x > 780,000, and x > 52,000. We conclude that the
salesman must have sales of at least $52,000 to reach his goal.

Selling price 1 > Markup: that i, 11,200

—1>0.30,
Wholesale price =

Let x represent the wholesale price of the car. Then

0 . L
whence > 1.30, 1.3x < 11,200, and x < 8615.38. We conclude that the maximum wholesale price is

$8615.38.

The rod is acceptable if 0.49 < x < 0.51 or —0.01 < x — 0.5 < 0.01. This gives the required inequality,
[x —0.5] < 0.01.

[x —0.1] < 0.01is equivalentto —0.01 < x — 0.1 < 0.01 0or 0.09 < x < 0.11. Therefore, the smallest diameter a
ball bearing in the batch can have is 0.09 inch, and the largest diameter is 0.11 inch.

We want to solve the inequality —6x2 4 30x — 10 > 14. (Remember that x is expressed in thousands.) Adding —14
to both sides of this inequality, we have —6x? + 30x — 10 — 14 > 14 — 14, or —6x2 + 30x — 24 > 0. Dividing both
sides of the inequality by —6 (which reverses the sign of the inequality), we have x? — 5x + 4 < 0. Factoring this
last expression, we have (x —4) (x — 1) < 0.

From the sign diagram, we see that x must lie between 1 and 4.
(The inequality is satisfied only when the two factors have opposite
signs.) Because x is expressed in thousands of units, we see that

________ 0 ++ Signofx—4
- —0++++++++ Signofx—1

X

the manufacturer must produce between 1000 and 4000 units of the 0 1 4

commaodity.

We solve the inequality oz + T2 0.08, obtaining 0.08t2 +0.08 < 0.2t, 0.08t2 — 0.2t +0.08 < 0, 2t2 — 5t +2 < 0,
and (2t —1)(t—-2) <0.

From the sign diagram, we see that the required solution is [% 2], ———————— 0 ++ Signofr—2

so the concentration of the drug is greater than or equal to T O Signof2i—1

0.08 mg/cc between % hr and 2 hr after injection. 0 % 1 % 2

O.5X

< 30, obtaining 2500 — 25x < 0.5x < 3000 — 30x, which is equivalent

to 2500 — 25x < 0.5x and 0.5x < 3000 — 30x. Simplifying further, 25.5x > 2500 and 30.5x < 3000, so

2500 3000 .
> —— ~98.04and x < 305 A 98.36. Thus, the city could expect to remove between 98.04% and 98.36% of

X
— 255
the toxic pollutant.
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We simplify the inequality 20t — 40/t + 50 < 35 to 20t — 40/t + 15 < 0 (1). Letu = /f. Thenu? =t, so we
have 20u? — 40u + 15 < 0, 4u? —8u +3 < 0,and (2u — 3) (2u — 1) < 0.

From the sign diagram, we see that we must have u in [% %]
—————— 0 ++ Signof2u—3

Because t = u?, we see that the solution to Equation (1) is [% %] ——0++++++ Signof2u—1
> U

Thus, the average speed of a vehicle is less than or equal to 0
35 miles per hour between 6:15 a.m. and 8:15 a.m.

1 2

1 3
2 2

136 136
5+ 28 > 128 or 3
14+ 0.25(t — 4.5) 14+ 0.25(t — 4.5)
136 > 100 [1 + 0.25 (t — 4.5)%], s0 136 > 100 + 25 (t — 4.5)%, 36 > 25 (t — 4.5), (t — 4.5)> < 3¢, and
t—45< :I:g. Solving this last inequality, we have t < 5.7 and t > 3.3. Thus, the amount of nitrogen dioxide is

greater than or equal to 128 PSI between 10:18 a.m. and 12:42 p.m.

We solve the inequality > 100. Next,

False. Takea =2,b =3,and ¢ = 4. Then a =L=3,butE
b+c 3+4 7 b

+a_2+2_8+6_l4_7
c 3 4 12 12 6

False. Takea =1,b=2,andc = 3. Thena < b,buta—c=1-3=-2#2-3=-1=b—-c.
True. b —a| =|(-1)(@a—b)|=|-1|]a—b] =|a—b|.

True. |a —b| =|a + (=b)| < la| + |-b| = |a] + |b].

False. Takea=3andb=1. Thenva2 —b2 =9 —1=+8=2V2,but]a| — |b| =3 -1=2.

.3 The Cartesian Coordinate System

Concept Questions page 29

1.

a.a<0andb>0 b.a<0andb <0 c.a>0andb <0
. a. pia 1 b. d (P;(a,b), (0,0)) = (0 —a)? + (0 — b)2 = va? + b2,
! A 5) d (P2(=2,b), (0.0) = V[0 - (-)* + (0 = b)* = VaZ + b2,
.. d(Ps(=a,=b),(0,0) = V[0 - (~)F* + [0 - (-D)F" = vaZ + P,
0 and d (P4 (, —b), (0,0)) = v(0 — a)2 + [0 — (=b)]2 = v/aZ + b7,
°P3(_a, ) ® P,(a,—h) so the points Py (a, b), P2 (—a, b), P3 (—a, —b), and P4 (a, —b) are all

the same distance from the origin.

Exercises page 30

1.

2.

3.

4.

The coordinates of A are (3, 3) and it is located in Quadrant I.
The coordinates of B are (=5, 2) and it is located in Quadrant I1.
The coordinates of C are (2, —2) and it is located in Quadrant IV.

The coordinates of D are (—2, 5) and it is located in Quadrant II.
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5. The coordinates of E are (—4, —6) and it is located in Quadrant I11.

6. The coordinates of F are (8, —2) and it is located in Quadrant IV.

7.

A 8. (—5,4) 9. E,F,and G 10. E n r 12. D

For Exercises 13—20, refer to the following figure.

21.

22.

23.

24.

25.

26.

27.

YA
13.(-2,50e |
T e 14.(1,3)
53
18.(-3.3) |
(]
14
oy X
1 15(3,-1)
| 17.(8.-3)
16. (3,—4
2. (12,347 &G y
(]
1 19. (4.5,—4.5)

Using the distance formula, we find that v/(4 — 1)2 + (7 — 3)2 = /32 + 42 = /25 = 5.

Using the distance formula, we find that v/(4 — 1)2 4+ (4 — 0)2 = /32 + 42 = /25 = 5.

Using the distance formula, we find that v/[4 — (—=1)]2 + (9 — 3)2 = v/52 + 62 = /25 + 36 = /61.

Using the distance formula, we find that /[10 — (—=2)]? + (6 — 1)? = /122 + 52 = /144 + 25 = /169 = 13.

The coordinates of the points have the form (x, —6). Because the points are 10 units away from the origin, we have
(x — 0)%2 + (=6 — 0)2 = 10%, x2 = 64, or x = +8. Therefore, the required points are (—8, —6) and (8, —6).

The coordinates of the points have the form (3, y). Because the points are 5 units away from the origin, we have
(3—0)2 + (y —0)2 =52, y2 = 16, or y = +4. Therefore, the required points are (3, 4) and (3, —4).

The points are shown in the diagram. To show that the four sides are y

equal, we compute B

d (A, B) =v(=3—3)? + (7 — 4)? = \/(—6)% + 32 = /45, AGL4)
d(B,C) =v[-6— (=3 + (1 - 7)* = V/(=3)? + (—6)> = v/45, Ci-6.1)

d(C.D) = V0~ (6P +[(-2) ~ 1 = V(67 + (-37 = /45, IV

andd (A, D) = V(0 —3)2+ (=2 — 42 = /(3)%2 + (—6)% = /45.

Next, to show that AABC is a right triangle, we show that it satisfies the Pythagorean
Theorem. Thus, d (A, C) = V(=6 —3)2 + (1 — 4)%2 = V/(=9)? + (=3)? = /90 = 34/10 and

[d (A, B)]? +[d (B, C)]?> = 90 = [d (A, C)]%. Similarly, d (B, D) = +/90 = 3410, so ABAD is a right triangle
as well. It follows that /B and /D are right angles, and we conclude that ADCB is a square.




28.

29.

30.

31.

32.

33.

34.

35.

36.
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The triangle is shown in the figure. To prove that AABC is a B-2.5) Y4

right triangle, we show that ’

[d (A, C)J? =[d (A, B)]?> + [d (B, C)]? and the result will A=5.2) \

then follow from the Pythagorean Theorem. Now S >
X

[d (A, C)? = (=5-5)?+[2— (-2)]* = 100 + 16 = 116. 5.2

Next, we find

[d(A,B)2+[d(B,C)F =[-2—- (-5 + 5-22+[5—- (=2)]*> + (=2 — 5)2 = 9+ 9 + 49 + 49 = 116, and
the result follows.

The equation of the circle with radius 5 and center (2, —3) is given by (x — 2)? + [y — (—3)]2 = 52, or
(x —2)2 4+ (y +3)% = 25.

The equation of the circle with radius 3 and center (—2, —4) is given by [x — (=2)]% + [y - (—4)]2 =9 or
X+2%+(y+4)7?=09.

The equation of the circle with radius 5 and center (0, 0) is given by (x — 0)? + (y — 0)> = 52, or x2 + y2 = 25.

The distance between the center of the circle and the point (2, 3) on the circumference of the circle is given by

d =v(3=0)2+ (2 - 0)2 = +/13. Therefore r = +/13 and the equation of the circle centered at the origin that
passes through (2, 3) is x? + y2 = 13.

The distance between the points (5, 2) and (2, —3) is given by d = /(5 — 2)2 4+ [2 — (=3)]> = V3 + 52 = /34
Therefore r = /34 and the equation of the circle passing through (5, 2) and (2, —3) is
x—2%+[y- (—3)]2 =34, 0r (x — 2)® + (y + 3)? = 34.

The equation of the circle with center (—a, a) and radius 2a is given by [x — (—a)]* + (y — a)?> = (2a)?, or
(X +a)?+ (y —a)? =4a%

a. The coordinates of the suspect’s car at its final destination are

YA
x=4andy = 4. 5
4 .-
b. The distance traveled by the suspect was 5+ 4 + 1, or 10 miles. 3 :
c. The distance between the original and final positions of the 2
1 |
suspect’s car was d = /(4 — 0)2 + (4 — 0)2 = /32 = 4/2, .
or approximately 5.66 miles. 0 1.2 3 45 6x

Referring to the diagram on page 31 of the text, we see that the distance from A to B is given

by d (A, B) = /4002 + 3002 = /250,000 = 500. The distance from B to C is given by

d (B, C) = +/(—800 — 400)2 + (800 — 300)2 = +/(—1200)2 + (500)2 = /1,690,000 = 1300. The distance from
C to D is given by d (C, D) = v/[—800 — (—800)]% + (800 — 0)? = +/0 + 8002 = 800. The distance from D to A
is given by d (D, A) = v/[(—800) — 0]? + (0 — 0) = /640,000 = 800. Therefore, the total distance covered on
the tourisd (A,B)+d(B,C)+d (C, D) +d (D, A) =500 + 1300 + 800 + 800 = 3400, or 3400 miles.
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37. Suppose that the furniture store is located at the origin O so y
that your house is located at A (20, —14). Because / \
10
d (0, A) = /202 + (—14)? = /596 ~ 24.4, your house is

A(20,~14)

0f 10 x
located within a 25-mile radius of the store and you will not \

incur a delivery charge.

38. ¥ (mi)
(800, 1500) D(1300, 1500)
Route 2
1000 1 Route 1
B(400, 300)
A0,00 000 x(mi)

Referring to the diagram, we see that the distance the salesman would cover if he took Route 1 is given by
d (A, B) +d (B, D) = +/4002 + 3002 + /(1300 — 400)? + (1500 — 300)?

= /250,000 + /2,250,000 = 500 + 1500 = 2000
or 2000 miles. On the other hand, the distance he would cover if he took Route 2 is given by

d (A, C)+d (C, D) = /8002 + 15002 4 /(1300 — 800)? = /2,890,000 + /250,000

= 1700 + 500 = 2200
or 2200 miles. Comparing these results, we see that he should take Route 1.

39. The cost of shipping by freight train is (0.66) (2000) (100) = 132,000, or $132,000.
The cost of shipping by truck is (0.62) (2200) (100) = 136,400, or $136,400.
Comparing these results, we see that the automobiles should be shipped by freight train. The net savings are
136,400 — 132,000 = 4400, or $4400.

40. The length of cable required on land is d (S, Q) = 10,000 — x and the length of cable required under
water is d (Q, M) = \/(xz —0) + (0 —3000)? = +/xZ+30002. The cost of laying cable is thus

3(10,000 — x) 4 5+/x2 + 30002.
If x = 2500, then the total cost is given by 3 (10,000 — 2500) + 54/25002 + 30002 ~ 42,025.62, or $42,025.62.
If x = 3000, then the total cost is given by 3 (10,000 — 3000) + 54/30002 + 30002 ~ 42,213.20, or $42,213.20.

41. To determine the VHF requirements, we calculate d = +/252 + 352 = /625 + 1225 = /1850 = 43.01.
Models B, C, and D satisfy this requirement.
To determine the UHF requirements, we calculate d = /202 4 322 = /400 + 1024 = /1424 ~ 37.74. Models C
and D satisfy this requirement.
Therefore, Model C allows him to receive both channels at the least cost.
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42. a. Let the positions of ships A and B after t hours be A (0, y) and B (x, 0), respectively. Then x = 30t and y = 20t.
Therefore, the distance in miles between the two ships is D = v/(30t)? + (20t)? = +/900t? + 400t2 = 10+/13t.

b. The required distance is obtained by letting t = 2, giving D = 10+/13 (2), or approximately 72.11 miles.

43. a. Let the positions of ships A and B be (0, y) and (x, 0), respectively. Then
y =25 (t + %) and x = 20t. The distance D in miles between the two ships is

D= \/(x —024+(0-y)2=/x24y2= \/400t2 + 625 (t + %)2 (2).

b. The distance between the ships 2 hours after ship A has left port is obtained by lettingt = % in Equation (1),

2 2
yielding D = \/400 (%) + 625 (% + %) = /3400, or approximately 58.31 miles.

44, a. The distance in feet is given by \/(4000)2 + x2 = /16,000,000 + x2.

b. Substituting the value x = 20,000 into the above expression gives /16,000,000 + (20,000)? = 20,396, or
20,396 ft.

45, a. Suppose that P = (x1, y1) and Q = (X2, y2) are endpoints of the line segment and that
X1+X2 Yyi+Yy2

th intM =
e poin ( 5

) is the midpoint of the line segment P Q. The distance

between P and Q is \/(xz —x1)? + (y2 — y1)?. The distance between P and M is

2 2 2 2
X1 + X + X2 — X —
\/( ¥ z—xl) +(Yl2y2_yl) :\/( = 1) +(y22yl) = 30— + 02 - 2,

which is one-half the distance from P to Q. Similarly, we obtain the same expression for the distance from M to

P.
S 4-3 -542 1 3
b. The midpoint by | — , -, —=).
e midpoint is given y( 7 3 ) or (2 2)
. o . 20+ 10
46. a. y (yd) A b. The coordinates of the position of the prize are x = er and
401 B(10,40) 10 4+ 40
300 N y = + ,orx = 15yards and y = 25 yards.
\» M 2
20 c. The distance from the prize to the house is
10 WA(20, 10) > 3
d (M (15, 25), (0, 0)) = v/ (15 — 0)? + (25 — 0)> = /850
0] 10 20 30 40 x(yd) ~ 29.15 (yards).

47. True. Plot the points.
48. True. Plot the points.

49, False. The distance between Py (a, b) and P3 (kc, kd) is
d = /(kc — a)? + (kd — b)?

#kID = k| V(c—a)?+ (d —b)? = vk (c—a)®> + k2 (d —b)? = V[k (c —a)]> + [k (d — b)].
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50.

Sl

52.

1
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2
True. kx? 4 ky? = a® gives x% + y? = a? < a?ifk > 1. So the radius of the circle with equation kx? + ky? = a?

is a circle of radius smaller than a centered at the origin if k > 1. Therefore, it lies inside the circle of radius a with
equation x% 4 y2 = a?.

Referring to the figure in the text, we see that the distance between the two points is given by the length of the

hypotenuse of the right triangle. That is, d = \/(xz —x1)? + (Y2 — y1)2.

(X — )2 + (y —k)? =r%; x2 — 2xh + h? + y2 — 2ky + k% = r2. This has the form x2 + y2 4+ Cx + Dy + E =0,
where C = —2h, D = —2k, and E = h% + k2 —r2.

4  Straight Lines

Concept Questions page 42

1.

2.

3.

4,

The slopeism = % where P (x1, y1) and P (X2, y2) are any two distinct points on the nonvertical line. The
9 —

slope of a vertical line is undefined.

ay—yr=m(—xy) b.y=mx+b c. ax + by + ¢ = 0, where a and b are not both zero.
1

a. mp=mp b.m)y=——
mq

. . . A C . - A
a. Solving the equation for y gives By = —Ax —C,s0y = _EX Y The slope of L is the coefficient of x, 5

b. If B = 0, then the equation reduces to Ax 4+ C = 0. Solving this equation for x, we obtain x = & This isan

equation of a vertical line, and we conclude that the slope of L is undefined.

Exercises page 42

1.

10.

13.

15.

(e) 2.(c) 3.(a) 4. (d) 5. (f) 6. (b)
. . . 2-0 1
. Referring to the figure shown in the text, we see that m = 074) =3
. . . 4-0
. Referring to the figure shown in the text, we see that m = 0=~ —2.
. This is a vertical line, and hence its slope is undefined.
This is a horizontal line, and hence its slope is 0.
mzyz—y1=8—3:5_ 12.m=¥2—¥1=8—5=_:_3
X2 — X1 5—-4 X2 — X1 3—-4 -1
m_Ye—¥1_ 8-3 5 U moy—n_ - _ -2 1
X2 — X1 4 — (—2) 6 X2 — X1 4 — (—2) 6 3
ya—y1 _d—b .
m=-——-=—— provided a # c.
X2 — X1 c—a P 7
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18.

19.

20.

21.

22.

23.

24.

25.

26.
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m_y2—y1_ -b-(b-1) = —-b-b+1 1-2b
T Xp—x1 a+1l-—-(-a+1) a+l4+a-1 2a
Because the equation is already in slope-intercept form, we read off the slope m = 4.

a. If x increases by 1 unit, then y increases by 4 units.
b. If x decreases by 2 units, then y decreases by 4 (—2) = —8 units.

Rewrite the given equation in slope-intercept form: 2x +3y = 4,3y =4 —2x,andsoy = % — %x.
a. Becausem = —%, we conclude that the slope is negative.
b. Because the slope is negative, y decreases as x increases.

c. If x decreases by 2 units, then y increases by (—%) (—2) = % units.

10-(-2) -8

The slope of the line through A and B is _3—1 = —; = 2 The slope of the line through C and D is
1-5 -4 . .
1= 3= 2. Because the slopes of these two lines are equal, the lines are parallel.

The slope of the line through A and B is _2 —= . Because this slope is undefined, we see that the line is vertical.

. . 5-4 . . . T
The slope of the line through C and D is—————. Because this slope is undefined, we see that this line is also

2—(-2)
vertical. Therefore, the lines are parallel.
. . 2-5 3 1 . .
The slope of the line through A and B |s4—(2) =5~ "3 The slope of the line through C and D is
6—(-2) 8 . . . .
3—(1) =7= 2. Because the slopes of these two lines are the negative reciprocals of each other, the lines are

perpendicular.

The slope of the line through A and B is T-7 — 1= 2. The slope of the line through C and D is
4-2 2 1 . . .
s 1-_1- & Because the slopes of these two lines are not the negative reciprocals of each other, the

lines are not perpendicular.

—2—a

The slope of the line through the point (1, a) and (4, —2) ism; = 1 and the slope of the line through

. a+4-8 . .
(2,8)and (—7,a+4)ismy = % Because these two lines are parallel, m1 is equal to m,. Therefore,
—-2—a a-—4
3 = g —9(-2—-a)=3(a—4),184+9a =3a—12,and 6a = —30, so a = —5.

The slope of the line through the point (a, 1) and (5, 8) ism; = g;i and the slope of the line through (4, 9) and

— 7 -8
———. Because these two lines are parallel, m1 is equal to m,. Therefore, —— =
at2_4 P 115€q 2 5_a a-2

7(@—2)=-8(b—a),7a—14 =—-40+ 8a, and a = 26.

@+2,1)ismy =

An equation of a horizontal line is of the form y = b. In this case b = —3, so y = —3 is an equation of the line.

An equation of a vertical line is of the form x = a. In this case a = 0, so x = 0 is an equation of the line.
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27.

28.

29.

30.

3L

32.

33.

34.

35.

36.

37.

38.

39.

40.
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We use the point-slope form of an equation of a line with the point (3, —4) and slope m = 2. Thus
y —y1 =m (X —x1) becomes y — (—4) = 2 (x — 3). Simplifying, we have y + 4 = 2x — 6, or y = 2x — 10.

We use the point-slope form of an equation of a line with the point (2, 4) and slope m = —1. Thus
y—yi=m(X-—x1),0ivingy —4=-1(x—-2),y —4=—x+2,and finally y = —x + 6.

Because the slope m = 0, we know that the line is a horizontal line of the form y = b. Because the line passes
through (-3, 2), we see that b = 2, and an equation of the line is y = 2.

We use the point-slope form of an equation of a line with the point (1, 2) and slope m = —%. Thus
y—y1=m(X-—x1)givesy —2=—3(x—1),2y —4=—x+1,2y = —x +5andy = —1x + 3.

We first compute the slope of the line joining the points (2, 4) and (3, 7) and find that m = % = 3. Using the

point-slope form of an equation of a line with the point (2, 4) and slopem =3, wefindy —4 =3 (x — 2), or
y =3x — 2.

: S . ) 5-1 .
We first compute the slope of the line joining the points (2, 1) and (2, 5) and find that m = 77 Because this

slope is undefined, we see that the line must be a vertical line of the form x = a. Because it passes through (2, 5),

we see that x = 2 is the equation of the line.

-2-2 -4
=— =1

-3-1 -4

Using the point-slope form of an equation of a line with the point (1, 2) and slopem = 1, wefindy —2 =x — 1, or

y=x+1

We first compute the slope of the line joining the points (1, 2) and (—3, —2) and find that m =

We first compute the slope of the line joining the points (=1, —2) and (3, —4) and find that
—4 — (=2 -2 1
= T(—l)) =7 =73 Using the point-slope form of an equation of a line with the point (-1, —2) and

slopem = —3, wefindy — (=2) = =3 [x — (-1)], y + 2 = —3 (x + 1), and finally y = —3x — 3.

We use the slope-intercept form of an equation of a line: y = mx + b. Because m = 3 and b = 4, the equation is
y =3x + 4.

We use the slope-intercept form of an equation of a line: y = mx + b. Because m = —2 and b = —1, the equation
isy=-2x—1.

We use the slope-intercept form of an equation of a line: y = mx + b. Because m = 0 and b = 5, the equation is
y =5.

We use the slope-intercept form of an equation of a line:y = mx + b. Because m = —%, andb = %, the equation is
y=—2x+3.
We first write the given equation in the slope-intercept form: x —2y = 0,s0 —2y = —x, 0ry = %x. From this

equation, we see thatm = % andb =0.

We write the equation in slope-intercept form: y — 2 = 0, so y = 2. From this equation, we see that m = 0 and
b=2
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We write the equation in slope-intercept form: 2x — 3y —9 =0, -3y = —2x +9,and y = %x — 3. From this
equation, we see thatm = % andb = -3.

We write the equation in slope-intercept form: 3x —4y +8 =0, —4y = —3x — 8,and y = %x + 2. From this
equation, we see thatm = % andb = 2.

We write the equation in slope-intercept form: 2x + 4y = 14, 4y = —2x + 14,and y = —2x + & = —Ix + 7.
From this equation, we see thatm = —3 and b = 2.
We write the equation in the slope-intercept form: 5x + 8y — 24 = 0,8y = —5x +24,and y = —%x + 3. From

this equation, we conclude that m = —g andb =3.

We first write the equation 2x — 4y — 8 = 0 in slope-intercept form: 2x —4y —8 = 0,4y =2x — 8,y = %x -2
Now the required line is parallel to this line, and hence has the same slope. Using the point-slope form of an
equation of a line with m = $ and the point (2, 2), wehavey —2 = 1 [x — (=2)]ory = $x + 3.

We first write the equation 3x + 4y — 22 = 0 in slope-intercept form: 3x + 4y — 22 =0, s0 4y = —3x + 22
andy = —%x + % Now the required line is perpendicular to this line, and hence has slope % (the negative
reciprocal of —%). Using the point-slope form of an equation of a line with m = % and the point (2, 4), we have
y—4=3(x-2),0ry=3x+%.

The midpoint of the line segment joining Py (=2, —4) and P; (3,6) is M (_2; 3, _42+ 6) orM (% 1).

Using the point-slope form of the equation of a line withm = —2, wehavey — 1 = -2 (x — %) ory =-—-2x+ 2.

. . N . -1+3 -3+3

The midpoint of the line segment joining Py (—1, —3) and P, (3, 3) is M1 ( 2+ , 2+ ) or M1 (1, 0).
. . L . —-242 3-3

The midpoint of the line segment joining P3 (—2, 3) and P4 (2, —3) is M2 R or Mz (0, 0).

The slope of the required line ism = 10 0, so an equation of the lineisy —0=0(xx —0)ory =0.

A line parallel to the x-axis has slope 0 and is of the form y = b. Because the line is 6 units below the axis, it passes
through (0, —6) and its equation is y = —6.

7—-4 3
Because the required line is parallel to the line joining (2, 4) and (4, 7), it has slope m = gl We also know
that the required line passes through the origin (0, 0). Using the point-slope form of an equation of a line, we find
y—0=3(x-0)0ry=3x.

We use the point-slope form of an equation of a line to obtainy —b =0(x —a),ory = b.

Because the line is parallel to the x-axis, its slope is 0 and its equation has the form y = b. We know that the line
passes through (—3, 4), so the required equation is y = 4.
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8-2 6 2
53. Because the required line is parallel to the line joining (—3, 2) and (6, 8), it has slope m = 6—(3) =33 We

also know that the required line passes through (—5, —4). Using the point-slope form of an equation of a line, we
findy — (—4) = 2[x — (-5)],y = $x + ¥ — 4, and finally y = %x — 4.

54. Because the slope of the line is undefined, it has the form x = a. Furthermore, since the line passes through (a, b),
the required equation is x = a.

55. Because the point (—3, 5) lies on the line kx 4+ 3y + 9 = 0, it satisfies the equation. Substitutingx = —3andy =5
into the equation gives —3k + 15+9 =0, ork = 8.

56. Because the point (2, —3) lies on the line —2x + ky + 10 = 0, it satisfies the equation. Substituting x = 2 and
y = =3 into the equation gives —2 (2) + (—3)k + 10 = 0, —4 — 3k + 10 = 0, —3k = —6, and finally k = 2.

57. 3x —2y + 6 =0. Settingy =0, we have 3x + 6 =0 58. 2x —5y +10 = 0. Settingy = 0, we have 2x +10 =0

or x = —2, so the x-intercept is —2. Setting x = 0, we or x = —b, so the x-intercept is —5. Setting x = 0, we
have —2y + 6 = 0 or y = 3, so the y-intercept is 3. have —5y 4+ 10 = 0 or y = 2, so the y-intercept is 2.
¥y v
1 41

|

VAL RR I -2t

59. X +2y —4 =0. Settingy =0, we have x —4 =0or 60. 2x + 3y — 15 = 0. Setting y = 0, we have

X = 4, so the x-intercept is 4. Setting x = 0, we have 2x — 15 = 0, so the x-intercept is % Setting x = 0,
2y —4=00ry =2,so the y-intercept is 2. we have 3y — 15 = 0, so the y-intercept is 5.

y v

4
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63.

64.

65.

66.

67.

68.

69.
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y +5=0. Setting y = 0, we have 0 + 5 = 0, which  62. —2x — 8y + 24 = 0. Setting y = 0, we have

has no solution, so there is no x-intercept. Setting —2X 4+ 24 =0 or x = 12, so the x-intercept is 12.

x =0,wehavey+5=0o0ry = -5,5s0the Setting x = 0, we have —8y + 24 = 0 or y = 3, so the
y-intercept is —5. y-intercept is 3.

1 —A'Q_'zi'é'lg\Q
_4__ 4

-2
—-64
. . . . b-0 b .
Because the line passes through the points (a, 0) and (0, b), its slope ism = 0—a- a Then, using the
. . . . . b b
point-slope form of an equation of a line with the point (a, 0), we have y — 0 = 3 (x—a)ory = _5)( + b,

which may be written in the form gx + y = b. Multiplying this last equation by % we have g + % =1

Using the equation g + % = lwitha = 3and b = 4, we have % + % = 1. Then4x + 3y = 12,503y = 12 — 4x
4
andthus y = —=x + 4.

. Xy . X oy
Using the equation 3 + b= 1witha = —2and b = —4, we have —5 1= 1. Then —4x — 2y = 8§,
2y = —8 — 4x, and finally y = —2x — 4.

- ion X+ Y _1witha=_1 _3 XY sty (—1) (3
Using the equation 2 + 5= lwitha = —5 and b = 7, we have —17 + 34 1, ax =35y = ( 2) (4),
Iy=—-3x-3 andfinally y = 2 (%x + g) =3x+3
Using the equation X4 _qwitha=4andb=—1 wehave > + —_ =1, —Ix +2y=-1,2y = ix —1,

a b 2 4 -1/2 4 4

andsoy = ix — 3.

. . . -2-7 . .
The slope of the line passing through A and B ism = 2—(1) =-3= —3, and the slope of the line passing

. -9—-(-2) 7 . . .
through Band C ism = -, — 3 Because the slopes are not equal, the points do not lie on the same line.

. . . 7-1 6 . .
The slope of the line passing through Aand B ism = 1—(2) =3= 2, and the slope of the line passing through

. 13—-7 6 S .
BandCism = a-1-3° 2. Because the slopes are equal, the points lie on the same line.
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70.

71.

72.

73.

74.

75.

76.

77.

1 PRELIMINARIES

—5.96 — (—9.04)

The slope of the line L passing through P; (1.2, —9.04) and P, (2.3, —5.96) ism = >3_12

equationof Lisy — (—9.04) =2.8(x —1.2)ory = 2.8x — 12.4.
Substituting x = 4.8 into this equation gives y = 2.8 (4.8) — 12.4 = 1.04. This shows that the point P; (4.8, 1.04)

lies on L. Next, substituting x = 7.2 into the equation gives y = 2.8 (7.2) — 12.4 = 7.76, which shows that the
point P4 (7.2, 7.76) also lies on L. We conclude that John’s claim is valid.

= 2.8,s50an

. . . —572 — (-6.44
The slope of the line L passing through P; (1.8, —6.44) and P, (2.4, —5.72) ism = # =1.2,50an

24—-18
equationof Lisy — (—6.44) =1.2(x —1.8) ory = 1.2x — 8.6.
Substituting x = 5.0 into this equation gives y = 1.2 (5) — 8.6 = —2.6. This shows that the point P (5.0, —2.72)
does not lie on L, and we conclude that Alison’s claim is not valid.

a. F b. The slope is % It represents the change in °F per unit change in °C.
60 c. The F-intercept of the line is 32. It corresponds to 0°, so it is the
40 freezing point in °F.
/
/0 0 20 C
-20
a. Ay (% of total capacity) b. The slope is 1.9467 and the y-intercept is 70.082.

100 ¢. The output is increasing at the rate of 1.9467% per year. The
80 / output at the beginning of 1990 was 70.082%.

60 d. We solve the equation 1.9467t + 70.082 = 100, obtaining
40 t ~ 15.37. We conclude that the plants were generating at
20 maximum capacity during April 2005.
0 5 10 15 1 (years)
a. y = 0.0765x b. $0.0765 c. 0.0765 (65,000) = 4972.50, or $4972.50.
. . 1100
a. y = 0.55x b. Solving the equation 1100 = 0.55x for x, we have x = 08 = 2000.
a. Substituting L = 80 into the given equation, we have b.  W(tons),
W = 3.51(80) — 192 = 280.8 — 192 = 88.8, or 88.8 British
tons. 80

40

0| 20 40,60 80 L (feet)

Using the points (0, 0.68) and (10, 0.80), we see that the slope of the required line is
~080-0.68 0.12
- 10-0 10

y —0.68 = 0.012 (t — 0) or y = 0.012t + 0.68. Therefore, whent = 18, we have y = 0.012 (18) + 0.68 = 0.896,

or 89.6%. That is, in 2008 women’s wages were expected to be 89.6% of men’s wages.

= 0.012. Next, using the point-slope form of the equation of a line, we have



78. a, b. v y (millions) C.

012345678;(yr)

79.8,b. 4y (% change) ¢
10 e
8
d
6
4
2
0 1 2 3 4 x(auarter)
80. a, b. y ($m) ¢
9
9,
8
7
d
6 [ ]
5

ol 1 2 3 4 5 x(years)

81. a. The slope of the line L passing through A (0, 545) and B (4, 726) b. 4,

1.4 STRAIGHT LINES 27

0.56 — 1.30 .
The slope of L ism = -0 - —0.148, so an equation

of Lisy—13=-0.148(x —0)ory = —0.148x + 1.3.

. The number of pay phones in 2012 is estimated to be

—0.148 (8) + 1.3, or approximately 116,000.

82-13
3-0
y—13=23(x—0)ory=23x +13.

The slope of L ism = = 2.3, s0 an equation of L is

. The change in spending in the first quarter of 2014 is estimated

to be 2.3 (4) + 1.3, or 10.5%.

9.0-58 3.2 .
—w—1 -1 - 0.8. Using the
point-slope form of an equation of a line, we have
y—58=08(x—-1)=08x—-0.8,0ory=0.8x +5.

The slope of L ism =

. Using the equation from part (c) with x = 9, we have

y =0.8(9) +5=12.2, or $12.2 million.

. 726 — 545 181 . . 800 -
ism = ———— = —— so an equation of L is
y —545 =18 (t —0)ory = 18t 4 545, 400
c. The number of corporate fraud cases pending at the beginning of 200
2016 is estimated to be % (8) + 545, or approximately 907. o 1 2 3 4 5 6 7
. . 29 — 27 .
82. a. The slope of the line through P1 (0, 27) and P, (1,29) ism; = = 2, and it is equal to the slope of the
. I 31-29 L .
line through P> (1, 29) and P (2, 31), which is my = -0 = 2. Thus, the three points lie on the line L.

b. The percentage is of moviegoers who use social media to chat about movies in 2014 is estimated to be

3142 (2), or 35%.

C.y—27=2(x—0),50y = 2x + 27. The estimate for 2014 (t = 4) is 2 (4) + 27 = 35, as found in part (b).

Nl

83. True. The slope of the line is given by —% =—
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84.

85.

86.

87.

88.

89.

90.

1 PRELIMINARIES

True. The slope of the line Ax + By +C =0'is 5 (Write it in slope-intercept form.) Similarly, the slope of the
. . a . . A a ..
lineax +by+c=0is 5 They are parallel if and only if B p that is, if Ab =aB,or Ab —aB = 0.

. 1
False. Let the slope of L1 be m; > 0. Then the slope of Ly ismy = e <0.

1
. . a . . b

True. The slope of the lineax +by +¢; =0ism; = 5 The slope of the line bx —ay +¢; =0ismy = >

Because mimy = —1, the straight lines are indeed perpendicular.
True. Set y = 0 and we have Ax + C = 0 or x = —C/A, and this is where the line intersects the x-axis.

Yes. A straight line with slope zero (m = 0) is a horizontal line, whereas a straight line whose slope does not exist is
a vertical line (m cannot be computed).

. . . a c a c
Writing each equation in the slope-intercept form, we have y = —b—lx — b—l (b1 #0)andy = —b—zx — b—2
1 1 2 2
(b2 # 0). Because two lines are parallel if and only if their slopes are equal, we see that the lines are parallel if and
. ap ap
only if —— = —— orajby, —bjap =0.
by b

. b-0 . c—0 .
Theslope of L1 ismy = 1-0° b. The slope of Ly ismy = 0= c¢. Applying the Pythagorean theorem to

AOAC and AOCB gives (OA)? = 12 4+ b? and (OB)? = 12 + ¢2. Adding these equations and applying the
Pythagorean theorem to AOBA gives (AB)? = (OA)? + (0B)? =12 + b% + 12 +¢2 = 2 + b% + c2. Also,
(AB)? = (b —c)?,50 (b —¢)?> =2 +b? 4+ ¢c2, b% — 2bc + c2 = 24+ b? + ¢2, and —2bc = 2, 1 = —bc. Finally,
mimy =b . ¢ = bc = —1, as was to be shown.

CHAPTER 1 Concept Review Questions  page 48
1. ordered, abscissa or x-coordinate, ordinate or y-coordinate
2.a. X,Y b. third
3. V(c—a)+(d—b)? 4. (x —a)’+(y—b)?>=r?
5. a. 270 b. undefined c. 0 d. positive
X2 — X1
6. M =my, mg = —i
ma
7.a. Yy —y1 =m (X — Xp), point-slope form b. y = mx + b, slope-intercept
8. a. Ax + By + C = 0, where A and B are not both zero b. —a/b



CHAPTER 1 Review Exercises  page 48
1. Adding x to both sides yields 3 < 3x + 9, 3x > —6, or x > —2. We conclude that the solution set is [—2, c0).
2. =2 <3x+1 < 7implies —3 < 3x < 6,0r —1 < x < 2, and so the solution set is [-1, 2].
3. The inequalities imply x > 5 or x < —4, so the solution set is (—oo, —4) U (5, 00).
4. 2x% > 50 is equivalent to x2 > 25, so either x > 5 or x < —5 and the solution set is (—co, —5) U (5, c0).
5-12| |5-12] |-7| 7
5 |-5+7 =2 =12 —2|=2+42=4. 6. = = =-=1
=5+ 71+ |-2| = 12| + |-2| + ‘_4_3‘ 7 7 7
7. 12% —6|—m=2m—6—m=m —6. 8. ’ﬁ—4’+‘4—2ﬁ’ _ (4—J§)+(4—2J§)
=8-33.
o\32 932 o7 56
9. (> == 10. =; =504 =52 =25,
4 43/2 8 54
1. .3-4H2=1272= L 12. (—8)5/3 = (—8%3)° = (—2)5 = —32
' 122 144" ' '
3.9-3)(4.35 9-3.92.35 o-1.36 1 Y54 3.(2.33)° 32,013
13.( )(4-39) 3 ¥ _ L, W @) 3 =343 =3J3.
2.9 2 (32)° 2.3 4 Y18 (2-3)F 2.3
4(x2+vy)° abp—5 b5  als
15.#:4(x2+y)2. 16. = e = o
X2 4y (a3b-2)~ a—b b
416x5 24ySyz) /4 ox5/ay1/4,14 9
17. L 2y )1 7= X1 4y1 425 7= =3 18. (2x%) (=3x7?) (%X_l/z) =—x'/%
JBlxyzS  (3xyzS)Tt xMAyMASA 3
19 3xy2\ 2 /3xy3)\° (3 =2 r3y3\° (AP 2 (3y%\° _ (16x*) (27y°) — 6xv?
"\ 4xdy 2x2 ) 7 \4x2? 2x )~ \ 3y 2x J  (9y?) (8x3) v
20. /81x5y10.¥oxy2 = \3/(34x5y1°) (32xy?) = (36x6y12)1/3 = 32x2y* = 9x2y*,

21.

22.

23.

24,

25.

26.

1 REVIEW 29

—27r® 4 100712 = —27r? (7r — 50).

203w + 20w3 + 2uow = 2vw (1)2 +w? + UZ).

16 —x2 =42 —x?2 = (4 —x) (4 +x).

12t — 6t — 18t = 6t (2t2 —t —3) = 6t (2t — 3) (t + 1).

8x2+2x —3=(4x+3)(2x —1) =0,50 x = —% and x = % are the roots of the equation.

—6x2—10x+4=0,3x2+5x —2=(3x — 1) (x +2) = 0,and sO X = —2 0r X = 3.
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27.

28.

29.

30.

3L

32.

33.

34.

35.

36.

37.

38.

39.

1 PRELIMINARIES

—x3 —2x% 4 3x = —x (x2 + 2x — 3) = —X (X +3) (x — 1) = 0, and so the roots of the equation are x = 0,
x=-=-3,andx = 1.

2x* +x2 = 1. If we let y = x2, we can write the equation as 2y? +y — 1 = (2y — 1) (y + 1) = 0, givingy = 3 or
y = —1. We reject the second root since y = x? must be nonnegative. Therefore, x> = %, and so x = i\/ii = i@.
Factoring the given expression, we have (2x — 1) (x +2) < 0. From - - __ 0 + + Signof2x—1
the sign diagram, we conclude that the given inequality is satisfied ——0+++++++ Signofx+2
1 > X
when -2 < x < 3. ) 04
1 1-2x—4
> 2 gives —2>0,———— > 0,andfinally 4444 0-—-——__ i —
X1 2 g X1 2 X 12 y ++++0 Sign of —2x—3
-—0++++++++ Signofx+2
—2x —3 . . . . .
> 0. From the sign diagram, we see that the given inequality > X
X+2 o -3 0

is satisfied when —2 < x < —3.

The given inequality is equivalent to [2x — 3] <50r =5 <2x —3 < 5. Thus, =2 < 2x < 8,0r =1 < x < 4.
. L . X+1 X+1 . . .

The given equation implies that either v 5or v —5. Solving the first equality, we have

X+1=5(Xx-1)=5x -5, —-4x = —6,and x = % Similarly, we solve the second equality and obtain

X+1=-5(x —1) = —=5x +5, 6x = 4, and x = 2. Thus, the two values of x that satisfy the equation are x = 3

2
andx = £.
We use the quadratic formula to solve the equation x> —2x —5 = 0. Herea = 1, b = —2, and ¢ = —5, 0

2
o _bwzthac: —(—2)i¢<;(21>) —4W (5 _ Zizmzlwé.

We use the quadratic formula to solve the equation 2x? + 8x +7 = 0. Herea = 2,b = 8, and ¢ = 7, so
—b+vbZ -4 —8+/82-412)(7) -8+22
X — aC: ()(): f:—Zﬂ:%ﬁ.
2a 4 4
(t +6) (60) — (60t + 180) 60t +360 — 60t —180 180
(t + 6)? - (t 4 6)? C(t+6)%
6x .1 QX +2)+(3x*+2)  12x* +24x +3x2+2  15x% 4+ 24x 42
2(3x2+2)  4(x+2)  4(3x2+2)J(x+2)  4(XZ+2)(x+2)  4(3x24+2)(x+2)
E( ax ( 3 )_ 8x N 9  8x(Bx—1)+27(x*-1)  78x2—8x —27
3\2x2-1 3x—1) 3(2x2-1) 3x—-1  3(x2-1)(Bx—-1)  3(2x2-1)(3x-1)
—2X —2X+4(xx+1) 2(x+2)
—— +4UX+ 1= = :
VX +1 VX +1 VX +1
K-l -1 K+l (X -1 x —1 1

Xx—1 ~ x—1 K41 x-D(X+1) K=D(/X+1) X+1L
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2JX 24X JX 2

E-1_JR—1 & _ XK

The distance isd = v[1 — (=2)2 + [-7 — (=3)]? = /32 + (—4)2 = /9 + 16 = /25 = 5.

The distance isd = /(6 — 9)> + (2 — 6)> = /9 + 16 = /25 = 5.

The distance is d = \/(—% - %)2 + (2«/5— \/§)2 =J1+3=V4=2

An equation is x = —2.
An equation isy = 4.
The slope of L ism = ﬂ -1 andan equationof Lisy —4 = —& [x — (=2)] = —&x — &, or
3—(-2) 10’ 10 10 !
y = —1—10x + %9 The general form of this equation is x + 10y — 38 = 0.
. . . . 4-0 4 L
The line passes through the points (-2, 4) and (3, 0), so its slope ism = s 3- % An equation is

y—0=—-2(x—-3),0ry=—gx+£.

Writing the given equation in the formy = gx — 3, we see that the slope of the given line is % Thus, an equation is
y —4 =3 (x+2),0ry = 3x + 9. The general form of this equation is 5x — 2y + 18 = 0.

Writing the given equation in the formy = —%x + 2, we see that the slope of the given line is —%. Therefore, the
slope of the required line is 3 and an equation of the lineisy — 4 = 3 (x +2) ory = 3x + 3.

Rewriting the given equation in slope-intercept form, we have 4y = —3x +8ory = —%x + 2. We conclude that
the slope of the required line is —%. Using the point-slope form of the equation of a line with the point (2, 3) and
slope —2, we obtainy — 3 = —% (x—2),andsoy = —%X + % +3= —%x + %. The general form of this equation
is3x +4y —18 =0.

The slope of the line joining the points (—3,4) and (2,1) ism = 21_;(:43) = —g. Using the point-slope form

of the equation of a line with the point (—1, 3) and slope —2, we have y — 3 = —3 [x — (=1)]. Therefore,
=-3x+D+3=-Ix+2%

The slope of the line passing through (-2, —4) and (1,5) ism = i:—i:g = 2 = 3, so the required line is

y — (—2) = 3[x — (—=3)]. Simplifying, this is equivalenttoy +2 =3x +9,0ry = 3x + 7.

Rewriting the given equation in the slope-intercept formy = %x — 8, we see that the slope of the line with this
equation is % The slope of a line perpendicular to this line is thus —%. Using the point-slope form of the equation
of a line with the point (—2, —4) and slope —3, we have y — (—4) = —3 [x — (=2)] or y = —3x — 7. The general
form of this equation is 3x + 2y + 14 = 0.
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56.

57.
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60.
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Substitutingx = —landy = —% into the left-hand side of the equation gives 6 (—1) — 8 (—%) — 16 = —12. The

equation is not satisfied, and so we conclude that the point (—1, —%) does not lie on the line 6x — 8y — 16 = 0.
Substituting x = 2 and y = —4 into the equation, we obtain 2 (2) + k (—4) = —8,s50 —4k = —12 and k = 3.

Setting x = 0 gives y = —6 as the y-intercept. Setting y = 0 gives
X = 8 as the x-intercept. The graph of 3x — 4y = 24 is shown.

Using the point-slope form of an equation of a line, we have
y—2=-3(x—3)ory=—3x+4.Ify =0, thenx = 6, and if
x = 0, then y = 4. A sketch of the line is shown.

Simplifying 2 (1.5C + 80) < 2 (2.5C — 20), we obtain 1.5C + 80 < 2.5C — 20, so C > 100 and the minimum cost

is $100.

3 (2R —320) < 3R + 240 gives 6R — 960 < 3R + 240, 3R < 1200 and finally R < 400. We conclude that the
maximum revenue is $400.

We solve the inequality —16t% 4 64t 4+ 80 > 128, obtaining
—16t2 + 64t —48 > 0,t> =4t +3 < 0,and (t —3) (t — 1) < 0.
From the sign diagram, we see that the required solution is [1, 3].
Thus, the stone is 128 ft or higher off the ground between 1 and 0 1 2 3
3 seconds after it was thrown.

