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Preface

This manual provides detailed solutions to the (b) Exercises and the even-numbered Discus-
sion questions and Problems from the 11'" edition of Atkins’ Physical Chemistry.

Conventions used is presenting the solutions

We have included page-specific references to equations, sections, figures and other features
of the main text. Equation references are denoted [14B.3b-595], meaning eqn 14B.3b located
on page 595 (the page number is given in italics). Other features are referred to by name,
with a page number also given.

Generally speaking, the values of physical constants (from the first page of the main text)
are used to 5 significant figures except in a few cases where higher precision is required.
In line with the practice in the main text, intermediate results are simply truncated (not
rounded) to three figures, with such truncation indicated by an ellipsis, as in 0.123...; the
value is used in subsequent calculations to its full precision.

The final results of calculations, generally to be found in [a box], are given to the precision
warranted by the data provided. We have been rigorous in including units for all quantities
so that the units of the final result can be tracked carefully. The relationships given on
the back of the front cover are useful in resolving the units of more complex expressions,
especially where electrical quantities are involved.

Some of the problems either require the use of mathematical software or are much easier
with the aid of such a tool. In such cases we have used Mathematica (Wolfram Research,
Inc.) in preparing these solutions, but there are no doubt other options available. Some of
the Discussion questions relate directly to specific section of the main text in which case we
have simply given a reference rather than repeating the material from the text.
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In preparing this manual we have drawn on the equivalent volume prepared for the 10" edi-
tion of Atkins’ Physical Chemistry by Charles Trapp, Marshall Cady, and Carmen Giunta. In
particular, the solutions which use quantum chemical calculations or molecular modelling
software, and some of the solutions to the Discussion questions, have been quoted directly
from the solutions manual for the 10™ edition, without significant modification. More
generally, we have benefited from the ability to refer to the earlier volume and acknowledge,
with thanks, the influence that its authors have had on the present work.

This manual has been prepared by the authors using the KIEX typesetting system, in
the implementation provided by MiKTEX (miktex.org); the vast majority of the figures
and graphs have been generated using PGFPlots. We are grateful to the community who
maintain and develop these outstanding resources.
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Errors and omissions

In such a complex undertaking some errors will no doubt have crept in, despite the authors’
best efforts. Readers who identify any errors or omissions are invited to pass them on to us

by email to pchem@ch. cam.ac.uk.



G The properties of gases

1A The perfect gas

Answers to discussion questions

D1A.2

The partial pressure of gas J, pj, in a mixture of gases is given by [1A.6-9], py =
x;p, where p is the total pressure and xj is the mole fraction of J.

If the gases are perfect, the partial pressure is also the pressure the gas would
exert if it occupied on its own the same container as the mixture at the same
temperature. This leads to Dalton’s law, which is that the pressure of a mixture
of gases is the sum of the pressures that each one would exert if it occupied the
container alone.

Dalton’s law is a limiting law because it holds exactly only in the limit that there
are no interactions between the molecules, which for real gases will be in the
limit of zero pressure.

Solutions to exercises

E1A.1(b)

E1A.2(b)

From inside the front cover the conversion between pressure units is: 1 atm =
101.325kPa = 760 Torr.

(i) A pressure of 22.5 kPa is converted to atm as follows

1 atm

22.5kPax ——— =(0.222 atm
101.325kPa _

(ii) A pressure of 770 Torr is converted to Pa as follows

1 at 101.325kP
770 Torr x — 2 2 103KkPa =[1.03 x 10° Pa

X
760 Torr 1 atm

The perfect gas law [1A.4-8], pV = nRT, is rearranged to give the pressure,
p =nRT/V. The amount 7 is found by dividing the mass by the molar mass of
Ar, 39.95 gmol .

n

e e
(25¢g) (8.3145 x 1072 dm’ bar K~! mol_l) x (303.15 K)
= 3995 gmol ) L5 dm’
=10.4 bar

So [no}, the sample would not exert a pressure of 2.0 bar, but 10.4 bar|if it were
a perfect gas.



E1A.3(b)

E1A.4(b)

E1A.5(b)

E1A.6(b)

Because the temperature is constant (isothermal) Boyle’s law applies, pV =
const. Therefore the product pV is the same for the initial and final states

peVi=piVi hence p;i=piVi/Vi

The initial volume is 1.80 