—————— 0 ++ Signofr—3
——0++++++ Signofr—1
t

1251 — 887
a, b. y ($millions) c. Theslope of L is -0 - 182, so an equation of L is
o —
1600 T - y —887 =182 (t — 0) or y = 182t + 887.
1200 / d. The amount consumers are projected to spend on Cyber

(,
50 Monday, 2016 (t = 7) is 182 (7) + 887, or $2.161 billion.
400

0 1 2 3 4 S5ty
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33

62. a, b. A y (millions) c. P1(0,3.9 and P, (4,7.8),s0m = ——— = T = 0.975.

4-0

8 / Thus,y —3.9=0.975(t — 0), or y = 0.975t + 3.9.
6
44 d. Ift = 3,theny = 0.975 (3) + 3.9 = 6.825. Thus, the number

2 of systems installed in 2005 (when t = 3) is 6,825,000, which
0 T 5 4 Tyears) is close to the projected value of 6.8 million.
CHAPTER 1 Before Moving On...  page 50

1 a }ﬂ_zﬁ\_‘ﬁ_ﬁ‘?(ﬁ_zﬁ)_(ﬁ_ﬁ)=¢§+ﬁ_ﬂ.

[T ()7 - ()

p— — , 5 . a=3\% /b\3 a6 p-3 e ald
2. a. V/64x5 - /9y2x6 = (4x?) (3yx3) = 12x°y. b. (F) (5) iy
3 a X Y _ 2Ny b VX+4  x(YX+4)
BNV A CX—4 X +4 T x—16
. (x2+1) (%x—l/z) —x12 (2x) 2[4 —ax?]  1-3x?
' (x2 4+ 1)° (x2 +1)° 2x1/2 (x2 4+ 1)*

3 +3m=—3x+3(x+2)= 6 =6~/x+2l

VX +2 VX +2 VX +2 X+2

XN XN XY Xy
VXY K= =T (= )

6. a. 12x3 — 10x? — 12x = 2x (6x? — 5x — 6) = 2x (2x — 3) (3X +2).
b. 2bx —2by +3cx —3cy =2b(x —y)+3c(x —y) = (2b+3c) (x — V)

7.a.12x2 —9x —3=0,503 (4x? —3x —1) =0and 3 (4x + 1) (x —1) = 0. Thus, x = =} orx = 1.

b. 3x?2 — 5x + 1 = 0. Using the quadratic formula with a = 3, b = —5, and ¢ = 1, we have

_ —(-5)+V25-12 5+V13
X= 203) =76

8.d=[6— (-2 + (8 —4)?% =64+ 16 = 80 = 45.

5—-(-2) 7
:m:g'soy_(_z):%[X—(—l)],)/+2=%x+%,ory:%x_

glw

Wl

10. m = —} and b = 3, soan equationis y = —3x +

b5

a3



34 1 PRELIMINARIES
CHAPTER 1 Explore & Discuss

Page 27
1. Let P = (2,6) and P, = (—4, 3). Then we have X1 = 2, y1 = 6, X = —4, and y, = 3. Using Formula (1), we
have d = v/(—4 — 2)2 + (3 — 6)2 = /36 + 9 = /45 = 3/5, as obtained in Example 1.

2. Let P1 (x1, y1) and P2 (x2, y2) be any two points in the plane. Then the result follows from the

equality\/(xz —x1)%+ (y2 — y1)? = \/(Xl —Xx2)% + (y1 — y2)%.

Page 28
1. a. All points on and inside the circle with center (h, k) and radius r.
b. All points inside the circle with center (h, k) and radius r.
c¢. All points on and outside the circle with center (h, k) and radius r.
d. All points outside the circle with center (h, k) and radius r.

2.a y?=4—x%andsoy = +v/4 — x2.
b. (i) The upper semicircle with center at the origin and radius 2.

(if) The lower semicircle with center at the origin and radius 2.

Page 29

1. Let P (x, y) be any point in the plane. Draw a line through P parallel to y /
the y-axis and a line through P parallel to the x-axis (see the figure). The ~  F-ooeeeon- ’é(g;)
x-coordinate of P is the number corresponding to the point on the x-axis
at which the line through P crosses the x-axis. Similarly, y is the number L -

that corresponds to the point on the y-axis at which the line parallel to the
X-axis crosses the y-axis. To show the converse, reverse the process.

2. You can use the Pythagorean Theorem in the Cartesian coordinate system. This greatly simplifies the computations.

Page 35
1. Refer to the accompanying figure. Observe that triangles A P; Q1 P, and
A P3Q2 Py are similar. From this we conclude that
m — Ya— Y1 _ Ya— Y3
X2 — X1 X4 — X3
follows.

. Because P3 and Py are arbitrary, the conclusion

Page 39
1. We obtain a family of parallel lines each having slope m.

2. We obtain a family of straight lines all of which pass through the point (0, b).



Page 40

1 EXPLORING WITH TECHNOLOGY 35

1. In Example 11, we are told that the object is expected to appreciate in value at a given rate for the next five years,
and the equation obtained in that example is based on this fact. Thus, the equation may not be used to predict the
value of the object very much beyond five years from the date of purchase.

CHAPTER 1

Page 38
1.

Page 39

Exploring with Technology

.

The straight lines L1 and L are shown in the figure.
a. L1 and Ly seem to be parallel.
b. Writing each equation in the slope-intercept form gives
y =—2x +5and y = —35x + 3&, from which we see that

the slopes of L and L, are —2 and — 4 = —2.05,
respectively. This shows that L1 and L, are not parallel.

The straight lines L1 and L are shown in the figure.
a. L1 and L, seem to be perpendicular.

b. The slopesof L1 and Ly are my = —% and my =5,

. 1 1 1
respectively. Because m; = -5 + — = o wesee
2

that L1 and L are not perpendicular.

10

The straight lines with the given equations are shown The straight lines of interest are shown in the figure.
in the figure. Changing the value of m in the equation Changing the value of b in the equation y = mx + b

y = mx + b changes the slope of the line and thus

rotates it.

changes the y-intercept of the line and thus translates it
(upward if b > 0 and downward if b < 0).

3. Changing both m and b in the equation y = mx + b both rotates and translates the line.






FUNCTIONS, LIMITS, AND THE DERIVATIVE

2.1 Functions and Their Graphs

Concept Questions page 59

1. a. A function is a rule that associates with each element in a set A exactly one element in a set B.

b. The domain of a function f is the set of all elements x in the set such that f (x) is an element in B. The range of
f is the set of all elements f (x) whenever x is an element in its domain.

¢. An independent variable is a variable in the domain of a function f. The dependent variable isy = f (x).

2. a. The graph of a function f is the set of all ordered pairs (x, y) such thaty = f (x), x being an element in the
domain of f.

Range

b. Use the vertical line test to determine if every vertical line intersects the curve in at most one point. If so, then
the curve is the graph of a function.

3. a. Yes, every vertical line intersects the curve in at most one point.
b. No, a vertical line intersects the curve at more than one point.
c. No, a vertical line intersects the curve at more than one point.

d. Yes, every vertical line intersects the curve in at most one point.

4. The domain is [1, 3) U [3, 5) and the range is [%, 2) U (2,4].

Exercises page 59

1. f (x) =5x + 6. Therefore f 3) =53)+6 =21, f(—-3)=5(-3)+6=-9, f (a) =5() +6 =5a+6,
f(-a)=5(-a)+6=-5a+6,and f (@a+3)=5@+3)+6=5a+15+6 =5a+ 2L

2. f (x) = 4x — 3. Therefore, f (4) = 4(4) — 3 = 16 — 3 = 13, f(%) :4(%)—3:1—3:—2,
f(0)=4(0)-3=-3 f(@)=4(@) —3=4a—3 fa+l)=4(@@+1)—3=4a+1
37
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w

10.

12.

13.

2 FUNCTIONS, LIMITS, AND THE DERIVATIVE

L g(X)=3x>—6x—3,50g(0)=3(0)—6(0)—3=-39g(-1)=3(-1)2—6(-1)—3=3+6-3=56,

g@ =3@?—-6()—3=23a%2—-6a—3,g(—a) =3(-a)*—6(—a) —3 = 3a? +6a — 3, and
gX+1)=3(x+1)2—6(x+1)—3=3(x2+2x+1) —6x —6—3=3x2+6x +3—6x —9=3x>—6.

h) =x3 —x24+x+1,50h(=5) = (-5)° — (-5 4+ (-5) +1 = —125 - 25 -5+ 1 = —154,

h© = ©0)°-©02+0+1=1h@ =a*-@%*+a+1=a°>—-a?+a+1, and
h(-a)=(-a)®—-(-a)’+(-a)+1=-a®—-a?—-a+1

. f(X)=2x+5,50 f(@a+h)=2@+h)+5=2a+2h+5, f(—a) =2(—a) +5 = —2a +5,

f(a?) =2(a?) +5=2a%+5, f(a—2h) = 2(@a—2h)+5 = 2a—4h +5, and
f(2a—h)=2(2a—h)+5=4a—-2h+5

.g(x) = =x2+2x,g(@a+h) = —@+h?+2@+h) = —a? — 2ah — h? + 2a + 2h,

g(-a) = —(-a)?+2(-a) = -a’—-2a=-a@+2),g(va) = —(ﬁ)2+2(ﬁ) = —a+2/a,
1 1
g (@) T aZi2a z_a(a—Z)'

a+g@ =a—a?+2a=-a2+3a=-a(a—3)and

Cs(t) = tzzil' Therefore, s (4) = (4;([?1 = %’ s = 022(3)1 =0
s(a) = azz(f)l - a22i1;5(2+a) - (22J£2a;r2a—)1 - azfﬁ\:?—l - aff;;i)?
s(t+1) = (ti(tl;rzl_)l - tZJfg:?—l - ?Ettizl))
-9 () = (Bu—2)¥2 Therefore, g (1) = [3(1) — 2% = (1)¥2 = 1,9 (6) = [3(6) — 21°/* = 162 = 4° = 64,

g (%) = [3 (%) _ 2]3/2 _ (9)3/2 =27,andgUu+1)=[3(U+1)— 2]3/2 - (Gu+ 1)3/2.

S _2(8) _2a? 2(x4+D? 2(x+1)°
.f(t)_m.Therefore,f(2)_m_8,f(a)_ﬁ,f(x+1)_ TD-1 &
—1)2 _1)2
and f(x—1) = 2BZDE 20D

Jx=D)—-1 SHx=2

f(x) =24 25 —x. Therefore, f (=4) =2+2,/5—(—4) =2+2/9=2+23) =8,

1/2 1/2
f(l)=2+426—1=2+42J4=2+4=6, f (%)=2+2(5—%) =2+2(%) =2+2(g)=5,
and f X +5)=24+2/5—-—X+5) =2+ 2/—X.

. Because x = —2 < 0, we calculate f (—2) = (—2)> +1 =4+ 1 = 5. Because x = 0 < 0, we calculate

f (0) = (0)>+1 =1. Because x = 1 > 0, we calculate f (1) = v1=1.

Becausex:—z<2,g(—2):—%(—2)+1:1+1:2. Becausex:o<2,g(0):—%(0)+1:0+1:1.
Becausex =2 >2,9(2) =+/2—-2=0.Becausex =4 > 2,9 (4) = /4 —2 = 2.

Because x = —1 < 1, f (-1) = =3 (-1) + 3 = 3. Because x = 0 < 1, f (0) = —3 (0)® + 3 = 3. Because
x=1>1f1)=2(1?) +1=3.Becausex =2>1, f (2) =2(2?) +1=0.
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2.1 FUNCTIONS AND THEIR GRAPHS 39

Becausex =0<1, f(0)=2++V/1-0=2+1=3.Becausex=1<1, f(1)=2+/1-1=2+0=2.

1 1
Because x =2 > 1, f(Z)Zﬁ:—lz—l.

. f(0)=-2

. (1)) f(x)=3whenx ~ 2. (ii) f (x) =0whenx = 1.
. [0, 6]

. [-2,6]

o o T o

a. f((7)=3. b. x=4andx =6. c. x=2;0. d. [-1,9];[-2,6].

g (2) = v/22 — 1 = /3, so the point (2, ﬁ) lies on the graph of g.

3+1 4 = ﬁ + 2 = 3, so the point (3, 3) lies on the graph of f.

@ V347 V16 4
f(-2)= =2 -1 = l_—3| = —3, so the point (—2, —3) does lie on the graph of f.
-2+1 -1 ’
[—3+1] 2 2 1 . 1 .
h(=3) = 3711 = 7 1= 2%- 13 so the point (—3, _E) does lie on the graph of h.
Because the point (1, 5) lies on the graph of f it satisfies the equation defining f. Thus,

f1)=21)2-4@1)+c=50rc=7.

Because the point (2, 4) lies on the graph of f it satisfies the equation defining f. Thus,

f(2)=2/9— (272 +c=4,0rc=4—25

Because f (x) is a real number for any value of x, the domain of f is (—co, c0).

Because f (x) is a real number for any value of x, the domain of f is (—co, c0).

f (x) is not defined at x = 0 and so the domain of f is (—oo, 0) U (0, 00).

g (x) is not defined at x = 1 and so the domain of g is (—oo, 1) U (1, 00).

f (x) is a real number for all values of x. Note that x2 4+ 1 > 1 for all x. Therefore, the domain of f is (—oo, Q).

Because the square root of a number is defined for all real numbers greater than or equal to zero, we have x —5 > 0
or x > 5, and the domain is [5, c0).

Because the square root of a number is defined for all real numbers greater than or equal to zero, we have 5 — x > 0,
or —x > —5and so x < 5. (Recall that multiplying by —1 reverses the sign of an inequality.) Therefore, the domain
of f is (—oo0, 5].

Because 2x? + 3 is always greater than zero, the domain of g is (—oo, 00).

The denominator of f is zero when x2 — 1 = 0, or x = +1. Therefore, the domain of f is
(=00, =1) U (—1,1) U (1, 00).
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32. The denominator of f is equal to zero when x2 + x — 2 = (x + 2) (x — 1) = 0; that is, when x = —2 or x = 1.
Therefore, the domain of f is (—oo, —2) U (=2, 1) U (1, c0).

33. f is defined when x + 3 > 0, that is, when x > —3. Therefore, the domain of f is [—3, 00).
34. g is defined when x — 1 > 0; that is when x > 1. Therefore, the domain of f is [1, 00).

35. The numerator is defined when1 — x > 0, —x > —1 or x < 1. Furthermore, the denominator is zero when x = =42.
Therefore, the domain is the set of all real numbers in (—oco, —2) U (-2, 1].

36. The numerator is defined when x — 1 > 0, or x > 1, and the denominator is zero when x = —2 and when x = 3. So
the domain is [1, 3) U (3, 00).

37. a. The domain of f is the set of all real numbers. C. y

b. f(x)=x?—-x—6,5s0
f(—3)=(-3)?—(-3)—6=9+3—-6=5,

f(=2)=(-2?—-(-2)—6=4+2-6=0, ITON o YA
f(—1)=(-1)2%—-(-1)—6=1+1—-6=—4,
f (0) = (0)> — (0) — 6 = —6,

f(%):(%)2—(%)—6=%—§—%=—%,f(1)=(1)2—1—6=—6,
fQ=@?-2-6=4-2—-6=—-4and f(3)=B)>-3-6=9-3—-6=0.

38. f (x) =2x2+x —3.

a. Because f (x) is a real number for all values of x, the domain of f C. Y
is (—o0, 00). 8
b. 4
x | =3|-2|-1|-3] 0 2| 3
y 12 3| -2|-3]-3|0]|7]18 5 5 \'l\-(i/l 5 x
—4
39. f (x) = 2x2 + 1 has domain (—o0, o) and range 40. f (x) = 9 — x2 has domain (—oo, co) and range
[l: OO) (—OO, 9]
hy YA
20 8
4

,_.
[e]
|
\‘*
|
S
|
L o
)
Ar

-3 —2 -1 0 1 2 x



41. f (x) = 2 + /X has domain [0, oo) and range
[2, 00).

yA

43. f (x) = +/1 — x has domain (—o0, 1] and range
[0, 00)

45. f (X) = |x| — 1 has domain (—oo, co) and range

[_19 OO)
YA
\ 2- /
Ny
_2_
X ifx <0 .
47. f (x) = ) has domain
2x+1 ifx >0
(—00, 00) and range (—o0, 0) U [1, 00).
YA
4_
) 0 2 X
_4_
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42. g (x) = 4 — /X has domain [0, co) and range

(—o00, 4].

44. f (x) = +/x — 1 has domain (1, oo) and range

[0, 00).

N

ot

46. f (x) = |x] 4+ 1 has domain (—oo, oo) and range

[1, 0)

yA

™ A
=Y

48. For x < 2, the graph of f is the half-liney = 4 — x.
For x > 2, the graph of f is the half-line y = 2x — 2.
f has domain (—oo, co) and range [2, co).
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49. If x < 1, the graph of f is the half-liney = —x + 1. 50. If x < —1 the graph of f is the half-line

For x > 1, we calculate a few points: f (2) = 3, y = —x — 1. For —1 < x < 1, the graph consists of
f (3) =8,and f (4) = 15. f has domain (—o0, 00) the line segment y = 0. For x > 1, the graph is the
and range [0, co). half-line y = x + 1. f has domain (—o0, co) and
range [0, c0).

ﬁ y

I 4

I 2

4 2

3 -2 -10] 1 2 3 «x

51. Each vertical line cuts the given graph at exactly one point, and so the graph represents y as a function of x.

52. Because the y-axis, which is a vertical line, intersects the graph at two points, the graph does not represent y as a
function of x.

53. Because there is a vertical line that intersects the graph at three points, the graph does not represent y as a function
of x.

54. Each vertical line intersects the graph of f at exactly one point, and so the graph represents y as a function of x.
55. Each vertical line intersects the graph of f at exactly one point, and so the graph represents y as a function of x.
56. The y-axis intersects the circle at two points, and this shows that the circle is not the graph of a function of x.

57. Each vertical line intersects the graph of f at exactly one point, and so the graph represents y as a function of x.

58. A vertical line containing a line segment comprising the graph cuts it at infinitely many points and so the graph does
not define y as a function of x.

59. The circumference of a circle with a 5-inch radius is given by C (5) = 27 (5) = 107, or 107 inches.

60. V (2.1) = %7\' (2.1)° ~38.79,V (2) = %77 (8) ~# 33.51,andso V (2.1) — V (2) = 38.79 — 33.51 = 5.28 is the
amount by which the volume of a sphere of radius 2.1 exceeds the volume of a sphere of radius 2.

61. C (0) = 6, or 6 billion dollars; C (50) = 0.75(50) + 6 = 43.5, or 43.5 billion dollars; and
C (100) = 0.75(100) + 6 = 81, or 81 billion dollars.

62. The child should receive D (4) = 2—25 (500) (4) = 160, or 160 mg.

63. a. Fromt = 0 through t = 5, that is, from the beginning of 2001 until the end of 2005.
b. Fromt = 5 through t = 9, that is, from the beginning of 2006 until the end of 2010.

¢. The average expenditures were the same at approximately t = 5.2, that is, in the year 2006. The level of
expenditure on each service was approximately $900.
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0.59 — 0.61

64. a. The slope of the straight line passing through (0, 0.61) and (10, 0.59) ism; = ———— = —0.002.

10-0
Therefore, an equation of the straight line passing through the two points is y — 0.61 = —0.002 (t — 0) or

y = —0.002t 4+ 0.61. Next, the slope of the straight line passing through (10, 0.59) and (20, 0.60) is

0.60 — 0.59
mp = —0_-10 - 0.001, and so an equation of the straight line passing through the two points is
y —0.59 = 0.001 (t — 10) or y = 0.001t + 0.58. The slope of the straight line passing through (20, 0.60) and
. 0.66 — 0.60 . . . . L
(30, 0.66) ism3z = 0-20 - 0.006, and so an equation of the straight line passing through the two points is

y —0.60 = 0.006 (t — 20) or y = 0.006t + 0.48. The slope of the straight line passing through (30, 0.66) and

0.78 — 0.66
40.0,0.78) is my = —/S =966
(40.0,0.78) Isms = —5—=5

= 0.012, and so an equation of the straight line passing through the two points
—0.002t +0.61 if0<t<10

0.001t + 0.58 if10 <t <20

0.006t + 0.48 if20 <t <30

0.012t + 0.30 if30 <t <40
b. The gender gap was expanding between 1960 and 1970 and shrinking between 1970 and 2000.

is y = 0.012t + 0.30. Therefore, arule for f is f (t) =

c¢. The gender gap was expanding at the rate of 0.002/yr between 1960 and 1970, shrinking at the rate of 0.001/yr
between 1970 and 1980, shrinking at the rate of 0.006,/yr between 1980 and 1990, and shrinking at the rate of
0.012/yr between 1990 and 2000.

0.95-0.58

65. a. The slope of the straight line passing through the points (0, 0.58) and (20, 0.95) is m; = —— = 0.0185,

66.

67.

68.

69.

20-0
S0 an equation of the straight line passing through these two points is y — 0.58 = 0.0185 (t — 0)

or y = 0.0185t + 0.58. Next, the slope of the straight line passing through the points (20, 0.95)

. 1.1-0.95 . N .
and (30,1.1) ismy = 30-20 = 0.015, so an equation of the straight line passing through

the two points is y — 0.95 = 0.015 (t — 20) or y = 0.015t + 0.65. Therefore, a rule for f is
f 0.0185t +0.58 if0<t <20
| 0015t +065 if20 <t <30

b. The ratios were changing at the rates of 0.0185/yr from 1960 through 1980 and 0.015/yr from 1980 through
1990.

. The ratio was 1 when t &~ 20.3. This shows that the number of bachelor’s degrees earned by women equaled the
number earned by men for the first time around 1983.

a. T (x) = 0.06x
b. T (200) = 0.06 (200) = 12, or $12.00 and T (5.65) = 0.06 (5.65) = 0.34, or $0.34.

a. 1 (x) = 1.053x
b. 1 (1520) = 1.053 (1520) = 1600.56, or $1600.56.

a. The function is linear with y-intercept 1.44 and slope 0.058, so we have f (t) =0.058t +1.44,0 <t < 9.
b. The projected spending in 2018 will be f (9) = 0.058 (9) + 1.44 = 1.962, or $1.962 trillion.

S(r) = 4nr2.
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3(m)(2r)® = §n8r3 =8 (%7‘”’3). Therefore, the volume of the tumor is increased by a factor of 8.

a. The median age was changing at the rate of 0.3 years/year.
b. The median age in 2011 was M (11) = 0.3 (11) + 37.9 = 41.2 (years).
¢. The median age in 2015 is projected to be M (5) = 0.3 (15) + 37.9 = 42.4 (years).

a. The daily cost of leasing from Ace is C1 (x) = 30 + 0.45x, b. ¢
while the daily cost of leasing from Acme is
C> (x) = 25 + 0.50x, where x is the number of miles driven.

100

80
c. The costs are the same when C1 (x) = Cz (x), that is, when
30 + 0.45x = 25 + 0.50x, —0.05x = —5, or x = 100.
Because C; (70) = 30 + 0.45(70) = 61.5 and
C2 (70) = 25 4 0.50 (70) = 60, and the customer plans to

60

40

drive less than 70 miles, she should rent from Acme. o 40 80 120 x(mi)

a. The graph of the function is a straight line passing through b. VA
(0, 120000) and (10, 0). Its slope is £ 10

[}
0 — 120,000 . .. < 1
m=——"""""=_12,000. The required equation is B ool
10-0 € ]
V = —12,000n + 120,000. 2 40

£

c. V = —12,000 (6) + 120,000 = 48,000, or $48,000. a

L . 0 2 4 6 8 10 n(years)
d. This is given by the slope, that is, $12,000 per year.

Here V = —20,000n + 1,000,000. The book value in 2012 is given by V = —20,000 (15) + 1,000,000, or
$700,000. The book value in 2016 is given by V = —20,000 (19) + 1,000,000, or $620,000. The book value in
2021 is V = —20,000 (24) + 1,000,000, or $520,000.

a. The number of incidents in 2009 was f (0) = 0.46 (million).
b. The number of incidents in 2013 was f (4) = 0.2 (42) — 0.14 (4) + 0.46 = 3.1 (million).

a. The number of passengers in 1995 was N (0) = 4.6 (million).

b. The number of passengers in 2010 was N (15) = 0.011 (15)2 + 0.521 (15) + 4.6 = 14.89 (million).

a. The life expectancy of a male whose current age is 65 is
f (65) = 0.0069502 (65)° — 1.6357 (65) + 93.76 ~ 16.80, or approximately 16.8 years.

b. The life expectancy of a male whose current age is 75 is
f (75) = 0.0069502 (75)? — 1.6357 (75) + 93.76 ~ 10.18, or approximately 10.18 years.

a. N (t) = 0.00445t% + 0.2903t + 9.564. N (0) = 9.564, or 9.6 million people;
N (12) = 0.00445 (12)? + 0.2903 (12) + 9.564 =~ 13.6884, or approximately 13.7 million people.

b. N (14) = 0.00445 (14)% + 0.2903 (14) + 9.564 ~ 14.5004, or approximately 14.5 million people.
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The projected number in 2030 is P (20) = —0.0002083 (20)° + 0.0157 (20)> — 0.093 (20) + 5.2 = 7.9536, or
approximately 8 million.

The projected number in 2050 is P (40) = —0.0002083 (40)® + 0.0157 (40)? — 0.093 (40) + 5.2 = 13.2688, or
approximately 13.3 million.

N (t) = —t3 + 6t2 + 15t. Between 8 a.m. and 9 a.m., the average worker can be expected to assemble

N (1) = N (0) = (-1 + 6 + 15) — 0 = 20, or 20 walkie-talkies. Between 9 a.m. and 10 a.m., we expect that

N (2) —N (@) =[-22+6(2%) +15(2)] — (-1 + 6 + 15) = 46 — 20 = 26, or 26 walkie-talkies can be assembled
by the average worker.

When the proportion of popular votes won by the Democratic presidential candidate is 0.60, the

proportion of seats in the House of Representatives won by Democratic candidates is given by
(0.6) _ 026 0216 .

(0.6)+(1—06)° 0.216+0.064  0.280 o

5(0.6) =

The amount spent in 2004 was S (0) = 5.6, or $5.6 billion. The amount spent in 2008 was
S (4) = —0.03 (4)° + 0.2 (4)> + 0.23 (4) + 5.6 = 7.8, or $7.8 billion.

The domain of the function f is the set of all real positive numbers PA
where V #£ 0; that is, (0, 00).

0 v
a. We require that 0.04 — r2 > 0 and r > 0. This is true if C. v(cm/s)4
0 <r < 0.2. Therefore, the domain of v is [0, 0.2]. 40
b. We compute v (0) = 1000 [0.04 — (0)?] = 1000 (0.04) = 40, 30
v (0.1) = 1000[0.04 — (0.1)2] = 1000 (0.04 — 0.01) 20
10
= 1000 (0.03) = 30, and
0 0.1 0.2 r(cm)

v (0.2) = 1000 [0.04 — (0.2)?] = 1000 (0.04 — 0.04) = 0.

d. As the distance r increases, the velocity of the blood decreases.

a. The assets at the beginning of 2002 were $0.6 trillion. At the beginning of 2003, they were f (1) = 0.6, or
$0.6 trillion.

b. The assets at the beginning of 2005 were f (3) = 0.6 (3)>*3 ~ 0.96, or $0.96 trillion. At the beginning of 2007,
they were f (5) = 0.6 (5)°*3 ~ 1.20, or $1.2 trillion.



46 2 FUNCTIONS, LIMITS, AND THE DERIVATIVE

86. a. We compute f (0) = 0.88 (0)? + 3.21 (0) + 96.75 = 96.75, b. £(0) 4
f (1) = 0.88 (1)2 4 3.21 (1) + 96.75 = 100.84, and 1081
f (2) = —5.58(2) + 117.85 = 106.69. We summarize these igg:
results in a table. 102
100 {
Year | 2006 2007 2008 98 1
Rate | 96.75 | 100.84 | 106.69 %)
0] 1 2 3ot
87. a. The domain of f is (0, 13]. b.  y@©)
i _ 400 —_
232 if0<x <4 . —
) 340 if 9<x <10 —_
250 if4<x <5 . —_
. 358 ifl0<x <11 300 —_
268 if5<x <6 ] —
f(x) = _ 3.76 if11 < x < 12 _
286 if6<x <7 ) 00l
. 3.94 if12 <x <13
3.04 if7<x <8 _ SR
) 412 if X =13 0 4 8 12 x(02)
322 if8<x <9

88. a. The median age of the U.S. population at the beginning of 1900 b. 1.

was f (0) = 22.9, or 22.9 years; at the beginning of 1950 it was 26
f (5) = —0.7 (5)> + 7.2 (5) + 11.5 = 30, or 30 years; and at the
beginning of 2000 it was f (10) = 2.6 (10) + 9.4 = 35.4, or 32
35.4 years. 28
24
ol 5 0 7

89. a. The passenger ship travels a distance given by 14t miles east and the cargo ship travels a distance of
10 (t — 2) miles north. After two hours have passed, the distance between the two ships is given by

14t ifo<t<2
24/74t2 — 100t + 100 ift > 2

VI10 (t — 2)]% + (14t)? = /296t — 400t + 400 miles, so D (t) = |

b. Three hours after the cargo ship leaves port the value of t is 5. Therefore,
D = 21/74 (5)% — 100 (5) + 100 ~ 76.16, or 76.16 miles.

90. True, by definition of a function (page 52).
91. False. Take f (x) = x2,a=1,andb = —1. Then f (1) =1 = f (=1), buta # b.

92. False. Let f (x) = x?, thentakea = 1andb = 2. Then f (@) = f (1) =1, f (b) = f (2) = 4, and
f@+fMb=1+4#F@+b)=1f(3)=09.

93. False. It intersects the graph of a function in at most one point.

94. True. We have x + 2 > 0 and 2 — x > 0 simultaneously; that is x > —2 and x < 2. These inequalities are satisfied
if-2<x<2



95.

96.

97.

98.
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False. Take f (x) = x2and k = 2. Then f (x) = (2x)% = 4x2 £ 2x2 = 2 f (X).

False. Take f (x) = 2x +3andc = 2. Then f 2x +y) = 2(2x +y) + 3 = 4x + 2y + 3, but

cfFO)+F(Y)=22x+3)+ Ry +3) =4x+2y+9# f(2x +y).

False. They are equal everywhere except at x = 0, where g is not defined.

47

False. The rule suggests that R takes on the values 0 and 1 when x = 1. This violates the uniqueness property that a
function must possess.

Using Technology page 68
1 a 10 : T |
0
-10 f f
0 5 0 5 10
2. a 10 : |
0
-10 f f
0 5 0 5 10
3. a 10 : |
0
-10 f f
0 5 0 5 10
4. a. 10 : |
0
-10 f f
0 5 0 5 10

-500 T

-1000 T

-20

10
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200 F— —t

100 T T

\
N

9. f (2.145) ~ 18.5505.

1. f (2.41) ~ 4.1616.

13. a.

N A S R R

b. The amount spent in the year 2005 was
f (2) ~ 9.42, or approximately $9.4 billion. In
2009, it was f (6) ~ 13.88, or approximately
$13.9 billion.

15. a. 150 ——F——+————

100

50

6 ' 7 ' 8 ' 9 ' 10 ' 11
b. f (6) = 44.7, f (8) = 52.7, and
f (11) = 129.2.

-20 —

30 —
20 T

10T

-10 —

10. f (1.28) ~ 17.3850.
12. f(0.62) ~ 1.7214.

14. a.

20 30 40

50 60 70 8

b. f (18) = 3.3709, f (50) = 0.971, and

f (80) = 4.4078.
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2.2  The Algebra of Functions

Concept Questions page 73

1. a. P (x1) = R(x1) — C (x1) gives the profit if x1 units are sold.

b. P (x2) = R(x2) — C (x2). Because P (x2) < 0, |[R (X2) — C (x2)| = —[R (x2) — C (x2)] gives the loss
sustained if X2 units are sold.

2. (fF+9 ) =FfX)+9gX), (f —g)xX) = XxX)—gX),and (fg) (x) = f (x) g (x); all have domain A N B.

o

f
(f/9) () = IS
b.(f+90@=1f2+9@=3+(2)=1L(f-9@ =12 -9@ =3-(-2) =5,

f@ 3 3

(f)@=f@9@=3(-2=-6ad (/9= ="=—3

has domain A N B excluding x € AN B such that g (x) = 0.

ay=((Ff+9x=~1fx+gX) b.y=(f-9x=FfXx—-gX)
_ _ f(x)
cy=(fgx)="FfxagX d y= ( )() 700

4. a. The domain of (f o g) (x) = f (g (x)) is the set of all x in the domain of g such that g (x) is in the domain of f.
The domain of (g o f) (x) = g (f (x)) is the set of all x in the domain of f such that f (x) is in the domain of g.

b. (go f)(2) =g (f (2)) =g (3) = 8. We cannot calculate (f o g) (3) because (f 0 g) (3) = f (g (3)) = f (8),
and we don’t know the value of f (8).

5. No. Let A = (—o0,00), f(x) = x,and g(x) = /x. Thena = —1isin A, but
(9o f)(=1) =g (f (-1)) = g (1) = +/1is not defined.

6. The required expressionis P = g (f (p)).

Exercises page 74

L+ =F00+gx) =x+5) +(x2=2) =x3+x2+3,
2.(f—=)=fX)—gx)=(x3+5) — (x2—2) =x3 —x2+7.
3. fg(x) = f (x) g (x) = (x3+5) (x2 —2) = x5 — 2x% + 5x2 — 10.

4.9f (x) =g (x) f (x) = (x2 = 2) (x3 +5) = x> —2x3 + 5x2 — 10.

f(x) x34+5
5.—() 500 = =7
6 =0 ) -gx) X*4+5-(x2-2) x3-x247
S R R e
2 19 f)gx)  (C+5)(x2-2) x>—2x3+5x2-10
A v S oy S X + 4
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10.

13.

15.

17.

19.

20.

21.

22.
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fgh(x) = f (x)g(x)h (x) = (x3+5) (x2 —2) 2x +4) = (x5 — 2x3 +5x? — 10) (2x + 4)

= 2x8 — 4x* 4 10x3 — 20x + 4x5 — 8x3 + 20x2 — 40 = 2x8 + 4x5 — 4x* + 2x3 4 20x% — 20x — 40.
(F+9xX)=FfX)+gXxX)=x—-14++/x+1.
@-—-HX=gx)—FfX)=/x+1-xX-1) =/xX+1-x+1
(f)X)=FfX)gxX)=x—-1)V/x+1. 12 @f)X)=gx) f (X)) =X +1(x—=1).
g .. 9  x+1 hov_he _2¢-1
H(X)_h(x)_2x3—1' 14 () gx)  X+1
E(x) (x—1) (Vx+1) . _() (x—1)(2x3_1) ¥ 2x3 x4l
h - 2x3—-1 X+ 1 VX+1 '
f—h( x—1—(2x3-1) x—2x 15 9 x X FT(23 -1 X +I(3-1)

X) = VX +1 T Cg—f )_«/x+1—(x—1)_ VX+1-x+1"
(F+ ) =x2+5+ X -2=x2+ /X +3,(f-g)(X) =x2+5— (VX —2) =x2 - /X +7,

2

2 B X“+5
(fg) (x) = (X2 +5) (VX )am( )u) K7
(F+ ) =X—1+x3+1L (f—g)xX) =/x—-1-x3-1, (fg)(x) = vx —1(x3+1), and
f _Wx=1
(5)“)_x3+1'
(f+0) () = XT3+ 1 :(x—1)«/x+3+1’(f_g)(x):m_ 1 x—=-1)/x+3 —1

Xx—1 x—1 x—l x—1
(19) (X) = VX +3(X i 1) - VXX_+13, and (é) = XF3(x—1).
(1 ) = 1 x2—1+x2+1 2x?
TN = et e 1 T e e ) e
1 x2—-1-x2-1 2 1

A iy et Sl MY e iy e v LA Al py y ) S

f x2 —1
(5) M =sei1



23.

24.

25.

26.

27.

28.

29.

30.

3L

32.

33.

34.
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(f+g)(x)=i+1+x+2_(x+1)(x )+ (x+2)(x—=1) x2—x—2+x2+x—2

-1 x-2 x—-=1)(x—2) N x=1)(x —2)

o2 —4 2(x2-2)

S x=DH(x-2) (xX-1(x-=2)

X+l X422 X+DEX=)—(x+2)(x—1) xZ—Xx—-2-x2—x+2
(-9 = 732~ X—D(x=2 ST x—Dhx-2

. —2X

T x=Dx=2

D) (x+2) i x+D)(x—2)
”g)(x)‘(x—l)(x—2>'a”d(g)(x)‘(x—l)(x+2>'
(F+9 ) =x2+1+X+L (f—g)X) =x2+1—-Vx+1, (fg)(x) = (x> +1) /X +1, and

(-2
g X+ 1T
(fog)) = f@x) = f(x3) = () +x2+1 = x* + x? + 1 and

(gof)(x):g(f(x)):g(x2+x+1):(x2+x+1)2.

(fog)(x) = f(g(x))=3[g(x)]2+29(x)+1=3(x+3)2+2(x+3)+1=3x2+20x+34and
@oH)YX)=g(f (X)) =Ff(X)+3=3x2+2x +1+3 =3x%+2x +4.

(fo() = f@) = f(x¥*-1) = Vx?=1+ 1 and
(gof)(x):g(f(x)):g(ﬁ+1)=(ﬁ+1)2—1=x+2ﬁ+1—1=x+2ﬁ.

(fog(x) = f(@(X) = 2/g(X) +3 = 2vx2+1 + 3 and
@o ) =g(f ) =[f 0P +1=(2X+3)°+1=14x + 12X + 10.

1 1 1 1 x?2 X
(fog)() = (@) = f(;) = ;*(ﬁ*‘l) = i1 @y
X )_x2+1

X

1 X
(fog(x) = f(gXx) = f(x_ ) T Vx-1 and

! VX+1+1 T+1
(gOf)(X)Zg(f(x))zg(m):,/’x+1—1}/)>:111=\/T+ ‘

h(2=g(f(@).Butf@ =224+2+1=7,50h(2)=g(7) =49.

<gof)<x)=g<f(x))=g(

[N

h(2) =g (f(2).But f(2) = (22— 1)1/3 =33, s0h(2)=g(33) =3 (31/3)3 +1=3(3)+1=10.

1 1 1 1 5
h(2) =g (f (2)). Butf(Z)ZWZE,soh(Z):g(g):ﬁ:%.

h(2) =g (f (2). Butf(2)=2T11=1,sog(1)=12+1=2.

51
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35.

37.

39.

41.

43.

44,

45,

46.

47,

48.

49,

50.

Sl

52.

53.
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f(xX)=2x34+x2+1,9g(x)=x° 36. f(x)=3x2—4,g(x)=x"3.
f(x)=x2-1,9(x) =X 38. f(x)=(2x —3),9(x)=x%2
2 1 ) 1
f(x)=x —1,g(x)=;. 40. f (x)=x —4,g(x)=ﬁ.
f(x)=3x2+2,g(x)=x3—1/2. 42. f(x)=«/2x+1,g(x)=%+x.

f@+h)—f@=[3@+h)+4]—@Ba+4)=3a+3h+4—3a—4=3h.
f(a+h)—f(a):—%(a+h)+3—(—%a+3)z—%a—%h+3+%a—3:—%h.
fa+h —f@=4—-(@+h)2-(4—a?)=4—a?—2ah—h?—4+a%=-2ah—h?=—h(2a+h).

fa+h —f@=[@+h?-2@+h)+1]- (a2 —2a+1)
—a?+2ah+h?—2a—-2h+1—-a?2+2a—1=ha+h-2).

fa+hy—f@ [@+h?+1]—-(a®2+1) a?+2ah+h®+1—a?—1 2ah+h?

h h h - h
h
f@a+h) —f(@) [2@+h?—(@+h)+1]-(2a2-a+1)
h - h
2a®44ah+2h? —a—h+1-2a%24+a—-1 4ah+2h?2—h
= = =4a+2h —1.
h h
fathy—f@ [@+h3—(@+h]—(a®-a) a®+3a’h+3ah®+h’—-a-h-a’+a
h - h - h
2 2 13 _
=3ah+3afr1] +h h:3a2+3ah+h2—1.
f@a+h)y—f@ [2@+h>—(@+h)?+1]-(2a°-a?+1)
h - h
_ 2a%+6a’h+6ah?+2h®—a?—2ah—h?+1-2a%+a’—1
h h
2 2 3 _ _Rh2
=6ah+6ah +h2h 2ah —h _ 6a? + 6ah 4 2h% — 2a —h.
1 1 a—(@+h
f@+h—-f@ _a+h a__a@+h _ 1
h h h a@+hy
f@+th-f@ _ +a+h-va Ja+th+/a  (@+th-a 1
h h Ja+th+.a h(vJa+th+4@) Ja+th+.,a

F (t) represents the total revenue for the two restaurants at time t.
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59.

60.

61.

62.

63.

64.
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F (t) represents the net rate of growth of the species of whales in year t.
f (t) g (t) represents the dollar value of Nancy’s holdings at time t.
f (t) /g (t) represents the unit cost of the commaodity at time t.
g o f is the function giving the amount of carbon monoxide pollution from cars in parts per million at time t.
f o g is the function giving the revenue at time t.
C (x) = 0.6x + 12,100.

a h()=f(t)—g()= (3t +69) — (=0.2t + 13.8) = 3.2t +55.2,0 < t < 5.

b. f(5)=3(5)+69=284,9g(5)=-0.2(5)+13.8=12.8,andh (5) =3.2(5) +55.2=71.2.
Since f (5) — g (5) =84 —12.8 = 71.2, we see that h (5) is indeed equal to f (5) — g (5).

D (t) = (D2 — Dy) (t) = D2 (t) — Dy (t) = (0.035t% 4 0.21t + 0.24) — (0.0275t2 + 0.081t + 0.07)

~ 0.0075t2 + 0.129t + 0.17.

The function D gives the difference in year t between the deficit without the $160 million rescue package and the
deficit with the rescue package.

a. (go f)(0) =g (f (0) =g(0.64) = 26, so the mortality rate of motorcyclists in the year 2000 was 26 per
100 million miles traveled.

b. (go f)(6) =g (f (6)) = g(0.51) = 42, so the mortality rate of motorcyclists in 2006 was 42 per
100 million miles traveled.

¢. Between 2000 and 2006, the percentage of motorcyclists wearing helmets had dropped from 64 to 51, and as a
consequence, the mortality rate of motorcyclists had increased from 26 million miles traveled to 42 million miles
traveled.

a. (go f)(1) =g (f (1)) = g (406) = 23. So in 2002, the percentage of reported serious crimes that end in arrests
or in the identification of suspects was 23.

b. (go f)(6) =g (f (6)) = g(326) = 18. In 2007, 18% of reported serious crimes ended in arrests or in the
identification of suspects.

¢. Between 2002 and 2007, the total number of detectives had dropped from 406 to 326 and as a result, the
percentage of reported serious crimes that ended in arrests or in the identification of suspects dropped from 23 to
18.

a. C (x) = 0.000003x® — 0.03x? 4 200x + 100,000.

b. P (x) = R (x) — C (x) = —0.1x% 4 500x — (0.000003x3 — 0.03x? + 200x + 100,000)
= —0.000003x3 — 0.07x2 4 300x — 100,000.

o

. P (1500) = —0.000003 (1500)3 — 0.07 (1500)? + 300 (1500) — 100,000 = 182,375, or $182,375.
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65. a.

66. a.

67. a.

68. a.

69. a.

b.
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C (X) = V (X) + 20000 = 0.000001x3 — 0.01x2 + 50x + 20000 = 0.000001x3 — 0.01x2 + 50x + 20,000.

. P (x) = R (X) — C (x) = —0.02x? + 150x — 0.000001x3 + 0.01x2 — 50x — 20,000

= —0.000001x3 — 0.01x2 + 100x — 20,000.

. P (2000) = —0.000001 (2000)3 — 0.01 (2000)2 -+ 100 (2000) — 20,000 = 132,000, or $132,000.

DO =R®-S®
= (0.023611t3 — 0.19679t2 + 0.34365t + 2.42) — (—0.015278t3 + 0.11179t + 0.02516t + 2.64)
= 0.038889t> — 0.30858t% + 0.31849t — 0.22,0 < t < 6.

. S(3) =3.309084, R (3) = 2.317337, and D (3) = —0.991747, so the spending, revenue, and deficit are

approximately $3.31 trillion, $2.32 trillion, and $0.99 trillion, respectively.

. Yes: R (3) — S(3) = 2.317337 — 3.308841 = —0.991504 = D (3).

h(t) = f (t)+ g (t) = (4.389t3 — 47.833t2 + 374.49t + 2390) + (13.222t3 — 132.524t2 4 757.9t + 7481)
= 17.611t3 — 180.357t2 4+ 1132.39t + 9871, 1 < t < 7.

. f(6) =3862.976 and g (6) = 10,113.488, so f (6) + g (6) = 13,976.464. The worker’s contribution was

approximately $3862.98, the employer’s contribution was approximately $10,113.49, and the total contributions
were approximately $13,976.46.

. h(6) =13,976 = f (6) + g (6), as expected.

N (r (t)) = )
r® 140,02 5t + 752
’ t + 10
7 7 - .
. N(r)) = 5 = 5 A 3.29, or 3.29 million units.
14002 (20+7 11002(2
' 0+ 10 ’ 10
7 7 - .
N (r(12)) = 5 = 5 A~ 3.99, or 3.99 million units.
14002 (222475 14002 (L
' 12 +10 ’ 22
7 7 - .
N (r (18)) = 5 = > ~ 4.13, or 4.13 million units.
1+ 0.02 5-18+75 1+0.02 165
’ 18+ 10 ' 28

The occupancy rate at the beginning of January is r (0) = &2 (0)® — 2 (0)% + 22 (0) + 55 = 55, or 55%.
r ) =2 5)° -2 5)2+ 22 (5) + 55 ~ 98.2, or approximately 98.2%.

The monthly revenue at the beginning of January is R (55) = — g5 (55)° + &5 (55)2 & 444.68, or
approximately $444,700.

The monthly revenue at the beginning of June is R (98.2) = — 35 (98.2)° + £ (98.2)2 ~ 1167.6, or
approximately $1,167,600.
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1.42.7 (t +10)° 9.94 (t + 10)? .
N(t)=142-x(t)= 5 t+10 5 = 2( +19 5. The number of jobs created 6 months
(t+10)24+2(t+15)%>  (t +10)% +2(t + 15)
9.94 (16)?

from now will be N (6) = ~ 2.24, or approximately 2.24 million jobs. The number of jobs created

(16)? + 2 (21)?
9.94 (22)?

12 months from now will be N (12) = —————
(22)= +2(27)

~ 2.48, or approximately 2.48 million jobs.

as=f+g+h=(f+9)+h = f+(g+h). This suggests we define the sum s by
sX)=(f+g+h)x)=f Xx)+gXx)+hx).

b. Let f, g, and h define the revenue (in dollars) in week t of three branches of a store. Then its total revenue (in
dollars) inweek tiss (t) = (f +g+h) () = f (t) + g (t) + h ().

a. (hogo f)(x) =h(g(f (x))

b. Lett denote time. Suppose f gives the number of people at time t in a town, g gives the number of cars as a
function of the number of people in the town, and h gives the amount of carbon monoxide in the atmosphere.
Then (hogo f)(t) =h (g (f (1)) gives the amount of carbon monoxide in the atmosphere at time t.

True. (F+9) ) =FX)+gxX)=gxX)+f X =@+ f)X).

False. Let f (X) = x+2and g (x) = /X. Then (go f)(x) = +/x + 2 is defined at x = —1, But
(f 0 @) (X) = 4/X + 2 is not defined at x = —1.

False. Take f (x) = /xandg(x) =x+ 1. Then(go f)(x) = /X + 1, but (f o g) (x) = v/x + 1.
False. Take f (x) = x+1. Then (f o ) (x) = f (f (X)) = x+2,but 2 (x) = [f (x)]2 = (X +1)% =x24+2x+1.
True. (ho(go f))(xX) =h((go f)(x)) =h(g(f (x)))and ((hog)o f)(x) = (hog) (f (X)) =h(g(f(x))).

False. Take h(x) = /X, g(X) = x, and f (x) = x? Then
(ho(@+ 1)) =h(x +x2) =X +x2 £ ((hog) + (o F) (x) =h (g () +h (f (X)) = VX + V52

2.3 Functions and Mathematical Models

Concept Questions page 88

1.

2.

3.

See page 78 of the text. Answers will vary.

a. P (X) = anx" 4+ an_1x""1 4 .- + ag, where a, # 0 and n is a positive integer. An example is
P (x) = 4x3 —3x2 4 2.
P () o ) x4 —2x2 +1
b. R (x) = ——=, where P and Q are polynomials with Q (x 0. AnexampleisR (X) = —5————.
(x) ) Q are poly Q) # p (x) 21315
a. A demand function p = D (x) gives the relationship between the unit price of a commodity p and the quantity x
demanded. A supply function p = S (x) gives the relationship between the unit price of a commodity p and the
quantity x the supplier will make available in the marketplace.

b. Market equilibrium occurs when the quantity produced is equal to the quantity demanded. To find the market
equilibrium, we solve the equations p = D (x) and p = S (x) simultaneously.
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Exercises page 88

1

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22

. Yes.2x +3y =6andsoy = —3x + 2. 2. Yes.dy =2x +7andsoy = $x + 1.
. Yes. 2y =x +4andsoy = 3x + 2. 4. Yes.3y =2x —8andsoy = 3x — §.
. Yes. 4y =2x +9andsoy = $x + 3. 6. Yes. 6y =3x +7andsoy = $x + .
. No, because of the term x2. 8. No, because of the term /X.

. f is a polynomial function in x of degree 6. 10. f is a rational function.

. Expanding G (x) = 2 (x* — 3)3, we have G (x) = 2x% — 18x* + 54x? — 54, and we conclude that G is a
polynomial function of degree 6 in x.

5 . 245x+6x3

. 2 . . .
We can write H (x) = 3 + 2 +6 3 and conclude that H is a rational function.

f is neither a polynomial nor a rational function.
f is a rational function.
f (0)=2gives f (0) =m(0)+b=b=2. Next, f (3) =—1gives f (3) =m (3) + b = —1. Substitutingb = 2
in this last equation, we have 3m + 2 = —1, or 3m = —3, and therefore, m = —land b = 2.
f (2) =4 gives f (2) = 2m +b = 4. We also know that m = —1. Therefore, we have 2(—1)+b =4andsob = 6.
a. C (x) = 8x + 40,000. b. R(x) = 12x.
c. P(x) = R(x) —C (x) =12x — (8x + 40,000) = 4x — 40,000.
d. P (8000) = 4(8000) — 40,000 = —8000, or a loss of $8000. P (12,000) = 4 (12,000) — 40,000 = 8000, or a
profit of $8000.
a. C (x) = 14x + 100,000. b. R (x) = 20x.
c. P(x) = R(x) — C (x) = 20x — (14x + 100,000) = 6x — 100,000.
d. P (12,000) = 6(12,000) — 100,000 = —28,000, or a loss of $28,000.
P (20,000) = 6 (20,000) — 100,000 = 20,000, or a profit of $20,000.
The individual’s disposable income is D = (1 — 0.28) - 60,000 = 43,200, or $43,200.
. . 0.4) (500 .
The child should receive D (0.4) = % ~2 117.65, or approximately 118 mg.
. . 4+1 .
The child should receive D (4) = (7) (500) ~ 104.17, or approximately 104 mg.
. . 103-175
. a. The graph of f passes through the points P; (0, 17.5) and P, (10, 10.3). Its slope is oo - -0.72.

An equation of the lineisy — 17.5 = —0.72(t — 0) or y = —0.72t 4+ 17.5, so the linear function is
f (t) = —-0.72t + 17.5.
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b. The rate was decreasing at 0.72% per year.

¢. The percentage of high school students who drink and drive at the beginning of 2014 is projected to be
f (13) = —0.72(13) + 17.5 = 8.14, or 8.14%.

a. The slope of the graph of f is a line with slope —13.2 passing through the point (0, 400), so an equation of the
lineisy — 400 = —13.2(t — 0) or y = —13.2t 4 400, and the required function is f (t) = —13.2t 4 400.
b. The emissions cap is projected to be f (2) = —13.2(2) 4 400 = 373.6, or 373.6 million metric tons of carbon
dioxide equivalent.
1.2-07

a. The graph of f is a line through the points P; (0, 0.7) and P, (20, 1.2), so it has slope ﬂ = 0.025. Its

equationisy — 0.7 = 0.025 (t — 0) or y = 0.025t + 0.7. The required function is thus f (t) = 0.025t + 0.7.
b. The projected annual rate of growth is the slope of the graph of f, that is, 0.025 billion per year, or 25 million
per year.
¢. The projected number of boardings per year in 2022 is f (10) = 0.025 (10) + 0.7 = 0.95, or 950 million
boardings per year.

a. b. The projected revenue in 2010 is
40 f (6) = 2.19(6) + 27.12 = 40.26, or $40.26 billion.
30‘/ ¢. The rate of increase is the slope of the graph of f, that s,
20 2.19 (billion dollars per year).
10
o 1 2 3 4 5 6t
Two hours after starting work, the average worker will be assembling at the rate of

f (2) = -3 (2 + 6(2) + 10 = 16, or 16 phones per hour.
P (28) = —1 (28)2 + 7 (28) + 30 = 128, or $128,000.

a. The amount paid out in 2010 was S (0) = 0.72, or $0.72 trillion (or $720 billion).

b. The amount paid out in 2030 is projected to be S (3) = 0.1375 (3)2 + 0.5185 (3) + 0.72 = 3.513, or
$3.513 trillion.

a. The average time spent per day in 2009 was f (0) = 21.76 (minutes).

b. The average time spent per day in 2013 is projected to be
f (4) = 2.25(4)? + 13.41 (4) + 21.76 = 111.4 (minutes).

a. The GDP in 2011 was G (0) = 15, or $15 trillion.
b. The projected GDP in 2015 is G (4) = 0.064 (4)> + 0.473 (4) + 15.0 = 17.916, or $17.916 trillion.

a. The GDP per capita in 2000 was f (10) = 1.86251 (10)2 — 28.08043 (10) + 884 = 789.4467, or $789.45.

b. The GDP per capita in 2030 is projected to be f (40) = 1.86251 (40)? — 28.08043 (40) + 884 = 2740.7988, or
$2740.80.
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32. a. The number of enterprise IM accounts in 2006 is given by N (0) = 59.7, or 59.7 million.

b. The number of enterprise IM accounts in 2010, assuming a continuing trend, is given by
N (4) = 2.96 (4) + 11.37 (4) + 59.7 = 152.54 million.

33. 5(6) = 0.73(6)% + 15.8(6) + 2.7 = 123.78 million kilowatt-hr.
S(8) = 0.73(8)? + 15.8(8) + 2.7 = 175.82 million kilowatt-hr.

34. The U.S. public debt in 2005 was f (0) = 8.246, or $8.246 trillion. The public debt in 2008 was
f (3) = —0.03817 (3)° + 0.4571 (3)? — 0.1976 (3) + 8.246 = 10.73651, or approximately $10.74 trillion.

35. The percentage who expected to work past age 65 in 1991 was f (0) = 11, or 11%. The percentage in 2013 was
f (22) = 0.004545 (22)% — 0.1113 (22) + 1.385 (22) + 11 = 35.99596, or approximately 36%.

36. N (0) = 0.7 per 100 million vehicle miles driven. N (7) = 0.0336 (7)® — 0.118 (7)? +0.215 (7) + 0.7 = 7.9478 per
100 million vehicle miles driven.

37. a. Total global mobile data traffic in 2009 was f (0) = 0.06, or 60,000 terabytes.
b. The total in 2014 will be f (5) = 0.021 (5)% 4 0.015 (5)? + 0.12 (5) + 0.06 = 3.66, or 3.66 million terabytes.

1+ 0.05D 1 + 0.05 (20)

= = y = = VuU. ) 0 .
38. L 5 If D =20, then L 0 0.10, or 10%

39. a. We first construct a table.

N (million)
t | N(t) t | N
180
1 52 6 | 135 160
2| 75 7| 146 120
3| 93 8| 157 50
4 | 109 9| 167 40
51| 122 10 | 177 ——— >
0 2 4 6 8 10 1(years)

b. The number of viewers in 2012 is given by N (10) = 52 (10)*5%1 ~ 176.61, or approximately 177 million

viewers.
40. a. R R (1) = 162.8(1)~30%5 = 162.8, R (2) = 162.8 (2) >9% ~ 20.0,
160 and R (3) = 162.8 (3) 398 ~ 5.9
120 b. The infant mortality rates in 1900, 1950, and 2000 are 162.8, 20.0,
80 and 5.9 per 1000 live births, respectively.
40
0 1 2 301

41. N (5) = 0.0018425 (10)>5 s 0.58265, or approximately 0.583 million. N (13) = 0.0018425 (18)%® ~ 2.5327, or
approximately 2.5327 million.

42. a. S (0) = 4.3 (0 + 2)%9 ~ 8.24967, or approximately $8.25 billion.
b. S (8) = 4.3 (8 + 2)°%* ~ 37.45, or approximately $37.45 billion.
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a. We are given that f (1) = 5240 and f (4) = 8680. This leads to the system of equations a + b = 5240,
1la + b = 8680. Solving, we find a = 344 and b = 4896.

b. From part (a), we have f (t) = 344t + 4896, so the approximate per capita costs in 2005 were
f (5) = 344 (5) + 4896 = 6616, or $6616.

. . . 100 (40
a. The given data imply that R (40) = 50, that is, 5 +(40) = 50, so0 50 (b + 40) = 4000, or b = 40. Therefore, the
100x
ired functionis R (x) = .
required response function is R (x) 20+ x
100 (60)

b. The response will be R (60) =

= 60, or approximately 60 percent.
40+ 60 PP youp

a. f (0) =6.85,g(0) = 16.58. Because g (0) > f (0), we see that more film cameras were sold in 2001 (when
t =0).

b. We solve the equation f (t) = g (t), that is, 3.05t + 6.85 = —1.85t 4+ 16.58,504.9t =9.73andt = 1.99 ~ 2.
So sales of digital cameras first exceed those of film cameras in approximately 2003.

a oy b. 5x2 + 5x + 30 = 33x + 30, 0 5x% — 28x = 0, x (5x — 28) =0,
160 andx =0orx = % = 5.6, representing 5.6 mi/h.
120 ! g (x) =11(5.6) + 10 = 71.6, or 71.6 mL/lb/min.
80 g . The oxygen consumption of the walker is greater than that of the
runner.
40
o s 10 x
a. We are given that T = aN + b where a and b are constants to be determined. The given conditions imply that

70 = 120a + b and 80 = 160a + b. Subtracting the first equation from the second gives 10 = 40a, ora = %.
Substituting this value of a into the first equation gives 70 = 120 (%) + b, or b = 40. Therefore, T = <N + 40.

b. Solving the equation in part (a) for N, we find %N =T —40,0or N = f (t) =4T — 160. When T = 102, we
find N = 4 (102) — 160 = 248, or 248 times per minute.

a. f (0) =3173 givesc = 3173, f (4) = 6132 gives 16a + 4b + ¢ = 6132, and f (6) = 7864 gives
36a + 6b + ¢ = 1864. Solving, we find a ~ 21.0417, b ~ 655.5833, and ¢ = 3173.

b. From part (a), we have f (t) = 21.0417t% 4+ 655.5833t 4 3173, so the number of farmers’ markets in 2014 is
projected to be f (8) = 21.0417 (8)% + 655.5833 (8) + 3173 = 9764.3352, or approximately 9764.

a. We have f (0) =c = 1547, f (2) =4a +2b+ ¢ = 1802, and f (4) = 16a + 4b + ¢ = 2403. Solving this
system of equations gives a = 43.25, b = 41, and ¢ = 1547.

b. From part (a), we have f (t) = 43.25t2 + 41t + 1547, so the number of craft-beer breweries in 2014 is projected
to be f (6) = 43.25 (6)? + 41 (6) + 1547 = 3350.

o S-C . o S-C .
The slope of the lineism = — Therefore, an equation of the lineisy — C = 0 (t — 0). Letting

y =V (t),wehave V (t) =C — %t.
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51. Using the formula given in Exercise 50, we have

52.

V (2) = 100,000 —

a.

160

120

40

A

100,000 — 30,000
5

70,000

(2) = 100,000 — —=— (2) = 72,000, or $72,000.

b. f (0) = 8.37 (0) + 7.44 = 7.44, or $7.44/kilo.
f (20) = 2.84 (20) + 51.68 = 108.48, or $108.48 /kilo.

53. The total cost by 2011 is given by f (1) = 5, or $5 billion. The total cost by 2015 is given by
f (5) = —0.5278 (53) +3.012 (52) +49.23 (5) — 103.29 = 152.185, or approximately $152 billion.

54. a. y b. At the beginning of 2005, the ratio will be
5 f (10) = —0.03 (10) + 4.25 = 3.95. At the beginning of
4 2020, the ratio will be f (25) = —0.075 (25) + 4.925 = 3.05.
z \ c. The ratio is constant from 1995 to 2000.
1 d. The decline of the ratio is greatest from 2010 through 2030. It
0 10 20 30 1 (years) f (3:2 _ 15(15) = 2'32_03'8 = —0.075.
55. a v (%) 4 b. f(5) = % 6)+12 = 1—70 + 12 ~ 13.43, or approximately
20 13.43%. f (25) = 1 (25) + 4 = 22, or 22%.
15
10
5
0" 10 20 i(years)

56. a. f (0) =5.6and g (0) = 22.5. Because g (0) > f (0), we conclude that more VCRs than DVD players were sold
in 2001.

b. We solve the equations f (t) = g (t) over each of the subintervals. 5.6 + 5.6t = —9.6t +22.5for0 <t < 1. We
solve to find 15.2t = 16.9, so t ~ 1.11. This is outside the range for t, so we reject it. 5.6 4+ 5.6t = —0.5t + 13.4
forl <t <2,506.1t = 7.8, and thus t ~ 1.28. So sales of DVD players first exceed those of VCRs att ~ 1.3,
or in early 2002.
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If p=7,wehave 7= —x% + 16, or x2 = 9, so that x = +3.
Therefore, the quantity demanded when the unit price is $7 is

b.
- l()—
T \ 3000 units.
7
’ 8
4
’ 4
/
{ t t t >
1 2 3 4%x

5 5 0
Units of a thousand

57. a. (94

58. a. (94 b. If p =11, we have 11 = —x? + 36, or x2 = 25, so that

R x = £5. Therefore, the quantity demanded when the unit price
. .7 30 \ is $11 is 5000 units.
‘ 20
V4
/
’ 10
/
7
2 4 6 x

-6 -4 —2 0
Units of a thousand

59. a. ) b. If p=3,then3 = v18 — xZ,and 9 = 18 — x2, so that x2 = 9
5 and x = + 3. Therefore, the quantity demanded when the unit
- = 4] price is $3 is 3000 units.
e - 3
V4
I/ 2
/ 1
1
R

Units of a thousand

60. a. )/ b. If p=2then2=+9—x2,and4 =9 —x? sothatx> =5

_ - -3 and and x = ++/5, or x & 42.236, Therefore, the quantity
L7 . ) demanded when the unit price is $2 is approximately
/ 2236 units.
, 1
1
1 2 3 x

-3 =2 -1 0
Units of a thousand

61. a. p($) 4 62. a. P ($)4
\ N
‘\ \ 40
\ 80 AN
\ S 30
Y 40 el
. , ~ 20;
\ /7
o 10
=20 —15 ~10 4 5x
~_-
Units of a thousand -3 -2 -1 0 1 2 3 x

Units of a thousand

b. If x = 2, then p = 22 + 16 (2) + 40 = 76, or
$76. b. If x = 2, then p = 2(2)% 4 18 = 26, or $26.
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63. a. p©) 64. a. p($)4
30 80
20 60
40
10
i 20
AN SO0 1 2 5 4
’ —10 4 =20
Units of a thousand Units of a thousand
b. p=23+2(2)+3=15,or$15. b. p=2%+42+ 10 = 20, or $20.
65. a. P ($) 4 b. Substituting x = 10 into the demand function, we have
30 0
30 p=—""— = =10, 0r$10.
] 0.02(10)c+1 3
201
101
0 5 4 6 8«
Units of a thousand
66. Substituting x = 6 and p = 8 into the given equation gives 8 = /—36a + b, or —36a + b = 64. Next,
substituting x = 8 and p = 6 into the equation gives 6 = v/—64a + b, or —64a + b = 36. Solving the system
—36a + b = 64 i .
642+ b — 36 for a and b, we find a = 1 and b = 100. Therefore the demand equation is p = ~/—x2 + 100.
—64a+b =

67.

68.

When the unit price is set at $7.50, we have 7.5 = +/—x2 + 100, or 56.25 = —x? 4 100 from which we deduce that
X &~ £6.614. Thus, the quantity demanded is approximately 6614 units.

b. If x =5, then
p =0.1(5)2 +0.5(5) + 15 = 20, or $20.

a. \ P ($)4
\
\ 60<
\
\
\ 404
\
Y 204
30 —20 —10 0] 10 20 x(000)

Substituting x = 10,000 and p = 20 into the given equation yields P ()4

20 = a4/10,000 + b = 100a + b. Next, substituting x = 62,500 30+
and p = 35 into the equation yields

35 = a4/62,500 + b = 250a + b. Subtracting the first equation
from the second yields 15 = 150a, or a = 5. Substituting this 10
value of a into the first equation gives b = 10. Therefore, the

required equation is p = 1—10ﬁ + 10. Substituting x = 40,000 into

20

0 20 40 60 x
Units of a thousand

the supply equation yields p = -./40,000 + 10 = 30, or $30.
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a. We solve the system of equations p = cx +d and p = ax + b. Substituting the first equation into the
. b—-d
second givescx +d = ax +d,so(c—a)x =b—dand x = —a Becausea < 0O0andc > O,

¢ —a # 0and x is well-defined. Substituting this value of x into the second equation, we obtain

p:a(b—d)ijzab—ad+bc—ab:bc—ad b—dandthe

. Therefore, the equilibrium quantity is
c—a c—a c—a

I .. bc—ad
equilibrium price is c .

b. If ¢ is increased, the denominator in the expression for x increases and so x gets smaller. At the same time, the
first term in the first equation for p decreases and so p gets larger. This analysis shows that if the unit price for
producing the product is increased, then the equilibrium quantity decreases while the equilibrium price increases.

c. If b is decreased, the numerator of the expression for x decreases while the denominator stays the same.
Therefore, x decreases. The expression for p also shows that p decreases. This analysis shows that if the
(theoretical) upper bound for the unit price of a commodity is lowered, then both the equilibrium quantity and the
equilibrium price drop.

We solve the system of equations p = —x2? — 2x + 100 and p = 8x + 25. Thus, —x2 — 2x + 100 = 8x + 25,

or x? 4+ 10x — 75 = 0. Factoring this equation, we have (x + 15) (x — 5) = 0. Therefore, x = —15 or x = 5.
Rejecting the negative root, we have x = 5, and the corresponding value of p is p = 8 (5) + 25 = 65. We conclude
that the equilibrium quantity is 5000 and the equilibrium price is $65.

We solve the equation —2x2 + 80 = 15x + 30, or 2x? 4+ 15x — 50 = 0 for x. Thus, (2x — 5) (x 4+ 10) = 0,
and so x = % or x = —10. Rejecting the negative root, we have x = % The corresponding value of p is

2
p=-2 (%) + 80 = 67.5. We conclude that the equilibrium guantity is 2500 and the equilibrium price is $67.50.

p = 60 — 2x2

p =x%49x + 30
s03x24+9x —30 =0, x?+3x —10 =0, and (x +5) (x — 2) = 0, giving x = —5 or x = 2. We take x = 2. The
corresponding value of p is 52, so the equilibrium quantity is 2000 and the equilibrium price is $52.

We solve the system [ Equating the right-hand sides, we have x? 4+ 9x + 30 = 60 — 2x?,

Solving both equations for x, we have x = —% p+ 22 and x = 2p? + p — 10. Equating the right-hand sides, we
have —4 p 422 = 2p? + p — 10, or —11p + 66 = 6p? + 3p — 30, and s0 6p? + 14p — 96 = 0. Dividing this
last equation by 2 and then factoring, we have (3p + 16) (p — 3) = 0, so p = 3 is the only valid solution. The
corresponding value of x is 2 (3)2 + 3 — 10 = 11. We conclude that the equilibrium quantity is 11,000 and the
equilibrium price is $3.

Equating the right-hand sides of the two equations, we have 0.1x% + 2x + 20 = —0.1x% — x + 40, s0

0.2x%2 +3x — 20 = 0, 2x? 4+ 30x — 200 = 0, X 4 15x — 100 = 0, and (x + 20) (x — 5) = 0. Therefore the only
valid solution is x = 5. Substituting x = 5 into the first equation gives p = —0.1 (25) — 5 + 40 = 32.5. Therefore,
the equilibrium quantity is 500 tents (x is measured in hundreds) and the equilibrium price is $32.50.

Equating the right-hand sides of the two equations, we have 144 — x2 = 48 + %xz, S0 288 — 2x2 = 96 + X2,
3x2 = 192, and x2 = 64. Therefore, x = +8. We take x = 8, and the corresponding value of p is 144 — 82 = 80.
We conclude that the equilibrium quantity is 8000 tires and the equilibrium price is $80.
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Because there is 80 feet of fencing available, 2x + 2y = 80, so x + y = 40 and y = 40 — x. Then the area of the
garden is given by f = xy = x (40 — x) = 40x — x2. The domain of f is [0, 40].

. . 250 . -
The area of Juanita’s garden is 250 ft2. Therefore xy = 250 and y = =~ The amount of fencing needed is given
2
by 2x + 2y. Therefore, f =2x 42 (—)5(0) =2X + —520. The domain of f isx > 0.

The volume of the box is given by area of the base times the height of the box. Thus,

V =f ()= (15-2x) (8 —2x)X.

Because the volume of the box is the area of the base times the height of the box, we have V = x2y = 20. Thus, we
20 . . . L

have y = 2 Next, the amount of material used in constructing the box is given by the area of the base of the box,

plus the area of the four sides, plus the area of the top of the box; that is, A = x2 + 4xy + x2. Then, the cost of

. L 20 8 . .
constructing the box is given by f (x) = 0.30x2 + 0.40x - 2 +0.20x% = 0.5x2 + < where f (x) is measured in

dollarsand f (x) > 0.

Because the perimeter of a circle is 27tr, we know that the perimeter of the semicircle is 7rx. Next, the perimeter of
the rectangular portion of the window is given by 2y + 2x, so the perimeter of the Norman window is 7wx + 2y + 2x
and wx + 2y +2x = 28,0ry = % (28 — wx — 2x). Because the area of the window is given by 2xy + %n-xz, we
see that A = 2xy + %ﬂ'XZ. Substituting the value of y found earlier, we see that

A=f(x)=x(28—mx —2X) + 3mx? = Jmx? + 28x — wx% — 2x? = 28x — Fx? — 2x?
_ (T 2
= 28X (2 + 2) X<,
The average yield of the apple orchard is 36 bushels/tree when the density is 22 trees/acre. Let x be the

unit increase in tree density beyond 22. Then the yield of the apple orchard in bushels/acre is given by
(22 + x) (36 — 2x).

50 50 50

Xy =50andsoy = = The area of the printed pageisA=(x —1)(y—2) = (x — 1) (7 — ) = —2x+52—7,
. _ 50 50

so the required function is f (x) = —2x + 52 — = We must have x > 0,x —1 > 0, and and =~ 2 > 2. The last
inequality is solved as follows: - > 4,50 =0 < T S0 X < % = 5. Thus, the domain is [1, ?].

a. Let x denote the number of bottles sold beyond 10,000 bottles. Then
P (x) = (10,000 + x) (5 — 0.0002x) = —0.0002x? + 3x + 50,000.

b. He can expect a profit of P (6000) = —0.0002 (60002) + 3(6000) + 50,000 = 60,800, or $60,800.

a. Let x denote the number of people beyond 20 who sign up for the cruise. Then the revenue is
R (X) = (20 4 x) (600 — 4x) = —4x? 4 520x + 12,000.

b. R (40) = —4 (402) + 520 (40) + 12,000 = 26,400, or $26,400.
c. R(60) = —4 (602) + 520 (60) + 12,000 = 28,800, or $28,800.

False. f (x) = 3x%/4 4+ x%/2 + 1 is not a polynomial function. The powers of x must be nonnegative integers.
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. . . P (x - . . .
86. True. If P (x) is a polynomial function, then P (x) = i ) and so it is a rational function. The converse is false.

X+1. . . . .
For example, R (x) = 1 is a rational function that is not a polynomial.
87. False. f (x) = x%2 is not defined for negative values of x.
88. False. A power function has the form x", where r is a real number.

Using Technology page 98

1. (—3.0414, 0.1503), (3.0414, 7.4497). 2. (—5.3852,9.8007), (5.3852, —4.2007).

3. (—2.3371, 2.4117), (6.0514, —2.5015). 4. (—2.5863, —0.3585), (6.1863, —4.5694).
5. (—1.0219, —6.3461), (1.2414, —1.5931), and (5.7805, 7.9391).

6. (—0.0484,2.0609), (2.0823, 2.8986), and (4.9661, 1.1405).

7. a. 100 " 8. a. 100 A
50 T+ 50 T T+
0 — 0 +————F——+—
0 5 10 15 0 5 10 15 20
b. 438 wall clocks; $40.92. b. 1000 cameras; $60.00.
9. a f(t)=1.85t+ 16.9. c.
t y
b. 30 I — 1 1 1] 18.8
T T 3| 225
T 1 4| 243
0 — 51 26.2
1 2 3 4 5 6
6 | 28.0

These values are close to the given data.

d. f (8) = 1.85(8) + 16.9 = 31.7 gallons.
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10. a. f (t) = 0.0128t2 4+ 0.109t + 0.50.

b. 2

o

b. 80 /_.

60 T T
40T T

20T T

0 + + + +
0 1 2 3 4

c. 77.8 million

13. a. f (t) = 2.4t2 + 15t + 31.4.

b. _-=I=I=I

100 T

o

15. a. f (t) = —0.00081t%+0.0206t%+0.125t +1.69.

o

b.

y

D W O+

0.50
0.94
1.61
1.89

These values are close to the given data.

12. a. f (t) = 2.25x? + 13.41x + 21.76.

100 + f

50

o

14. a. f (t) = —0.038167t3 4 0.45713t2

— 0.19758t 4 8.2457.

0 I ——
0 2 4 6
t|ly
1.8
5|27
10 | 4.2

The revenues were $1.8 trillion in 2001,
$2.7 trillion in 2005, and $4.2 trillion in 2010.



16. a. y = 44,560t — 89,394t2 + 234,633t + 273,288.

b. 1.5e+6 + f + f

le+6

5e+5

0

0 1 2 3

10.4 | 13.9

U]

19. a. f (t) = 0.00125t* — 0.0051t3

—0.0243t2 +0.129t + 1.71.

b. 2+ttt

18.
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f

W N P O

273,288
463,087
741,458
1,375,761

a. f(t)=0.2t3 —0.45t%2 4 1.75t + 2.26.

b 15 T
10 T
5_ —
0 I I F—+—
o 1 2 3 4 5
C.
t o |1 (2 |3 4
f(t)|23]|38]|56]89]|149
C.
t 0 |1 (2 (3 |4 |5
f(t)|1.7111.81(1.85(1.84|1.83|1.89

d. The average amount of nicotine in 2005 is
f (6) = 2.128, or approximately

2.13 mg/cigarette.

20. A(t) = 0.000008140t* — 0.00043833t3 — 0.0001305t2 + 0.02202t + 2.612.

24

Limits

Concept Questions page 115

1. The values of f (x) can be made as close to 3 as we please by taking x sufficiently close to x = 2.

2. a. Nothing. Whether f (3) is defined or not does not depend on Iim3 f ().
X—>

b. Nothing. Iim2 f (x) has nothing to do with the value of f at x = 2.
X—
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- 2 _ - - 2
3. a Jmﬁ (2x*+1) = xIin4 (VX) )!@4 (2x* +1) (Property 4)
= V4[2(4)? +1] (Properties 1 and 3)
=66
(224 x +5\? X2 4+x+5\?
.I _— = _— P 1
b xinl( x4 +1 ) (x—>1 x4+ 1 ) (Property 1)
2+145)\%2 .
= (ﬁ) (Properties 2, 3, and 5)
=432 -8
- _f 0 X2 -
4. A limit that has the form lim ﬂ = —. For example, lim X
x>ag(x) O x—3 X —

5. XIl)m f (x) = L means f (x) can be made as close to L as we please by taking x sufficiently large.
o0
Xlim f (xX) = M means f (x) can be made as close to M as we please by taking negative x as large as we please
—00

in absolute value.
Exercises page 115
1. lim f ) =3.
X——2
2. lim f (x) =2.
x—1
3. lim f (x) =3.
Xx—3

4. Iiml f (x) does not exist. If we consider any value of x to the right of x = 1, we find that f (x) = 3. On the other
X—>

hand, if we consider values of x to the left of x = 1, f (x) < 1.5, and we conclude that f (x) does not approach a
fixed number as x approaches 1.

5 lim fx)=3.
X——2

6. lim f(x)=3.
X——2

7. The limit does not exist. If we consider any value of x to the right of x = —2, f (x) < 0. If we consider values of x
to the left of x = —2, f (x) > 0. Because f (x) does not approach any one number as x approaches x = —2, we
conclude that the limit does not exist.

8. The limit does not exist.

X 19 | 1.99 1.999 | 2.001 | 2.01 2.1
f(x) | 461 | 49601 | 4.9960 | 5.004 | 5.0401 | 5.41

lim (x? +1) =5.

X—2



10.

12.

13.

14.

15.

16.

17.

2.4 LIMITS
X 0.9 0.99 0.999 1.001 1.01 11
f(x) | 0.62 | 0.9602 | 0.996002 | 1.004002 | 1.0402 | 1.42
lim (2x2 — 1) = 1.
x|—>1(x )
X —0.1| —0.01 | —0.001 | 0.001 | 0.01 | 0.1
f(x)| -1 -1 -1 1 1 1
The limit does not exist.
X 0.9 0.99 0.999 | 1.001 | 1.01 | 11
fx)| -1 -1 -1 1 1 1
The limit does not exist.
X 0.9 0.99 0.999 1.001 1.01 11
f (x) | 100 | 10,000 | 1,000,000 | 1,000,000 | 10,000 | 100
The limit does not exist.
X 1.9 1.99 1.999 | 2001 | 201 | 21
f(x)| —10 | —100 | —1000 | 1000 | 100 | 10
The limit does not exist.
X 09099 | 0999 | 1.001 | 1.01 | 1.1
f(x)|29]299 | 2999 | 3.001 | 3.01 | 3.1
2 _
li szzg_
x»1 x-=1
X 09099 | 0999 | 1.001 | 1.01 | 1.1
f (x) 1 1 1 1 1
x—1
lim =1
xI—>1X—1
Y A 18.
1 é X 0 /\ X
2 4 8 x

lim f (x) = —1.
x—0

s

-8

lim f (x) =2.
Xx—3

69
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19.

21.

23.

25.

27.

29.

3L

33.

35.

37.

39.

2 FUNCTIONS, LIMITS, AND THE DERIVATIVE

V4
2]
-2 (R 4 x
-2
—4
lim f (x) =1.
Xx—1
Yy
2
14
3 2 10 1 2 X
-1
lim f (x) =0.
x—0
lim3=3.
X—2
limx = 3.
X—3

lim (1 —2x?) =1-2(1)% = -1.

x—1

lim (2x3 - 3x2 +x +2) =2(1)° —3(1)? +1+2

x—1

=2
lim (2s2—1)(2s+4) = (1) (4) = —4.

i 21 2@ +1 5
x=2 X+2 242 4

Iimza/x +2=J2+2=2.
X—

Iim3«/2x4 +x2 =/2(=3)* 4+ (=3)> = /162 + 9
X——
= /171 = 3/19.
VX248 V(D48 V9
xo>—-1 2X+4 — 2(=1)+4 2

3
.

20. YA
\i
2 - o 1 2 3 &
lim f (x) =2.
x—1
22.
-2 -1 0 1 2 3 «x
-1
lim f (x) =0.
x—1
24, lim —3=-3.
X——2
26. lim —3x = —3(=2) =6.
X—>—2
28. tlirré(4t2—2t+1)=4(3)2—2(3)+1=31.
-
30. lim (4x5 —20x2 + 2x + 1)
x—0
—4(00°=2002+20)+1=1.
32. lim (x2+1) (x2—4) = (22+1) (22 -4) =0.
X—2
3 3
a1 fim Xt 1 P¥+1 2 1

36.

40.

-123+2 2(18)+2 4 2

|im23/5x +2=¥5(=)+2=v-8=-2.
X——

2¢+4 _ 2@ +4 _,
x24+1 V441 7
xVx2+7 33 +7 12

lim =

x>32X —V2X+3 2B —v2(3) +3 3
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41. XI|_r31a[f x)—gX)]= XI|_r31a f(x) —Xll_rgg(x) 42, XI|_r;r}j‘2f (x) =2(3) =6.
=3-4=-1.
43, XI|_r>na[2f (x) =39 (x)] = lim 2f (x) — lim 39 (x) 44, XI|_r)r;1[f (x)g ()] = lim £ () limg(x)=3-4
=2(3)—3(4) = —6. —12.
45. lim g (x) = lim V4 = 2. 46. lim ¥5F (X)+3g(x) = I53) +3@) = /27 =3.
X—a X—a X—a
2f(x)—g(x) 2@)—@4) 2 1 g -fx)  4-3 1
47. 1 = =—=-. 48. | = = —.
M Fog0 T @@ 1276 Moo rvee0  3+2 5
2 _ _ 2 _ —
29, tim 7 i ¥EDEFD b1y w00 dim 2 o i X 2D FD)
x=1Xx—1 x—1 x—=1 x—1 Xx=>-2 X+2 x--2 X+2
=1+1=2 = lim x-2)=-2-2=-4
X——2
2 _ _ 2 _ _
51 1im =% —jim 2% =Y _jim x -1 52. 1im 22 =3 _im X2 =3 _ jim 2x - 3)
x—0 X x—0 X x—0 x—0 X x—0 X x—0
—0-1=-1. - _3.
2 _ _
53. lim X =2 = lim W 54. lim udoes not exist.
x=-5 X+5 x——5 X+5 b—-3b+3

lim (x —5) =-10.
X——=5

X+2
55. lim does not exist. 56. lim + does not exist.
x—1X—1 Xx—2 X — 2
2_x—6 -3 2 -3 —-2-3 5
57. lim == X=6 _ jiy ¥=DC+2D o x=3 _2
x5>-2X24+X—2 x5-2(X+2)(x—-1) x--2x—-1 -2-1 3
5_8 7-2) (2242244
58. Iimz—=lim( ) )=Iim (22+224+4)=22+2Q2)+4=12.
752 7 —2 72 z—2 72
50, lim Y"1 _ jim XL VXL x-1 _ymt -t
x>1 X—=1  x51 x=1 /X4+1 x51(x-1)(/X+1) xo1x+1 2
X = x—4 JX+2
60. lim —— = lim . =lim./x+2=2+2=4.
x—>4\/_—2 x—>4\/_—2 ﬁ—l—Z x—>4\/_+ +
x—1 x—1 1 1
6l. im ———=Iim —— = lim — = =,
xI—>1X3+X2—2X xI—>lX(X—1)(X+2) xI—>lX(X—I—2) 3
4 —x2 2-x)(2 2 — 2— (-2
62. lim —X= i MZ i X: ( ):1_
x>-22x2 4+ %3  x>-2 X2(2+4Xx) x—>-2 X2 (-2)?
63. lim f (x) = oo (does not exist) and lim f (x) = oo (does not exist).
X—00 X— —00
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64.

65.

66.

67.

68.

69.

70.

71.

72.

73.
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lim f (xX) = oo (does notexist)yand lim f (x) = —oo (does not exist).
X— 00 X—>—00

lim f (x)=0and lim f (x)=0.
X—00 X——00

lim f(x)=1and lim f () =1
X—00 X——00
lim f (x) = —oo (does not exist) and lim f (x) = —oo (does not exist).
X—00 X——00
lim f (x)=21and lim f (x) = oo (does not exist).
X—00 X——00
1
f = :
) x2+1
X 1 10 100 1000 X -1 -10 —100 —1000
f (x) | 0.5 | 0.009901 | 0.0001 | 0.000001 f (x) | 0.5 | 0.009901 | 0.0001 | 0.000001

x|l>nclo Fo) = xl!rl]oo PO =0.

2X
f(x)= :
x) = 1
X 1| 10 100 | 1000 X -5 | —10 | —100 | —1000
f(x)|1] 1818 | 1.980 | 1.998 f(x)| 252222 | 2020 | 2.002
x|l>nclo Fx) = xl!rl]oo F)=2
f (x) = 3x% — x2 + 10.
X 1|5 10 100 1000
f(x) |12 | 360 | 2910 | 2.99 x 10°% | 2.999 x 10°
X -1| -5 —10 —100 —1000
f(x)| 6 | =390 | —3090 | —3.01 x 108 | —3.0 x 10°
lim f (x) = oo (does notexist)yand lim f (x) = —oo (does not exist).
X— 00 X——00
|X]
f(x)=—
x) ==
X 1|10 | 100 X —1| —10 | —100
fx)y|1]| 1 1 fox)|-1]| -1 -1

lim f (x)=1and lim f(x)=-1
X— 00 X——00

2
342 . 8ty 3
lim = lim =- =3
X—00 X — x—>ool_§ 1
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1
4x2 — 1 ax ==
lim = lim X — _oo; that is, the limit does not exist.
X—>—00 X 42 X——00 142
1 1
xd4x241 . 3t F3
| = lim =3
X— —00 x3 4+ 1 X— —00 1
1+
X
2x2 +3x 41 2teta
x—oo X4 —x2 X— 00 1
1-2
X
X 4+ !
4 Bl
X 1 3
I 3+ = lim X2 — —oo; that is, the limit does not exist.
Xxo>—00 X3 —1 x—>—-00 1
X3
3 1
. 4x4 —3x2 41 _ i-ztsa
'xirgozx4+x3+x2+x+1:xll>rgo T 1 1 1 °
24—+ Sttt
x2  x3  x
1 1 1 1
x5 —x34x—-1 . YTt e
li = lim =0
x—oo X6 42x2 41 X—00 2 1
1+—=+ %
x4 X
2 1
. 2x2 -1 . X3
LSy R s s W
o0 0
I1+-+=
X X
. . 0.5 (50) - .
. a. The cost of removing 50% of the pollutant is C (50) = 100 —50 — 0.5, or $500,000. Similarly, we find that the

cost of removing 60%, 70%, 80%, 90%, and 95% of the pollutant is $750,000, $1,166,667, $2,000,000,
$4,500,000, and $9,500,000, respectively.

0.5x

b. lim
x—100 100 — X
remove almost all of the pollutant.

= 0o, which means that the cost of removing the pollutant increases without bound if we wish to

o 72
. a. The number present initially is given by P (0) = 9-0" 8. c. »p
500 :

b. Ast approaches 9 (remember that 0 < t < 9), the denominator 400 i
approaches 0 while the numerator remains constant at 72. 200 |
Therefore, P (t) gets larger and larger. Thus, 200

72 !

limP (t) = lim —— = co. 100 i

t—9 ® t—599 —t o E
0 2 4 6 8 10 ¢(mo)
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83.

84.

85.

86.

87.

88.

89.

90.

91.
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_— . 2500 .
lim C (x) = lim (2.2 + —) = 2.2, or $2.20 per DVD. In the long run, the average cost of producing
X— 00 X— 00 X

x DVDs approaches $2.20/disc.

0.2
. . 0.2t . t . ) .
lim C (t) = lim = lim = 0, which says that the concentration of drug in the bloodstream
t—oo t—o0 t2 +1 t—oo 1
It
eventually decreases to zero.
120 . 120 (2)? . 120 (3)?
aT@= T14° 24, or $24 million. T (2) = @ = 60, or $60 million. T (3) = @) = 83.1, or
$83.1 million.
- _120x2 120 .
b. In the long run, the movie will gross lim — X< _ lim = 120, or $120 million.
x—>00 X2 +4 x>0 4
x2
I 200
a. The current population is P (0) = 0 5, or 5000.
, 25 1 125 n 200
25t + 125t + 200 T T2
b. The population in the long run will be lim =t =20 iy = € 2 o5 o 25,000,
tooo  t24 5t +40 t—=o00 5 40
1+-+=
t t
a. The average cost of driving 5000 miles per year is b. 4 C (cents per mile)
2410
C (5) = g +32.8 ~ 137.28, or 137.3 cents per 400

mile. Similarly, we see that the average costs of driving 300

10, 15, 20, and 25 thousand miles per year are 59.8, 200

45.1, 39.8, and 37.3 cents per mile, respectively. 100

c. It approaches 32.8 cents per mile.

0 5 10 15 20 25 x(thousand
miles)

a. R(l)= c
( ) 1+ |2 R 4
| 1123|415 0.4
R (I 11213 ]|4|5
) Iz 517 | 17| 2 0.2
b |Il>ngoR(|) - |Il>n;om =0
ol 1 2 3 4 5
-1 ifx <0 . . .
False. Let f (x) = ) Then lim f (x) =1, but f (1) is not defined.
1ifx>0 x—0
True.
True. Division by zero is not permitted.



92.

93.

94.

95.

96.

97.

98.
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False. Let f (x) = (x —3)2and g(x) = x — 3. Then lim f (x) = 0and lim g (x) = 0, but
Xx—3 X—3

Y

FO0 _ o (x=3)

lim —= =
x=30(X) x-3 x—3

= lim (x —=3) =0.
x—3

X 3 3 2 3 1
True. Each limit in the sum exists. Therefore, lim + = lim + lim ==+ -=—.
x—»2\X+1 x-1 x»2X+1 x-2x—-1 3 1 3
. o . 2 .
False. Neither of the limits lim and lim exists.
x—1X—1 x—1X—1

lim = lim = a. As the amount of substrate becomes very large, the initial speed approaches the
x—00 X + b Xx—00 1 4 %
constant a moles per liter per second.

Consider the functions f (x) = 1/x and g (x) = —1/x. Observe that IimO f (x) and Iimog (x) do not exist, but
X— X—
Iim0 [f xX)+9 (x)] = IimOO = 0. This example does not contradict Theorem 1 because the hypothesis of
X— X—
Theorem 1 is that Iim0 f (x) and IimO g (x) both exist. It does not say anything about the situation where one or both
X— X—

of these limits fails to exist.

. . -1 ifx <0 1 ifx<0 . .
Consider the functions f (x) = ) and g (x) = ) Then lim f (x) and lim g (x)
1 ifx>0 -1 ifx>0 x—0 x—0
do not exist, but Iimo[f x)g (x)] = Iim0 (—=1) = —1. This example does not contradict Theorem 1 because the
X— X—

hypothesis of Theorem 1 is that Iim0 f (x) and Iim0 g (x) both exist. It does not say anything about the situation
X— X—

where one or both of these limits fails to exist.

1 1
Take f (x) = " gx) = 2 anda = 0. Then XIi_r)n0 f (x) and )!i_r)nog (x) do not exist, but

. f(x 1 ox2 . . ) .
lim L = lim — - — = lim x = a exists. This example does not contradict Theorem 1 because the hypothesis
x=0g(X) x=0X 1 x-0

of Theorem 1 is that IimO f (x) and IimO g (x) both exist. It does not say anything about the situation where one or
X— X—

both of these limits fails to exist.

Using Technology page 121

5 2. 11 3.3 4.0
2 6. 3 7. % ~ 7.38906 8. In2 ~ 0.693147
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9. 10. L e
“1 K_/__
20 T T
0
20T T
A1 -40 —
0 1 2 3 4 5 6 0 1 2 3 4
From the graph we see that f (x) does not approach From the graph, we see that f (x) does not approach
any finite number as x approaches 3. any finite number as x approaches 2.
1. a 30 1 12. a. 0.8 + } + }
0.6 T T
04T T
0.2 T, T
0 f f f — 0.0 f f
0 10 20 30 40 50 0 10 20 30
_ 25t2 + 125t + 200 _ ot . 0.8
b. lim + + = 25, s0 in the long b. lim = lim —1 = 0.8.
t=oo 124 5t +40 Dot 44l too, 41
run the population will approach 25,000. t

2.5 One-Sided Limits and Continuity

Concept Questions page 129

1. Iirr31 f (x) =2 means f (x) can be made as close to 2 as we please by taking x sufficiently close to but to the left
X—3~

of x = 3. Iirg+ f (x) =4 means f (x) can be made as close to 4 as we please by taking x sufficiently close to but
X—

to the right of x = 3.

2. a. Iim1 f (x) does not exist because the left- and right-hand limits at x = 1 are different.
X—
b. Nothing, because the existence or value of f at x = 1 does not depend on the existence (or nonexistence) of the
left- or right-hand, or two-sided, limits of f.
3. a. fiscontinuousata if lim f (x) = f (a).
X—a

b. f is continuous on an interval | if f is continuous at each pointin I.
4 f@=L=M.

5. a. f is continuous because the plane does not suddenly jump from one point to another.
b. f iscontinuous.

c¢. f is discontinuous because the fare “jumps” after the cab has covered a certain distance or after a certain amount
of time has elapsed.
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d. f isdiscontinuous because the rates “jump” by a certain amount (up or down) when it is adjusted at certain times.

6. Refer to page 127 in the text. Answers will vary.
Exercises page 130
1. lim f(x)=3and lim f(x)=2,s0 lim f (x) does not exist.
X—2~ Xx—2+ X—2
2. Ilrg f (x) =3and I|m f (x) =5,s0 I|m f (x) does not exist.
X—3~
3. lim f(x)=ococand lim f(x)=2,s0 lim f (x)does notexist.
X—>—1 X— —1+ x——1
4. lim f (x) =3and I|m f (x) =3,s0 I|m f(x)=3.
x—1-
5. I|n11 f (x)=0and I|m f(x)=2,50 I|m f (x) does not exist.
Xx—1~
6. lim f(x)=2and lim f (x) =o00,s0 lim f (x) does not exist.
x—0~ x—0+ x—0
7. lim f(x)=-=2and lim f (x) =2,s0 lim f (x) does not exist.
x—0~ x—0t x—=0
8. Ilim f(x)= lim fx)=Ilimf (x)=2.
x—0~ ( ) x—0+t ( ) x—0 ( )
9. True. 10. True. 1. True. 12. True. 13. False. 14. True.
15. True. 16. True. 17. False. 18. True. 19. True. 20. False
21. lim (2x +4) =6. lim 3x —4) =
x—1t x—1~
23 1im x-3 2-3 1 lim Xx+2 1+2 3
N X¥2 242 & Cxs1tx+1 141 2
1 1
25. lim — does not exist because — — oo as x — 0 from the right.
x—0+ X X
.1 . - .
26. lim — = —oo; that is, the limit does not exist.
x—0~ X
27 tim XL 2ty im <+t 2+l
x—0t X241 1 Cn X2 = 2X+3 4—-443
29. lim /x= /lim x =0. lim 2¢x—-2=2-0=0.
x—0+ [ x—0+ X—2+
31. lim (2x+«/2+x) I|m L 2X+ lim V2+x=-440=—4
X——2 X— —2
32. I|m5+x(1+«/5+x) 5[1+/5+ (5] =
X—
. 14x . . .
33. lim —— = oo, that is, the limit does not exist.

x—1- 1 —
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34.

35.

36.

37.

38.

39.

40.

41.

42,

43.

44,

45,

46.

47,

48.

49.

50.

51.

52.

53.

54.

55.

56.

57.
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. 14x

lim = -0
x—1+t 1 —X

2_4 2)(x =2

lim =4 _ i $F2DE =D w24
Xx—2- X —2  xo52- X =2 X—2~

im vx+3 0
x—>—-3+ X24+1 10

lim f(x)= lim x2=0and lim f(x)= lim 2x =0.
x—0+ x—0+ Xx—0~ x—0~

lim f(x)= lim 2x+3)=3and lim f(x)= lim (—x+1)=1.
x—0t x—0+ x—0~ x—0~

The function is discontinuous at x = 0. Conditions 2 and 3 are violated.

The function is not continuous because condition 3 for continuity is not satisfied.

The function is continuous everywhere.

The function is continuous everywhere.

The function is discontinuous at x = 0. Condition 3 is violated.

The function is not continuous at x = —1 because condition 3 for continuity is violated.
f is continuous for all values of x.

f is continuous for all values of x.

f is continuous for all values of x. Note that x2 +1 > 1 > 0.

f is continuous for all values of x. Note that 2x2 +1 > 1 > 0.
f is discontinuous at x = % where the denominator is 0. Thus, f is continuous on (—oo, %) and (% oo).

f is discontinuous at x = 1, where the denominator is 0. Thus, f is continuous on (—oo, 1) and (1, o).

Observe that x? + x —2 = (x +2) (x —1) = 0if x = —2 or x = 1, so f is discontinuous at these values of x.
Thus, f is continuous on (—oo, —2), (—2, 1), and (1, c0).

Observe that x2 +2x —3 = (x +3) (x —1) = 0if x = —3 orx = 1, so, f is discontinuous at these values of x.
Thus, f is continuous on (—oo, —3), (=3, 1), and (1, c0).

f is continuous everywhere since all three conditions are satisfied.
f is continuous everywhere since all three conditions are satisfied.
f is continuous everywhere since all three conditions are satisfied.
f is not defined at x = 1 and is discontinuous there. It is continuous everywhere else.

Because the denominator x2 —1 = (x — 1) (x + 1) = 0if x = —1 or 1, we see that f is discontinuous at —1 and 1.
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The function f is not defined at x = 1 and x = 2. Therefore, f is discontinuous at 1 and 2.

Because x2 —3x +2 = (x —2) (x — 1) = 0 if x = 1 or 2, we see that the denominator is zero at these points and
so f is discontinuous at these numbers.

The denominator of the function f is equal to zero when x2 — 2x = x (x — 2) = 0; that is, when x = 0 or x = 2.
Therefore, f is discontinuous at x = 0and x = 2.

The function f is discontinuous at x = 4,5, 6, ..., 13 because the limit of f does not exist at these points.
f is discontinuous at t = 20, 40, and 60. When t = 0, the inventory stands at 750 reams. The level drops to about
250 reams by the twentieth day at which time a new order of 500 reams arrives to replenish the supply. A similar

interpretation holds for the other values of t.

Having made steady progress up to X = x1, Michael’s progress comes to a standstill at that point. Thenat x = x, a
sudden breakthrough occurs and he then continues to solve the problem.

The total deposits of Franklin make a jump at each of these points as the deposits of the ailing institutions become a
part of the total deposits of the parent company.

Conditions 2 and 3 are not satisfied at any of these points.

The function P is discontinuous att = 12, 16, and 28. Att = 12, the prime interest rate jumped from 3%% to 4%,
att = 16 it jumped to 43%, and at t = 28 it jumped back down to 4%.

YA
2 ifo<x<} 12
. 10 —_
3 |f%<XS1 g o—e
Oo—e
f(x) = o—
: : 6 O=—o
o—e
10 ifx > 4 "
2 +—
f is discontinuous at x = %, 1,13, ..., 4. -
ol 1 2 3 4 5 6x

A y ($thousand)
32 —
@m0
30 —
GO
28 *—0
*=—0
26 *—0
24 —
GO
22—

I

0" 100 200 300 400 500 600 ~ (Bthousand)
f is discontinuous at x = 150,000, at x = 200,000, at x = 250,000, and so on.
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300

-

o T30 40 60 80 x
C is discontinuous at x = 0, 10, 30, and 60.

3
a. Iim+ 0= oo. This reflects the fact that when the speed of the fish is very close to that of the current, the
»—>UT 0 —
energy expended by the fish will be enormous.
_aLo® . : L :
b. lim av” _ oo. This says that if the speed of the fish increases greatly, so does the amount of energy required

v—>00p — U
to swim a distance of L ft.
. . a . . . . .
a. Ilr(r)1+ S({t) = Ilrg)1+ 1 + b = oo. As the time taken to excite the tissue is made shorter and shorter, the electric
t— t—

current gets stronger and stronger.

. a . . . . .
b. tI_|)m n +b = b . As the time taken to excite the tissue is made longer and longer, the electric current gets
o0

weaker and weaker and approaches b.

. . Y-(1-D)R . . .

a. lim L= lim # = 00, s0 if the investor puts down next to nothing to secure the loan, the

D—0+ D—0* D

leverage approaches infinity.

. . Y-(1-D)R . .

b. lim L= lim ————~—— =Y, soif the investor puts down all of the money to secure the loan, the

D—1- D—1- D

leverage is equal to the yield.
We require that f (1) =1+2=3= lim kx? =k,sok = 3.

x—1+
2
. Xc—4 . X—2)(Xx+2 . . .
Because lim = lim w = lim (x —2) = —4, we define f (—2) = k = —4, that is, take
Xx—>—-2 X +2 X——2 X+2 X——2

k =—4.
a. f isapolynomial of degree 2 and is therefore continuous everywhere, including the interval [1, 3].
b. f (1) =3and f (3) = —1andso f must have at least one zero in (1, 3).
a. f isa polynomial of degree 3 and is thus continuous everywhere.
b. f (0)=14and f (1) = —23 and so f has at least one zero in (0, 1).
a. f isapolynomial of degree 3 and is therefore continuous on [—1, 1].
b. f(-1)=(-1)°-2(-1)2+3(-1)+2=-1-2-3+2=—4and f (1) =1 —2+3+2 = 4. Because

f (1) and f (1) have opposite signs, we see that f has at least one zero in (—1, 1).
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f is continuous on [14, 16], f (14) = 2 (14)%® — 5(14)*3 ~ —6.06, and f (16) = 2 (16)%/3 — 5 (16)*° ~ 1.60.
Thus, f has at least one zero in (14, 16).

f (0)=6, f (3) =3,and f is continuous on [0, 3]. Thus, the Intermediate Value Theorem guarantees that there is
at least one value of x for which f (x) = 4. Solving f (x) = x% — 4x + 6 = 4, we find x2 — 4x + 2 = 0. Using the
quadratic formula, we find that x = 2 & /2. Because 2 + +/2 does not lie in [0, 3], we see that x = 2 — v/2 ~ 0.59.

Because f (—1) =3, f (4) =13, and f is continuous on [—1, 4], the Intermediate Value Theorem guarantees that
there is at least one value of x for which f (x) = 7 because 3 < 7 < 13. Solving f (x) = x?> —x + 1 = 7, we find
x2—x—6=(x—23)(x +2) =0, thatis, x = —2 or 3. Because —2 does not lie in [—1, 4], the required solution is
3.

X2 +2x—7=0 82. x3—x+1=0
Step | Interval in which a root lies Step Interval in which a root lies

1 1,2 1 (=2, —-1)

2 (1,1.5) 2 (=15, -1)

3 (1.25,1.5) 3 (=15, -1.25)

4 (1.25, 1.375) 4 (—1.375, —1.25)

5 (1.3125, 1.375) 5 (—1.375, —1.3125)

6 (1.3125, 1.34375) 6 (—1.34375, —1.3125)

7 (1.328125, 1.34375) 7 (—1.328125, —1.3125)

8 (1.3359375, 1.34375) 8 (—1.328125, —1.3203125)
We see that a root is approximately 1.34. 9 | (—1.32421875, —1.3203125)

We see that a root is approximately —1.32.

a.h©0)=4+64(0)—16(0)=4andh(2) =4+64(2) — 16 (4) = 68.

b. The function h is continuous on [0, 2]. Furthermore, the number 32 lies between 4 and 68. Therefore, the
Intermediate Value Theorem guarantees that there is at least one value of t in (0, 2] such that h (t) = 32, that is,
Joan must see the ball at least once during the time the ball is in the air.

c. We solve h (t) = 4 + 64t — 16t%2 = 32, obtaining 16t2 — 64t + 28 = 0, 4t2 — 16t + 7 = 0, and
2t—-1)@2t—7)=0. Thus,t = % ort = % Joan sees the ball on its way up half a second after it was thrown
and again 3 seconds later when it is on its way down. Note that the ball hits the ground when t = 4.06, but Joan
sees it approximately half a second before it hits the ground.

a f(0) = 100(

) —100and f (10) = 100 (100 + 100 + 100) 30,000 _

0+ 0+ 100 _ 25

040+ 100 100 + 200 + 100 400

b. Because 80 lies between 75 and 100 and f is continuous on [75, 100], we conclude that there exists some t in
[0, 10] such that f (t) = 80.

t2 + 10t 4+ 100

t2 + 20t + 100

30+/900—400 30 + /500

2 2
outside the interval of interest, we reject it. Thus, the oxygen content is 80% approximately 3.82 seconds after the

organic waste has been dumped into the pond.

c. We solve f (t) = 80; that is, 100 [ } = 80, obtaining 5 (t% + 10t + 100) = 4 (t? 4 20t + 100),

and t2 — 30t + 100 = 0. Thus, t = A 3.82 or 26.18. Because 26.18 lies
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-1 ifx <2
False. Take f (x) = 4 ifx =2 Then f (2) =4, but Iim2 f (x) does not exist.
X—
1ifx>2
X+3 ifx#£0 .
False. Take f (x) = Then lim f (x) =3, but f (0) = 1.
1 ifx=0 x—0
) 0 ifx <2 . .
False. Consider f (x) = Then lim f (x) = f (2) =3,but lim f (x)=0.
3ifx>2 x—2+ X—2-
2 ifx <3
False. Consider f (x) =4 1 ifx =3 Then lim f (x)=2and lim f (x) =4,so lim f (x) does not exist.
X—3~ x—3+ Xx—3
4 ifx >3
) 2 ifx <5 . . .
False. Consider f (x) = ) Then f (5) is not defined, but lim f (x) = 2.
3ifx>5 X—5-

False. Consider the function f (x) = x2 — 1 on the interval [—2, 2]. Here f (—2) = f (2) = 3, but f has zeros at
Xx=-landx = 1.

False. Let f (x) = X ifx 0 Then lim f (x) = lim f (x),but f (0)=1
. N 1 ifx=0 x—0+ - x—0~ ’ T
X ifx#£1 . .
False. Let f (x) =x and let g (x) = Then lim f (x)=1=L,g(1)=2=M, limg((x) =1,
2 ifx=1 x—1 x—1

and Iim1 fxX)gX) = [Iim1 f (x)} [Iimlg (x)} =)D =1#£2=LM.

1/x ifx #£0 . . .
False. Let f (x) = ] Then f is continuous for all x £ 0 and f (0) = 0, but lim f (x) does not
0 ifx=0 x—0
exist.
. -1 if-1<x<0 1 if-1<x<0
False. Consider f (x) = ) and g (x) = )
1 if0<x<l1 -1 if0<x<l1
. -1 if-1<x<0 1 if-1<x<0
False. Consider f (x) = ) and g (x) = )
1 if0<x<1 -1 if0<x<1
-1 ifx <0 9
False. Let f (x) = ) and g (x) = x“.
1 ifx>0
) -1 ifx <0 x+1ifx <0
False. Consider f (x) = ) and g (x) = )
1 ifx>0 x—1ifx>0
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98. False. There is no contradiction, because the Intermediate Value Theorem says that there is at least one number ¢ in
[a, b] such that f (c) = M if M is a number between f (a) and f (b).
99. a. f isa rational function whose denominator is never zero, and so it is continuous for all values of x.

b. Because the numerator x? is nonnegative and the denominator is x2 + 1 > 1 for all values of x, we see that f (x)
is nonnegative for all values of x.

0 0 . .
c. f(0)= or1-1- 0, and so f hasa zero at x = 0. This does not contradict Theorem 5.

100. a. Both g (x) = x and h (x) = +/1 — x2 are continuous on [—1, 1] and so f (X) = x — +/1 — X2 is continuous on
[—1,1].
b. f(-1)=—-1and f (1) =1, and so f has at least one zero in (-1, 1).

c. Solving f (x) =0, we have x =1 —x2,x? =1—x?%,and 2x? = 1,50 x = iTﬁ

101. a. (i) Repeated use of Property 3 showsthat g (X) = x" =X - X ----- X is a continuous function, since f (x) = x
—
n times
is continuous by Property 1.

(ii) Properties 1 and 5 combine to show that ¢ - x" is continuous using the results of part (a)(i).

(iii) Each of the terms of p (x) = anx" + an_1x"~1 + - .- 4 ag is continuous and so Property 4 implies that p is

continuous.
b. Property 6 now shows that R (x) = % is continuous if g (a) # 0, since p and g are continuous at X = a.
. . . -1 if-1<x<0 )
102. Consider the function f defined by f (x) = ) Then f (=1) = —1and f (1) = 1, but if we
1 if0<x<l1

take the number % which lies between y = —1 and y = 1, there is no value of x such that f (x) = %

Using Technology page 136

10T

-05 00 05 10 15 20 25

The function is discontinuous at x = 0 and x = 1. The function is undefined for x < 0.



84 2 FUNCTIONS, LIMITS, AND THE DERIVATIVE

6T T 6T
4+ 4

Pyl 1 ol
The function is discontinuous at x = 0 and % The function is discontinuous at x = —% and 3.
5 f f f f 6. 64 f f f al
N 1
1 1
0 I \\
: IR A
The function is discontinuous at x = —% and 2. The function is discontinuous at x = —% and %
7 o5 B 8 20 —+—f—+—t——t—+—
0.0 I
10T T
05 T
o N T 0. S
3 2 1 0 1 2 1 0 1 2 3 4
The function is discontinuous at x = —2 and 1. The function is discontinuous only at x = —1 and 1.
9 4 : : 10. S —

1
SN
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151 : ! ! - 12. a 20 | :
10T +
05+ +
0.0 } } } 0 } }
0 5 10 15 20 0 10 20 30

b. 4.6%; 8.5%; 15.9%

2.6 The Derivative

Concept Questions page 148

l.am

. a. The average rate of change is

. a. The expression

. Loosely speaking, a function f does not have a derivative at a if y

R+ -
- h

f24h)—f(2)
- .

b. The slope of the tangent line is lim
h—0

f@2+h)—f(2)
- .

f@2+h) —1f(@2
b. The instantaneous rate of change of f at 2 is r!im0 @+ z ( ).
-

c. The expression for the slope of the secant line is the same as that for the average rate of change. The expression
for the slope of the tangent line is the same as that for the instantaneous rate of change.

f(x+h)—fx)
h

(x + h, f (x 4+ h)), and (ii) the average rate of change of f over the interval [x, X + h].

f(x+h)—f(x)
h

(x, f (x)), and (ii) the instantaneous rate of change of f at x.

gives (i) the slope of the secant line passing through the points (x, f (x)) and

gives (i) the slope of the tangent line to the graph of f at the point

b. The expression lim
h—0

the graph of f does not have a tangent line at a, or if the tangent
line does exist, but is vertical. In the figure, the function fails to be
differentiable at x = a, b, and ¢ because it is discontinuous at each

of these numbers. The derivative of the function does not exist at / .
x =d, e, and g because it has a kink at each point on the graph / b
corresponding to these numbers. Finally, the function is not P
differentiable at x = h because the tangent line is vertical at 0 a ,,
(h, £ (h)).

. a. C (500) gives the total cost incurred in producing 500 units of the product.

b. C’ (500) gives the rate of change of the total cost function when the production level is 500 units.

6. a. P (5) gives the population of the city (in thousands) whent = 5.
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b. P’ (5) gives the rate of change of the city’s population (in thousands,/year) when t = 5.

Exercises page 149

1. The rate of change of the average infant’s weight when t = 3 is % or 1.5 Ib/month. The rate of change of the
average infant’s weight whent = 18 is 3—65 or approximately 0.58 Ib/month. The average rate of change over the
infant’s first year of life is 22="2 or 1.25 Ib/month.

2. The rate at which the wood grown is changing at the beginning of the 10th year is 1;42, or % cubic meter per hectare
per year. At the beginning of the 30th year, it is %O or 1.25 cubic meters per hectare per year.

3. The rate of change of the percentage of households watching television at 4 p.m. is %, or approximately

3.1 percent per hour. The rate at 11 p.m. is % = —21.15, that is, it is dropping off at the rate of 21.15 percent
per hour.

4. The rate of change of the crop yield when the density is 200 aphids per bean stem is %, a decrease of

approximately 1.7 kg/4000 m? per aphid per bean stem. The rate of change when the density is 800 aphids per bean

stem is %, a decrease of approximately 0.5 kg/4000 m?2 per aphid per bean stem.

5. a. Car A is travelling faster than Car B at t; because the slope of the tangent line to the graph of f is greater than
the slope of the tangent line to the graph of g at t;.

b. Their speed is the same because the slope of the tangent lines are the same at t;.
c. Car B is travelling faster than Car A.

d. They have both covered the same distance and are once again side by side at t3.

6. a. Atty, the velocity of Car A is greater than that of Car B because f (t1) > g (t1). However, Car B has greater
acceleration because the slope of the tangent line to the graph of g is increasing, whereas the slope of the tangent
line to f is decreasing as you move across t.

b. Both cars have the same velocity at ty, but the acceleration of Car B is greater than that of Car A because the
slope of the tangent line to the graph of g is increasing, whereas the slope of the tangent line to the graph of f is
decreasing as you move across ty.

7. a. P is decreasing faster at t; because the slope of the tangent line to the graph of g at t; is greater than the slope of
the tangent line to the graph of f att;.

b. P is decreasing faster than P, at t,.

c. Bactericide B is more effective in the short run, but bactericide A is more effective in the long run.

8. a. The revenue of the established department store is decreasing at the slowest rate att = 0.
b. The revenue of the established department store is decreasing at the fastest rate at t3.
c. The revenue of the discount store first overtakes that of the established store at t;.

d. The revenue of the discount store is increasing at the fastest rate at t, because the slope of the tangent line to the
graph of f is greatest at the point (tp, f (t2)).



10.

12.

13.

14.

. f(x)=13.

Stepl f (x+h)=13.
Step2 f(x+h)—f(x)=13-13=0.
fx+h)—f(x) 0

Step 3 =—=0.
°P h h
oy g TOEM —F0
Step4 f (X)_r!ino n _r!inoo_o.
f (x) = —6.

Stepl f (x+h)=—6.
Step2 f(x+h)—f(x)=-6—-(-6)=0.
fx+h)—fx) 0

Step 3 0 _Ezo.

Step4 ' (x) = lim f (XHB_ LY
-

= lim0=0.
h—0

) =2x+ 7.

Stepl f(x+h)y=2x+h)+7.
Step2 f(x+h)—fX)=2(x+h)+7—2x+7) = 2h.
f(x+h)y—f(x) 2h

Step 3 0 _Fzz.
, e FXE) = F () .
Step4 f (X)_r!ino o _moz_z.

f (x) =8 —4x.
Stepl f(x+h)=8—-4(x+h)=8—4x —4h.

Step2 f(x+h)— f(x)=(8—4x —4h) — (8 — 4x) = —4h.
f(x+h)y—f(x) =—ﬁ=—4.
h h
f(x+h)y—f(x)
h

Step 3

Step4 1/ (x) = lim = lim (~4) = —4.
- -

f (x) = 3x2.
Stepl f (x+h)=3(x+h)>=3x2+6xh +3h2

Step2 f (x+h)— f(x) = (3x2 + 6xh + 3h2) — 3x2 = 6xh + 3h2 = h (6x + 3h).

f(x+h)—f(x) h(6x+3h)
h - h

f(x+h)y—f®X
h

Step 3 = 6x + 3h.

/ — h — h —
Step4 ' (x) = r!ino = r!ino (6x + 3h) = 6x.
f(x)=—3x%
Stepl f(x+h)=—3x+h)%
Step2 f(x+h)— f(x)=—3x2—xh—3h?+3x?=-h (x+%h).

f(x+hg—f(><)=_h(xh+%h) =—(x+3h).

fx+h)—f(x) . 1.\
h = lim — (x+ 3h) = —x.

Step 3

Step4d ' (x) = r!im0
-
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18.
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20.
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f (x) = —x2 + 3x.
Stepl f (x+h)=—(x+h)?+3(x+h)=—-x%—-2xh —h?+3x + 3h.
Step2 f(x+h)— f(x)=(—x®—2xh —h?+3x +3h) — (—x? 4 3x) = —2xh —h? + 3h

—h(=2x —h +3).

Step 3 f(x+hg_f(x):h(_th_h+3)=—2x—h+3.

Step4 £/ (x)= lim~CFM =T i Cox—h43) = —2x+3.
h—0 h h—0

f (x) = 2x? + 5x.

Stepl f (x+h)=2(x+h)®+5(x +h) =2x2 + 4xh + 2h? 4 5x + 5h.

Step2 f (x +h) — f (X) = 2x2 + 4xh 4 2h? 4+ 5x + 5h — 2x2 — 5x = h (4x + 2h + 5).

fx+h)y—fxX) h@x+2h+5)
h - h

f(x+h)y—fx
h

Step 3 =4x +2h +5.

Step 4 f’(x):r!im0 :gimo(4x+2h+5) =4xX +5.
- -

fX)=2x+7.

Stepl f(x+h)=2x+h)+7=2x+2h+7.

Step2 f(x+h)— f(X)=2x+2h+7—-2x —7 = 2h.

Stepz S XFM =T _2h

h h

f(x+h)y—f(x)
h

Therefore, f/ (x) = 2. In particular, the slope at x = 2 is 2. Therefore, an equation of the tangent line is

y—11=2(x—-2)ory =2x + 1.

Step4 f/(x) =r!im0 =r!im02=2.
- -

f (x) = —3x + 4. First, we find f’ (x) = —3 using the four-step process. Thus, the slope of the tangent line is
f’(=1) = —3and anequationisy — 7= -3 (x + 1) ory = —3x + 4.

f (x) = 3x2.We first compute f’ (x) = 6x (see Exercise 13). Because the slope of the tangent line is f’ (1) = 6, we
use the point-slope form of the equation of a line and find that an equationisy —3 =6 (x — 1),ory = 6x — 3.

f (x) =3x —x2.

Stepl f (x+h)=3(x+h)—(x+h)®>=3x+3h—x2—2xh —h2

Step2 f(x+h)—f(x)=3x+3h—x?—2xh—h?2—-3x +x2=3h—2xh —h?=h((3—-2x—h).

fx+h)y—fx) h@-=-2x-h)
h - h

f(x+h)y—fx
h

Therefore, f’ (x) = 3 — 2x. In particular, f’ (—=2) = 3 — 2 (—2) = 7. Using the point-slope form of an equation of

aline,wefindy +10=7(x +2),0ry = 7x + 4.

Step 3 =3—-2x —h.

Step 4 f’(x):r!im0 :gim0(3—2x—h):3—2x.
- -
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f (x) = —1/x. We first compute f’ (x) using the four-step process:

1
1 —x+((x+h) h
2 f(x+h)—f()=-—""+== _ _
Step x+h ) X+h X X (x +h) X (X +h)
h
f(X+h)—f(X)_x(x_|_h)_ 1
Step 3 h =T R T Xx+hy
s e P+ =10 1
Step4 1700 = lim, h = T X2

The slope of the tangent line is ' (3) = &. Therefore, an equation is y — (—%) =g(x—3)0ry=4x—

89

2
3

3 . 3 L .
f (x) = —. First use the four-step process to find f/ (x) = 5 (This is similar to Exercise 21.) The slope of

2X
the tangent line is f/ (1) = —3. Therefore, an equationisy — 3 = —3 (x — 1) ory = —3x + 3.

a. f(x)=2x2+1. c.
Stepl f(x+h)=2(xX+h)?2+1=2x2+4xh+2h?+1.
Step2 f(x+h)— f(x)=(2x2+4xh + 2h? + 1) — (2x? + 1)
= 4xh + 2h? = h (4x + 2h).

|
—_
\o| [P » o =®«

f(x+h)—f(x) _h@+2h)

= /o 2 X
Step 3 - - 4x + 2h.
, e FXE) =) .
Step4 f/(x) _M)no ; _hIEPO(A'X_i_Zh) = 4x.
b. The slope of the tangent line is f’ (1) = 4 (1) = 4. Therefore, an
equationisy —3=4(x —1)ory =4x — 1.
a. f (x) = x2 + 6x. Using the four-step process, we find that c. Y
f'(x) =2x +6. 20
b. At a point on the graph of f where the tangent line to the curve is 10
horizontal, f’ (x) = 0. Then 2x + 6 = 0, or x = —3. Therefore,
y = f (=3) = (=3)% 4+ 6 (—3) = —9. The required point is -8 —N 2 /0 2 x
(-3, -9). =10

a. f (x) =x2—2x + 1. We use the four-step process:
Stepl f(x+h) =x+h?—2x+h)+1=x%+2xh+h?—-2x —2h+1.
Step2 f(x+h)—f(x) = (x?+2xh+h?—2x —2h +1) — (x2 —2x + 1) = 2xh + h? — 2h

=h@x +h-2).
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f(x+h)—f(x) h@x+h-2)
h N h

f(x+h)y—fx
h

Step 3 =2x+h -2 C.

Step4 '/ (x) =f!im0 =Aim0(2x+h -2
- -

=2X — 2.

b. At a point on the graph of f where the tangent line to the curve is — 0] 7 4 x
horizontal, f’ (x) = 0. Then 2x — 2 =0, or x = 1. Because

f (1) =1-2+1=0, we see that the required point is (1, 0). d. Itis changing at the rate of O units

per unit change in x.

1
26. a. f(x):x 1

1 1
Step 1 f(x+h):(x+h)—1:x+h—1'
1 1 x—1-(x+h-1) h
Step 2 F o+ = T = T I~ Xsh-Dx-D)  Xih—Dx-D
f(x+h)y—fx) 1
Step 3 = — . . ,
® h X+h—1)(x=1) ¢ ) \
b e Fx+h) = (X) T
Step4 f (X)_r!ino n 3 o 4
li 1 1 \\0 1 X
= lim — =— .
h—0 (X+h—1)(x—1) (x —1)2 —\\
b. The slope is f’ (—1) = —%, so, an equation is ol

y—(—%):—%(x+1)ory=—%x—%.

2 _ (22
27.a. f(x) = x2 4 X, s0 f@-f@ _ (3°+3) - (2*+2)

3-2 1 ’
2 (92 _ 2 _ (92
f25-f@ _ (2.5% +2.5) — (2 +2) _ 55, and fFRH-T@ _ (212 +2.1) — (2 +2) _e1
25-2 0.5 21-2 0.1

b. We first compute f’ (x) using the four-step process.
Stepl f(x+h)=x+h)?+x+h)=x2+2xh+h2+x+h.
Step2 f(x+h)—f(x)=(Xx*+2xh+h?+x+h)— (x2+x)=2xh+h?+h=h@x+h+1).
f(x+h)—f(x) h@x+h+1)
h h

Step4 '/ (x) =r!imo & +hz — T
-

Step 3 =2Xx+h+1

=r!i_r>no(2x+h+1):2x+1.
The instantaneous rate of change of y at x = 2 is f’ (2) = 2 (2) + 1, or 5 units per unit change in Xx.

c¢. The results of part (a) suggest that the average rates of change of f at x = 2 approach 5 as the interval [2, 2 + h]
gets smaller and smaller (h = 1, 0.5, and 0.1). This number is the instantaneous rate of change of f at x =2 as
computed in part (b).

28. a. f (X) = x2 — 4x, so f(4i:;(3) = (16_16)1_(9_12) =3,

(G5-f@ _ @@25-14-0-12) , _ 1GH-1@ _ ©@6-124-0-12
35-3 05 R S 01 =

2.1.




2.6 THE DERIVATIVE 91

b. We first compute f’ (x) using the four-step process:
Stepl f (x+h)=(Xx+h)2—4(x+h)=x2+2xh+h?—4x —4h.
Step2 f(x+h)— f(X)=(x?+2xh+h? —4x —4h) — (x> —4x) = 2xh + h? —4h =h (2x + h — 4).
f(x+h)—f(x) h@x+h-4)
h h

Fx+h)—f
Step4 1 (x) = lim (X+g (X)zr!i_r>no(2x+h—4)=2x—4.

Step 3 =2Xx+h -4

The instantaneous rate of change of y at x = 3is f’ (3) = 6 — 4 = 2, or 2 units per unit change in x.

c. The results of part (a) suggest that the average rates of change of f over smaller and smaller intervals containing
X = 3 approach the instantaneous rate of change of 2 units per unit change in x obtained in part (b).

29. a. f (t) = 2t? + 48t. The average velocity of the car over the time interval [20, 21] is
f(21) - f(20) [2 (21)% + 48 @n] -2 (20)% + 48 (20)]

ft . .
=130 . Its average velocity over [20, 20.1] is

21 —20 1
f(20.1) — f(20)  [2(20.1)2 +48(20.1)] — [2(20)2 + 48 (20)] ft _
20.1 — 20 = 01 = 128.2 . Its average velocity over
_ £(20.01) — f (20)  [2(20.01)2 +48(20.01)] — [2 (20)* + 48 (20)] ft
20, 20.01 - —128.02 —.
[20,20.01) s —557—>5 0.01 s

b. We first compute f’ (t) using the four-step process.
Stepl f (t+h)=2(t+h)?+48(t +h) = 2t 4 4th 4+ 2h? + 48t + 48h.
Step2 f(t+h)— f(t) = (2t2+ 4th + 2h? 4 48t + 48h) — (2t + 48t) = 4th + 2h? + 48h

—h (4t + 2h + 48).
f(t+h)—f(t) h(4t+2h+48)
h - h

Ft+h)—f(t
Step 4 f’(t):tli_%%()

The instantaneous velocity of the car att = 20 is f’ (20) = 4 (20) + 48, or 128 ft/s.

Step 3 = 4t + 2h + 48,

= lim (4t + 2h + 48) = 4t + 48.
t—0

¢. Our results show that the average velocities do approach the instantaneous velocity as the intervals over which
they are computed decreases.

30. a. The average velocity of the ball over the time interval [2, 3] is
s3)—s(2) [128 (3) — 16 (3)2] —[128(2) — 16 (2)2]

= 48, or 48 ft/s. Over the time interval [2, 2.5], it is

3-2 1
_ 21 _ _ 2
S (2;’; : Z(Z) = [128 (25) — 16 (2'5)0]5 [128 (2)-16(2) ] = 56, or 56 ft/s. Over the time interval [2, 2.1],
_ 21 _ 2
it is S (Zéli : 2(2) _ [128 (2.1) — 16 (2.1)0]1 [128 (2) —16(2) ] _ 62.4, 0r 62.4 fts.

b. Using the four-step process, we find that the instantaneous velocity of the ball at any time t is given by
v (t) = 128 — 32t. In particular, the velocity of the ball att = 2 is» (2) = 128 — 32 (2) = 64, or 64 ft/s.

c. Att =5, (5) =128 — 32 (5) = —32, so the speed of the ball att = 5 is 32 ft/s and it is falling.

d. The ball hits the ground when s (t) = 0, that is, when 128t — 16t? = 0, whence t (128 — 16t) = 0,s0t = 0 or
t = 8. Thus, it will hit the ground whent = 8.

31. a. We solve the equation 16t2 = 400 and find t = 5, which is the time it takes the screwdriver to reach the ground.
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33.

34.

35.
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f(5)—f(0) 16(25) -0

b. The average velocity over the time interval [0, 5] is 50 = s = 80, or 80 ft/s.
¢. The velocity of the screwdriver at time t is
ft+h)—ft 16 (t + h)% — 16t2 16t2 + 32th 4 16h% — 16t2
o) = lim L AFV=TO _ o 160+ _ Jim e
h—0 h h—0 h h—0 h
— lim (32t + 16h) h _ 3t
h—0 h

In particular, the velocity of the screwdriver when it hits the ground (att = 5) is v (5) = 32 (5) = 160, or
160 ft/s.

a. We write f (t) = 3t + 3t. The height after 40 seconds is f (40) = 3 (40)? + 3 (40) = 820.

f(40)— f(0) 820-0
40 —0 40

b. Its average velocity over the time interval [0, 40] is = 20.5, or 20.5 ft/s.

c. Its velocity at time t is

fa+m—fo _ %(t+h)2+%(t+h)—(%t2+%t)

t) = lim
D() h—0 h h—0 h
1:2 12 1 1 1:2 1 12 1
ol pth+in?4li+dn—12 -1t th4in24+in
— lim 2 AP TITS ji DI i (14 30+ 3) =t 4
h—0 h h—0 h h—0

In particular, the velocity at the end of 40 seconds is v (40) = 40 + % or 40% ft/s.

f@R)-f@ 3-3

1 1
a. WewriteV = f (p) = 6 The average rate of change of V is =g a decrease of

3-2 1
£ liter/atmosphere.
fo+h—f(p 2t 1
A h _ o Pp+h p . p—(+hH . 1 1

b'V(t)_r!lno h _r!To h _r!L% hp (p+ h) —Af‘o p(p+h) p2'In

particular, the rate of change of V when p =2is V' (2) = —2—12, a decrease of % liter /atmosphere.
C (x) = —10x? + 300x + 130.
a. Using the four-step process, we find

C/(x) = r!imo C(x+h)—Cx) — lim h (—=20x — 10h + 300) — _20x + 300.

5

h h—0 h
b. The rate of change is C’ (10) = —20 (10) + 300 = 100, or $100/surfboard.

a. PXx) = —%xz + 7x + 30. Using the four-step process, we find that
P(x+h)—Px) —3 (x> +2xh +h?) + 7x + 7h + 30 — (—%x2+7x+30)
= lim

P/ (x) = i
) h0b h h—0 h
2 1h2
. —%xh—3zh=+7h .
SIS () = bt

b. P/ (10) = —% (10) + 7 ~2 0.333, or approximately $333 per $1000 spent on advertising.
P’ (30) = —% (30) + 7 = —13, a decrease of $13,000 per $1000 spent on advertising.
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a. f (x) = —0.1x%2 — x + 40, so
f (5.05)— f(5) [-0.1(5.05)° —5.05+40] — [-0.1(5)> —5+40] .
505_5 = 0.05 = —2.005, or approximately
f(5.01) — f(5) [-0.1(5.01)2—5.01+40] — [—0.1(5)* — 5+ 40]

—$2.01 per 1000 tents.

— _2.001
501-5 0.01 001, or

approximately —$2.00 per 1000 tents.
b. We compute f’(x) using the four-step process, obtaining
f(x+h)—f(x) h(=02x—-0.1h-1)
h - h
of change of the unit price if x = 5000 is f’ (5) = —0.2 (5) — 1 = —2, a decrease of $2 per 1000 tents.

f’(x) = lim = lim (=0.2x — 0.1h — 1) = —0.2x — 1. The rate
h—0 h—0

N (t) = t2 + 2t + 50. We first compute N’ (t) using the four-step process.
Stepl N (t+h) = (t +h)? +2(t + h) +50 = t? 4 2th 4+ h? 4 2t 4 2h + 50.

Step2 N (t+h)—N (t) = (t2 + 2th + h? + 2t 4+ 2h 4 50) — (t? + 2t + 50) = 2th+h2+2h =h 2t + h + 2).
N (t+h) — N ()
h
Step4 N/(t) = lim 2t +h+4+2) =2t +2.

h—0

Step 3 =2t+h+2

The rate of change of the country’s GNP two years from now is N’ (2) = 2 (2) + 2 = 6, or $6 billion/yr. The rate of
change four years from now is N’ (4) = 2 (4) + 2 = 10, or $10 billion/yr.

f(t) = 3t2 + 2t + 1. Using the four-step process, we obtain
) = tim o CFD = TO _ hO+Sh+2) e 6t 3h+2) = 6t + 2. Next,
t—0 h t—0 t—0

f’ (10) = 6 (10) + 2 = 62, and we conclude that the rate of bacterial growth at t = 10 is 62 bacteria per minute.

a. f’(h) gives the instantaneous rate of change of the temperature with respect to height at a given height h, in °F
per foot.

b. Because the temperature decreases as the altitude increases, the sign of f’ (h) is negative.

c. Because f’(1000) = —0.05, the change in the air temperature as the altitude changes from 1000 ft to 1001 ft is
approximately —0.05° F.

f)-1f@)
' b—a
a thousand dollars to b thousand dollars. The units of measurement are thousands of dollars per thousands of
dollars.

measures the average rate of change in revenue as the advertising expenditure changes from

b. f’(x) gives the instantaneous rate of change in the revenue when x thousand dollars is spent on advertising. It is
measured in thousands of dollars per thousands of dollars.

c. Because f’(20) - (21 — 20) = 3 - 1 = 3, the approximate change in revenue is $3000.

f@+h)—f(@)
h

lim f@a+h)y—f(@)

h—0 h

gives the average rate of change of the seal population over the time interval [a, a + h].

gives the instantaneous rate of change of the seal population at x = a.

f(@a+h)—f()
h

i f@th - f@

h—0 h

gives the average rate of change of the prime interest rate over the time interval [a, a + h].

gives the instantaneous rate of change of the prime interest rate at x = a.
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f@a+h)—f(a)

gives the average rate of change of the country’s industrial production over the time interval

h
f@a+h)y—f
[a,a + h]. r!im0 @+ r: @) gives the instantaneous rate of change of the country’s industrial production at
-
X =a.
f h) — f
@+ g @ gives the average rate of change of the cost incurred in producing the commodity over the

fa+h —f@)
h

production level [a, a + h]. r!im0 gives the instantaneous rate of change of the cost of producing
-

the commodity at x = a.

f@a+h)—f ()

0 gives the average rate of change of the atmospheric pressure over the altitudes [a, a + h].
r!i_r}n0 f@a+ hﬁ — @ gives the instantaneous rate of change of the atmospheric pressure with respect to altitude at
X =a.
f@a+ hz — @ gives the average rate of change of the fuel economy of a car over the speeds [a, a + h].
r!Lmo fa+ hg — @ gives the instantaneous rate of change of the fuel economy at x = a.
a. f hasalimitatx = a.

b. f isnot continuous at x = a because f (a) is not defined.

c. f isnot differentiable at x = a because it is not continuous there.

a. f hasalimitat x = a.
b. f iscontinuous at x = a.

c. f isdifferentiable at x = a.

a. f hasalimitatx = a.
b. f iscontinuous at x = a.

c. f isnot differentiable at x = a because f has a kink at the point x = a.

a. f does not have a limit at x = a because the left-hand and right-hand limits are not equal.
b. f isnot continuous at x = a because the limit does not exist there.

c. f isnot differentiable at x = a because it is not continuous there.

a. f does not have a limit at x = a because it is unbounded in the neighborhood of a.
b. f isnot continuous at x = a.

c. f isnot differentiable at x = a because it is not continuous there.

a. f does not have a limit at x = a because the left-hand and right-hand limits are not equal.
b. f is not continuous at x = a because the limit does not exist there.
c. f is not differentiable at x = a because it is not continuous there.

s (t) = —0.1t2 + 2t2 4 24t. Our computations yield the following results: 32.1, 30.939, 30.814, 30.8014, 30.8001,
and 30.8000. The motorcycle’s instantaneous velocity at t = 2 is approximately 30.8 ft/s.
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. C (x) = 0.000002x3 + 5x + 400. Our computations yield the following results: 5.060602, 5.06006002, 5.060006,
5.0600006, and 5.0600001. The rate of change of the total cost function when the level of production is 100 cases a

55.

56.

57.

58.

59.

60.

day is approximately $5.06.

False. Let f (x) = |x]. Then f is continuous at x = 0, but is not differentiable there.

True. If g is differentiable at x = a, then it is continuous there. Therefore, the product fg is continuous, and so

lim 100900 = Jim f 0] [lmg0] = f @g@.

Observe that the graph of f has a kink at x = —1. We have
f(=14+h)—f (-1

Yy

- =1ifh > 0,and —1ifh < 0, so that /
2
. f(=1+h)—f (-1 .
lim (=1+h) ) does not exist. 1
h—0 h
4 3 2 -1 [0 1 X
-1
f does not have a derivative at X = 1 because it is not continuous 1y
there. 4 |
o4
0 :
- 1 2 x
_2 ;
4 ;
For continuity, we require that y
fH=1= Iirr11+ (ax +b) =a+b, ora+b = 1. Next, using the 6
X—
2x ifx <1 4
four-step process, we have f/(x) = ) In order that
a ifx>1 2
the derivative exist at x = 1, we require that XI_|)rrl1_ 2X = XI_|)rrl1+ a,or = o ; T
x2 ifx <1
2 =a. Therefore, b= —1andso f (x) = .
2x =1 ifx>1

f is continuous at x = 0, but f’ (0) does not exist because the
graph of f has a vertical tangent line at x = 0.

YA
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61. We have f (x) = x if x > 0Oand f (x) = —x if x < 0. Therefore, when x > 0,

F 0 = lim S EEM =100 XHh =X i D and when x < o,
h—0 h h—0 h h—0h

f/(x) = lim POFM = T00 _ j X =0 i =N ) Because the right-hand limit does not
h—0 h h—0 h h—0 h

equal the left-hand limit, we conclude that r!m}) f (x) does not exist.
-

f(x)—f @)

X—a

f(x)—f (@)
e

62. From f (x) — f (@) = [ }(x —a), we see that

XIl_%[f x)—f@]= )!E}T:la[ Jim (x —a) = f/(@)-0=0,andso lim f (x) = f (). This shows

that f is continuous at x = a.

Using Technology  page 155

l.a9 2. a0
b e b C
T T 4__ \ ~+
10 T 27
0
2+ +
0 ¥
\'// Il + Il -4_ﬂ + Il + Il T
1 0o 1 2 3 4 2 1 0 1 2 3
c.y=9%-11 c.y=2
3. a. 0.08 4. a. —0.06
b. 3 T R b.
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5.a. 4 6. a. —0.25
b. b. 3 } }
5T 2T 1
l-\\ I
0
0 v ]
; -1 } }
-1 -1 0 1 2 3
c.y=4x-1 c,y:—%x+%
7. a. 4.02 8. a. 0.35
b et b ——t
10+ T 1+ 1
5__ -
0
0
; -/ : : : S —t——t
14 0 1 2 3 4 -1 0 1 2 3
c. y=4.02x —3.57 c. y=0.35x 4+ 0.36

9. a 10. a. S(t) = —0.000114719t2+0.144618t+2.92202

b. } } }

2 - -
0 f } }
0 1 2 3 4
0 —t 1
b. f’(3) = 2.8826 (million per decade) 0 2 4 6 8
c¢. $3.786 billion

d. $143 million/yr

CHAPTER 2 Concept Review Questions  page 156

1. domain, range, B 2. domain, f (x), vertical, point

3. f(xX) g (X)), f(x)g(x),%,Aﬁ B,ANnB,0 4. g(fx), f, f (), g
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5.a. P (X) =anx" +an_1x""1 4+ ... +a;x + ap, where a, = 0 and n is a positive integer

b. linear, quadratic, cubic c. quotient, polynomials d. x", where r is a real number
6. f(x),L,a
L
7.a L' b. L+M c. LM d. M,M;AO
8.a. L,x b. M, negative, absolute
9. a. right b. left c. L, L
10. a. continuous b. discontinuous C. every
1. a aag@) b. everywhere c. Q
12. a. [a,b], f (c) =M b. f(x)=0,(a,b)
13. a. f'(a) b.y—f@=m(x-a)
14 a fa@a+h)y—f(@ b. Iimf(a+h)—f(a)
h h—0 h
CHAPTER 2 Review Exercises  page 157

1. a. 9—x >0givesx < 9, and the domain is (—oo, 9].

b.2x? = x =3 =(2x —=3)(x +1),and x = % or —1. Because the denominator of the given expression is
zero at these points, we see that the domain of f cannot include these points and so the domain of f is

(=00, —n U (-1.3) U (3. ).

2. a. We must have 2 — x > 0 and x + 3 # 0. This implies x < 2 and x # —3, so the domain of f is
(=00, =3) U (=3,2].

b. The domain is (—oo, 00).
3.a f(=2)=3(-2)2+5(-2)—2=0.
b. f(@a+2) =3@+2)2+5(@+2) —2=3a%+12a+ 12+ 5a+ 10 — 2 = 3a% + 17a + 20.
c. f(2a) =3(2a)®+5(2a) — 2 = 12a% + 10a — 2.
d. f(@a+h)=3(@+h)>+5(@+h)—2=23a? +6ah + 3h? + 5a + 5h — 2.
da fx-D+fx+D)=2x-1?-x -1 +1]+[2(x+1)? - (x+1) +1]

=@2x2=4x+2-x+1+1)+ (X2 +4x +2—x —1+1) = 4x? - 2x + 6.
b. f (x+2h) =2 (x +2h)? — (x +2h) + 1 = 2x% + 8xh +8h? —x —2h + 1.
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b. For each value of x > 0, there are two values of y. We conclude

29

that y is not a function of x. (We could also note that the function

fails the vertical line test.)

c. Yes. For each value of y, there is only one value of x.

7. a f(xX)gXx) = 2x;—3.

fx) 1
Tg(X)  x(2x+3)’

c. F@@(x)=

2X +3°
1 2
d. g(f(x))=2(;>+3:;+3.

8.a (fog)(x) = f(g(x) =29(x) =1 =2(x2+4) —1 = 2x2 + 7 and
(gof)(x):g(f(x)):[f(x)]2+4=(2x—1)2+4=4x2—4x+5.

10.

12.

13.

14.

15.

16.

b.(fog)(x) = f(g(x) =1-9gKx)=1-
Qo H)yx¥)=g(f (x)) =
Cc.(fog(x) = f(@X) =gx) -3 =

o H ) =g(f () =

.a Take f (x) =2x? +x+land g (x) =

1 _ 343 _3(+D

X+d wid - axga
B 1 1
3fF(X)+4 3(1—-x)+4 7-3x
1
—— —3and
VX +1
1 1 1
JIO+I JX=-3)+1 -2

1
g.

b. Take f (x) =x%2+x +4and g (x) = V/X.

6
We have ¢ (4)?> +3(4) —4=2,5016c+12—4=2,0C = —— = ——.

lim (5x —3) =5(0) ~3= 3.

x—3_3—3_0
x>3X+4 344

lim

lim

X2 —2x —

X+ 3 _2+3

L |

xs2X2—9  4-—-9

lim (x> +1) =(1)?+1=1+1=2
x—1

16 8

lim (3x2+4) (2x —1) = [3(-1)2 +4][2(-1) — 1] = —21.

. 3 . . .
lim ———— does not exist. (The denominator is 0 at x = —2.)
x—>—2X2 +5X + 6
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17. Iim3«/2x3 —-5=2@27-5=T.
X—>

4x-3 12-3 9

lim = = —.
x=3 /X +1 V4 2

x—1 .1

18.

19, Iim ——— = lim — =1.
x—>1t X (X —1)  x51+X
. -1 . Xx—=1) (Vx+1 . -1 . 1 1
20. “mﬁ = lim (‘/— )(\/_"‘):hm X—:Ilmiz—.
x»1= X=1  x51- x=1)(VX+1) x=>1-(x=1)(VX+1) x-1-x+1 2
2
21, lim —— = lim —1
Xx—00 X¢ — 1 X— 00
X2
1 1
22. lim 22— lim (1+—>=1.
X——00 X X——00 X
2 4
23, lim X2+ 2x+4 lim 3+t 3
'xLoozxz_ng—xLooz 3 17
X X2
X2
24. lim = lim |x- = —00, S0 the limit does not exist.
x=-00X+1 x->-00 1
1+ -
X
25. lim f(x)= lim (—x+3)=-2+3=1and Y
x—2+ x—2+

lim f(x)= lim 2x-3)=2(2)—-3=4—-3=1.
X—2~ X—2~

Therefore, lim f (x) = 1. -1 0 1/ 2 3\4
X—2

26. lim f(x)= lim (x+2)=4and
x—2+ Xx—2+

lim f(x)= lim (4 —x) = 2. Therefore, lim f (x) does not 6 /
X—2~ X—2~ X—2
exist. S

27. The function is discontinuous at x = 2.

28. Because the denominator 4x? — 2x —2 =2 (2x2 - X - 1) =22x+1)(x—=-1)=0ifx = —% or 1, we see that f
is discontinuous at these points.
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. . 1 . - .
Because lim f (x) = lim ——— = oo (does not exist), we see that f is discontinuous at x = —1.
x——1 Xx——1 (x + 1)

30. The function is discontinuous at x = 0.

31. a. Let f (x) = x? + 2. Then the average rate of change of y over [1, 2] is

32.

33.

34.

fQ-fQ) (“G+2-1+2)
2-1 - 1 -

= 2.5. Over [1,1.1], itis

3.

over [L.15], itis LD =D _ 225+2-1+2)
15-1 0.5

fAD-—f@) (12142 —(1+2) a1
11-1 - 0.1 T

b. Computing f’ (x) using the four-step process., we obtain
£ (x) = lim f(x+h)—f®x — lim h (2x +h)
h—0 h h—0 h

change of f at x = 1is f’ (1) = 2, or 2 units per unit change in x.

= r!imo (2x 4+ h) = 2. Therefore, the instantaneous rate of
>

f (x) = 4x 4+ 5. We use the four-step process:

Stepl f(x+h)=4(x+h)+5=4x+4h +5.

Step2 f(x+h)—f(X)=4x+4h+5—4x —5=4h.
f(x+h)—f(x) 4h

Step 3 oy
ep h h

f(x+h)y—fx
h

Step4 f'(x) = r!im0 = r!imo(4) =4,
- -

f(x)= %x + 5. We use the four-step process:
Stepl f(x+h)=3x+h)+5=3x+3h+5.
Step2 f(x+h)—f(X)=3x+3h+5-3x-5=3h.
fx+h)y—fx) 3

h :hi'
f(x+h)y—"f(x) .3

h =Mz
Therefore, the slope of the tangent line to the graph of the function f at the point (-2, 2) is % To find the equation
of the tangent line to the curve at the point (—2, 2), we use the point-slope form of the equation of a line, obtaining

y—2=3[x—(=2)Jory=3x+5.

Step 3

Step4 f'(x) = r!im0
-

f (x) = —x2. We use the four-step process:

Stepl f (x+h)=—(x+h)?=—-x%—2xh—h2

Step2 f (x +h)— f(x) = (—x2—2xh —h?) — (=x?) = —2xh —h? = h (—2x — h).

f(x+h)—fx)
h

Step4d f'(x) = r!im0
-

—2x — h.

f(x+h)y—fx
h

The slope of the tangent line is f’ (2) = —2(2) = —4. An equation of the tangent line is y — (—4) = —4 (x — 2),

ory = —4x + 4.

Step 3

= rm)no (—=2x — h) = —2x.
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35.

36.

37.

38.

39.

40.

41.

42,

43.

44,

45,

46.

f(x)= —%. We use the four-step process:
1
Stepl f h)=— .
P (x+h) X+h
1 1 1 1 h

Step2 f(X+h)_f(X):_X—}—h_(_;):_m_F;:X(Xi—i—h).

f(x+h)y—fx) 1
Step 3 = .
® h X (X +h)

b s FXE) = F 00 1
Stepd f (X)_r!ino h _r!l—>ox(x+h)_x2'

a. f is continuous at x = a because the three conditions for continuity are satisfied at x = a; that is, 1. f (x) is
defined. 2. lim f (x) exists. 3. lim f (x) = f (a).
X—a X—a

b. f is not differentiable at x = a because the graph of f has a kink at x = a.

S (4) = 6000 (4) 4 30,000 = 54,000.

7. A4 .
a. The line passes through (0, 2.4) and (5, 7.4) and has slope m = -0 = 1. Letting y denote the sales, we

see that an equation of the lineisy — 2.4 = 1(t — 0), or y =t + 2.4. We can also write this in the form
St)=t+24.

b. The sales in 2011 are S (3) = 3+ 2.4 = 5.4, or $5.4 million.

a. C (x) = 6x + 30,000.

b. R (x) = 10x.

c. P (x) =R (x) —C (x) = 10x — (6x + 30,000) = 4x — 30,000.

d. P (6000) = 4 (6000) — 30,000 = —6000, or a loss of $6000. P (8000) = 4 (8000) — 30,000 = 2000, or a profit

of $2000. P (12,000) = 4 (12,000) — 30,000 = 18,000, or a profit of $18,000.
Substituting the first equation into the second yields 3x — 2 (%x + 6) +3=0,5s0 %x —12+4+3=0andx = 6.

Substituting this value of x into the first equation then gives y = 2—21 so the point of intersection is (6, %)
The profit function is given by P (x) = R (x) — C (x) = 20x — (12x + 20,000) = 8x — 20,000.

3X+p—-40=0 . . .
We solve the system Adding these two equations, we obtain 5x — 30 = 0, or x = 6. Thus,
2x—p+10=0

p = 2x + 10 = 12 + 10 = 22. Therefore, the equilibrium quantity is 6000 and the equilibrium price is $22.

500 (35)
150

The child should receive D (35) = a2 117, or approximately 117 mg.

When 1000 units are produced, R (1000) = —0.1 (1000)? + 500 (1000) = 400,000, or $400,000.
R (30) = —3 (30) + 30 (30) = 450, or $45,000.

N (0) = 200 (4 + 0)'/2 = 400, and so there are 400 members initially. N (12) = 200 (4 + 12)'/2 = 800, and so
there are 800 members after one year.
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47. The population will increase by P (9) — P (0) = [50,000 +30(9)%? 420 (9)] — 50,000, or 990, during the next
9 months. The population will increase by P (16) — P (0) = [50,000 +30(16)%/2 4+ 20 (16)] — 50,000, or

48

49

50

51

52

53

54

55

2240 during the next 16 months.

.T=f(M=4n/n—4 (@) =0, f (5 =20/1=20, T4
f (6) = 24/2 ~ 33.9, f (7) = 283 ~ 48.5, 120]

f (8) =324 =64, f (9) = 36+/5~ 80.5, f (10) = 40/6 ~ 98,
f (11) = 44/7 ~ 116, and f (12) = 48,8 ~ 135.8.

80+

40/

o] 2 4 6

10 12 n

. We need to find the point of intersection of the two straight lines representing the given linear functions. We solve
the equation 2.3 + 0.4t = 1.2 4 0.6t, obtaining 1.1 = 0.2t and thus t = 5.5. This tells us that the annual sales of

the Cambridge Drug Store first surpasses that of the Crimson Drug store 5% years from now.

. We solve —1.1x? + 1.5x + 40 = 0.1x2 4 0.5x + 15, obtaining 1.2x%2 — x — 25 = 0, 12x% — 10x — 250 = 0,
6x2 — 5x — 125 = 0, and (x — 5) (6x + 25) = 0. Therefore, x = 5. Substituting this value of x into the second
supply equation, we have p = 0.1 (5)? + 0.5 (5) 4 15 = 20. So the equilibrium quantity is 5000 and the equilibrium

price is $20.

. The life expectancy of a female whose current age is 65 is
C (65) = 0.0053694 (65)? — 1.4663 (65) + 92.74 ~ 20.12 (years).
The life expectancy of a female whose current age is 75 is
C (75) = 0.0053694 (75)? — 1.4663 (75) + 92.74 &~ 12.97 (years).

. a. The amount of Medicare benefits paid out in 2010 is B (0) = 0.25, or $250 billion.

b. The amount of Medicare benefits projected to be paid out in 2040 is
B (3) = 0.09 (3)? + (0.102) (3) + 0.25 = 1.366, or $1.366 trillion.

. N (0) = 648, or 648,000, N (1) = —35.8 + 202 + 87.7 + 648 ~ 902 or 902,000,
N (2) = —35.8(2)% + 202(2)2 + 87.8(2) + 648 = 1345.2 or 1,345,200, and
N (3) = —35.8 (3)% + 202 (3)? + 87.8 (3) + 648 = 1762.8 or 1,762,800.

.a. A(0) = 16.4, or $16.4 billion; A (1) = 16.4 (1 +1)%* ~ 17.58,0r  b. y (Sbillion)
$17.58 billion; A (2) = 16.4 (2 + 1)°! ~ 18.30, or $18.3 billion;
A(3) =16.4 (3 +1)°! ~ 18.84, or $18.84 billion; and 18

A (4) = 16.4 (4 + 1)%! ~ 19.26, or $19.26 billion. The nutritional

market grew over the years 1999 to 2003. 16

.a. f(t) =267;g(t) = 2t + 46t + 733.
b.h(t)=(f+9)(t)=f () +g(t) =267+ (2t? + 46t + 733) = 2t2 + 46t + 1000.
c. h (13) = 2 (13)% + 46 (13) + 1000 = 1936, or 1936 tons.

2

3

4 t(year)
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56.

57.

58.

59.

60.

61.

62.

63.
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a. P(0)=59.8, P (1) = 0.3(1) +58.6 = 58.9, b. P )
P (2) =56.79 (2)°% ~ 59.2, P (3) = 56.79 (3)%%® ~ 60.7, and 62
P (4) = 56.79 (4)%% ~ 61.7.
60
c. P (3)~ 60.7, or 60.7%.
58
ol 1 2 3 4 ¢ (year)

a. f(r)=mnre

b. g(t) =2t.
chy=(fog)®=Tf@W)=r[g0O)] =4rt2
d. h (30) = 4 (30?) = 3600, or 3600 ft2.

Measured in inches, the sides of the resulting box have length 20 — 2x and the height is x, so its volume is
V = x (20 — 2x)? i,

. . . 15 .
Let h denote the height of the box. Then its volume is V = (x) (2x) h = 30, so thath = 2 Thus, the cost is
C (x) =30(x) (2x) + 15[2xh + 2 (2x) h] 4+ 20 (x) (2x)

1
= 60x2 + 15 (6xh) + 40x2 = 100x2 + (15) (6) x ( 5)

X2
1350
=100x2 + ——.
5 if 1<x<100 y
9 if 100 < x < 200 20 /
C(x)=1 1250 if200 < x < 300 L
1500  if300 < x < 400 101 o—
| 7+0.02x if X > 400 e
0 200 400 600 800 X

_— . 400 L .
lim C (x) = lim (20 + —) = 20. As the level of production increases without bound, the average cost of
X— 00 X—> 00 X

producing the commaodity steadily decreases and approaches $20 per unit.

a. C’ (x) gives the instantaneous rate of change of the total manufacturing cost c in dollars when x units of a certain
product are produced.

b. Positive

c. Approximately $20.

True. If x < 0, then /X is not defined, and if x > 0, then \/—x is not defined. Therefore f (x) is defined nowhere,
and is not a function.
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105

64. False. Let f (x) = x3 +1. Then f'(x) = $x%3,s0 /(1) = 1 and an equation of the tangent line to the graph

of f at the point (1,2)isy —2 = % x—=21ory= %x + % This tangent line intersects the graph of f at the point

(—8, —1), as can be easily verified.

CHAPTER 2 Before Moving On...  page 160

lLa f(-1)=-2(-1)+1=3.
b. f (0) = 2.
c. f(g):(g)2+z=%

2.a (fF+9)(x) = f(x)+g(x)=x—il+x2+l.

x2+1
X+1°

b. (fg)(x)=f(x)g(x) =
11
gx)+1 x2+2

L@ H=g(f ) =[f O] +1=

o

(fog ) =TF@X) =

o

— + 1
(X + 1)

3. 4x +h =108, so h = 108 — 4x. The volume is V = x2h = x? (108 — 4x) = 108x? — 4x5.

T R BT G O [
Txo-1X2 43X +2  xo-1(X+2)(x+1)

5 a lim f(x)= lim (x2—1)=0.

X—1- X—>1~
b. lim f(x) = lim x3=1.
Xx— 1t x—1t

Because lim f (x) # lim f (x), f isnot continuous at 1.
X—1~ x—1t

6. The slope of the tangent line at any point is

2 _ _(x2_
Iimf(x+h)_f(x)=lim(x+h) 3(x+h)+1—(x*—3x+1)

h—0 h h—0 h
. xX242xh+h?2—3x—3h—x2+3x—1
= lim
h—0 h
h (@2 h—3
im LN Y i ex+h—3) = 2x -3,
h—0 h h—0

Therefore, the slope at 1 is 2 (1) — 3 = —1. An equation of the tangent lineisy — (—1) = =1 (x — 1), or

y+1l=—-x+4+1o0ry=—x.
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CHAPTER 2 Explore & Discuss

Page 72
Loty =g(f ) = [f0—1] = [(V¥+1) -1 = (V¥ = x and
(fog)()=F@X) =V +1=vVx—12+1=(x—-1)+1=x.

2. Refer to the figure at right. If a mirror is placed along the line
y = X, then the graphs are reflections of each other.

Page 106
1. As x approaches 0 from either direction, h (x) oscillates more and more rapidly between —1 and 1 and therefore
cannot approach a specific number. But this says Iim0 h (x) does not exist.
X—

2. The function f fails to have a limit at x = 0 because f (x) approaches 1 from the right but —1 from the left. The
function g fails to have a limit at x = 0 because g (x) is unbounded on either side of x = 0. The function h here
does not approach any number from either the right or the left and has no limit at 0, as explained earlier.

Page 114
1. XIi)m f (x) does not exist because no matter how large x is, f (x) takes on values between —1 and 1. In other
o0

words, f (x) does not approach a definite number as x approaches infinity. Similarly, Xﬂm f (x) fails to exist.
—0o0

2. The function of Example 10 fails to have a limit at infinity (negative infinity) because f (x) increases (decreases)
without bound as x approaches infinity (negative infinity). On the other hand, the function whose graph is depicted
here, though bounded (its values lie between —1 and 1), does not approach any specific number as x increases
(decreases) without bound and this is the reason it fails to have a limit at infinity or negative infinity.

Page 141

The average rate of change of a function f is measured over an interval. Thus, the average rate of change of f over the
. . f(b)—f(a . .

interval [a, b] is the number % On the other hand, the instantaneous rate of change of a function measures

the rate of change of the function at a point. As we have seen, this quantity can be found by taking the limit of an
f@a+h)y—f(@
" .

appropriate difference quotient. Specifically, the instantaneous rate of change of f at x = a is r!imo
-



2 EXPLORE & DISCUSS 107

Page 143
Yes. Here the line tangent to the graph of f at P also intersects the y
graph at the point Q lying on the graph of f. 0
/P f
/ 0 x
Page 144
1. The quotient gives the slope of the secant line 2. The limit gives the slope of the tangent line to the
passing through P (x — h, f (x —h)) and graph of f atthe point (x, f (x)). It also gives the
Q (x + h, f (x 4+ h)). Italso gives the average rate instantaneous rate of change of f at the point
of change of f over the interval [x — h, x + h]. (x, f (x)). As h gets smaller and smaller, the secant
V4 lines approach the tangent line T.
'Q(x + h, f(x+ h)) VA
P~ h, flx—h) E
0 x—h X X '+ h x
0

3. The observation in part (b) suggests that this definition makes sense. We can also justify this
f(x+h)—fx)

observation as follows: From the definition of f’ (x), we have f’ (x) = r!imO
—

h
Replacing h by —h gives f/(x) = r!im0 rx- h)h_ Y = r!im0 T _; (x = h). Thus,
- — -
. fx+h)y—fx) fx —-fXx-=h) . f(x+h)y—fx-=nh) .
/ _ / —
2f (X)_r!ino[ 0 + ; ,and so f (x)_rll_r>nO on ,in

agreement with the result of Example 3.

4. Step 1 Compute f (x +h)and f (x —h).
Step 2 Form the difference f (x +h) — f (x — h).
f(x+h)y—fx—=h)
2h '
f(x+h)y—fx=h)
2h '
For the function f (x) = x2, we have the following:
Stepl f(x+h)=(x+h)?>=x%+2xh+h%and f (x —h) = (x —h)? = x2 — 2xh + h2,
Step2 f (x +h) —f (x —h) = (x? +2xh + h?) — (x? — 2xh + h?) = 4xh.
f(x+h)y—fx) 4xh
2h ~2h
f(xX+h)—fx)
2h

Step 3 Form the quotient

Step 4 Compute f’ (x) = r!lmO
5

Step 3 = 2X.

Step4 f'(x) = r!im0 = r!imo 2x = 2x, in agreement with the result of Example 3.
- -
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Page 147

No. The slope of the tangent line to the graph of f at (a, f (a)) is defined by f’ (a) = r!imo
-

FUNCTIONS, LIMITS, AND THE DERIVATIVE

fath-f@

nd

because the limit must be unique (see the definition of a limit), there is only one number f’ (a) giving the slope of the
tangent line. Furthermore, since there can only be one straight line with a given slope, f’ (a), passing through a given

point, (a, f (a)), our conclusion follows.

CHAPTER 2

Page 56
1.

Exploring with Technology

4. The graph of f (x) + c is obtained by translating the graph of f along the y-axis by ¢ units. The graph of f (x +¢)
is obtained by translating the graph of f along the x-axis by c units. Finally, the graph of cf is obtained from that of
f by “expanding”(if ¢ > 1) or “contracting”(if 0 < ¢ < 1) that of f. If ¢ < 0, the graph of cf is obtained from that

of f by reflecting it with respect to the x-axis as well as expanding or contracting it.

Page 86
1l a

The lines seem to be parallel to each other and

10

-10

-10

-5

0

do not appear to intersect.

corresponding y-value is —81.

10

100

-100

-100

-50

0

50

100

They appear to intersect. But finding the point
of intersection using TRACE and zoom with any
degree of accuracy seems to be an impossible
task. Using the intersection feature of the
graphing utility yields the point of intersection
(—40, —81) immediately.
c. Substituting the first equation into the second gives 2x — 1 = 2.1x + 3, —4 = 0.1x, and thus x = —40. The

d. Using TRACE and zoowm is not effective. The intersection feature gives the desired result immediately. The
algebraic method also yields the answer with little effort and without the use of a graphing utility.



10 f f
0
-10 — / f
-0 5 0 5 10
Plotting the straight lines L1 and L, and using
TRACE and zoowm repeatedly, you will see that
the iterations approach the answer (1, 1). Using
the intersection feature of the graphing utility
gives the result x = 1 and y = 1, immediately.
Page 104
I ——
approaches 16 as x approaches 2.
10 T -
g.
0 f f
0 ! 2 3 example.
Page 109 (First Box)
1. 20 —t : 2. 20
10 T T 10 T
0 f f 0
0 1 2 3 0
. o 4(x2—4)
Using TRACE, we find lim ————= = 16.
x—2 X =2

3. No.

4. As we saw in Example 5, the function f is not defined at x = 2, but g is defined there.
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b. Substituting the first equation into the second
yields 3x —2 = —2x + 3,s05x = 5 and
x = 1. Substituting this value of x into either
equation gives y = 1.

c. The iterations obtained using TRACE and zoom
converge to the solution (1, 1). The use of the
intersection feature is clearly superior to the

first method. The algebraic method also yields
the desired result easily.

2. Using TrRAcE and zoowm repeatedly, we find that g (x)

3. If we try to use the evaluation function of the graphing utility to
find g (2) it will fail. This is because x = 2 is not in the domain of

4. The results obtained here confirm those obtained in the preceding

1

2

3

Using TRACE, we find Iirr124 (X +2) = 16. When
X—

X =2,y = 16. The function f (xX) =4 (x +2) is
defined at x = 2 and so f (2) = 16 is defined.
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Page 109 (Second Box)
1.

1.0 * ' f

05T ~— T

0.0 : : } :
-1 0 1 2

Using TRACE and zoom, we see that

V1 -1
lim yotx=2 =0.5.
x—0 X

1.0 * ' f

05T ~— T

0.0 = —
-1 0 1 2
The graph of f is the same as that of g except that
the domain of f includes x = 0. (This is not evident
from simply looking at the graphs!) Using the
evaluation function to find the value of y, we obtain
y = 0.5 when x = 0. This is to be expected since

x = 0 lies in the domain of g.

3. As mentioned in part 2, the graphs are indistinguishable even though x = 0 is in the domain of g but not in the

domain of f.

4. The functions f and g are the same everywhere except at x = 0 and so Iim0
X—

as seen in Example 6.

«/1+x—1_Iim 1 B
X T x0T+ x+1 2

Page 112
1. e 2.
0.4 -
0.2 -
OO T N T N T M ; M
0 50 100 150 200
1 1 .
The results suggest that o goes to zero (as x The results suggest that o goes to zero (as negative
increases) with increasing rapidity as n gets larger, X increases in absolute value) with increasing

as predicted by Theorem 2.

Page 143
1.

'
N

rapidity as n gets larger, as predicted by Theorem 2.

2. Using zoow repeatedly, we find Iimog x) =4.
X—

3. The fact that the limit found in part 2 is f’ (2) is an illustration of
the definition of a derivative.
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Page 147
1.
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. The graphing utility will indicate an error when you

try to draw the tangent line to the graph of f at
(0, 0). This happens because the slope of the tangent
line to the graph of f (x) is not defined at x = 0.






3.1

3 DIFFERENTIATION

Basic Rules of Differentiation

Concept Questions page 169

1. a.
b.

c. The derivative of a constant times a function is the constant times the derivative of the function.

The derivative of a constant is zero.

The derivative of f (x) = x" is n times x raised to the (n — 1)th power.

. The derivative of a sum is the sum of the derivatives.

R (x) =2F"(x), 500’ (2) = 2" (2) = 2(3) = 6.

b. F (x) = 3f' (x) — 49’ (x), s0 F' (2) = 3/ (2) —4g’ (2) = 3(3) — 4(=2) = 17.

d d d
. F(x) = d_ [af (X)+bg (x)] = [af )]+ [bg (x)] =af’(x) + by’ (x).

f d £/
0= [(X)] Ld vt o] = (X).

a adx a

4. No. The expression on the left is the derivative at a of the function f, whereas the expression on the right

is the derivative of a constant obtained by evaluating f at a. For example, if f (x) = x2 and a = 1, then

[f' ()] @) = 2Xly=1 =2, buti [f@)]= d (12) 0.
Exercises page 169
Lfx) =23 =0 2. f/(x) = £ (365) =0.
3./ (x) = & (x5) =5x4 4. () =& (x7) =7x5.
5. f/(x) = & (x31) = 3.1x%L. 6. f(x) =& (x08) =0.8x 02,
7. 1 (x) = & (3x%) = 6x. 8. f'(x) =& (—2x%) = —6x2.
9. f/(r) = & (wr?) = 2ar. 10. 1) = § (4r®) = 4mr2
1. £/ (x) = §& (9x¥3) = § (9) x/3-D = 3x =23, 12, f/(x) =& (%x4/5) = (%) (%) x5 =x

13. f/

14. f/

00 = & (3/%) = & (362) = 3 @2 = -2 = 5

uw=424 (%) =4 u12) = —3 @Qu¥2 = —u32,

113
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15.

16.

17.

18.

19.

20.

21.

22.

23.

24,

25.

26.

217.

28.

29.

30.

3L

32.

33.

34.

35.

3 DIFFERENTIATION
/' (x) = & (x712) = (=12) (7) x 72271 = —84x~13,
' (x) = & (0.3x712) = (0.3) (-1.2) x 722 = —0.36x 22,
f/(x) = & (5x2 —3x + 7) = 10x — 3.
f/(x) = & (x* —3x% +1) = 3x2 — 6x.
—x3 4+ 2x2 — 6) = —3x2 + 4x.

(
P00 = [ (1423 +2x3] = (L4+4x7 + 4x* +23) = 8x + 16x3 + 6x7 = 2x (8x2 + 3x + 4).

£/ (x) = & (0.03x? — 0.4x + 10) = 0.06x — 0.4.
£ (x) = & (0.002x® — 0.05x? + 0.1x — 20) = 0.006x? — 0.1x + 0.1.
2x3 —4x% +3 3 d ., . 3
P ="——— =2 dx+ 50 ') = (2% = 4x +3x7!) =dx —4— .
x34+2x2 +x —1
f(x)= =x2+2x+1-xLso /() =& (K2+2x+1-x" =2x+2+x72
X

£/ (x) = & (4x* —3x52 4+ 2) = 16x3 — Bx%72,

f(x) = di(x“/~°’—%x3/2+x2 3x+1) Dx1/8 —x12 4 2x - 3.
-5 8
_d (By-1 4 ay-2) — _Ex—2 _gy-3 _ 2 _
P00 =g (X1 +4x7%) = —5x 7 -8 = — — .

f'x) =& [—% (x=3 - x6)] = —% (—=3x7* - 6x5) = x4 + 2x5.
6 9 2
fri)y=% (@4 -3t +2t7) =16t >+ o4 —2t72 = —sta- @
15 4 1
£/ (x) = & (5x73 —2x2 —x~1 4-200) = —15x~* 4 4x 3 4 x 2 = —GtEt
/ d 12 5y—1/2 o
f (x) = §x (8x —5x1/%) =3 — 3x _3—7
f/(t) = & (22 +13/2) = 4t + 312
d 4 1
-2 —1/3 —3, y—4/3
f/(X):d—X(ZX —3x 1/):—4X + X 4/ :—F-FW
d (3 4 d 9 2
— _ -3 -1/2 _ —4 —3/2 _
f"”‘&(ﬁ*ﬁ“)—&(?’x AT ) = T =g

f(x) = & (2x3 — 4x) = 6x% — 4.

a. f'(=2)=6(—2)%—-4=20. b. f/(0)=6(0) —4=—4 c. 7(2=6(2)%>-4=20.
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37.

38.

39.

40.

41,

42,

43.

44,
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f/(x) = & (454 +2x%2 4 x) = 5xV/4 + 3xV/2 4+ 1.

a '@ =5@YV" 4302 +1=5@)"*"+6+1=5@)Y*+7=5V2+7.

b. f/(16) =5(16)"/* +3(16)Y2+1 =10+ 12+ 1 = 23.

14+hP® -1
The given limit is f/ (1), where f (x) = x3. Because f’ (x) = 3x?, we have r!im()(—FT) =f' (1) =3
-
Lettingh = x — 1 or x = h + 1 and observing that h — 0 as x — 1, we find
ox3=1 . (h+1°-1
lim 2=—= — lim h+17-1_ f/ (1), where f (x) = x°. Because f’(x) = 5x*, we have f’ (1) =5, the
x—1 x—1 h—0 h
5 _

value of the limit; that is, lim =5.

x—1 —

32+h)?—-@2+h)—-10 f2+h) —f(Q

Let f (x) = 3x%2 —x. Then lim @+h)7 = C+h = lim Chal) ) because

h—0 h h—0 h
fR+h)—f@ =32+h?—-2+h)—[3@)—-2]=32+h)?>—(2+h)—10. But the last limit is simply
32+h2—-@2+h)—10

11.
h

f’(2). Because f’ (x) = 6x — 1, we have f’(2) = 11. Therefore, r!lmo
N

o 1=(1+41? . 1 1 (1+1)?
Write lim @+9 = lim d+9

———— = lim 5 - . Now let f (t) = —t2. Then
t50 t(1+1) =0 (L +1)2 t-0

1—(1+1)° fa+t—f(Q
lim ﬂ = lim M = f’(1). Because f’(t) = —2t, we find f’ (1) = —2. Therefore,
t—0 t t—0 t
1—(1+1)°
m d+t” _ QD =1-(-2)=-2

Taroz om 2
t—0 t(1+t) t—0 (1+t)

f (x) = 2x? — 3x + 4. The slope of the tangent line at any point (x, f (x)) on the graph of f is f' (x) = 4x — 3. In
particular, the slope of the tangent line at the point (2, 6) is f/ (2) = 4(2) — 3 = 5. An equation of the required
tangent lineisy —6 =5(x —2)ory =5x — 4.

f(x)=—3x2+2x +2,50 f'(x) = —Qx + 2. Theslope is f' (1) = 2 + 2 = 8. An equation of the tangent
lineisy +3 =2 (xx+1)ory=2x+ 4.

f(x) =x*=3x34+2x2—x+1,50 f’ (x) = 4x3—9x%2+4x —1. Theslopeis f' (2) =4 (2)*—9(2)*°+4(2)—1 = 3.
An equation of the tangent lineisy — (=1) =3(x —2)ory =3x — 7.

f(xX) =X+ 1/ﬁ. The slope of the tangent line at any point (x, f (x)) on the graph of f is

1 1
f/ (X) — lx—l/z _ lx—3/2 — _
? ? 2J%  2U%3

f'(4) = 3+ — & = . Anequation of the required tangent lineisy — 3 = & (x —4) ory = &x + 1.

. In particular, the slope of the tangent line at the point (4, %) is
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45. a. f (x) = x3,s0 ' (x) = 3x2. At a point where the tangent line b. y

is horizontal, f/ (x) = 0, or 3x? = 0, and so x = 0. Therefore, 10
the point is (0, 0).

46. f(x) =x3—4x?,s0 f/(x) = 3x? —8x = x (3x — 8). Thus, f'(x) = 0if x = 0 or x = §. Therefore, the points
are (0, 0) and (% —%)

47. a. f (x) = x3 + 1. The slope of the tangent line at any point c.
(x, f (x)) on the graph of f is f’ (x) = 3x2. At the point(s)
where the slope is 12, we have 3x%2 = 12, so x = +2. The 29
required points are (—2, —7) and (2, 9). 2 X

b. The tangent line at (—2, —7) has equation
y—(=7) =12[x — (—2)], or y = 12x + 17, and the tangent
line at (2, 9) has equationy — 9 =12 (x — 2), or
y =12x — 15.

48. f(x) = 3x3+x2 — 12X + 6,50 f/(x) = 2x2 + 2x — 12.

a. f/(x) = —12 gives 2x% 4+ 2x — 12 = =12, 2x? + 2x =0, 2x (x 4+ 1) = 0; that is, x = 0 or x = —1.
b. f/(x) =0gives2x2+2x —12=10,2(x2+x —6) =2(x +3) (x —2) = 0,ands0 x = —3 or x = 2.

c. f/(x)=12gives2x? +2x —12=12,2 (x> +x —12) =2(x +4) (x —3) = 0,andso x = —4 or x = 3.

49. f (x) = #x* — Ix3 —x2,50 £ (x) = x% —x? — 2x.

a. f'(x) =x3—x2—2x = —2x implies x3 —x2 = 0,50 x2(x —1) = 0. Thus, x =0 or x = 1.
f) =231 - 0?=-Band f (0) = 3(0)* - 3 (0)* - (0)2 = 0. We conclude that the

corresponding points on the graph are (1, —%) and (0, 0).

b. f/(x) = x3 —x% —2x = 0 implies x (x2 —x —2) = 0, x (x —2) (X + 1) = 0, and so
x=020-1 f(0)=0f2=32'-32°-@2*=4-8-4=-8 and

f(-1) =% (-1*—3(-1)% - (-1)> = ; + § — 1 = —. We conclude that the corresponding points are

— 1
©,0), (2,-8),and (-1, - ).
c. f/(x) =x3—x%—2x = 10x implies x3 —x? —12x =0, x (x2 —=x —12) =0, x (x —4) (x +3) =0,

sox =0,4,0r=3. f(0)=0f@=3@"-1@)°-4?=48-% =2 and
f(=3)=2(-3)*-1(-3)°- (-3 =& +9 -9 =8 We conclude that the corresponding points are (0, 0),

(4, %), and (—3, %).
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y=x3—-3x+1, 50 % = 3x2 — 3. The slope of the tangent line to the given graph is % , = 34 —-3=09.
X=

Therefore, an equation of the tangent line at (2,3) isy —3 =9 (x — 2), or y = 9x — 15. The slope of the normal

line through the point (2, 3) is —%. Therefore, an equation of the required normal lineisy — 3 = —% x—=2)or

1 29

V(r) = 3nrd so V' (r) = 4mr2.
a. Vv (%) = 4r (‘g‘) = %7 cm®/em. b. Vv’ (%) = 4rm (%) = 27 cm®/cm.
v (r) =k (R? = r?) = 1000 (0.04 — r2), so v (0.1) = 1000 (0.04 — 0.12) = 1000 (0.03) = 30. This says that the

velocity of blood 0.1 cm from the central axis is 30 cm/sec. Next, o’ (r) = —2000r, and so v’ (0.1) = —200. This
says that at a point 0.1 cm from the central axis, the velocity of blood is decreasing at the rate of 200 cm/sec per cm
along a line perpendicular to the central axis.

a. The number of tablets and smartphones in use in 2011 was f (2) = 128.1 (2)%% ~ 491.5269, or approximately
491.5 million.

b. f/(t) = 128.1-1.94t0% = 248.514t9%4, 50 the number of tablets and smartphones in 2011 was changing at the
rate of f/ (2) = 248.514 (2)°%* ~ 476.7811, or approximately 476.8 million /year.

a. The percentage of the UK population that is expected to watch video content on mobile phones in 2015 is
P (4) = 13.86 (4)%5%° ~ 29.098, or approximately 29.10%.

b. P’ (t) = 13.86 - 0.535t %465 50 the percentage of mobile phone video viewers in 2015 is projected to be
changing at the rate of P’ (4) = 13.86 - 0.535 (4) 945 ~ 3.8919, or approximately 3.89% /year.

1970 (t = 1) | 1990 (t = 3) | 2010 (t = 5)
49.6% 36.9% 32.1%

_ 13.392
b. P’ (t) = (49.6) (-0.27t71%") = ——7=

P’ (4) ~ —2.3, or decreasing at 2.3%/decade.

. In 1990, P’ (3) ~ —3.3, or decreasing at 3.3%/decade. In 2000,

26.5 dA d

11.925
_ _ ~045) _ —145 _ :
A = w045 S0 g = 26-5& (x=0%) = 26.5(—0.45) x = 15 Therefore,
dA 11.925 dA 11.925 . .
=-————=~—-890land —| = ——2 =~ —4.36. Our computations reveal that if you
dX [x_0.25 (0.25)* dX |y_» @)t

make 0.25 stops per mile, your average speed decreases at the rate of approximately 89.01 mph per stop per mile. If
you make 2 stops per mile, your average speed decreases at the rate of approximately 4.36 mph per stop per mile.

a. P (t) = 50.3t7909, The percentage of households with annual incomes within 50 percent of the median in 2010
was P (4) = 50.3 (4)790° ~ 44.40 (percent).
b. P’ (t) = 50.3 (—0.09t~19%) ~ —4.527t =109 5o the percentage of households with annual incomes within

50 percent of the median in 2010 was changing at the rate of P’ (4) = —4.527 (4)~%0% ~ —1.00; that is,
decreasing at the rate of approximately 1%/decade.
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58.

59.

60.

61.

62.

63.

64.

65.

66.

a. f(x)=—0.1x2 —0.4x + 35,50 f’ (x) = —0.2x — 0.4.

b. f/(10) = —0.2 (10) — 0.4 = —2.4; that is, it is decreasing at the rate of $2.40 per 1000 lamps. The unit price at
this level of demand is f (10) = —0.1 (102) — 0.4 (10) + 35 = 21, or $21.

a. f(t) =120t — 15t%, so v = f’ (t) = 120 — 30t.

b. » (0) = 120 ft/sec

c. Setting » = 0 gives 120 — 30t = O, or t = 4. Therefore, the stopping distance is f (4) = 120 (4) — 15 (16) or
240 ft.

a. The total percentage was P (2) = 0.257 (22) + 0.57 (2) + 3.9 = 6.068, or approximately 6.1%.

b. In 2008, the percentage was changing at the rate of P’ (2) = (0.514t + O.57)|t:2 =0.514 (2) + 0.57 = 1.598,
or approximately 1.6%/year.

a. The approximate average medical cost for a family of four in 2010 was
C (10) = 22.9883 (10)2 + 830.358 (10) + 7513 = 18,115.41, or $18,115.41.

b. C’(t) = 45.9766t + 830.358, so the rate at which the average medical cost for a family of four was increasing in
2010 was approximately C’ (10) = 45.9766 (10) + 830.358 = 1290.124, or $1290.12/year.

a. P (t) =0.27t2 + 1.4t + 2.2, 50 P’ (t) = 0.54t + 1.4. In 2010, P’ (1) = 0.54 (1) + 1.4 = 1.94 or 1.94%)decade.
In 2020, P’ (2) = 0.54(2) + 1.4 = 2.48, or 2.48%/decade.

b. In 2010, P (1) = 0.27 (12) +1.4(1)+2.2 =3.87,0r 3.87%. In 2020, P (2) = 0.27 (22) +1.4(2)+2.2 =6.08,
or 6.08%.

I (t) = —0.2t3 + 3t% 4100, so I’ (t) = —0.6t% + 6t.

a. In 2008, it was changing at a rate of 1’ (5) = —0.6 (25) + 6 (5), or 15 points/yr. In 2010, it is
I’ (7) = —0.6 (49) + 6 (7), or 12.6 points/yr. In 2013, itis I’ (10) = —0.6 (100) + 6 (10), or 0 points/yr.
b. The average rate of increase of the CPI over the period from 2008 to 2013 is
I (10) — 1 (5) _ [-0.2(1000) + 3 (100) + 100] — [-0.2 (125) + 3(25) +100] 200 — 150

5 5 5
10 points/yr.

=10, or

a. N (t) = —t3 + 6t2 + 15t. The rate is given by N’ (t) = —3t2 + 12t + 15.
b. The rate at which the average worker is assembling walkie-talkies at 10 a.m. is
N’ (2) = —3(2)2 + 12 (2) + 15 = 27, or 27 walkie-talkies/hour. At 11 a.m., we have
N’ (3) = —3(3)? + 12 (3) + 15 = 24, or 24 walkie-talkies/hour.
¢. The number will be N (3) — N (2) = (—27 + 54 + 45) — (—8 4 24 + 30) = 26, or 26 walkie-talkies.

Pt) = —%ts + 64t + 3000, so P’ (t) = —t2 + 64. The rates of change at the end of years one, two, three

and four are P/ (1) = —1 + 64 = 63, or 63,000 people/yr; P’ (2) = —4 + 64 = 60, or 60,000 people/yr;

P’ (3) = —9 + 64 = 55, or 55,000 people/yr; and P’ (4) = —16 + 64 = 48, or 48,000 people/yr. It appears that
the plan is working.

N (t) = 2t% + 3t2 — 4t + 1000, so N’ (t) = 6t% + 6t — 4. N’ (2) = 6 (4) + 6 (2) — 4 = 32, or 32 turtles/yr;
and N’ (8) = 6(64) + 6 (8) — 4 = 428, or 428 turtles/yr. The population ten years after implementation of the
conservation measures will be N (10) = 2 (103) +3 (102) — 4(10) + 1000, or 3260 turtles.
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a. f(t)=—-2t34+12t24+5,s00 = f/(t) = —6t2 + 24t.

b. f/(0) =0, 0r0ft/sec; f' (2) = —6(4) + 24 (2) = 24, or 24 ft/sec; f’ (4) = —6 (16) + 24 (4) = 0, or O ft/sec;
and f’(6) = —6(36) + 24 (6) = —72, or —72 ft/sec. The rocket starts out at an initial velocity of O ft/sec. It
climbs upward until a maximum altitude is attained 4 seconds into flight. It then descends until it hits the ground.

c. At the highest point, » = 0. But this occurs when t = 4 (see part (b)). The maximum altitude is
f (4) = —2(4)® + 12 (4)% + 5 = 69, or 69 feet.

a. f/(x) = £ [0.0001x%4 + 10] = % (0.0001x%/4) = 0.000125x /4.

b. ’(10,000) = 0.000125 (10,000)/4 = 0.00125, or $0.00125radio.

P (t) = 50,000 + 30t3/2 4+ 20t. The rate at which the population is increasing at any time t is P’ (t) = 45t%/2 4+ 20.
Nine months from now the population will be increasing at the rate of P’ (9) = 45 (9)1/2 + 20, or 155 people/month.
Sixteen months from now the population will be increasing at the rate of P’ (16) = 45 (16)1/2 + 20, or

200 people/month.

a. f(t) =20t — 40,/ +50, 50 f/ (t) = 20 — 40 (%)t-l/2 — 20 (1— %)

b. f (0) = 20(0) — 404/0 4+ 50 = 50, so f (1) = 20 (1) — 40+/1 + 50 = 30 and
f (2) = 20 (2) — 40+/2 + 50 =~ 33.43. The average velocities at 6, 7, and 8 a.m. are 50, 30, and 33.43 mph,
respectively.

-1/2
c. f/ (%) —20-20 (%) ~ —8.28, /(1) = 20 — 20(1)~Y2 ~ 0, and f’ (2) = 20 — 20 (2)~%/2 ~ 5.86. At
6:30 a.m. the average velocity is decreasing at the rate of 8.28 mph/hr, at 7 a.m. it is not changing, and at 8 a.m.

it is increasing at the rate of 5.86 mph.

S (x) = —0.002x3 + 0.6x2 + x 4 500, s0 S’ (x) = —0.006x% + 1.2x + 1.

a. When x = 100, §' (100) = —0.006 (100)2 + 1.2 (100) + 1 = 61, or $61,000 per thousand dollars.

b. When x = 150, §’ (150) = —0.006 (150)2 + 1.2 (150) + 1 = 46, or $46,000 per thousand dollars. We conclude
that the company’s total sales increase at a faster rate with option (a); that is, when $100,000 is spent on
advertising.

a. The per capita health spending in 2010 was C (10) = —1.1708 (10) 4-7.029 (10)? 4 389.69 (10) + 4780 = 8209,
or $8209.

b. C’ (t) = —3.5124t2 + 14.058t + 389.69, so the per capita health spending in 2010 was changing at the rate of
C’ (10) = —3.5124 (10)? + 14.058 (10) + 389.69 = 179.03; that is, it was increasing at $179.03/year.

a. P (t) = 0.0004t% 4+ 0.0036t2 + 0.8t + 12. At the beginning of 1991, P (0) = 12%. At the beginning of 2010,
P (19) = 0.0004 (19)° + 0.0036 (19)? + 0.8 (19) + 12 ~ 31.2, or approximately 31.2%.

b. P’ (t) = 0.0012t2 + 0.0072t + 0.8. At the beginning of 1991, P’ (0) = 0.8, or 0.8%)/yr. At the beginning of
2010, P’ (19) = 0.0012 (19)? + 0.0072 (19) + 0.8 ~ 1.4, or approximately 1.4%/yr.
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74. a. Atany timet, the function D =g+ f att, D(t) = (g + f) (t) =g (t) + f (), gives the total population aged
65 and over of the developed and the underdeveloped/emerging countries.
b. D (t) = g (t) + f (t) = (0.46t2 + 0.16t + 287.8) + (3.567t + 175.2) = 0.46t> + 3.727t + 463, 50
D’ (t) = 0.92t + 3.727. Therefore, D’ (10) = 0.92 (10) + 3.727 = 12.927, which says that the combined
population is growing at the rate of approximately 13 million people per year in 2010.

—0.0002t2 +0.032t +0.1 if 0<t<5
75.a G{t)=J({t)=N() = 0.0002t2 — 0.006t +0.28 if 5<t < 10
—0.0012t% +0.082t — 0.46 if10<t < 15

b. In 2008, when t = 8, the gap is changing at a rate of
G’ (8) = [% (0.0002t2 — 0.006t +O.28)]t:8 = (0.0004t — 0.006)|;_g = —0.0028; that is, the
gap is narrowing at a rate of 2800 jobs/yr. In 2012, when t = 12, the gap is changing at a rate of
G'(12) = [% (—0.0012t2 +0.082t — 0.46)]t=12 = (—0.0024t + 0.082)|;—1» = 0.0532; that is, the gap is
increasing at a rate of 53,200 jobs/yr.
76. True. a4 [2f (x) =59 (x)] = a4 [2f ()]
dx dx

d
~ 9 [59 ()] =2f (x) — 50 (x).

77. False. f is not a power function.

3_ 3 3 2 2 3 _ 3 h 3X2 3xh h2
78.i(x3)=lim =3 L G +3Ch 44 hd - (3x? + 3xh + h?)
dx h—0 h h—0 h h—0 h

= lim (3x2 + 3xh + h?) = 3x2.
h—0

Using Technology page 175
1.1 2. 3.0720 3. 0.4226 4. 0.0732 5. 0.1613 6. 3.9730

500

400

0 1 2 3 4 0 2 4 6 8 10 12

o

b. 3.4295 parts/million per 40 years; b. 42,272 cases/year
164.239 parts/million per 40 years
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3.2 The Product and Quotient Rules

Concept Questions page 181

1. a. The derivative of the product of two functions is equal to the first function times the derivative of the second
function plus the second function times the derivative of the first function.

b. The derivative of the quotient of two functions is equal to the quotient whose numerator is given by the
denominator times the derivative of the numerator minus the numerator times the derivative of the denominator,
and whose denominator is the square of the denominator of the quotient.

2ahX)=fXgd X+ f"xX)gXx),sohD=fQOg DL+ Dg@)=0B)@+(-1)(@2) =10.

g0 100 =009 (0 g M- f M@ _2-D-3¢) 7
[9 00T [g@)]? 22 2

b. F'(x) = ,s0 F/ (1) =

Exercises page 181
Lof(x)=2x(x2+1),50 f'(x) = 2x& (x> + 1) + (X2 +1) & 2x) = 2x 2x) + (x> + 1) (2) = 6x2 + 2.
2. f(x) =3x%(x —1),50 ' (x) = 3x?>L (x = 1) + (x — 1) & (3x?) = 3x® + (x — 1) (6x) = 9x* — 6x.

3. f(t)=(t—1) (2t + 1), 50
P =t-DIC+D+@A+DIt-D=(t-D@Q+Ct+1) (1) =4t -1

4. f (x) =(2x+3)(3x — 4),s0
f/(x)=(2x+3)(fix(3x—4)+(3x—4)(f—x(2x+3):(2x+3)(3)+(3x—4)(2)=12x+1.

5. f(x)=@x+1)(x2-2),50
o) =C@x+D) &L (x2=2)+(x2=2) L Bx +1) = Bx + 1) (2x) + (x* = 2) (3) = 9x? + 2x — 6.

6. f(x)=(x+1)(2x* —=3x +1),s0
) =x+1) & (2x2 =3 +1) + (2x2 = 3x + 1) £ (x +1) = (x + 1) 4x — 3) + (2x2 = 3x + 1) (1)
=4x?2 —3X +4x —3+2x2 = 3x +1=6x2—2x —2=2(3x?> —x — 1).

7. f(x)=(x3—1) (x + 1), 50
)= -1)EFx+D+x+DE x3-1)=x3-1) (1) +(x+1) (3x?) =4x3 +3x%2 - 1.

8. f (x) = (x3—12x) (3x? +2x), s0
f/(x) = (x% — 12x) & (3x2 + 2x) + (3x% + 2x) & (x° — 12x)
= (x® —12x) (6x + 2) + (3x% + 2x) (3x2 — 12)

= 6x4 4+ 2x3 — 72x2 — 24x + 9x* + 6x3 — 36x2 — 24x = 15x* + 8x3 — 108x2 — 48x.
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9.

10.

12.

13.

14.

15.

16.

17.

3

DIFFERENTIATION

f(w) = (w —w +w—1)(w2+2),so

f’ (w) =

(w0 = w +w_1)ddw (02 +2) + (02 +2)

= (wd - w2+ w—1) Quw) + (w? +2) (3w? -

%(w3—w2+w—l)

2u)+1)

=2w* — 2103 4+ 2w? — 2w + 3w* — 2w3 + W? + 6w? — 4w + 2 = 5w* — 4w3 + Jw? — 6w + 2.

fx)=2x5+ (x2+1) (x2—x—1)+28,50
/) =x*+ (x2+1) @2x — 1) +2x (x2 —=x — 1) =X

=x*4+4x3 -3x2 - 1.

f ()= (
f () =

=5x3/2 4 x=1/2 1 20x3/2 — 10x =

5x2 4+ 1) (2¢/X — 1), 50
(5x2 +1) & (2x¥2 — 1) + (2x¥/2 — 1) & (5x

43 —x242x —14+2x3 —2x2 —

24+1) = (5x2 +1) (x7¥2) + (2x1/2 -
25x2 — 10X /X + 1

X

f )= (1+1) (2t2-3),50
P = (1+192) (@0 + (22 = 3) ($t72) = 4t 4+ 432 4 32 — 1712 = 5t/ 4 4t — §t-172
_1ot?4+8tyt -3

2X

1) (10x)

—— + 4
(2x + 4)?

2t

2 2
f (x) = (x> —5x +2) X =)0
f’(x)=(x2—5x+2)dd—x(x—§)+(x—§)dd—x(x2—5x+2)

(= +2)(x2+2)  (x*—2)(2x=5)  (x?—=5x+2) (x*+2) +x (x> —2) (2x — 5)
- X2 + X N x2
x4 4 2x%2 —5x3 — 10x 4 2x% + 4 + 2x* —5x% —4x? 4 10x  3x* —10x° +4

5 1 . 2 1

f(x) = (x> +2x+1) 2+ =) =2+ X+ 2+ X+ -+ =, 50
X X X
5 3 _ oy _
£/ (x) = (2x3+5x+2+2+ 1)=6x2+5—32—33=6x T o2
X2 X X
x-2)d -1 dx-2 -
(x—2) (x—2) (x—2)
d( 3 d (2X + 4) (0) — 3(2) 6

X) = 2x2,50 g’ (x — (2x?) =
0=t ge0= (2x+4)+d () (2x +4)2

2x —1
f =
*) 2X +1'
f,(x):(2x+l)(%((2x—1)—(2x—1)dd—x(2x+1):2(2x+1)—(2x—1)(2): 4

(2x + 1)2 (2x +1)° (2x +1)%



3.2 THE PRODUCT AND QUOTIENT RULES 123

1-2t (143t)(=2) — (1 —-2t)(3) -5
18 f t == y f/t == = .
O=T7po "o (1 + 302 (1+3t)72
) X2+ x+2)(0) — (1) (2x + 1) 2x +1
19.f(X)=2—2,SOf(X)=( 2) 2 - — 5 2"
X2 +x + (X2 +x+2) (X2 +x+2)
(u2+1)i(u)—ui(u2+1) 2 2
20.f(U)=LSOf/(U)= du du =(U +1)(1)—U(2U)= 1—-u .
uZ+1 (u? +1)° (W2 +1)° (u? +1)°
s2—4
21. f(S) = S—|——1, SO
d d
o 6+ 5o (62 =4) = (24 o 6+D  (541)25)— (2= 4) (1) 2425 +4
B (s + 1) - (s +1)? o (s+1)2
x3 -2
22. f(X):XZ—H,SO
o) — P+ & -2 - (x*-2) & (x®+1)  (x2+1)(3xH) - (x*—-2) (2x)  x (x> +3x +4)
(2 + 1) (2 + 1) (1)
x4+l
23. f(x) = x2+1’50
< D 047 = (A2 ) 02 n) 024D (B (1) o
(x2 4 1)° (x2 +1)°
(B2) [0 +1) = (24 )42 1 g0 gy
- (x2 +1)° 2K (2 +1)°
X X
24. f (x) = N = 752’ S0
oo BEFAW X (M) dngo bt pdteo  jeiedy  Eea
(x1/2 4 2)? (x1242)%  (x1242)°  (x1242)°  2(Jx+2)°
X242
25 100 =51
00 (XP+x+1) & (x2+2) - (x2+2) £ (X2 +x+1)
(X2 +x + 1)
(X +1) @0 - (B +2)@x+1D) X422 42X =23 —x2 —4x =2 X2 —2x -2
(X2 +x + 1) (X2 +x + 1) (2 +x+1)>
X+1
2100 = o y3 ™
£ 00 = (22 +2x+3) () —(X+ 1) (4x+2) 22 +2x +3—4x?—2x —4x —2  —2x®—4x +1

(2x2 + 2x 4 3)° (2x2 + 2x + 3)° (224 2x+3)%
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X+ (2+1)  (P+x2+x+1)

27. f = = , SO
) X—2 X—2
x=2) & (xR +x2+x+1) - (¥ +x2+x+1) & x -2
fr(x) = 5
(x—-2)
(x—=2)(3x2+2x +1) — (x* +x% + x + 1)
- (x —2)?
3P x—bx2—4x—2—x3—x2—x—1 2x3—5x>—4x -3
- (x —2)? o x=2

28. f(x)=(3x*>—1) (x2 - %) )

1 1 1 1
fro)=6x(x2—==)+(Bx2—1)(2x+ =) =6x3-6+6x3+3-2x—— =123 -2x -3 - =
X X2 X2 x2

2. f (x) sz 4_):(2—1 _ X(x2+4)—(x-1(x2—4)  x24+8x—4 -
- +4 (x2 —4) (x2 +4) (x2 4) (x2 +4)
£ 00 = (x2 —4) (x> +4) & (x? +8x —4) — (x2 +8x — 4) L (x* - 16)
(0 =4y (2 +a)
(X2 —4) (x> 4 4) (2x 4 8) — (x2 + 8x — 4) (4x®)
) (2= 4)° (62 +4)°
25 48x4 —32x — 128 —4x® —32x* +16x3  —2x° — 24x* + 16x® —32x — 128
- (X2 — 4) (x2 + 4)? B (x2 = 4)% (x2 + 4)° '
30. f (x) = X;;:/i_x,so
(3x — 1) (1 n %ﬁx—l/z) - (x n ﬁxl/Z) 3)
fr(x) = 5
Bx -1
3 + 3/3xY2 — 1 — $./3x 712 — 3x — 3/3x1/2 3V3X +2X + /3
- (3x — 1)? T 2 KB =12

3. h(x) = f(X)g(x),soh" (x) = f(x)g’(x) + f’(x)g (x) by the Product Rule. Therefore,
O =fOID+FMHgD =2 Q) +(-1)(-2)=8.

32.h(x) = (x2+1)g(x),s0h" (x) = (x2+1) ¢’ (x) + & (x2+1) - g (x) = (x* +1) g’ (x) + 2xg (x). Therefore,
h (1) = 2’ (1) + 29 (1) = (2) (3) + 2 (=2) = 2.

33. h(x) = x)i: éx(i) Using the Quotient Rule followed by the Product Rule, we obtain
h (x) = [x +900] dd_x [xf O] = xf (x) % [x +900] _ [X+9 )] [XF' 00+ f 0] =xF () [1+¢ (X)].
[x+9 (x)]2 [x+49 (x)]2
Therefore,
h (1) = [L+aW][FO+TO]-FOR+d O] _ (1-2)(-1+2)-2(1+3) _-1-8 _ o

[1+9®] B 1-2)?2 1
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35.
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37.

38.

39.
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h(x) = T =000 f()f;()_gg()&). Using the Quotient Rule followed by the Product Rule and the Sum Rule, we obtain
h' (x) = [f0—g00] g [f0a0] = F0a00 & [F0-g]
[f ) -g]
_[f0-gm][fe0g e+ 00g00] - ¥ (x)g(x)[f’(x)—g’(x)]'
[f () —gx]
Therefore,
h (1) = [fO-gD][f IO+ Qg@]-fQ)g@[f Q-9 Q)]
[f@-g@]
_ RO +EDED-@QEDIED -8 OE -4 16
- 2 (-2)P - 7 T
f(x) = (2x = 1) (x* +3), 50

)= —1) & (x2+3)+(x2+3) L @2x—1) = 2x - 1) (2x) + (x* +3) (2)
=6x2 —2x +6 =2 (3x* — X + 3).
Atx =1, /(1) =2[3(1)> - (1) +3] =2(5) = 10.

f(x)=§§ti,so
f,(X)_(2><—1)%(2X+1)—(ZX+1)%(ZX—1)_(2x—1)(2)—(2x+1)(2)
B (2x — 1)2 - (2x — 1)2
_4x—2—4x—2__ 4
2x —1)2 (@2x-1)%
Atx =2, f/(z)z_—42=_f_
22 —1] 9
X
T =g a1
x4—2x2—1) L (x) —xL (x4 —2x2 -1 x4 —2x2 — 1) (1) — x (4x3 — 4x
f’(X): dx dx _
(x4 —2x2 — 1)2 (x4 —2x2 — 1)2
XA 2x?—1
B (x4—2x2—1)2'

-3+2-1 2 1

Therefore, f/ (—=1) =

1-2-12 4 2

f(x) = (x¥2 +2x) (x3/2 = x) = x2 = x¥2 4 2x5/2 — 2x? = 2x5/2 —x? — x%/2 50 ' (x) = 5x%/2 — 2x — 3x1/2.

Atx =4, f'(@4)=5@)3%2-24)-3@Y?=5@) -24) - 3 (2) =29.

f(x)=(x3+1)(x2-2),s0

)= (3 +1) & (x2—2) + (x2 =2) & (x* +1) = (x3 +1) (2x) + (x2 — 2) (3x?). The slope of the tangent
lineat (2,18) is f' (2) = (8 4+ 1) (4) + (4 — 2) (12) = 60. An equation of the tangent line is y — 18 = 60 (x — 2),
ory = 60x — 102.
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40.

41.

42,

43.

44,

45,

46.
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2 1) (2x) —x% (1 242
f(x) = X ,s0 f/(x) = x+1 @) 2X @ =Xt X2 The slope of the tangent line at x = 2 is
X+1 x+1 x+1
f/(2) = §. Anequation of the lineisy — 4 = 8 (x —2), ory = §x — ¢.
X+1
f = -,
) x2+1
o) = (CH)FX+D -+ FH 2+ (X+D)DH-x+D)@x)  —x2-2x+1 At
(x2 +1)° (x2 4 1)° (x2+1)°
, —1-2+1 1 . . Lo
x=1,f (1):? :—E.Therefore, the slope of the tangent line at x = 1 is —5 and an equation is

y—l=—-2(x-1ory=—ix+3.

14 2x12 (1+632) (2) — (14 2x2) ($272)

f(x)= ~— 3750 f (x) = 5 . The slope of the tangent line at x = 4
1+x (1 +x3/2)

a3 -a+ne g o o

is f'(4) = 7 =5 and an equationisy — 3 = —27 (X —4),0ry = —gzX + 5.

Using the Product Rule, we find
g ) = E[x2Fx)] = 2L [F 0] + F )& (x3) = %2/ (x) + 2xf (x). Therefore,
g2 =2°t"2Q+2@ f2)=@)(-1)+4@3) =8s.

Using the Product Rule, we find
g =& [(x2+21) 0] =P+ E[F 0]+ F )L (x2+1) = (x2+1) ' (x) +2xf (x). Therefore,
g @)= (22 + 1) f7@Q+22)f@2)=0B)(-1)+4@3)=T.

f(x)=(x3+1)(3x2 —4x +2), 50
) =(3+1) & (32 —4x +2) + (3x2 —4x +2) f (x* +1)
= (x3+1) (6x —4) + (3x? — 4x +2) (3x?)
= 6x* +6x — 4x3 — 4 + 9x* — 12x3 + 6x? = 15x* — 16x3 + 6x2 + 6x — 4.

Atx =1, f/(1) =15(1)* — 16 (1) + 6 (1) + 6 (1) — 4 = 7. Thus, the slope of the tangent line at the point x = 1
is 7and an equationisy —2=7(x —1),ory = 7x — 5.

3
f(x) = 2 i > The slope of the tangent line at any point (x, f (x)) lying on the graph of f is

o) = (2-2) &) -G)F(2-2) (x2—-2)@)—3x(2x) -3x*-6 -3(x2+2)

- (x2 - 2)° -2 (x2-2° (-2
-3(4+2)
— =

. . . 9 .
In particular, the slope of the tangent line at (2, 3) is f’ (2) = —3 Therefore, an equation of the

tangent lineisy — 3 = —% x—2)ory = —%x +12.
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47. £ (x) = (x> +1) (2 —x), 50
) =0+ & QC-x)+@-x)& (x®+1) = (x2+1) (=1) + (2 — x) (2x) = —3x? + 4x — 1. Ata point
where the tangent line is horizontal, we have ' (x) = —3x2 +4x —1=00r3x2—4x +1=(3x —1) (x —1) =0,
giving x =  or x = 1. Because f (%) = (% + 1) (2 - %) =39 and f (1) = 2(2 - 1) = 2, we see that the
required points are (% 5—3) and (1, 2).

(2+1) D -x@)  1-x

(2 +1)° (x*+1)
we have f’(x) =0or1—x? =0, giving x = 1. Therefore, the required points are (—1, —%) and (1, %)

. At a point where the tangent line is horizontal,

48. f(x)=X2L so f(x) = 2

+1

49. f (x) = (x> +6) (x —5), 50
f(x) = (x? +6) & (x =5) + (x = 5) & (x> +6) = (x2+6) (1) + (x = 5) (2x)
= X% 4+ 6 + 2x? — 10x = 3x? — 10x + 6.
At a point where the slope of the tangent line is —2, we have f’ (x) = 3x2 — 10x + 6 = —2. This gives
3x2—10x +8 = (3 —4) (x —2) = 0,50 x = § or x = 2. Because T (3) = (¥ +6) (§ - 5) = — 57 and

f (2) = (4 + 6) (2 — 5) = —30, the required points are (g, —%) and (2, —30).

1
50. f (x) = i—i_l The slope of the tangent line at any point (x, f (x)) on the graph of f is

K=DFE+D -+ FHFE-) x-DDO-x+H@) 2
(x — 1) - (x —1)? G

' (x) = 5. At the point(s)

1
—Z2,50(x —1)> =4and x = 1+ 2 = —1 or 3. Therefore,

where the slope is equal to —1, we have ————— =
Peised 2 x-12 2

the required points are (—1, 0) and (3, 2).

1+x3) L 1) — @)L (1+x2 —2x .
5l.y=——,s0y = ( )z D = @ gy ( ) = . Thus, the slope of the tangent line at
1+x2 (1+x2)° (14 x2)?
. -2 -2 1 . L
(1, %) is Y|, = 7)(2 =7 =3 and an equation of the tangent lineisy — 3 = —3 (x — 1), or
(1 + XZ) x=1

y = —2x + L. Next, the slope of the required normal line is 2 and its equation isy — 2 = 2 (x — 1), ory = 2x — 3.

0.2
52. C (t) = ﬁ
2 d d .,
a Ol )= (t + 1) at (0.2t) — (0.2t) at (t + 1) _ (t2 + 1) (0.2) — (0.2t) (2t) . _022 +.0.2

(t2 + 1) (t2 +1)° (t2 +1)°
_02(1-1t?)
Co(+1)?
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b. The rate of change of the concentration of the drug one-half hour after injection is

02(1-1
: 0.2(0.75
Cc’ (%) = ( 1) = ( 2) = 0.096, or 0.096%/hr. The rate of change of the concentration of the drug
(; n 1) (1.25)
P\

02(1-1 .
one hour after injectionisC’ (1) = (1(+—1)2) = 0, or 0%/hr. The rate of change of the concentration of the
L 02(1-22) 0.2(=3)
drug 2 hours after injection is C’ (2) = > = = —0.024, or —0.024%/hr.
(22 +1) 25
.5x (100 — x) (0.5) — 0.5x (—1) 50 50
53. C(x) = ———,s0C’' (x) = = . C’(80) = — = 0.125,
) = To0—x ®) (100 — x)? (100 — x)? 80 = 502
50 50 50 .
C’(90) = 102 = 0.5,C’ (95) = == 2,and C’ (99) = 1= 50. The rates of change of the cost of removing

80%, 90%, 95%, and 99% of the toxic waste are 0.125, 0.5, 2, and 50 million dollars per 1% increase in waste
removed. It is too costly to remove all of the pollutant.

500t t 4+ 12) 500 — 500t 6000 . .
54. D(t) = ——=,s0 D’ (t) = t+12 3 = 5. The rates of change for a six-year-old child and a
t 412 (t+12) (t+12)
6000 6000
ten-year-old child are D’ (6) = ~ 18.5 mg/yr and D’ (10) = ~ 12.4 mg/yr.
Y/ (6) (18)2 a/y (10) 222 a/y
10,000 d - 10,000 20,000t
55. N (t) = =~ + 2000, 50 N’ (t) = — [10,000 (1+12) 7+ 2000] — " (2t) = ———— The rates
1+t dt (1+12) (1+12)
. . 20,000 20,000 (2
of change after 1 minute and 2 minutes are N’ (1) = ————— = —5000 and N’ (2) = —7(2) = —1600.
(1+1?) (1+2?)
. . . . 10,000 .
The population of bacteria after one minute is N (1) = T+t + 2000 = 7000, and the population after two
. . 10,000
t N (2) = — + 2000 = 4000.
minutes is N (2) 1+4+
50 0.01x% + 1) (0) — 50 (0.02x
56.a.d(x)=—2,sod/(x)=( ) O 2( )=— X 5.
0.01x* +1 (0.01x2 + 1) (0.01x2 + 1)
10 15
b.d"(®) = ————5 =-32,d"(10) = —— = —25,and d’ (15) = ——— ~ —1.4, so the rates of
(0.25 + 1) ) (3.25)

change of the price when the demand is 5,000, 10,000, and 15,000 units are decreasing at the rates of $3200,
$2500, and $1400 per 1000 watches, respectively.

50x
7.a R(X) = -
57. a. R(x) = xd (x) 00 11
0.01x2 + 1) (1) — x (0.02x) 50 (1 — 0.01x2
b R o= (=% )50l (—X ) _s. ! )G -x 0029 _50( ).
dx \0.01x2+1 dx \0.01x2 +1 (0.01X2+1)2 (0.01X2+1)2

¢. R’ (8) ~ 6.69, R’ (10) = 0, and R’ (12) =~ —3.70, so the revenue is increasing at the rate of approximately
$6700 per thousand watches at a sales level of 8000 watches per week, the revenue is stable at a sales level of
10,000 watches per week, and the revenue is decreasing by approximately $3700 per thousand watches at a sales
level of 12,000 watches per week.
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50x

0.01x2 +1
$30,000 per week if no watches are sold.

58. a. P (x) = — 0.025x3 + 0.35x? — 10x — 30. P (0) = —30, indicating that the company loses

50 (1 — 0.01x?)

(0.01x2 + 1)
and P’ (10) = —10.5. Thus, the profit increases by approximately $15,625 per thousand watches at a sales level
of 5000 watches per week, and the profit decreases by approximately 10,500 per thousand watches at a sales level
of 10,000 watches per week.

b. Using the result of Exercise 57, we find P’ (x) = —0.075x2 +0.7x — 10, so P’ (5) = 15.625

59. a. The average 30-year fixed mortgage rate in the first week of May in 2010 was

55.9
M) = 120315112 ~ 4.701, or approximately 4.7% per year.
t? — 0.31t + 11.2) (0) — 55.9 (2t — 0.31 —55.9(2t —0.31
b. M’ (t) = ( + )( ) 2( ) = ( )2. Thus, the 30-year fixed mortgage

(t? —0.31t + 11.2) (t2 —0.31t +11.2)

. —-559(2-0.31 . . .
rate was changing at the rate of M’ (1) = ( )2 ~ —0.668 in the first week of May in 2010. That
(1-0.31+11.2)

is, it was decreasing at approximately 0.67% per year per year.

120x2
60. T = ———, SO
) X2 + 4
oo (x2 +4) & (120x?) — (120x2) & (x> +4)  (x? + 4) (240x) — (120x?) (2x) 960x
X) = = = .
(X2 + 4)° (X2 + 4)° (X2 + 4)°
960 960 - 960 (3) .
T'(1) = ——— = — = 38.4, or $38.4 million per year; T’ (3) = ~ 17.04, or approximatel
1) 1+4)2 25 pery 3 ©+4) pp y
- 960 (5) . -
$17.04 million per year; and T’ (5) = W ~ 5.71 or approximately $5.71 million per year.
+
60t 4 180
6l.a. N(t) = ————,
aNO=—77%
d d
. (t+6) m (60t + 180) — (60t + 180) 0 (t+6) _ (t+6)(60) — (60t +180) (1) 180
B (t +6) B (t +6)° C(t+6)%
180 180
b.N'(1)= ——= ~37,N Q@) =—75~22 c. Yes.
(1+6) (3+6) N
180 180
N'@4)=—==18and N (7) = —= ~ 11 We 50
4+6) (7+6) 40 /
conclude that the rates at which the average student is increasing 30
his or her speed one week, three weeks, four weeks, and seven 20
weeks into the course are approximately 3.7, 2.2, 1.8, and 10
1.1 words per minute, respectively. of 2 4 6 8 10 121
60 (12) + 180
d. N(12) = 60d2) + 180 _ 50, or 50 words,/minute.

1246
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62. (1) = 130 o
t2+25
) = (t? +25) (5) — (5t +300) (2t)  5t? 4125 — 10t — 600t  —5 (t? + 120t — 25) an
(t2 + 25)° (t2 4 25) (t2 + 25)°
—5[32 4+ 120 (3) — 25] :
f’ (3 = > A —1.488, or approximately —1.49% per year.
(32 4 25)
0.055t + 0.26 t 4+ 2) (0.055) — (0.055t + 0.26) (1 0.15 -
63. f(t)=7+,sof’(t)=( +2) (0055~ ( > +029@ _ _ > At the beginning, the
t42 t+2) t+2)
. . 0.15 L .
formaldehyde level is changing at the rate of f’ (0) = - = —0.0375; that is, it is decreasing at the rate of
- 0.15 . .
0.0375 parts per million per year. Next, f/(3) = — = —0.006, and so the level is decreasing at the rate of

0.006 parts per million per year at the beginning of the fourth year (whent = 3).

25t2 + 125t + 200
t2 4+ 5t + 40

(t2 + 5t + 40) % (25t2 + 125t + 200) — (25t2 + 125t + 200) % (t2 + 5t + 40)

64.a. P(t) = . The rate at which Glen Cove’s population is changing with respect to time is

P/ (t) =

(t2 + 5t + 40)°
(t2 4 5t 4 40) (50t + 125) — (25t% + 125t + 200) (2t + 5)
(t2 + 5t + 40)°
_ 25(2t+5)(t2+5t+40—t2—5t—8) (25)(32)(2t+5) 800 (2t +5)

(t2 + 5t + 40)° (2 +5t+40)>  (t2+5t +40)°
25(10)? 4+ 125(10) 4200 3950
b. After ten years the population will be P (10) = ( )2+ (10) + = = 20.789, or 20,789. After
(10) 4+ 5(10) + 40 190
800[2(10)+5] 20,000

~ 0.554,

ten years the population will be increasing at the rate of P’ (10) = 5 = >
[(10)% + 5 (10) + 40] 190

or 554 people per year.

65. a. R’ (x) = £k [XxD (x)] = xD’ (x) + (1) D (x) = xD’ (x) + D ().
b. Here p = D (x) = a — bx, so D’ (x) = —b. Therefore, R’ (x) = x (—b) + (a — bx) = a — 2bx.
c. R(x) =xD (x) = x (a — bx) = ax — bx?, s0 R’ (x) = a — 2bx, as obtained in part (a).

g(t) 6044t

- . Thus,
f® _ 3+o006t

66. The per capita income of the country at time t is P (t) =

3+ 0.06t) (4) — (60 + 4t) (0.06 8.4 I . L .
P/ (1) = Chs )@ — ( er )( ) = 5 The per capita income in two years’ time is projected
(3 + 0.06t) (3 + 0.06t)
8.4
to be changing at P/ (2) = ————— =~ 0.8629, or approximately $0.86 billion/year.
ging (2 (3100627 pp y /y

67. a. If there is no substrate present, then the relative growth rate is R (0) = 0.

. . cs . .
b. Iim R(s) = lim —— = lim = ¢. Thus, the relative growth rate approaches ¢ when the substrate is
S—00 S—)ook+s s—>oo§+1

present in great excess.
(k+s)(c)—cs(l) ke
(k +5)2 k+9)%

c. R'(s) =
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68. a. % = %+%withq = 2.5and p = 50. Thus, % = i5+% =0.42,andso f = 0—142 ~ 2.38, or
approximately 2.38 cm.
1 1 1 1 pq . - .
b. —=—-+4+-,50f = = ———. Differentiating with respect to p, we have
fp q 1.1 p+g
P q
df —pq (1 2 df 25 \?
_:(p+q)q gq():( a ).Whenp:SO,wehave—:( ) ~ 0.00227, or
dp (p+09) p+q dp 50+25
0.00227 cm/cm.

69. False. Take f (x) = x and g(x) = x. Then f (x)g(x) = x2, so
LIT0g] =& x3)=2x# ') g (x) =1

70. True. Using the Product Rule, & [xf ()] = f (x) & () + x& [ 0] = T (X) (1) + xF’ (x).

d [fx) d /x3 d f/(x) 3x2
71. False. Let f (x) = x°. Then Ix [ 2 ] Ix (xz) ix xX)=1+# ™ ™ 5X.

72. True. Using the Quotient Rule followed by the Product Rule,

d d
i[f(x)g(x)]_h(x)&[fmg(x)]—f(x)g(x)a[h(x)]
dx| heo ] [h 002
_ ho)[F(0)gx)+ f)g ()] = fFx)gx)h'(x)
[h (0T '
73. Let f (X) =u(X)o (x)and g (x) = w (x). Thenh (x) = f (x) g (x). Therefore, h’ (x) = ' (x) g (X)+ f (X) g’ ().
But " (x) =u ()0’ (X) +u’ (X)v (x), s0
h" () = [u () 0" (X) +u () v (x)] g (X) +u (x) v (x) ' (X)
=uX)oX)w X)+ux)o (X)wXx)+u X)v(X)w(X).

f ()

74. Letk = —.

etk (x) 700
fx+h) X

o KoM k) gt g0 _ Fex+hg0—fogx+h

h h hg (x +h) g (x)
b. By adding — f (x) g (x) + f (x) g (x) (which is equal to zero) to the numerator and simplifying, we have
k(x+h)—k(Xx) 1 f(x+h)—f(x) _[9x+h) —g(x)
e [ ),

c. Taking the limit and using the definition of the derivative, we find
k(x+h) —kx)

00900 -9/ 0 f 00

K’ (x) = lim = [f009() =g (%) f ()] =
h=0 h [900]? [900]?
Using Technology page 186
1. 0.8750 2. 16.7980 3. 0.0774 4. —0.1314 5. —0.5000 6. 2.875

7. 31,312 per year 8.a. 20,790 b. 554 /year
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3.3 The Chain Rule

Concept Questions page 194

1. The derivative of h (x) = g (f (x)) is equal to the derivative of g evaluated at f (x) times the derivative of f.
, d n n-1,
2. h (x):a[f(x)] =n[f )] " ' (x).
3.(go fY @) =[(@o f)®] =g (f (1) f’(t) describes the rate of change of the revenue as a function of time.
4. (f o g) () gives the rate of change of the air temperature.

Exercises page 194

Lfx)=@x—-15%s0f'(x)=3(@x—-1)2 L 2x —1) =3(2x —1)?(2) =6 (2x — 1)2.

2. f () =1=-x0%s0 ') =41 -x°(-1) =-4(1-x)°

3. f () =(x2+2)°,50 £/ (x) =5 (x> +2)* (2x) = 10x (x> +2)",

4. 1) =2(t—=1)%s0 ' (t) = (2) 5) (13— 1)* (3t2) = 3012 (1 — 1)".

5. f(x)=(2x — x2)3, so f/(x) =3(2x — x2)2 £ (2x —x?) =3 (2x - x2)2 (2 —2x) =6x2 (1 —Xx) (2 — x)2.
6. f 00 =3(x3-x)" 50 f/(x)=3) @) (x®—x)°(3x2—1) =12 (3x? - 1) (x3 — x)°.

7P =@+ s0f ) ==2@2x+D L@+ =-2@2x+1D) Q) =-42x+1)72

3 3(1+4t)

50 f/(t) =L (=3) (22 41) (4t +1) = — .
10 =hH @+ wen =0

8. f(t)=1(2t2+1)

9. 100 = (= 4)° 50 1100 = 5 0 =" & (= 4) = 3 (2 = 4" @0 =5x (2 = 4)°"

10 f)=0B2-2t+1)% s0 /@) =3 (32 -2t +1)"* (6t —2) =33t — 1) (3t2 — 2t + 1)/,
3
N fX)=/3=2=0Bx=2)"2,s0 ' (x) =2 (Bx—=2)12@)=3@Bx-2) V2= —_.
_ 6t —1
12. f (1) =32 —t= (32 —t)"% 50 /(1) = 1 (3t2 —1) 1/2(6t—1)=m.
13. f (x) =v1—x2, 50
1/3 —-2/3 —-2/3 -2/3
Po)=g1-x)P =31 L 1-x) =3 1-) (20 =-3x(1-x)) 7"
. —2X
3(1-x2)%*

14. f (x) = vV2x2 = 2x + 3,50 ' (x) = % (2x% — 2x +3)_1/2 (4x —2) = (2x — 1) (2x? — 2x +3)_1/2.
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6
fX)=————=2x+3) 30 f X)) =-32x+3)* Q) =-62x+3) * =—— .
) = g = @+ (X) = —3(2x +3)*(2) = =6 (2x + 3) 13
“mz(z]yﬁ“%m=%Hﬂ—n”=2e®W—D*@m=—mwﬂ—n?
X p—
! 1
f(t) = sof'ty=3 @ —4)"12=_L2t—4)322Q)=—@Qt-4)"32=_ .
O="5= OH=gz@-9 ;@ —=HTVQ)=—-(2t-4 G a
f )= i =22 -1 50 f’(x):—%(2x2—1)_3/2(4x)=_2—x_
V2x4 —1 (2X2—1)3
1w —3/2 -5/2 -5/2
= (4X4+X)3/2,30% = dd_x (4X4+X) :—% (4x4+x) (16X3—}—l) :-% (16X3—|—1) (4X4+X) .
FO =m0 /) =28 @2+ = =4 (224 Pt = —§ @+ (2249

f ()= (32 +2x +1) %, 50
Fro0=—2@3C+2x+1) "L 32+ 2x+1) =232 +2x+1) " (6x+2)
= —40x+1) (32 +2x +1) ",

f(t)=(5t3+2t2—t+4)"° 50 ' (t) = —3 (5t3 + 2t2 — t + 4) " (15t2 + 4t — 1).
f(x)=(x2+ 1)3 - (x*+ 1)2, S0
F00=30C+1" L (x2+1) -2+ L (C+1) =3(x2+1)° 20 —2(x*+1) (3x?)
= 6X [(x2+1)2—x (x3+1)] = 6x (2x2 — x +1).
f)=@-D'+Q+D*so f'(t) =4 -1)3Q2) +4@t+1)°% @2 =8[@t - 1%+ @t + 17
f)=t"1=t2%s0 ' (t) =3t —t2)% & (1 —t=2) =3 (171 —t=2) (—t=2 + 2t~9).
f @)= (1)—3 + 41)_2)3, so f'(v) =3 (0_3 + 40_2)2 (—31)_4 - 81)_3).

f(X) = J/X+1+/x=-1 = (X+1)1/2 + (X_l)l/Z, so
Fo0=30c+ D™ 2@+ 3= = F[x+ D724+ (- D7

f(u)=@u+1)>% + (u- 1)_3/2, S0

fray=3@u+1Y2@ -3 2 -1)""?@u) =3@u+ Y2 —3u (u2-1)"%

f (x) =2x2 (3 —4x)% s0
. (x) = 2x% (4) (3 — 4x)% (—=4) + (3 — 4x)* (4x) = 4x (3 — 4x)% (=8x + 3 — 4x)
= 4x (3 — 4x)3 (=12x + 3) = (—12x) (4x — 1) (3 — 4x)3.
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30.

3L

32.

33.

34.

35.

36.

37.

h(t) =t2 (3t +4)% s0

h' (t) = 2t (3t +4)% +t2(3) Bt + 4)2 (3) =t (3t + 4)2 [2 (3t + 4) + 9t] =t (15t + 8) (3t + 4)2.

f(x)=(x—1722x+1)* s0

7)) =(x—1)2 & @2x+ )%+ @x + )* & (x = 1)2  (by the Product Rule)
=x-1D2@ @+ L XX+ D)+ @+ Qx - L x-1)
=8(x—12 2+ +2(x—D2x+D*=2(x—-1) (2x+1)3(4x —4+2x +1)
=6(x —1)(2x — 1) (2x + 1)3.

guy=@u+Dn2(1- 2u2)8, S0
o'W =u+DY2@) (1-202) (—4u) + (1 —20?)° (%) U+ 1)~Y2
=—1u+D) 2 (1-20%)" [64u(u+1) — (1-2u2)]
(66u? +64u — 1) (1 —2u?)’  (2u2 — 1) (66u2 + 64u — 1)

2Ju+1 2Ju+1 '

(x +3)2 [(x —2)(1) = (x +3) (1)]

, x+3\>d (x-3
f(x)_g(x—z) ﬁ(x—z) X —2 (x — 2)2
X+3

_3( + )2[_ 5 ]__15(x+3)2
- \x =2 x-22%] x=-2*"

X +1)° ) x+1\*Tx —1)(1) — (x+1) (1) 10 (x + 1)*
to=(327) = ro=s(i5) | =172 }Z_W'

g3 Y2d oty 3/t \VWree+nm-t@
()_2(2t+1) dt(2t+1)_2(2t+1) [ 2t + 1)? }
30t \T 1 3tl/2
- §(2t+1) [(2t+1)2] 2t +1)%%
3/2
g6 = (s2+§) = (24577 s

u+1 1/2
g(u)=(3u+2) S0
) 1u+1\Y2d fu+1 1u+1\Y2T@u+2)(1)—Uu+1) @)
g(”):§(3u+2) E(3u+2):§(3u+2) [ (3u + 2)2 }
1

T 2u+ D) Bu+2)%?
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0 = 2x + 1\ 2 %
90 =\"1)

N - S AN Qx—n@»wm+4xa]_;(y+4)4ﬂ(_ 4 )
g(x)_E(ZX—l) [ (2x — 1) T 2\2x -1 (2% — 1)?2
2
S @x+ D)2 x— 1)

2

)= X 7, 50
(2~ 1)
2 ad a4 o 4 4 3
, (< =1)" g () = () g (=17 (x2 —1)* 20 — x2 (@) (x2 — 1)° (2%)
P = 112 = 7 8
[(x2 —1) ] (x2-1)
(=120 (R -1-4x2)  (=2x) (3% +1)
- (x2 —1)® R
2
g = 2u 3,50
(u2+u)
) (u? +u)® (4u) — (2u2) 3 (U2 +u)* u + 1)
g (U) = 6
(u2 +u)
2u(u+u)’2(W+u)-3u@u+D]  —2u(4uZ+u) —2u2@u+1) _2(4u+1
B (u? +u)° C@u)t e+t e+t
2 3
h (o) — (3x* + 1)4 “
(x - 1)
" (x2—1)* 3) (3x2 + 1)° (6x) — (3x% + 1)> 4) (x2 — 1) (2x)
(X) = 3
(- 1)
Cx (¥ -1°@C+ ) [0 -1) —4(3x*+1)] 2% (3¢ +13) (3x* +1)°
a (x2 = 1)® a (x2 —1)° '
(2t —1)?
90 = @Bt +2)% %
‘O = Bt+2*@2) 2t —1)(2) — 2t —1)? (4 Bt +2)°(3)
g= (Bt +2)8
4G+ @@ -D[Bt+2) -3t -1)]  4t—1)(5-31)
B (3t +2)8 B (3t +2)°
V2x +1
f(x)= 21 S0
o (2=1) (3) @+ D2 @ = @+ D220 (24 1)V2[(E = 1) — (2x + 1) (20)]
X) = =
0 (x2 - 1)° (x2 —1)°
324+ 2x +1

V2x +1(x2 - 1)2'
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4t2 4t2
4. 1) = —= = 77 S0
Vo242t -1 (2t24 2t —1)

(2t2+2t—1)1/2%(4t) 4t2; (2t2 42t — 1)*7?

fr(t) =
(@2 +2t - 1)1/2]
(22 +2t - 1) 8) — 42 (3) (22 + 2t = 1) ¥ (4t +2)
- 2242t -1
a2t -1 P20 2t —1) —t @+ 1] 4t (22 43t—2)
2242t —1 (m)s
(t+1)Y/2
45. g (t) = ———,
80 =
(t2+1)1/2%(t+1)1/2—(t+1)1/2% (t2+1)1/2
o= 2 +1
@+ (3) a+02@) - e+ Y2 (3) 2+ 1) @
- t2+1
I L i G I (G Ry T ) D - s
t2+1 2T+ 12+ 1)
(X2+1)1/2
46. f (x) = 2_11/2,50
() (-1 & 2+ - 2+ ) (-1
(x*-1)
-0 (F) @0 - 241" (3) 0 - 1) ew)
- x2—1
xR -1+ 1) P2 - 1) - (24 1)] 2x
- X2 -1 T x2+1(x2—1)3/2'

47 1 (0 = @B+ D* (@ —x +1)%,50
f/(x)=(3x+1)4;—x(x2—x+1)3+(x2—x+1)3;—x(3x+1)4
=@+ D30 —x+1)° @ -1+ (B —x+1)°-4GBx+1)3-3
=303+ 12 (P —x+1)°[Bx+ D @x - 1) +4(x2—x +1)]
= 33X+ 1)° (x2 =X +1)? (6x2 — 3x +2x — 1+ 4x2 — 4x + 4)
=3(3x + 1) (x2 = x + 1)° (10x2 — 5x + 3).
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48. g (t) = (2t + 32 (3t2— 1), 50

g’ (t) = (2t + 3)? % (Bt2-1)°+(3t2-1)"° % (2t + 3)?
= (2t +32(-3) (32 -1) "6t + (32— 1) 2 2t +3) (2)
=22t +3) (32— 1) " [-9t 2t +3) + 2 (3t2 — 1)]
=22t +3) (3t2 — 1) 7" (—18t2 — 27t 4 6t2 — 2)
=2 (122 4 27t +2) (2t +3) (32 — 1) "
49.y = g(u) = u*3, so g—h' = gut3 andu = f(x) = 3x? — 1, s0 j—i = 6x. Thus,

dy _dy du
dx  du dx

1/3 1/3

= 3ul3(6x) = § (3x2 — 1) " 6x = 8x (3x? — 1)

d d d dy d 7—-4 7—-4
50.y=\/Uandu=7x—2x2,so%=%u‘1/2and§=7—4x.Thus,—y gy fu_ X X

dx _du dx 2/u T oI —2x2

d 2 d

5.y = u23andu = 2x3 — x + 1, 50 % = ~3u9% =~ and £ — 6x — 1. Thus,

dy dy du = 2(6x2-1) 2 (6x2 - 1)

dx du dx 3us/3 3 (2x% — x +1)5/3'

d d dy dy d
52. Y=2U2+1andU=X2+l,SO%:4uand£=2x.Thus,%:%-%=4u(2X)=8xu=8x(x2_|_1)_
1 d d

5.y = Ju+ Wi andu = x3 —x, so % = fu=Y2 — 1u=%2 and ﬁ = 3x2 — 1. Thus,

dy dy du 1 1 (3X2_1)_(3x2—1)(x3—x—1)

dx du dx 2/x3 —x 2(X3—X)3/2 - 2(X3_X)3/2 :

1 d 1 d 1

54.y = —andu = VX +1, 50 % = -2 and % = Sx2. Thus,

dy _dy du_ 1 (1 4p 1
dx du dx u2

= () =

d . .
f(2x+1). Letu = 2x + 1, s0 v 2. Using the Chain Rule, we have

55. = =
g(x) Ix
du
g x) = f’(u)& =f'2x+1)-2=2f"(2x +1).
d
56. h(x) = f (—x®). Letu = —x3, s0 QU a2 Using the Chain Rule, we have

dx
h (x) = £/ (u) g—z = f/(—x3) (—3x2) = —3x2f’ (—x3).

57. F(X) =g (f (x)),s0 F' (x) =g’ (f X)) f’ (x). Thus, F' (2) =9’ (3) (=3) = (4) (—3) = —12.

58. h= f (g(x)),soh’ (0)= (g (0)g’(0)=f"(5)-3=-2-3=—6.
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59.

60.

61.

62.

63.

64.

65.

66.

67.

68.

3 DIFFERENTIATION

Let g(x) = x2+ 1. Then F(x) = f (g (x)). Next, F'(x) = f’(g(x))g’ (x) and
F'(1) =12 @) =3 () =6.

No. Let F (x) = f (f (x)). Then F’ (x) = f'(f (x)) f'(x). Thenlet f (x) = x2. f (f (x)) = f (x?) = x* and
F/(x) = 4x3, but ' (x) = 2x, so0 [ f/ (x)]2 = 4x2 £ 4x5.

No. Suppose h = g (f (x)). Let f (x) = x and g (x) = x2. Thenh = g (f (x)) = g (x) = x? and
hx)=2x#¢ (f'x) =9 @) =21 =2

h=f(g(x),s0h=1(@x)g (x)and f'og= f'(g(x)),but (f'og)g’ = f'(g(x) g (X).

) =(1—x) (x2—1)% 50

100 = (L =x)2 (X2 —1) (2 + (=1) (3 = 1)° = (x2 = 1) (4x —4x2 = x? + 1) = (x? — 1) (=5x% + 4x + 1).
Therefore, the slope of the tangent line at (2, —9) is ' (2) = [(2)% — 1] [-5(2)2 + 4 (2) + 1] = —33. Thenan
equation of the lineisy +9 = —33 (x — 2), or y = —33x + 57.

_(x+1)? s (XN =D D) -+ D] (x+1 2
f(x)= (m) , 80 f (x)_Z(X_l)[ 17 }_z(x—l) [—(X_l)z}.Theslope

of the tangent line at x = 3is f/ (3) = 2 (%) (—%) = —2,s0an equationisy —4 = —2 (x — 3), or y = —2x + 10.

f(X) =xv2x2+7,50 ' (X) = /2X2 +7 4+ X ( ) (2x24+7)" 172 (4x). The slope of the tangent line at x = 3 is

f'(3) = \/_-1-( )(25) 1/2(12) = £, soan equation is y — 15 = 2 (x — 3), ory = £x — 2.

8 —1/2 -3/2 -3/2
f (X) = ——— = 8(x2 + 6x ,s0 f/(x) = —3 (8) (x? + 6x 2X + 6) = —4 (2x + 6) (X2 + 6x .
Therefore, the slope of the tangent line at (2,2) is
f/(2) = —4(10) (4 + 12)~3/2 = —4(10) (16)~3/2 = —40 (6—14) = —3, and an equation is y — 2 = —3 (x — 2), or
y=—3x+13

N (t) = (60 +2t)%/3, s0 N’ (t) = 2 (60 +2t)~¥/3 & (60 + 2t) = 4 (60 + 2t)~2/3. The rate of
increase at the end of the second week is N’ (2) = 3 (64)~%/3 = 1, or 1 million/week. At the end
of the 12th week, N’ (12) = 5 (84)~1/3 ~ 0.3, or 0.3 million/week. The number of viewers in the

2nd week is N (2) = (60 + 4)2/3 = 16, or 16 million, and the number of viewers in the 24th week is
N (24) = (60 + 48)%/3 ~ 22.7, or approximately 22.7 million.

a. The number of gigabytes of information being created monthly at the beginning of 2008 was

0 1.09 o
f (0) = 400 (E + 1) — 400 billion.

t 0.09 /¢ 109 0.09
b. f’(t) = 400 (1.09) ( + 1) (ﬁ) = (12 + 1) , S0 the rate at which the rate

of digital information creation was changing at the beginning of 2010 was approximately
109 (24

f (24) = =\

0.09
+ 1) ~ 40.1094, or approximately 40.109 billion gigabytes per month.
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69. N (t) = —0.05 (t + 1.1)%>2 4 0.7t + 0.9, so in 2008, the cumulative number of jobs that were outsourced was
changing at the rate of N’ (3) = [—0.05(2.2) (t + 1.1)*? + 0.7], _, = —0.05(2.2) 3 + 1.1)*2 + 0.7 ~ 0.101956,
or approximately 102,000 per year.

d L - .
70. A’ (1) = GQQE (t +1)79%9 = —657.06 (t + 1)~ 9. At the beginning of 2002, A’ (0) = —657.06, s0 it is falling at
the rate of $657.06 per year. At the beginning of 2012, A’ (10) = —6.27, so it is falling at the rate of $6.27 per year.

100 100
———— ~300andP () = ———>
(1+0.14)% (1+0.28)%

diagnosis is 100%, the probability of survival 1 year after diagnosis is approximately 30%, and the probability
after 2 years is approximately 10.3%.

71.a. P(1)= ~ 10.3. The probability of survival at the moment of

d 920 -0.14 128.8
b. P’ (t) = — [100 (1 + 0.14t)7%2] = 100 (—9.2) (1 + 0.14t)"102(0.14) = — =— .
® dt [100¢ ] (=92)( ) 014 (1 +0.141)102 (1 +0.141)102
128.8 128.8
Thus, P’ (1) = — ~ —33.84and P’ (2) = — ~ —10.38. After 1 year, the

(1 +0.14)102 (1+0.28)102
probability of survival is dropping at the rate of approximately 34% per year, and after 2 years, it is dropping at

approximately 10.4% per year.

72. f(t) = 10.72(0.9t 4+ 10)°3. The rate of change at any time t is given by
f/(t) = 10.72(0.3) (0.9t + 10)~%7 (0.9) = 2.8944 (0.9t + 10)~%7. At the beginning of 2000,
we find f/(0) = 2.8944 (10)~% ~ 0.5775, or 0.6%/yr. At the beginning of 2015, we have
f/ (15) = 2.8944 (13.5 + 10)~%7 ~ 0.3175, or 0.3%)/yr. The percent of the population of Americans age 55 or
over in 2015 is f (15) = 10.72 (13.5 + 10)%2 & 27.64, or 27.6%.

73. C (t) = 0.01 (0.2t + 4t + 64)*"°.

a. C'(t) =0.01(3) (022 + 4t +64) " % (0.2t2 + 4t + 64)

-1/3 -1/3

= (0.01) (0.667) (0.4t + 4) (0.2t% + 4t + 64) " ~ 0.027 (0.1t + 1) (0.2t? + 4t + 64)

b. C’ (5) = 0.027 (0.5 + 1) [0.2 (25) + 4 (5) + 64]~1/3 ~ 0.009, or 0.009 parts per million per year.

20,000 2000
74. N (t) = ————— + 21,000, so N’ (t) = —20,000 (—3) 1 +0.2t)"%2(0.2) = ————.
® V1§02t ® ( 2) ( )02 (14 0.2t)%2
2000 2000
N’ (1) = ————————> ~ 1521, or 1521 students/yr. N’ (5) = ————— > ~ 707, or 707 students/yr.
[1+0.2MW [1+0.205)7¥

75. a. A(t) = 0.03t3(t —7)* + 60.2, so
A (t) = 0.03[3t? (t — 7)* +t3(4) (t = 7)*] = 0.03t2 (t — 7)®[3(t — 7) + 4t] = 0.21t? (t — 3) (t — 7)*.
b. A’ (1) = 0.21(=2) (—6)% = 90.72, A’ (3) = 0, and A’ (4) = 0.21 (16) (1) (—3)® = —90.72. The amount of
pollutant is increasing at the rate of 90.72 units/hr at 8 a.m. The rate of change is 0 units/hr at 10 a.m. and
—90.72 units/hr at 11 a.m.

76. N (x) = (10,000 — 40x — 0.02x2)"/?, 50 N’ (x) = 3 (10,000 — 40x — 0.02x2) ~*/? (40 — 0.04x). Thus,

N’ (10) = 3 (10,000 — 400 — 2)~%/2 (—40 — 0.4) = 1 (9598)~%/? (~40.4) ~ —0.2062, representing a 20.6% drop
in consumption per 10% tax increase. Similarly, N’ (100) ~ —0.2889, a drop of 28.9%, and N’ (150) ~ —0.3860, a
drop of 38.6%.
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12
300,/3t2 42t +25 300 ($t2+ 2t + 25)

77. P (1) = = , SO
® t+25 t+25
- (1 —1/2 L 1/2
(t +25) 1 (§t2 ot 25) (t+2) - (§t2 2t 25) )
P’ (t) = 300 >
(t + 25)
- 1:2 —1/2 1,2
- (32 +2t+25) [ +29 1 +2) -2 (32 +2t+25)] 3450t
— 2 fr— .
2(t +25) (t+25)%, /32 + 2t + 25

3450 (10) ~ 29
(35250 +20+25

or approximately 2.9 beats per minute per second. Sixty seconds into the run, it is increasing at

Ten seconds into the run, the athlete’s pulse rate is increasing at P’ (10) =

3450 (60 . . . .

P’ (60) = 3 (€0) ~ (.65, or approximately 0.7 beats per minute per second. Two minutes into

(85)- 4/1800 + 120 + 25

o . 3450 (120 . .
the run, it is increasing at P’ (120) = > (120) ~ 0.23, or approximately 0.2 beats per minute
(145)“ /7200 + 240 + 25
. . L 3004/7200 + 240 + 25
per second. The pulse rate two minutes into the run is given by P (120) = 120 125 + ~ 178.8, or
approximately 179 beats per minute.
(3n —2b) A

78. a. ar _ A(n —b)/2 4+ An (%) n-b)2=3AN-b)Y22(n-b)+n] = , and this gives the

dn
rate of change of the learning time with respect to the length of the list.

2/n—b

dT 3n—-8)4 . 39-8)4 . . . .
L — = u ifA=4andb=4. f'(13) = (—) ~ 20.7, or approximately 21 units of time per unit

dn  2n—4 2./9

. . . (87 —-8)4 . . . . .

increase in the word list. f’ (29) = 2—@ ~ 31.6, or approximately 32 units of time per unit increase in the

word list.

79. The area is given by A = 7r2. The rate at which the area is increasing is given by d A/dt, that is,
dA d 9 d o dr dr
increasing at the rate of 1607, or approximately 503 ft? /sec.

If r =40 and dr/dt = 2, then Z—f\ = 27 (40) (2) = 1607, that is, it is

80. g (t) = 0.5t2 (t2 + 10) ", so

g’ (t) = 0.5(2t) (t2 + 10) " + 0.5t2 (—1) (t2 + 10) > (2t) =t (t2 + 10) *[(t2 + 10) — t?] = 1—Ot2 In
(2 +10)

50
articular, g’ (5) = —— ~ 0.04 cm/yr.
p 9’ (5 357 8%
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7t2 + 140t + 700
8L N(x) =142xand x (t) = —5———————
) xandx (1) = 32 8ot + 550
n (t) = N (x (t)). Using the Chain Rule,
dN d d 3t2 + 80t + 550) (14t + 140) — (7t2 4 140t + 700) (6t + 80
W) =T T =10 = 142) (517 + 80t + 550) (14t + 140) — (717 + 140t + 700) (6t + 80)
dx (3t2 + 80t + 550)

. The number of construction jobs as a function of time is

at at
1.42 (140t2 + 3500t + 21000)
T (G480t +550)°
1.42[140 (12)2 + 3500 (12) + 21000]
[3(12)? + 80 (12) + 550]°

n’ (12) =

~ 0.0313115, or approximately 31,312 jobs/year/month.
82.r(t) = 2t° — 012 + 20t 1 56.2and R (r) = —s35r > + 5 2.

a. The rate of change of Wonderland’s occupancy rate with respect to time is given by r’ (t) = %—gtz - 2—3°t + %.

b. The rate of change of Wonderlands’ monthly revenue with respect to the occupancy rate is given by
R/ (r) = —g55512 + 5T

c. Whent = 0,1 (0) = 22 (0)° — £ (0)* + 2% (0) +56.2 = 56.2, 1" (0) = 33 (0)> — £ (0) + 2 = 2,
R’ (56.2) = —5555 (56.2)% + 5= (56.2) ~ 14.55, and R’ (r (0))r’ (0) ~ 14.55 (2%0) ~ 323.3. The rate
of change of Wonderland’s monthly revenue with respect to time at the beginning of January is
approximately $323,300/month. Next, whent = 6, r (6) = 31 9 (6)° — L (6)2 + 2 (6) +56.2 = 96.2,
r'6) = 2 (6)% - 2 6) + 22 = —4.44, R'(96.2) = — 5555 (96.2)2 + 5 (96.2) ~ 17.97, and
R (r (6))r’ (6) ~ (17.97) (- 4.44) ~ —79.79, so the rate of change of Wonderland’s monthly revenue with

respect to time at the beginning of July is approximately —$79,790/month; that is, the revenue is decreasing at
the rate of $79,790/month.

83.x = f(p) = %\/810,000 —p?and p(t) = 400\/_ + 200. We want to find
dx dx dp dx 100 (1) 12 100p
But — = —{ =) (810,000 — 2 ——— and
dt ~ dp dt’ dp 9 \2 ( Py 2e) = " 9,/810,000 — p2
d d -1 d -2 25
d—f = 400— (1 + %tl/z) + 7 (200) = —400 (1 + %tl/z) (%) (%t‘l/z) R ]
VE(1+ 3
2 4
50 ((jj_)t( = 500p > and whent = 16, p = % +200 = Y0, Therefore,
9\/EV/810,000 — p (1+ $) 1+ gv/16
dx 2500 (1400)

i , ~ 18.7. The quantity demanded will be changing at the rate of
9¢E\/ 810,000 — (1400) (1+§v16)

approximately 19 computers/month.
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t2+2t+4 p+

4. p = f = - R =1 . W
84. p t) (t2+4t+8) and R(p) = OOO(p+2) e want

drR _ dR dp Nowd—R _ 1000[(p+2)(1)—(p2+4)(1)} _ 20002 and

dt ~ dp dt’ dp (p+2) (p+2)

t24+4t+8) (2t +2) — (t2+2t+4) 2t + 4

d_p=50 (t?+4t+8) 2t +2) — ( +2 +4) (2t + 4) _ 100t(t+4)2.Whent=2'

dt (t2 + 4t + 8) (12 + 4t + 8)

_ (w)zgo dd_R_ 20002. 100t(t+4)2 :_2002. 100(2)(6)2%—5.86;that

4+8+8 dt (P+2° (1244t +8) (32> (4+8+38)

is, the passage will decrease at the rate of approximately $5.86 per passenger per year.
85. True. This is just the statement of the Chain Rule.
86. True. L [f (cx)] = f/(cx) & (cx) = ' (cx) - c.

f/
12 1 () = f(>8()_

=

87. True. LT =& [f0]"*=1[f 0]

o

1 1 1 1
88. False. Let f (x) = x. Then f (;) =5 andso f’(x) = 2 But f'(x) =1,s0 f’ (;) =1

89. Let f (x) = x1/" sothat [ f (x)]" = x. Differentiating both sides with respect to x, we get n [ f (x)]”_1 f/(x) =1,

1 1 1 1
so f/(x) = — = - i = —x3/M~1 as was to be shown.
n[f0]"" n[xl/n] T~ nxI=@m " q
90. Let f (x) =x" = xm/n (x™?¥" Then [f (x ]n x™. Therefore,
n[f 0"t (x) = [f 0] " xmL = %( m/n)~ n+1xm‘1=%x[m(—“+1)/“]+m—l
— _X(m—n)/n — _X(m/n) 1 —rx'— 1
n n
Using Technology page 198
1. 0.5774 2. 1.4364 3. 0.9390
4. 3.9051 5. —4.9498 6. 0.1056

7. a. Using the numerical derivative operation, we find that N’ (0) = 5.41450, so the rate of change of the number of
people watching Tv on mobile phones at the beginning of 2007 is approximately 5.415 million/year.

b. N’ (4) ~ 2.5136, so the corresponding rate of change at the beginning of 2011 is approximately
2.5136 million/year.

8. a. 43.6 million b. 0.432745 million/year
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3.4 MARGINAL FUNCTIONS IN ECONOMICS

Marginal Functions in Economics

Concept Questions page 209

1. a.

b.

The marginal cost function is the derivative of the cost function.

The average cost function is equal to the total cost function divided by the total number of the commodity
produced.

¢. The marginal average cost function is the derivative of the average cost function.

3. P

. The elasticity of demand at a price P is E (p) = —

. The marginal revenue function is the derivative of the revenue function.

. The marginal profit function is the derivative of the profit function.

pf’(p)
f (p)

, where f is the demand function x = f (p).

143

. The elasticity of demand is elastic if E (p) > 1, unitary if E (p) = 1, and inelastic if E (p) < 1. If E (p) > 1,
then an increase in the unit price will cause the revenue to decrease, whereas a decrease in the unit price will

cause the revenue to increase. If E (p) = 1, then an increase in the unit price will have no effect on the revenue.
If E (p) < 1, then an increase in the unit price will cause the revenue to increase, and a decrease in the unit price

will cause the revenue to decrease.

(X) = R(x) = C(x),s0 P’ (x) = R’ (x) — C’(x). Using the given information, we find

P’ (500) = R’ (500) — C’ (500) = 3 — 2.8 = 0.2. Thus, if the level of production is 500, then the marginal profit is
$0.20 per unit. This tells us that the proprietor should increase production in order to increase the company’s profit.

Exercises page 209

1. a. C (x) is always increasing because as x, the number of units produced, increases, the amount of money that must

be spent on production also increases.

b. This occurs at x = 4, a production level of 4000. You can see this by looking at the slopes of the tangent lines for

x less than, equal to, and a little larger then x = 4.

2. a. If very few units of the commodity are produced then the cost per unit of production will be very large. If x is

b.

3. a.

b.

very large, the typical total cost is very large due to overtime, excessive cost of raw material, machinery

breakdown, etc., so that A (x) is very large as well; in fact, for a typical total cost function C (x), A (x) ultimately

I O §'
grows faster than x, that is, lim L =00
X—00 X

The average cost per unit is smallest ($yo) when the level of production is xg units.

The actual cost incurred in the production of the 1001st disc is given by

C (1001) — C (1000) = [2000 + 2 (1001) — 0.0001 (1001)?] — [2000 + 2 (1000) — 0.0001 (1000)?]
= 3901.7999 — 3900 = 1.7999, or approximately $1.80.

The actual cost incurred in the production of the 2001st disc is given by

C (2001) — C (2000) = [2000 + 2 (2001) — 0.0001 (2001)2] — [2000 + 2 (2000) — 0.0001 (2000)?]
= 5601.5999 — 5600 = 1.5999, or approximately $1.60.

The marginal cost is C’ (x) = 2 — 0.0002x. In particular, C’ (1000) = 2 — 0.0002 (1000) = 1.80 and
C’ (2000) = 2 — 0.0002 (2000) = 1.60.
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4. a. C (101) — C (100) = [0.0002 (101)® — 0.06 (101)? + 120 (101) 4 5000]

10.

.Cx) =

.C(x) =

— [0.0002 (100)% — 0.06 (100)2 + 120 (100) + 5000]
~ 114, or approximately $114.
Similarly, we find C (201) — C (200) ~ $120.06 and C (301) — C (300) ~ $138.12.
b. We compute C’ (x) = 0.0006x2 — 0.12x + 120. Thus, the required
quantities are C’ (100) = 0.0006 (100)2 — 0.12 (100) + 120 = 114, or
$114; C’ (200) = 0.0006 (200)? — 0.12 (200) + 120 = 120, or $120; and
C’ (300) = 0.0006 (300)? — 0.12 (300) + 120 = 138, or $138.

_ C 100x + 200,000 200,000
a T =2 _ 100+ — 100 + .
X X X
_ d d 200,000
b. C’ (x) = — (100) + — (200,000x ~1) = —200,000%x 2 = ————.
(X) dx (100) + dx ( ) x2

200,000

c. lim C(x)= lim (100 + ) = 100. This says that the average cost approaches $100 per unit if the
X—00 X—00

production level is very high.

a Too=® _ 5000 o
X X
_ 5000

¢. Because the marginal average cost function is negative for x > 0, the rate of change of the average cost function
is negative for all x > 0.
_ 2
— C)Ex) _ 2000+2xx 0.0001x _ 2OX00 + 2 — 0.0001x, 50

~ 2000 2000
C'(x) = =5 +0-0.0001 = —=>= —0.000L.

C(x) _ 0.0002x3 — 0.06x% + 120x + 5000

X X

_ 5000
C’ (x) = 0.0004x — 0.06 — ——.
X2

5000
= 0.0002x2 — 0.06x + 120 + — %0

a8}

d
- R'(x) = - (8000x — 100x?) = 8000 — 200x.

b. R’ (39) = 8000 — 200 (39) = 200, R’ (40) = 8000 — 200 (40) = 0, and R’ (41) = 8000 — 200 (41) = —200.
. This suggests the total revenue is maximized if the price charged per passenger is $40.

o

QD

. R (X) = px = x (—0.04x + 800) = —0.04x? + 800x.
. R (x) = —0.08x + 800.

. R (5000) = —0.08 (5000) + 800 = 400. This says that when the level of production is 5000 units, the
production of the next speaker system will bring an additional revenue of $400.

o T

QD

. P (x) = R(x) — C (x) = (—0.04x? + 800x) — (200x + 300,000) = —0.04x? + 600x — 300,000.
. P’ (x) = —0.08x + 600.
. P’ (5000) = —0.08 (5000) + 600 = 200 and P’ (8000) = —0.08 (8000) + 600 = —40.

o T
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P ($million) The profit realized by the company increases as production
2 increases, peaking at a production level of 7500 units. Beyond this
level of production, the profit begins to fall.

0 4 8 12 x (thousand)

P (x) = —10x2 4 1760x — 50,000. To find the actual profit realized from renting the 51st unit, assuming that
50 units have already been rented, we calculate

P (51) — P (50) = [~10 (51)2 + 1760 (51) — 50,000] — [—10 (50)? + 1760 (50) — 50,000]
= —26,010 + 89,760 — 50,000 + 25,000 — 88,000 + 50,000 = 750, or $750.

. The marginal profit is given by P’ (x) = —20x + 1760. When x = 50, P’ (50) = —20 (50) + 1760 = 760, or

$760.

The revenue function is R (x) = px = (600 — 0.05x) x = 600x — 0.05x2 and the profit function is
P (x) = R(x) — C (x) = (600x — 0.05x?) — (0.000002x3 — 0.03x2 + 400x + 80,000)

= —0.000002x3 — 0.02x? + 200x — 80,000.

d
.C'(x) = ax (O.OOOOOZX3 —0.03x2 4 400x + 80,000) = 0.000006x2 — 0.06x + 400,

d
7 (600x — 0.05x2) = 600 — 0.1x, and

d
P/ (x) = X (—0.000002x3 — 0.02x? + 200x — 80,000) = —0.000006x? — 0.04x + 200.

R'(x) =

. C’ (2000) = 0.000006 (2000)? — 0.06 (2000) + 400 = 304, and this says that at a production level of 2000 units,

the cost for producing the 2001st unit is $304. R’ (2000) = 600 — 0.1 (2000) = 400, and this says that the
revenue realized in selling the 2001st unit is $400. P’ (2000) = R’ (2000) — C’ (2000) = 400 — 304 = 96, and
this says that the revenue realized in selling the 2001st unit is $96.

C ($million) R ($million) A P ($thousand)
2 300
2
200
1 1
100
0 2 4 6 g x(thousand) 0 4 8 12 x (thousand) oll 2 4 4 X (thousand)

R (x) = xp (x) = —0.006x? + 180x and
P (x) = R (x) — C (x) = (—0.006x2 + 180x) — (0.000002x* — 0.02x2 + 120x + 60,000)

= —0.000002x3 + 0.014x2 + 60x — 60,000.

. C’ (x) = 0.000006x2 — 0.04x + 120, R’ (x) = —0.012x + 180, and P’ (x) = —0.000006x? + 0.028x +- 60.
. C’(2000) = 0.000006 (2000)?> — 0.04 (2000) + 120 = 64, R’ (2000) = —0.012 (2000) 4 180 = 156, and

P’ (2000) = —0.000006 (2000)2 + 0.028 (2000) + 60 = 92.
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d. 4 C ($million) & ($million) 400+ P (Sthousand)
1.2 6
0s 12 300
0.8 200
0.4 04 100
0 5 10 x(thousand) ¢ 10 20 30 x(housand) o' 5 4 6 8 10 (thousand)

Ckx) 0.000002x2 — 0.03x2 + 400x + 80,000 80,000

15.a. C (x) = . 2 = 0.000002x2 — 0.03x + 400 + —
b. C’ (x) = 0.000004x — 0.03 — 80)’(200.
— 80,000 . _
c. C’(5000) = 0.000004 (5000) — 0.03 — 0002 ~ —0.0132, and this d c@
says that at a production level of 5000 units, the average cost of 600
e . . . 400
production is dropping at the rate of approximately a penny per unit.
_ 80,000 200
C’ (10,000) = 0.000004 (10000) — 0.03 — — 5 ~ 0.0092, >
10,000 ol 5000 10,000 x

and this says that, at a production level of 10,000 units, the average cost of production is increasing at the rate of
approximately a penny per unit.

_ 60,000
16. a. C (x) = 0.000002x3 — 0.02x? 4 120x + 60,000, so C (x) = 0.000002x? — 0.02x + 120 + —
. L — 60,000
b. The marginal average cost function is given by C (x) = 0.000004x — 0.02 — Z
— 60,000 C
¢. T’ (5000) = 0.000004 (5000) — 0.02 — . d. ®
(5000) 1
= 0.02 — 0.02 — 0.0024 = —0.0024 and 200
_ 60,000 ]
C' (10,000) = 0.000004 (10,000) — 0.02 — ——— 100
(10000)
= 0.04 — 0.02 — 0.0006 = 0.0194. 0 sdoo 10’*000 >
We conclude that the average cost is decreasing when 5000 TV sets are produced and increasing when
10,000 units are produced.
50x
17. a. R = =
a RO =PX =001
0.01x? 4 1) 50 — 50x (0.02x 50 — 0.5x2
b. R’(x)=( ) 2( )= 5
(0.01x2 + 1) (0.01x2 + 1)
, 50—-0.5(4) . . .
c. R"(2) = ~ 44.379. This result says that at a sales level of 2000 units, the revenue increases at

~ [0.01(4) + 1)?
the rate of approximately $44,379 per 1000 units.

dc d
18. = = o~ (0.712x + 95.05) = 0.712.

19. C (x) = 0.873x11 +20.34, 50 C’ (x) = 0.873 (1.1) x%1. C’ (10) = 0.873 (1.1) (10)°* = 1.21.
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ds dC
d_x__[x_c(x)]_l_d_x

The consumption function is given by C (x) = 0.712x + 95.05. The marginal propensity to consume is given by

d4€ — 0.712. The marginal propensity to save is given by 3 =1 — 4 =1 —0.712 = 0.288.

Here C (x) = 0.873x11 +20.34, 50 C’ (x) = 0.9603x%! and 2 =1 — 4 = 1 — 0.9603x*L. When x = 10, we
have 33 = 1 — 0.9603 (10)*! &~ —0.209, or approximately — $0 209 billion per billion dollars.

f(x) = 2x2 + x + 1,50 f/(x) = 4x + 1. The percentage rate of change of f at x = 2 is

=100 | -——— =100 ( ———— ) ~ 81.82 (percent per unit change ,
f(2) |:2X2+x-i—1]x2 (8+2+1) (P per unit change in x)

—1/2

f(x) = (2x? +7)1/2, s0 f/(x) = 3 (2x2+7)77/7 (4x). Then f (3) = 252 and ' (3) = 6 (25)~%/2, so the

. f(3) 6(25"Y2 100-6 .
percentage rate of change of f at x = 3is 100 @ 100 - T A 24 (percent per unit change
in x).

1 X+ x+1) (1) — (x+1)(3x2
f(X)=L,50f/(X)=( X+ @ - b (4 ) . Then f (2) = and f'(2) = -, 50
X34+ x+1 (x3+x +1)°
28

the percentage rate of change of f at x = 2 is 100 - 121 ~ —84.85 (percent per unit change in x).

11

3/2
fxX)={———— , SO
243x 412

3 X Y2 g X
') == —— -

2 \x24+3x+12 dx \ x2+3x+12

3

2

( X )1/2|:(x —|—3x—12)(1)—x(2x—|—3)]

X2 4+ 3x + 12 ( +3X+12)
Then £ (1) = (&) = Land /(1) = 2 (&) (&) = 2., soth tage rate of ch ffatx =1
en ()—(E) =gz an ()—E(E) (ﬁ)_m,so e percentage rate of change of f at x =

33
is 100 - 2298 — 103.125 (percent per unit change in x).
i

5
o P() 5p
Here x = f (p) = —2p +20and so f’ (p) = —2. Therefore, E (p) = — d =- = :
() =-3p (p) =3 P == = “5pr20 80-5p

5(10) 50 5 . .
E (10) = —————— = — = = > 1, and so the demand is elastic.
10 =8-5a0 30 3" 15 elastl

3

_ 3 Sy 3 . o _ (P _ p(_i)
f(p) =—3p+9 0 f'(p) = —3. Then the elasticity of demand is given by E (p) = — =—— .
f(p) —-5p+9

2(=2
Therefore, when p =2, E (2) = —ﬁ = § = 1 < 1, and we conclude that the demand is inelastic at this

price.



148 3 DIFFERENTIATION

29.

30.

31.

32.

33.

34.

f(p) = —%p +20,s0 f'(p) = —%. Then the elasticity of demand is given by E (p) = —— 0 and
3
30 (—%)
E (30) = ————"— =1, and we conclude that the demand is unitary at this price.
—5(30) +20

Solving the demand equation for x, we find x> = 144 — p, or x = /144 — p (because x must be nonnegative).

. , . 1
With x = f () = (144 — P2 we have £ (p) = 3 (144 = p) V2 (=1) = —3—e s Therefre,
ot o) _ P (~arts) P
e =P -

f(p) JId&—p = 2(144—p)

E (96) = % =1, and so the demand equation is unitary.

x2 =169 —p and f (p) = (169 — p)*/2. Next, f'(p) = 3 (169 — p)~Y/2 (=1) = —3 (169 — p)~¥/2. Then the

_1 — )12
, D (169 — p) 1
elasticity of demand is given by E (p) = — P _ _ ( 2) 2P

= . Therefore, when
f(p) (169 — p)/2 169 — p

3(29) 145

P=29E() = 14925 = 120

price.

~ 0.104. Because E (p) < 1, we conclude that demand is inelastic at this

I (t) = —0.02t3 + 0.4t2 + 120, so I’ (t) = —0.06t? + 0.8t. Then | (1) = —0.02 + 0.4 4+ 120 = 120.38 and
I’ (1) = —0.06 + 0.8 = 0.74, so the annual percentage rate of inflation in the CPI of the country at the beginning of
1’ (2) 0.74

100 -
I (1) 120.38

2014 (t = 1) is 100 - ~ 0.6147, or approximately 0.615%.

a. The percentage rate of change in per capita income in year t is

d 1@
C'M dt [P_(t)] _ POI'®)-1MOP @) P POI'M)—-1MOP (1)
1005 =100 =2 = 100- P OF T = P01 .

b. Here I (t) = 10° (300 + 12t) and P (t) = 2 x 107e%0% 5o 1’ (t) = 12 x 10% and P’ (t) = 4 - 10°e0.02,
Therefore, the percentage rate of change in per capita income in year t is

100. 2% 107e%02t (12 x 10%) — 107 (300 + 12t) (4 - 10°%%9%") 2400 x 1066002t — 48 x 10%6e002 (25 + t)

(2 . 1O7e0-02t) 109 (300 + 12t) 24 . 1016g0.02t (25 4 t)
_ 502t
T 2541t
. o . . 50—-2(2) 46
c. The percentage rate of change in per capita income 2 years from now is projected to be T T = 77" or

approximately 1.7%/yr.

R'(@) _ 100[f'(a)+¢ @]

The percentage growth rate att = a is 100 - . Taking f’(a) = 0.24, ¢’ (a) = 0.30,

R@  f@+g@
/
f (@) =3.2,and g (@) = 2.6, we have 100 - F; ((:)) = 100 S'zzi_;g'?’o) ~ 9.31. Thus, the percentage growth rate

is approximately 9.31% per year.
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f(p) = % (225 — p2), so f'(p) = %(—Zp) = —%p. Then the elasticity of demand is given by

IO P (-%p) 2p?

E = = — = .
P f(p) (225 - p2) 225 p?
a. When p =8, E(8) = % ~ 0.8 < 1 and the demand is inelastic. When p = 10,

2 (100) . .
E (10) = 225 — 100 = 1.6 > 1 and the demand is elastic.
2 2
b. The demand is unitary when E = 1. Solving Tppz =1, we find 2p? = 225 — p?, 3p? = 225, and

p ~ 8.66. So the demand is unitary when p ~ 8.66.
c. Because demand is elastic when p = 10, lowering the unit price will cause the revenue to increase.

d. Because the demand is inelastic at p = 8, a slight increase in the unit price will cause the revenue to increase.

f (p) = (144 — p)¥/?, 50 ' (p) = 3 (144 — p)~Y/2 (=1). Then the elasticity of demand is given by

Ep=_PI® _ P(-pau-p?
DT ) T am-p?  20#-p)
63 96 108

b. At a unit price of $63, a unit price increase of $1 will result in a decrease of approximately 0.39% in demand as
well as increased revenue. When the unit price is set at $96, a price increase of $1 will not cause any change in
demand or revenue. When the price is set at $108, a price increase of $1 will cause a decrease of approximately
1.5% in demand as well as decreased revenue.

¢. The demand is inelastic when p = 63, unitary when p = 96, and elastic when p = 108.

f(p)=2 (36— pz)l/z. f'(p) = 3 (%) (36 — p2)_1/2 (—2p) = —4p (36 — pz)_l/z. Then the elasticity of
/ _2 36 — p2 =172 2
demandisgivenbyE(p):-pf P __ 3P ( P) P__P
f (p) 2 (36— p2)*? 36 — p?
a. When p =2, E(2) = 36;44 =3 < 1, and we conclude that the demand is inelastic.

b. Because the demand is inelastic, the revenue will increase when the rental price is increased.

5
H = f (p) = /400 — 5p = (400 — 5p)*/2. Therefore, f’ (p) = & (400 — 5p) /2 (=5) = ——o——,
ere x = f (p) p=( p)/2. Therefore, f' (p) = 3 ( P =~
-5
and soE(p)=—pf/(p) :_p( 2v40°_5p) — op
f (p) /400 — 5p 2 (400 —5p)°
_ 5¢40 o B
a. E (40) = 2[00 —5(@0)] 0.5, and so the demand is inelastic when p = 40.
E (60) = & = 1.5, and so the demand is elastic when p = 60
= 2[00—5060] p =5
L 5p . _ B . _ £al .
b. The demand is unitary if 20400 —5p) 1,0r5p = 800 — 10p, that is, when p = 533. (This also follows from

part (a).)
c. Because the demand is elastic at p = 60, lowering the unit price a little will cause the revenue to increase.

d. Because the demand is inelastic at p = 40, a slight increase of the unit price will cause the revenue to increase.
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39. We first solve the demand equation for x in terms of p. Thus, p = +/9 — 0.02x, and p2 = 9 — 0.02x, or

_ . t'(p) p(-100p) _ 2p’
— _50p? + 450. With f (p) = —50p2 + 450, we find E (p) = — = - = :
X P+ ith f (p) p* + 450, we find E (p) f(p) —50p2 +450 ~ 9 — p2

Setting E (p) = 1 gives 2p? = 9 — p?, so p = +/3. So the demand is inelastic in (0, ﬁ) unitary when p = /3,
and elastic in (ﬁ 3).

_ 1/2 1/2
40. f (p) = 10(50 p) - 10(%—1) S0

p
50 “2 0 50 250 (50 -1/
"oy =10(3) (2 - o0y 230 /50 - - o
f’ (p) =10 (2) ( 5 1) ( pz) = ( 5 1) . Then the elasticity of demand is given by
p( 250) (50 1)-1/2 250
f/ T p2 )J\p o 2 2
E(p):—p (p):— P P =— P = > = > . Setting E =1

f 172 50 50 — 50 —
(p) 10 (@_1) 10 (__1) p( p) p
p p p

gives 1 = ,and so0 25 =50 — p, and p = 25. Thus, if p > 25, then E > 1, and the demand is elastic; if

25
50-1p
p = 25, then E = 1 and the demand is unitary; and if p < 25, then E < 1 and the demand is inelastic.

d
xC'(x) = C (x) = (x) L i)
41. True. T’ (x) = dd_x [C)Ex)} — — dx ~ _ XC (X)X2 Cx)

42. False. In fact, it makes good sense to increase the level of production since, in this instance, the profit increases by
f’ (a) units per unit increase in Xx.

3.5  Higher-Order Derivatives

Concept Questions page 217

1. a. The second derivative of f is the derivative of f’.

b. To find the second derivative of f, we differentiate f’.

2. f’(t) measures its velocity at time t, and f” (t) measures its acceleration at time t.

3.a f'(t)>0and f”(t) > 0in(a, b). b. f/(t) > 0and f”(t) <0in(a,b).
c. f"(t) <0and f”(t) > 0in(a,b). d. f/(t) <0and f”(t) <0in(a,b).
4. a. f'(t)>0and f”(t) =0in(a,b). b. f'(t) <0and f”(t) =0in (a, b).

c. f/t)=0and f”(t)=0in(a,b).

Exercises page 218

1. f(x) =4x2—2x+1,50 f/(x) =8x —2and f” (x) = 8.

2. f(x) =—0.2x24+0.3x + 4,50 f'(x) = —0.4x +0.3and f” (x) = —0.4.
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f(x)=2x3—3x2+1,50 f'(x) =6x2 —6x and f” (x) =12x —6 = 6 (2x — 1).
. g (x) = —3x3 4 24x2 4+ 6x — 64,50 g’ (X) = —9x? + 48x + 6 and g” (X) = —18x + 48.
cht)=t*—2t3 4 6t2 -3t +10,s0 ' (t) = 4t> — 6t + 12t —3and h” (t) = 12t? — 12t + 12 =12 (12 —t + 1).
CF ) =x5 = x4+ x3—x24+x—1,50 f/(x) =5x* —4x3 +3x2 —2x +1and f” (x) = 20x% — 12x% + 6x — 2.

CF) = (x24+2)°% 50 () = 5(x2+2)" @0 = 10x (x2+2)* and
£7(x) =10 (x +2)* + 10x @) ( +2)° 20 =10 (x +2)° [ (x® + 2) +8x2] = 10 (92 + 2) (x2 +2)°.

.g(t) =t2 3t +1)* s0
g’ () =2t Bt +1)* +t2(4) Bt + 1)*(3) = 2t (3t + 1)3[(3t + 1) + 6t] = (3t + 1)3 (18t2 + 2t) and

g’ (t) = 2t (9t + 1) (3) (3t + 1) (3) + (3t + 1)3 (36t +2) = 2 (3t + 1)2[9t (9t + 1) + (3t + 1) (18t + 1)]
= 2(3t + 1) (81t2 + 9t + 54t2 + 3t + 18t + 1) = 2 (135t% + 30t + 1) (3t + 1)°.

g M) = (2t2 — 1)* (3t2), 50
g/ () =2 (2t2 — 1) (4t) (3t2) — (2t2 — 1)° (6t) = 6t (2t% — 1) [4t2 + (2t2 — 1)] =6t (22 — 1) (62 — 1)
= 6t (12t* — 8t2 + 1) = 72t5 — 48t3 + 6t
and g” (t) = 360t* — 144t% + 6 = 6 (60t* — 24t + 1).

hx) = (+1)°(x—1), s0 " (x) = 2(x2+1) (2x) (x —1) +

(+1)° (@) = (@ +1) [4x x = 1) + (2 + 1)] = (2 +1) (5x% — 4x + 1) and

h” (x) = 2x (5x% — 4x 4+ 1) + (X2 + 1) (10x — 4) = 10x3 — 8x2 + 2x + 10x3 — 4x2 4+ 10x — 4
=20x3 — 12x2 + 12x — 4 =4 (5x® — 3x? + 3x — 1).

) = (2x2+ 2)7/2, so f/(x) = £ (2x2 + 2)5/2 (4x) = 14x (2x% + 2)5/2 and

£700 =14 (2x2 +2)” + 14x (3) (22 +2)" 40) = 14 (212 +2)* [(2x2 + 2) + 10x7]
=28 (6x2 + 1) (2x2 +2)*2.
h(w) = (w2 + 2w +4)% 500 () = 3 (w? + 2w +4)*? 2w +2) = 5w + 1) (w2 + 2w + 4)** and
h (w) =5 (w? + 2w +4)* + 5w + 1) (g) (w2 + 2w + 4)% 2w + 2)
=5(w2 + 2w + 4) " [(w? + 2w +4) + 3 (w + D?] =5 (402 + 8w + 7) (w? + 2w + 4) /2.
f(x)=x(x%+ 1)2, S0
00 = (C+1)°+x@2) (2 +1) 20) = (C+1)[(+1) +4x3] = (x2+1) (5x + 1) and
f7(x) = 2x (5x? + 1) + (x2 4 1) (10x) = 2 (52 + 1 4 5x2 4 5) = 4x (5x2 + 3).

g =uu—-1)3-s09g (u)=Qu—1)°%+u®3) 2u—-1)2%2) =@u—1)2[(u — 1) +6u] = (8u — 1) (2u — 1)?
andg” (U)=8QRu—-124+@Bu—-1)2)Qu—1)2)=4(u—1)[22u — 1) + (8u — 1)] = 12 (2u — 1) (4u — 1).
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ex+)D)-x@ 1

P00 = g5 e = (2x + 1)2 T o@x+1)2 and
yoon O 2 3 _ 4
f )= @+D =22+ @) = LD
B t2 t—-DEH-t*21)  t2-2t  t(t-2)
git) = ,s0 g () = 17 = 17 = 17 and
¢ = (t—1)2(2t—2)—t(t—2)2(t—1) _ 20 -1 [t -1 -t -2)] _ 2
t—1)7* t-17* t-1>%
s—1 C+HM—(-1H@) 2
f(s) = +1 so f'(s) = c1 1)y = i 12 and
" _ 9 -2 _ _ -3 _ _
f (s)_2OIS (s+1) 4(s+1) ST
2 2
f )= . S0 ) = W+ —-Ww@u  —u +12 and
2 @+ @@+
£ ) = (u2+1)% (—2u) — (-u2+ 1) @ (U2 +1) @u)  2u(u?+1)(—u?—1+2u2—-2) 2u(u-3)
(v +1)" (w2 +1)°* (W +1)°
3
— JA=30 = (4 —3u)L2 ) = La—3)Y2(—3) = —— >
f(u) 4 —3u (4 —3u)+, so f'(u) 5 (4 —3u) (=3) N and
vy = 34 g g2 3 _E) a2y
) =—3 O|u(4 3u)12 = 2( 5 ) 4=3WT(=8) = TSI
1
_ — 1 _ _1\1/2 / _ 1 _1n\—1/2 _ _n-12 _
fX)=v2x—1=2x-17%s0 f'(x) = 5(2x = 1) 2)=@2x-1 = mand
1
") =—2x-D2Q=-x-1) = ———.
(X) 2( X ) () (X ) m

f (x) =3x% —4x3,50 f/ (x) = 12x3 — 12x2, f” (x) = 36x% — 24x, and " (x) = 72x — 24.

f (X) = 3x> — 6x* +2x2 — 8x + 12,50 f/ (X) = 15x* — 24x3 4+ 4x — 8, f” (x) = 60x3 — 72x% + 4, and
£ (x) = 180x2 — 144x.

d -1 -2 1 " -3 2 " —4 6

d ) -3 _ 4 ’ —4 12 " -5 48

F OO0 =750 F100 =2 (x7%) = —4x — 170 =12x" = and £7(x) = ~48x 5 = — .
3
96 = @B-2"% 09© = $E-2770) = ;o0
9

" _ 3(_1 _n—3/2 _ _9 _n—3/2 _ _
g’ () = 2( 2)(35 2) B =-7@s-2) = 74(35_2)3/2, and

81

") =4 Bs-22@R) =8 @ -2 = —— .
g () 8( ) () 8( ) 8(35 2)5/2
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gt) =v2U+3,509 (1) =2t +3)7V2Q2Q) =2 +3)7V2,g" 1) = -1 2t +3)732(2) = — 2t +3)7%/2,

and g/// (t) = % (2t + 3)_5/2 (2) = W

f(x)=@x—=23)%50 f' (x) =4(2x —3)3(2) =8(2x —3)3, f”(x) = 24 (2x — 3)? (2) = 48 (2x — 3)?, and
£ (x) = 96 (2x — 3) (2) = 192 (2x — 3).

g(t) = (%tz—l)s,so a0 =5(%t2—1)4(t) =5t( )
g" (t) =5(3t2- 1)4 +5t (4) (312 - 1)3 =5 (32 - 1) [( - ) 42 =3 (0 - 2) (312 - 1)3, and
9" () =3 [18t (%t2 - 1)3 +(9t2-2)3 (%tZ _ 1) (t)} = L5y

=30t (3t2 - 2) ($t2 - 1)2.

A I'\JII—\
l\)ll—‘
I
=
N——"

N
—
(o]
~—
Nl
—
)
H
—
—
(o]
—
)
|
N
A —
—_

Its velocity at any time t is o (t) = % (16t2) = 32t. The hammer strikes the ground when 16t2 = 256 or t = 4 (we
reject the negative root). Therefore, its velocity at the instant it strikes the ground is v (4) = 32 (4) = 128 ft/sec. Its
acceleration at timetisa (t) = % (32t) = 32. In particular, its acceleration at t = 4 is 32 ft/sec?.

s(t) = 20t + 8t2 —t3, s0 ¢ (t) = 20 + 16t — 3t2 and s” (t) = 16 — 6t. In particular,
s” ( ) =16 — 6( ) 16— 3 =0.We conclude that the acceleration of the car att = 3 8 seconds is zero and that

the car will start to decelerate at that point in time.

P (t) = 0.38t%2 + 1.3t + 3.

a. The projected percentage is P (5) = 0.38 (5)2 + 1.3 (5) + 3 = 19, or 19%.

b. P’ (t) = 0.76t + 1.3, so the percentage of vehicles with transmissions that have 7 or more speeds is projected to
be changing at the rate of P/ (5) = 0.76 (5) + 1.3 = 5.1, or 5.1% per year (in 2015).

c. P”(5) = 0.76, so the rate of increase in vehicles with such transmissions is itself increasing at the rate of 0.76%
per year per year in 2015.

N (t) = 0.00525t2 + 0.075t + 4.7.

a. The projected number of people of age 65 and over with Alzheimer’s disease in the U.S. is
N (2) = 0.00525 (2)? + 0.075 (2) + 4.7 = 4.871, or 4.871 million, in 2030.

b. N’ (t) = 0.0105t + 0.075, so the number of patients is projected to be growing at the rate of
N’ (2) = 0.0105 (2) + 0.075 = 0.096, or 96,000 per decade, in 2030.

c. N” (t) = 0.0105, so the rate of growth is projected to be growing at the rate of 10,500 per decade per decade.

N (t) = —0.1t3 + 1.5t2 + 100.

a. N’ (t) = —0.3t2 + 3t = 0.3t (10 — t). Because N’ (t) > Ofort =0,1,2, ..., 8, itis evident that N (t) (and
therefore the crime rate) was increasing from 2006 through 2014.

b. N“(t) = -0.6t +3=0.6(56—1). Now N"(4) =06 > 0, N"(5) =0, N"(6) = —0.6 < 0,
N”(7) = —=1.2 < 0,and N” (8) = —1.8 < 0. This shows that the rate of the rate of change was decreasing
beyond t = 5 (in the year 2011). This indicates that the program was working.



154

34.

35.

36.

37.

38.

39.

3 DIFFERENTIATION
G (t) = —0.2t3 4 2.4t% 4 60.

a. G/ (t) = —0.6t2+48t =06t (8—1),50G" (1) =42,G' (2 =72,G'(3)=9,G' (4 =9.6,G' (5) =9,
G'(6)=7.2,G'(7)=4.2,and G’ (8) = 0.

b. G"(t) =-12t+48=12(4—-1),50G"(1)=36,G"(2)=24,G"(3)=12,G"(4)=0,G"(5) =-1.2,
G” (6) = —2.4,G” (7) = —3.6,and G” (8) = —4.8.

¢. Our calculations show that the GDP is increasing at an increasing rate in the first five years. Even though the
GDP continues to rise from that point on, the negativity of G” (t) shows that the rate of increase is slowing down.

S (t) = 4t3 + 2t2 4 300t, 50 S (6) = 4 (6)° + 2 (6)? + 300 (6) = 2736. This says that 6 months after the grand
opening of the store, monthly LP sales are projected to be 2736 units.

S (t) = 12t2 + 4t 4+ 300, so S’ (6) = 12 (6)2 + 4 (6) 4+ 300 = 756. Thus, monthly sales are projected to be
increasing by 756 units per month.

S” (t) = 24t + 4, s0 S” (6) = 24 (6) + 4 = 148. This says that the rate of increase of monthly sales is itself
increasing at the rate of 148 units per month per month.

a. f(t) = —0.2176t3 + 1.962t% — 2.833t + 29.4, so the median age of the population in the year 2000 was
f (4) = —0.2176 (4)% + 1.962 (4)? — 2.833 (4) + 29.4 ~ 35.53, or approximately 35.5 years old.

b. ' (t) = —0.6528t2 4 3.924t — 2.833, so the median age of the population in the year 2000 was changing at the
rate of —0.6528 (4) + 3.924 (4) — 2.833 = 2.4182; that is, it was increasing at the rate of approximately
2.4 years of age per decade.

c. f”(t) = —1.3056t + 3.924, so the rate at which the median age of the population was changing in the year
was f” (4) = —1.3056 (4) + 3.924 = —1.2984. That is, the rate of change was decreasing at the rate of
approximately 1.3 years of age per decade per decade.

P (t) = 0.0004t3 + 0.0036t2 + 0.8t + 12, s0 P’ (t) = 0.00012t2 + 0.0072t + 0.8. Thus, P’ (t) > 0.8 for
0 <t <13. P”(t) =0.00024t + 0.0072, and for 0 <t < 13, P” (t) > 0. This means that the proportion of the
U.S. population that was obese was increasing at an increasing rate from 1991 through 2004,

a h(t) = 4&t* —t3+4t2 so ' (t) = 713 — 3t% + 8t.

b. h'(0) = 0, or 0 ft/sec. h' (4) = % (64) — 3 (16) +8(4) = 0, or 0 ft/sec, and h’ (8) = I (8)* —3(64) +8(8) =0,
or 0 ft/sec.

c. h”(t) = 3t — 6t +8.

d. h” (0) = 8 ft/sec?, h” (4) = 3 (16) — 6 (4) + 8 = —4 ft/sec?, and h” (8) = 3 (64) — 6 (8) + 8 = 8 ft/sec?.
e.h(0)=0ft,h@ =& @*—@)3>+4@?=16ftandh (8) = & (8)* — (8)°® +4(8)* = 0ft.

A(t) = —0.00006t> + 0.00468t* — 0.1316t% + 1.915t2 — 17.63t + 100, so

A (t) = —0.0003t* +0.01872t3 — 0.3948t2 +3.83t —17.63 and A” (t) = —0.0012t3 +0.05616t2 — 0.7896t + 3.83.
Thus, A’ (10) = —3.09 and A” (10) = 0.35. Our calcutations show that 10 minutes after the start of the test, the

smoke remaining is decreasing at a rate of 3.09% per minute, but the rate at which the rate of smoke is decreasing is
decreasing at the rate of 0.35 percent per minute per minute.
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P (t) = 33.55(t +5)%20% so P’ (t) = 33.55(0.205) (t +5)%"% = 6.87775(t + 5)~ 7%

and P” (t) = 6.87775(—0.795) (t + 5)~17® = —5.46781125 (t + 5)~17%. Thus,

P” (20) = —5.46781125 (20 4 5)~%7% ~ —0.017, which says that the rate of the rate of change of such mothers is
decreasing at the rate of 0.02%),/yr?2.

f (t) = 10.72 (0.9t + 10)°3, so f/ (t) = 10.72(0.3) (0.9t + 10)~°7 (0.9) = 2.8944 (0.9t + 10)~%7

and f” (t) = 2.8944(—0.7) (0.9t 4+ 10)~%7 (0.9) = —1.823472 (0.9t + 10)~*7. Thus,

f7(10) = —1.823472 (19)~%7 ~r —0.01222, which says that the rate of the rate of change of the population is
decreasing at the rate of 0.01%/yr?.

False. I f has derivatives of order two at x = a, then f” () = [’ (x)]

X=a
True. If h = fg where f and g have derivatives of order 2, thenh" (x) = f" (xX) g X)+2f" (xX) g’ (X)+ f (x) g" ().
True. If f (x) is a polynomial function of degree n, then f™+D (x) = 0.

True. Suppose P (t) represents the population of bacteria at time t and suppose P’ (t) > 0 and P” (t) < 0. Then the
population is increasing at time t, but at a decreasing rate.

True. Using the Chain Rule, h" (x) = f/ (2x) - dd—x (2x) = f/(2x) - 2 = 2f’ (2x). Using the Chain Rule again,
h” (x) =217 (2x) -2 =4f" (2x).

I _ . , _
S0 = S0 o7 2 KO =C0 1 xCW-C00 s
X X "
6// (X) _ x2 [XC// (X) +C’ (X) —C’ (X)] — [XC/ (X) —-C (X)] 2X _ X3c// (X) _ ZXZC/ (X) 4 2xC (X)
= s _ o
C’(x) 2C'(x)  2C(x)
= -+ =
X X X
P(x) = §x¥% and £ (x) = §$x?°, 50 ' and f"exist everywhere. However, £ (x) = Zx /% = —— - is not

defined at x = 0.

Consider the function f (x) = x@+D/2 = x"+1/2) " \We calculate f’ (x) = (n + %) x"=(1/2),

7 (x) = (n + %) (n - %) xN=@2) ) (x) = (n + %) (n _ %) .- 3x12, and

fO+D (x) = (n + %) (n - %) -+ $x~Y/2_ The first n derivatives exist at x = 0, but the (n + 1)st derivative fails to
be defined there.

Let P (x) = anX" +an_1x" L +an_ox"24...4+aix +ag. Then P’ (x) = nanx" 1+ (n — 1) a,_1x" 2 +-.-aj.

Eventually, we calculate P™ (x) = ap, and so PM*D (x) = P2 (x) = P"+3) (x) = ... = 0. Thus, P has
derivatives of all orders.

Using Technology page 221

1.

5.

—18 2. 425.25 3. 15.2762 4. 128.7540

—0.6255 6. —13.9463 7. 0.1973 8. —0.0163
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3.6  Implicit Differentiation and Related Rates

Concept Questions page 230

1. a. We differentiate both sides of F (x, y) = 0 with respect to x, then solve for dy/dx.

b. The Chain Rule is used to differentiate any expression involving the dependent variable y.

2. xg (y) + yf (x) = 0. Differentiating both sides with respect to x gives xg’ (y) Yy’ +g (y) +y' f (x) + yf’' (x) =0,
gy +yf x)

50 [xg (V) + T 00]y' = = [9 () +y 1" ()] andfinally y' = —Z=2o-— e

3. Suppose x and y are two variables that are related by an equation. Furthermore, suppose x and y are both functions
of a third variable t. (Normally t represents time.) Then a related rates problem involves finding dx /dt or dy/dt.

4. See page 228 in the text.
Exercises page 231

; ; 1 5 1
1. a. x 42y = 5. Solving for y in terms of x, we have y = —35x + 3. Therefore, y’ = —3.

- - - - . . 1
b. Next, differentiating x + 2y = 5 implicitly, we have 1 + 2y’ = 0, or y’ = —3.

2. a. 3x + 4y = 6. Solving for y in terms of x, we have y = —3x + 3. Therefore, y’ = —3.
b. Next, differentiating 3x + 4y = 6 implicitly, we obtain 3+ 4y’ =0, 0ry’' = —%.
1 dy 1
3. . = 1, = —, d _ = ——,
a. xy y = and = 7
dy dy dy y —1/x 1
b x 4+y=0s0x = —yand =¥ = Y _ __t
de+y S0 X yand gy X X x2

4.a. xy —y—1=0. Solving for y, we have y (x —1) = 1 or y = (x — 1)~1. Therefore,

1
= —(x—-1)"2=— :
y=-(x-1 o1
b. Next, differentiating xy — y — 1 = 0 implicitly, we obtain y + xy’ —y' =0,0ry’ (x — 1) = —y, so
/ y 1
y —

Tx—1  x—1?%

5. x3 —x2 —xy =4.

4 dy 4
a —xy=4—-x3+x2s0y=——+x2—xand < = — +2x — 1.
y + y x+ dx x2+
d

b. x3 —x2 —xy = 4, s0 —xd—i:—3x2+2x+y, and therefore

d 1/ 4 4 4

Y o ax—2-Y a2 (i o) =24 x4 1= = 4ox 1

dx X X X x2 x2

6. x2y —x24+y—1=0.

14 x? dy
a (x2+1y=1+x%o0ry= = 1. Therefore, —= = 0.
(x*+1)y + Y=1 +x2 dx
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2x (1 —
b. Differentiating implicitly, x2y’ + 2xy —2x +y’ =0, s0 (x2 +1)y =2x(1-y),and thus y’ = H
2x (1—1)
But f 1 (a), k thaty = 1, = ———=0.
ut from part (a), we know that y soy 1
2 2
X<+ 1) —x(2x 1-

aloxz=1 is equivalent to L ory = ZL Therefore, y' = O +1) 2( ) _ X 5

y y xe+1 (x2+1) (x2+1)

b. Next, differentiating the equation x — x?y =y implicitly, we obtain 1 — 2xy — x?y’ = y’, y’ (1 + x2) = 1 —2xy,

1-2
and thus y’ = Xy Y
(1+x?) X

. This may also be written in the form —2y2 + 2. To show that this is equivalent to the

X
1_2)((x24—1) X241 -2  1-—x?

results obtained earlier, use the earlier value of y to get y’ = .
1+ @2 (12

y

a - 2x3 = 4 is equivalent to y = 2x* + 4x. Therefore, y’ = 8x3 + 4.

b. Next, differentiating the equation y — 2x* = 4x implicitly, we obtain y’ — 8x3 = 4, and so y’ = 8x2 + 4, as
obtained earlier.

. x2 4+ y2 = 16. Differentiating both sides of the equation implicitly, we obtain 2x + 2yy’ = 0,and so y’ = —x /y.
dy dy 2X
2x2 4 y? =16,4x +2y— =0and — = ——.
X“ 4y X + ydx an ix y
2 2 . PR . dy dy x
. X — 2y = 16. Differentiating implicitly with respect to x, we have 2x — 4yd—X =0, and so ax = E

x3 + y3 +y — 4 = 0. Differentiating both sides of the equation implicitly, we obtain 3x2 + 3y2y’ +y’ = 0 or
y’ (3y? + 1) = —3x2. Therefore, y’ = —Bys;ixil.
x% — 2xy = 6. Differentiating both sides of the equation implicitly, we obtain 2x — 2y — 2xy’ = 0 and so

X —
y = 2 Y _ 1- %
x% + 5xy + y2 = 10. Differentiating both sides of the equation implicitly, we obtain 2x + 5y + 5xy’ + 2yy’ = 0,
2X +5y + Yy (5x +2y) =0,andso y' = —éi%.

x2y? — xy = 8. Differentiating both sides of the equation implicitly, we obtain 2xy? 4 2x%yy’ —y — xy’ = 0,
2 _ / 2y _ _ /_y(l_zxy)__X

2xy? —y +Yy (2x°y —x) =0,and so y’ = @y -1 = X

x?y3 —2xy? = 5. Differentiating both sides of the equation implicitly, we obtain 2xy3 4 3x?y?y’ —2y2 —4xyy’ =0,

2y (1 —xy)

2y (xy = 1) +xy (3xy —4)y’ =0,andso y’ = Gy )
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17. x¥/2 4 y1/2 = 1. Differentiating implicitly with respect to x, we have $x /2 + %y‘l/zd—i = 0. Therefore,

dy x—1/2 \/7

dx ~ y 2T A
18. x1/3 + y¥/3 = 1. Differentiating both sides of the equation implicitly, we obtain $x=2/3 + 2y=2/3y’ = 0, so
X—2/3 y2/3 (y)2/3

19. /X +y = x. Differentiating both sides of the equation implicitly, we obtain 3 (x +y)~%? (1 +y') = 1,
1+y =2(x+y)’2 andsoy =2 /X +y—1.

20. (2x + 3y)Y/® = x2. Differentiating both sides of the equation implicitly, we obtain 3 (2x + 3y)~%/® (2 + 3y’) = 2x,
2+ 3y’ = 6x (2x +3y)?3,and so y’ = £ [3x (2x + 3y)¥® —1].

1 1 ) . ) L 2 2 y3
21. — + — = 1. Differentiating both sides of the equation implicitly, we obtain —— — —y’ =0,0ory’ = —=—.
X + y2 g q p y X3 y3y y 3
22 ! + L 5. Differentiating both sides of the equation implicitly, we obtain 3 3y 0,ory = y*
. X y3 = 9. g q p y, X4 y4y — Y y - X4'

23. /Xy = x + y. Differentiating both sides of the equation implicitly, we obtain 3 (xy)=*2 (xy’ +y) = 1 +y’, so

2 Xy -y 2 /Xy -y
4 :2 1 / / —2 =2 —_ = — = .
XY Y = 2JXY (L+Y).y (¢~ 2JKY) =257 —y,andsoy’ = —ree = o e

24. /Xy = 2x + y2. Differentiating both sides of the equation implicitly, we obtain % (xy)~Y2 (xy/ + y) =2+ 2yy/,

4/Xy —y
/ =4 4 /1 / —4 —4 -y, d ’_ -~ 7
Xy +y =4/XY + 4 /XYYy, Y (x — 4y /XY) JXy —y,andsoy = dy %y
X+y 2 . - . S .
25. X—y = 3x, or x +y = 3x< — 3xy. Differentiating both sides of the equation implicitly, we obtain
6x —3y —1
/ _ !/ _ / — _ _ ’
14y =6x—3xy'—3y,s0y +3xy’ =6x —3y —landy w1

X—y

26.
2X + 3y

= 2x, or X — y = 4x? 4 6xy. Differentiating both sides of the equation implicitly, we have

8x + 6y —1

1—y =8x+6 6xy’,s0y +6xy = —8x —6 landy' =
y + 0y + OXy y" + bXy y+ y ox 1 1

d d
27. xy¥/? = x? 4+ y2. Differentiating implicitly with respect to x, we obtain y%/? 4 x (%) yl/Z% =2X + 2y—i.
dy

L —4x —2y3/2 0
dx y

Multiply both sides by 2 to get 2y3/2 + 3xy1/2:—i = 4x + 4y3—){. Then (3xy/2 — 4y)
dy  2(2x—y%?)

dx  3xyl/2—4y "

28. x2yY/2 = x + 2y3. Differentiating implicitly with respect to x, we have 2xy/2 + $x2y~1/2y’ = 1 + 6y2y’, so

2./Y —4xy

2y/ — oyl/2 5/2y/ v/ (x2 5/2\ _ 1/2 r_
axy + x2y’ = 2yt2 4 12y°/2y’ y' (x? — 12y°/?) = —4xy + 2y*/?, and y =2 1257
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(x +y)® + x3 + y3 = 0. Differentiating implicitly with respect to x, we obtain

dy dy dy dy
2 bt 2 22) 2 22Y 4 2 2
3(xX+Y) (l+dx)+3x + 3y Ix 0, X+yY)+XxX+Yy dx+ +y ax =0,

d 2x2 42
:—[(x+y)2+xz],andthus—y= X2+ 2xy +y?

dy
dx X2 4 2xy + 2y2’

2 2
[x+y)+y ]dx

(x + y2)10 = x2 4 25. Differentiating both sides of this equation with respect to x, we obtain

2x x =5 (x +y?)°

2yy =—— —landy =
’ 10y (x +y2)°

10 x+y29 1+2yy)=2x,501+2yy = ——,
Xy ) 10 (x + y2)° 10 (x + y?)

4x2 4 9y2 = 36. Differentiating the equation implicitly, we obtain 8x + 18yy’ = 0. At the point (0, 2), we have
0 + 36y’ = 0, and the slope of the tangent line is 0. Therefore, an equation of the tangent line is y = 2.

y2 — x? = 16. Differentiating both sides of this equation implicitly, we obtain 2yy’ — 2x = 0. At the point

(2 Zf) we have 44/5y' —4=0,0ory =m = Jl_ f . Using the point-slope form of an equation of a line, we

havey:éer%g.

x2y3—y24xy—1 = 0. Differentiating implicitly with respect to x, we have 2xy3+3x yzjy y:z+y+x:—z =0.
At(1,1),2+ BS—y - Zg—y +1+ j—y =0, and so Zj—y =-3a d dy = —g. Using the point-slope form of an
equation of a line, we havey — 1 = _E (x — 1), and the equation of the tangent line to the graph of the function f
at(1,1) isy_——x+ 3

(x —y —1)3 = x. Differentiating both sides of the given equation implicitly, we obtain
3(x —y—1)? (1 -y’) = 1. Atthe point (1, —1), 3(1+ 1 - 1) (1 —y’) = 1 or y’ = . Using the point-slope

form of an equation of a line, we have y + 1 =4 (x — 1) ory = 2x — 3.

y

xy = 1. Differentiating implicitly, we have xy’ +y =0, or y’ = " Differentiating implicitly once again, we

2y 2 (X) 2y
have xy” +y’' +y’ = 0. Therefore, y” = - == = X2 = =2

X X x2

x% + y3 = 28. Differentiating implicitly, we have 3x? + 3y2y’ = 0. Differentiating again, we

2v (v)? + 2x d 2
%_ But ¥ — _x_2, and therefore,
y dx Yy

x4 x4
() 2(Gr) s

y? y? ys

have 6x + 3y%y” + 6y (y’)2 = 0. Thus, y’ = —

y
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37. y? — xy = 8. Differentiating implicitly we have 2yy’ —y — xy’ = 0, and so y’ = ZL Differentiating

2y =2 (y/)2 2y (1-y)

H HaY H / 2 1 / / /" "
implicitly again, we have 2 (y) +2yy' -y —y —xy"=0,s0y" = y—x  y—x Then
*(555) (- 375)
Jr— N2y =X 2y—x) _2y@y—x-y) _2y(¢y-x)
2y —x @y —x)° @y -x*
2/3
38. Differentiating x*/3 + y/3 = 1 implicitly, we have $x=2/% + 2y=2/3y’ = 0and y’ = _yz_/s' Differentiating

implicitly once again, we have

2., y23y 2
_ _ _=v2/3-1/3 2/3y—1/3
x2/3 (%) y~13y _y2/3 (%) x—1/3 XY ( N + 3V 2 (y1/3 n yZ/SX—1/3)
- - ~3

y// = =
x4/3 x4/3 x4/3

- 2y1/3 (x1/3 4 y113) oy

39. a. Differentiating the given equation with respect to t, we obtain & = 7r2dl 4 27rhdt = 7or (r 4 4 2

o

t)-

Qf

b. Substituting r = 2, h = 6, 3¢ = 0.1, and §! = 0.3 into the expression for 4%, we
obtalnﬁ =7 (2)[2(0.3) + 2 (6) (0.1)] = 3.67r, and so the volume is increasing at the rate of 3.67 in3/sec.

40. Let (x, 0) and (0, y) denote the position of the two cars. Then y
D? = x2 + y?. Differentiating with respect to t, we obtain
2D4R = 2x % 4 2y 5o DIP = x 9% 4y Whent =4, x = 20,

D
andy = 28, % = —9and %}i = 11. Therefore, r
( (—20)% + (28) ) — (=20) (=9) + (28) (11) = 488, and s0

X X
b — % = 14.18 ft/sec. Thus, the distance is changing at the rate

of 14.18 ft/sec.

41. We are given ?j—f =2 and wish to find ?j—’t‘ when x = 9 and p = 63. Differentiating the equation p + x2 = 144 with

respectto t, we obtain & at P+ 2x =0. Whenx =9, p =63, and dp =2, we have 2 + 2 (9) =0, and so and
‘é—? = —5 ~ —0.111. Thus, the quantlty demanded is decreasing at the rate of approximately 111 tires per week.
42. p = 1x2 + 48. Differentiating implicitly, we have 32 — x 9% — 0, s0 —x 9 = —9P and thus 9 = 92/9t yyhen

X =6, p =66, and d—p = —3, we have ‘;’,—’g = —% = —7, or (—5) (1000) = —500 tlres/week.

43. 100x2 + 9p? = 3600. Differentiating the given equation implicitly with respect to t, we have 200x T+ 18p ac = 0.
Next, when p = 14, the given equation yields 100x2 + 9 (14)2 = 3600, s0 100x2 = 1836, or x ~ 4 2849. When
p = 14, ﬂ—i’ = —0.15, and x ~ 4.2849, we have 200 (4. 2849) +18(14) (—0.15) = 0, and so ‘;’,’{ ~ 0.0441.
Thus, the quantity demanded is increasing at the rate of approxmately 44 headphones per week.
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625p< — x< = 100. Differentiating the given equation implicitly with respect to t, we have 1250pd—{J - 2xd—’t‘ =0.
To find p when x = 25, we solve the equation 625p2 — 625 = 100, obtaining p = 528 ~ 1.0770. Therefore,

1250 (1.077) (—0.02) — 2 (25) 7 = 0,and so ﬁ = —0.5385. We conclude that the supply is falling at the rate of
539 dozen eggs per week.

leferentlatmg 625p% — x% = 100 |mpI|C|tIy, we have 1250p— — 2x = 0. When p = 1.0770, x = 25, and

dt = —1, we find that 1250 (1. 077) —2(25)(-1) =0, and so W = —Wﬁom = —0.037. We conclude that
the price is decreasing at the rate of 3.7 cents per carton.

= —0.01x? — 0.1x + 6. Differentiating the given equation with respect to p, we obtain
= —0.02xg—g - 0.151jx = —(0.02x +0.1) gx When x = 10, we have 1 = —[0.02 (10) + 0.1] 9% &,

’; = —% = —%0. Also, for this value of x, p = —0.01 (100) — 0.1 (10) + 6 = 4. Therefore, for these values of x

Ll o]

o

j=X

/ dx 4 _10

pf’ (p) Pdp ( 3) 4 - -

and p, E =— =— =— = = > 1, and so the demand is elastic.

PEO =y T T T T 10 3

p = —0.01x? — 0.2x + 8. Differentiating the given equation implicitly with respect to p, we

have 1 = —0.02x X — 029 — _0.02x +0.21 %%, s0 & = ! When x = 15
N dp dp ’ dp’ T dp  0.02x+0.2° o

dx 1
= -_— 2 — = _— = —_—
p = —0.01(15)° — 0.2(15) + 8 = 2.75, and so and dp ~ 002 15 10, 5 = —2. Therefore,
/ —
E(p)=- pff (E)F))) =— (2'7?5( 2) ~ 0.37 < 1, and the demand is inelastic.

a. The required output is Q (16, 81) = 5 (161/4) (81%/4) = 270, or $270,000.
b. Rewriting 5x/4y3/4 = 270 as x1/4y®/4 = 54 and differentiating implicitly, we have
_ _1ady dy - - y
1 3 1 4
FxT3/4y3/4 4 x4 (Zy 1/4&) =0,50 = = —7X 3/4y3/4( 1/4y1/4) —5, Ifx=16andy =81,
dy 81
then =¥ — 2=
Nax ~ 7316

should decrease by $1687.50 per $1000 in labor spending. The MrTs is $1687.50 per thousand dollars.

= —1.6875. Thus, to keep the output constant at $270,000, the amount spent on capital

a. The required output is Q (32, 243) = 20 (32%/°) (243%/5) = 1440, or $1440 billion.
b. Differentiating 20x3/°y2/> = 1440 implicitly with respect to x, we have

d d
20 (3x25y2/5) + 20 (x3) (%y‘%%) = 0,50 o = —x2/5y2/5 (3x-95y3%) = Zy_ If x = 32 and

d 3.243
y = 243, then i =~3 ~ —11.39, so the amount spent on capital should decrease by approximately

$11.4 billion. The MrTs is $11.4 billion per billion dollars.
V =x%,50 &L = 3x29%. When x = 5and 3 = 0.1, we have 4 = 3(25) (0.1) = 7.5 in®/sec.

A = 7rr2. Differentiating with respect to t, we obtaln = 27rr . When the radius of the circle is 60 ft and
increasing at the rate of 3 ft/sec, dt = 27 (60) (5) = 607w ftz/sec. Thus, the area is increasing at a rate of

approximately 188.5 ft2 /sec.
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52.

53.

54.

55.

56.

57.

Let D denote the distance between the two ships, x the distance that yA
ship A traveled north, and y the distance that ship B traveled east. Then A
D? = x2 + y?. Differentiating implicitly, we have y b
2D — 2x %X 4 2y 5o D%? =x® 4 yD At1pm,x =12and
y = 15, 50 /144 + 22590 = (12) (12) + (15) (15). Thus, T 5
T = s~ 10.21 ft/sec

12 dr 1A\ Y2dA
A=mnr? sor = (—) . Differentiating with respect to t, we obtain — i (—) TR When the area of

™
dr 1 (16007 /2

the spill is 16007 ft2 and increasing at the rate of 807 ft2/sec, w3 ( ) (80m) = = ft/sec. Thus, the

radius is increasing at the rate of approximately 3.14 ft/sec.

Let D denote the distance between the two cars, x the distance traveled by the car heading east, and y the
distance traveled by the car heading north. Then D? = x2 + y2. Differentiating with respect to t, we have

. dx d
2D9R — 2x X 4 2y W 5o DIB — x X 4y Notice also that §p = 2t +1and d—i/ = 2t + 3. When

t:5,x:52+5=30,y=52+3(5)=40,g—§:2(5)+1=11,and§—{:2(5)+3=13,so

dD  (30) (11) + (40) (13)
G- JoogTeon s

Let (x, 0) and (0, y) denote the position of the two cars at time t. Theny = t2 + 2t. Now D? = x2 + y2 so

dD d dy dD dx
2D = 2x— + 2y~ and thus D=~ = X + (t2 + 2t) (2t + 2). When t = 4, we have x = —20, & = —9,

dt dt dt dt dt
and y = 24, 50 /(—20)% + (24292 = (=20) (-9) + (24) (10), and therefore 42 = % 13.44. That is, the
distance is changing at approximately 13.44 ft/sec.
D2 = x2 + (50)? = x2 + 2500. Differentiating implicitly with respect helicopter

dD d dD x%
tot, we have 2D —— = 2x 2% 50 <= = 24U \when x = 120 and
dt dt’ ™ dt D D
d dD 120) (44 .
& _ 44, — = _d0ay ~ 40.6, and so the distance
dt dt  /(120)2 + (50)2
between the helicopter and the man is increasing at the rate of man 50’
40.6 ft/sec.
Referring to the diagram, we see that D2 = 1202 + x2. Differentiating
dD dx boat

this last equation with respect to t, we have ZDF = 2XE’ and so
dD  x% dx dx b 120’
ot = D . When x _50and — _20 D = +/1202 4502 = 130

dD 20) (50
and 42 _ GO0 7 69 or7.69 ft/sec. spectator

dt ~ 130
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59.
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64.
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By the Pythagorean Theorem, s? = x2 + 42 = x2 + 16. We want to
find 9 when x = 25, given that 3 = —3. Differentiating both sides of

the equation with respect to t yields sts = 2xdx or dx = S% S &
q P y dt ~ dt’ T dt x
2 2
Now when x = 25, s° = 25 + 16 = 641 and s = +/641. Therefore, bowofboat X

when x = 25, we have dt = */GT( 3 ~ —3.04; that is, the boat is

approaching the dock at the rate of approximately 3.04 ft/sec.

Let V and S denote its volume and surface area. Then we are given that ‘ﬂj—\t’ = kS, where k is the constant

of proportionality. But from V = %wre‘, we find, upon differentiating both sides with respect to t, that

o -2 ( r ) = 4nr29E = kS = k (4nr2). Therefore, & = k a constant.

Let V denote the volume of the soap bubble and r its radius. Then, we are given ‘fj—\t’ = 8. Differentiating the
formula V = $7r3 with respect to t, we find ¥ = (%) (3mr29r) = 4mr2dr, s 9t — SY/SL Whenr = 10, we

4r2
dr 8 L . .
have T W 2 0.0064. Thus, the radius is increasing at the rate of approximately 0.0064 cm/sec. From
™

s = 4nr?, we find §& = 47 (2r) § = 87r g5, Therefore, when r = 10, we have § = 8 (10) (0.0064) ~ 1.6.
Thus, the surface area is increasing at the rate of approximately 1.6 cm? /sec.

We are given that % = 264. Using the Pythagorean Theorem, Y
.. d
s? = x2 4 10002 = x2 + 1,000,000, We want to find d—i when
1000
s = 1500. Differentiating both sides of the equation with respect to t, S
5 dx
we have st—S = 2xd—X and so — ds _ Xa . When s = 1500, we have trawler
dt dt dt s
ds /1,250,000 - (264)

15002 = x2 + 1,000,000, or X = +/1,250,000. Therefore, — Fri 1500 ~ 196.8, that is, the aircraft is

receding from the trawler at the speed of approximately 196.8 ft/sec.

The volume V of the water in the pot is V = 7rr?h = 7 (16) h = 167h. Differentiating with respect to t, we obtain
d¥ — 16w 9. Therefore, with 9 = 0.4, we find 4 = 167 (0.4) ~ 20.1; that is, water is being poured into the pot

at the rate of approximately 20.1 cmS/sec.

% yi; ,18y =6(y +X%),503y =y +x,2y =x,andy = 2x
Thus, D=y +x = %x. Differentiating implicitly, we have 18’
4D — 3. 94X and when & =6, 92 = 3 (6) =9, or 9 ft/sec. ¢
y X
D

Differentiating x2 4+ y2 = 400 with respect to t gives 2x T+ 2y 7t = 0. When x = 12, we have 144 + y2 = 400, or

y = /256 = 16. Therefore, with x = 12, 8 — 5 and y = 16, we find 2 (12) (5) + 2 (16) 2 = 0, or ¥ = —3.75.
Thus, the top of the ladder is sliding down the wall at the rate of 3.75 ft/sec.
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65.

66.

67.

68.

69.

70.

71.

72.

73.

74.

Differentiating x2 + y2 = 132 = 169 with respect to t gives

2x9X 4 2y — 0. When x = 12, we have 144 + y2 = 169, or y = 5.
Therefore, with x = 12, y =5, and f(’j—’; = 8, we find 13 y
2(12)(8) +2(5) fj—{ =0,o0r ﬂ—¥ = —19.2. Thus, the top of the ladder is
sliding down the wall at the rate of 19.2 ft/sec.

Differentiating the equation 2h%/2 + Lt — 24/20 = 0 with respect to t gives 2 (%h‘l/z) dh L —00r

d—'t‘ = —%. Therefore, with h = 8, we have % — 8 ~ _0.113. Thus, the height of the water is decreasing at the

25
rate of approximately 0.11 ft/sec.

dv dP

P5V7 = C,s0 V! = CP~% and 7v6W = —5CP‘6H. Therefore,
dv 5C dP 5P5V7dP 5V dP dpP kP
— -~ — _Z___ WhenV =4L, P =100kPa, and — = —5 —a,we have
dt 7P6V6 gt 7P6V6 dt 7P dt dt sec
dv. 5 4 ( 5)_1 L kpa) 1L
dt ~ 7 100 T 7\kPa s )] 75’
m= " Wheno = 292 x 108 and 3% — a — 2.42 x 10,

V1—02/c? dt

dm 9.11 x 10731) (2.92 x 108) (2.42 x 10° - .
= ( ) ( ) ( > ) ~ 9.1 x 10732, so the mass is increasing at the rate of

2 e\ 27%
(a0 20 [ 1- (318’

approximately 9.1 x 1032 kg//sec.

False. There are no real numbers x and y such that x? 4+ y? = —1.

2
True. If =1 < x <O,theny2=( 1—x2) =1-x%s50x2+y2 =1 1If0 < x < 1, then

yzz(— 1—x2)2:1—x2,sox2+y2:1.

True. Differentiating both sides of the equation with respect to x, we have dd—x [f x)g (y)] = dd—x (0), so

f(x)g' (y) j—i + 7 (x) g (y) = 0, and therefore g-ﬁ = —%, provided f (x) # 0and g’ (y) # 0.

True. Differentiating both sides of the equation with respect to x, & [f (x) + g (y)] = & (0), so

d d £/
f(x) 4+ 9’ (y) § =0, and therefore 3£ = — g/((;‘;.

True. Ify = f (x), then Ay = f (x + Ax) — f (xX) & f’(x) Ax, from which it follows that
f(x+ Ax)~ f (x)+ f/(x) Ax.

True. Lety = f(x) = x¥/3. Theny’ = f'(x) = $x72/3 At x = a,

~ 2B
AX

Ay=f@a+Ax)—f @~ f'(@Ax,s0o f(a+ Ax)~ f @)+ f' (@) Ax =al/3 + Letting Ax = h, we

have (a +h)Y/3 = f (a+h) ~al/® + TYIER



3.7 Differentials

Concept Questions page 240

1

2

. The differential of x is dx. The differential of y isdy = f’ (x)dx.
.a. A= Ax,B = Ay,and C =dy.
dy
b. f'(x) = —.
(x) Ax

c. From part (b), we see that dy = f’ (x) Ax. Because B ~ C, Ay =~ f/ (x) Ax = f/ (x)dx.

3.7 DIFFERENTIALS

165

3. Because AP = P (tp + At) — P (tg) ~ P’ (tp) At, we see that P’ (tp) At is an approximation of the change in the

4

population from time tp to time ty + At.

L P(t) = P (to + At) & P (to) + P’ (to) At.

Exercises page 240

1

2.

3.

10.

12.

13

. £ (x) =2x%and dy = 4x dx.
f (x) = 3x2 4+ 1and dy = 6x dx.
f (x) =x3—xanddy = (3x* — 1) dx.
f (x) = 2x3 + x and dy = (6x2 + 1) dx.
dx
fO)=vX+1=x+1DY2anddy =2 (x +1)"Y2 dx = .

f (x)=3x"Y2anddy = dx.

- 2x372

f (x) =2x%2 +xY2and dy = (3x1/2 + %x‘l/z) dx = $x7Y2(6x + 1) dx =

f (x) = 3x%° + 7x?3 and dy = (gx—l/e n %X—1/3) dx.

X2 —2

2 2
f(X):X"‘;anddy:(1—ﬁ)dX=de.

f(x)= and dy = — dx.
(0 = =g anddy =~
-1 241-(x—-1)2 —xZ4+2x+1
f(x):x2 anddy:x+ x 2)de=%dx.
xc+1 (x2+1) (x2+1)
2 X 4+ 1) (4x) — (2x2 + 1 2 -
foo= 20t gy = CHD@O - @EHY) 2P ax -1
Xx+1 x+1 x+1)

) =32 —x = (3x? — x)l/2 anddy = 3 (3x% — x)_l/2 (6x —1)dx =

6x +1
2/X

6x —1
2/3x2 — x

dx.

dx.
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14.

15.

16.

17.

19.

20.

21.

22.

23.

24.

25.

26.

3 DIFFERENTIATION

1/3 1 2 -2/3 4x
fox)=(2x2+3)anddy = % (2x2+3) "’ x)dx = ———dx.
e +3 Lo +9 T
f(x)=x%-1.
a. dy = 2x dx.

b. dy ~ 2 (1) (0.02) = 0.04.
c. Ay = [(1.02)2 — 1] — (L — 1) = 0.0404.

f(x)=3x>—2x+6
a. dy = (6x — 2)dx.

b. dy ~ 10 (—0.03) = —0.3.
C. Ay = [3(1.97)> — 2(1.97) + 6] — [3(2)> — 2(2) + 6] = —0.2973.

1
f(x) = - 18. f(x) =+2x+1=(2x + 12
dx
dx a dy =3 @x+1)7Y22)dx = .

a dy=-"7. y=2 @+ D)@ dx = e
b. dy ~ —0.05. b. dy ~ %% ~ 0.03333.
C. Ay = =gz — 2 ~ —0.05263, c. Ay =[2(4.1) +11"2—[2 (4) + 1]¥/? ~ 0.03315.
y—ﬁanddy—d—x Therefore \/ENS+L~3167

= =35 , 75~ e

= /Xanddy = dx Therefore, /17 ~ 4 + L =4.125
y - y - zﬁ 1 ~ 2.4 - . .

= /Xanddy = X Therefore, +/49.5 ~ 7 + 95 7.0357
y - y - Zﬁ' ] RO Ead 2 i 7 ~ . .

=./Xanddy = X Therefore, +/99.7 ~ 10 — 03 _ 9.985
y - y - Zﬁ' I} Ao 2. 10 = J. .

0.2

y = x¥3and dy = 1x~%3dx. Therefore, ¥/7.8 ~ 2 — ﬂ ~ 1.983.

0.6
y = x¥4and dy = 2x~%4dx. Therefore,¢/81.6 ~ 3 + 7 57~ 3.0056.

d
y = X and dy = % Therefore, /0,089 = 4 v/89 ~ & (3— 34) ~ 0.208.

dx 1 1 40
= ¥X and dy = ——. Therefore, </0.00096 = — /960 ~ — |10 — ——— | & 0.0987.
y = Vxanddy = 257 100 100 [ 3(100)}
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28.

29.

30.

3L

32.

33.

34.

35.

36.
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1 12 o w172 dy 1 ., 1 35 1 1
y=f(x)=ﬁ+ﬁ=x/ +x /.Therefore,azzx /_EX /2, s0dy = 2~ i dx.
1
Letting x = 4 and dx = 0.02, we find v/4.02 + — — f (4) = f (4.02) — f (4) = Ay ~ dy, so
«/402+L"‘f(4)+d "“2—|—1+ i—i (0.02) = 2.50375
St roe ymets 22 1) BT TR

241) (2 —2x(2 2(1—x2
Lety=f(x)=2—X.Thend—y=(X+)() x(x): ( X)andd
x2+1 dx (x2 + 1)2 (x2 + 1)2 (X2 + 1)2
2(5)  2(498)
52+1 (4982 +1

_2(1-x? dx

Letting x = 5 and dx = —0.02, we find f (5) — f (4.98) =

Ay ~ dy, so

2498 10 2(1-5%%

B S APV il —0.02) ~ 0.3832.
498)°+1 26 (5241)? ( )

The volume of the cube is given by V. = x3. Then dV = 3x2dx, and when x = 12 and dx = 0.02,
dV = 3(144) (+0.02) = + 8.64. The possible error that might occur in calculating the volume is +8.64 cmq.

The area of the cube of side x cm is S = 6x2. Thus, the amount of paint required is approximately
AS =6 (X + Ax)? — 6x%2 &~ dS = 12x dx. With x = 30 and dx = Ax = 0.05, AS ~ 12 (30) (0.05) = 18, or
approximately 18 cmd.

The volume of the hemisphere is given by V. = %wr3. The amount of rust-proofer needed is

1
AV = 37 (r + Ar)® — 4ar3 ~ dV = % (3ar2)dr. Thus, with r = 60 and dr = 15 (0.01), we have

AV =~ 27w (602) (1—12) (0.01) ~ 18.85. So we need approximately 18.85 ft of rust-proofer.

The volume of the tumor is given by V = 3ar3. Then dV = 4nr2dr. Whenr = 1.1 and dr = 0.005,

dV = 47 (1.1)? (0.005) = +0.076 cm®.
d dr dR Ak er—>° dr

dR = — (ker=#)dr = —4ker=2dr. With — = 0.1, we find — = ————dr = —4— = —4(0.1) = —0.4.
dr(r)r Fdr. With — we find —= o= 0" . (0.1)

In other words, the resistance will drop by 40%.

f (x) = 640xY/° and df = 128x~%5dx. When x = 243 and dx = 5, we have
df = 128(243)~%/5 (5) = 128 (%) ~ 7.9, or approximately $7.9 billion.

f(n)=4nv/n—4=4n(n—4)Y2 sodf =4 [(n — 424 In(n - 4)-1/2] dn. When n = 85 and dn = 5,

85
df =4 (9 + 2—9) 5 ~ 274 seconds.

PXx)= —%xz +7x+30and dP = (—%x + 7) dx. To estimate the increase in profits when the amount spent
on advertising each quarter is increased from $24,000 to $26,000, we set x = 24 and dx = 2 and compute
dpP = (_% + 7) (2) = 2, or $2000.
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37.

38.

39.

40.

41.

42,

43.

44,

0.28r . . .
———— and dN = ———————— dr. To estimate the decrease in the number of housing
14 0.02r (1 + 0.02[‘2)

starts when the mortgage rate is increased from 6% to 6.5%, we setr = 6 and dr = 0.5 and compute
(0.28) (6) (0.5)

dN = ———————— =~ —0.283937, or 283,937 fewer housing starts.
1.72)

N(r) =

0.15 . L . L
s(X) =0.3/x+10ands’ = 7 dx. To estimate the change in price when the quantity supplied is increased

f
0.15) 500
from 10,000 units to 10,500 units, we compute ds = % = 0.75, or 75 cents.

30 1.2x
= ————and T ——
0.02x2 +1 (0_02)(2 + 1)2
demanded changes from 5000 to 5500 units per week (that is, X changes from 5 to 5.5), we compute

= w ~ —1.33, a decrease of $1.33.
[0.02 (25) + 1]?

p dp=-— dx. To estimate the change in the price p when the quantity

0.2 . . .
S =kwW2?2 and dS = W dW. To determine the percentage error in the calculation of the surface area
of a horse that weighs 300 kg when the maximum error in measurement is 0.6 kg and k = 0.1, we compute
ds 0.2 1 2 2(0.6)
— = dw - =—dW = ~ 0.00133, or 0.133%.
S 3w/ 0.1W2/3  3W 3(300) ’

P (x) = —0.000032x° + 6x — 100 and dP = (—0.000096x2 + 6) dx. To determine the error in the estimate of
Trappee’s profits corresponding to a maximum error in the forecast of 15 percent [that is, dx = +0.15 (200)], we
compute d P = [(—0.000096) (200)% + 6] (£30) = (2.16) (30) = +64.80, or $64,800.

220x . . . .
ddp = ——— dx. To find the error corresponding to a possible error of 15% in a forecast of

p
(2x2 + 1)

i1l
_(220) (1.8) (£0.27)

1.8 billion bushels, we compute dp = >
[2(1.8)% +1]

~ £1.91, or approximately $1.91/bushel.

The approximate change in the quantity demanded is given by

Ax ~dx = f'(p) Ap = dd_p (144 — p)¥2 Ap = 1L - Ap. When Ap = 110 — 108 = 2, we find

1
2 J1dG—p
1 1
= —% ~ —0.1667. Thus, the quantity demanded decreases by approximately

=2 U=t 0

167 tires/week.

AX =

The change is given by
AA~dA = A (t)dt = 136% {[1 +0.25(t —4.52] " + 28} At

68 (t — 4.5)
[1+0.25(t — 4.5
Whent = 8 and At = 8.05 — 8 = 0.05, we find A ~ 0.7210, so the change in the amount of nitrogen dioxide is
approximately 0.72 psi.

= 136 [1+0.25 (t — 4.5)2] 2 (0.25) (2) (t — 4.5) At = At.
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500 (400 + 20x)*/2
(5 4+ 0.2x)2
N’ (x) = (5 + 0.2x)? 250 (400 + 20x)~%/2 (20) — 500 (400 + 20x)*/? (2) (5 4 0.2x) (0.2)
(5 +0.2x)*
change in the number of crimes if the level of reinvestment changes from 20 cents to 22 cents per dollar deposited,

45. N (x) = and

dx. To estimate the

we compute
(5 + 4)? (250) (800)~%/2 (20) — 500 (400 + 400)/2 (2) (9) (0.2) (14318.91 — 50911.69)
5+ 4)* &= 9t

~ —11, a decrease of approximately 11 crimes per year.

@)

dN =

20,000r
46. 2. P = —— = and

1-(1+4)"
[2 - (14 £) 7] 20,000 - 20,000r (360) (1 + ) ~** ()

[1_ 1+ ﬁ)—360]2

20000 {[1- (14 5) ] 0 (14 £)"*")

—36072
[1- @+ 5)]
20,000 (0.776173404 — 0.334346782)

(0.776173404)?
increases from 5% to 5.2% per year, dP = 14,667.77912 (0.002) ~ 29.34, or approximately $29.34. When the

interest rate increases from 5% to 5.3% per year, dP = 14,667.77912 (0.003) ~ 44.00, or approximately
$44.00. When the interest rate increases from 5% to 5.4% per year, dP = 14,667.77912 (0.004) ~ 58.67,
or approximately $58.67. When the interest rate increases from 5% to 5.5% per year,

dP = 14,667.77912 (0.005) ~ 73.34, or approximately $73.34.

dr

dP =

dr

b. Whenr = 0.05,dP ~ ~ 14,667.77912dr. When the interest rate

47. A=10,000 (1 + &;)*?

a. dA = 10,000 (120) (1 + ;)" (&) dr = 100000 (1 + £5)"** dr.
b. At 3.1%, it will be worth 100,000 (1 + 0133) (0.001), or approximately $134.60 more. At 3.2%, it
119
will be worth 100,000 (1 + 2 03) (0.002), or approximately $269.20 more. At 3.3%, it will be worth
119 .
100,000 (1 + %) (0.003), or approximately $403.80 more.

24,000 (1 + £)*° — 1
r

(N300 (1+ %)% (%) - 1+ 45" +1
a. dS = 24,000 > dr.

48. S =

b. Withr = 0.04, we find dS = 14,864,762.53dr. Therefore, if John’s account earned 4.1%, it
would be worth dS = 14,864,762.53 (0.001) ~ $14,864.76 more; if it earned 4.2%, it would be
worth dS = 14,864,762.53 (0.002) ~ $29,729.53 more, and if it earned 4.3%, it would be worth
dS = 14,864,762.53 (0.003) ~ $44,594.29 more.
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49. True. dy = f'(x)dx = dd—x(ax+b)dx = adx. On the other hand,
Ay =f (x+Ax)— f (x)=[a(x + AX) +b] — (ax + b) =a Ax = adx.

100[f (x+Ax) — f (0] _ 100/ (x)dx
f(x) S

50. True. The percentage change in A is approximately

Using Technology page 244

1. dy = f/(3)dx = 757.87 (0.01) ~ 7.5787.

2. dy = f/(2)dx = —0.125639152666 (—0.04) ~ —0.0050256.
3. dy = f/(1)dx = 1.04067285926 (0.03) ~ 0.031220.

4. dy = f/(2) (—0.02) ~ 9.66379267622 (—0.02) = —0.19328.
5. dy = f/(4) (0.1) ~ —0.198761598 (0.1) = —0.01988.

6. dy = f/(3) (—0.05) ~ 12.3113248654 (—0.05) = —0.6155662.

7. If the interest rate changes from 5% to 5.3% per year, the monthly payment will increase by
dP = /(0.05) (0.003) ~ 44.00, or approximately $44.00 per month. If the rate changes from 5% to 5.4% per
year, the payment will increase by $58.67 per month, and if it changes from 5% to 5.5% per year, the payment will
increase by $73.34 per month.

8. A =m7r?,sodA = 2zr dr. The area of the ring is approximately d A = 27 (53,200) (15), or 5,013,982 km?.
9. dx = f’(40) (2) ~ —0.625. That is, the quantity demanded will decrease by 625 watches per week.

10. T’/ (22,000) = 0.0000570472, so AT ~ T’(22,000) Ad ~ —0.0285236. The period changes by
(—0.0285236) (24) ~ —0.6845664, a decrease of approximately 0.69 hours.
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1.a0 b. nx"—1 c. cf’ (x). d. f/x)£g (X)

b, 9001700 f 009 )

2.8 F(x)g (X)+g(x)f' () [90]°

3.a g (f (x) f (x) b. n[f 00" £ (x)

4. Marginal cost, marginal revenue, marginal profit, marginal average cost

5 a _bt"(p) b. Elastic, unitary, inelastic
f(p)
f f’ f !
6. Both sides, dy/dx 7.y, dy/dt,a 8 _ Ofm fogw

gy g (t)



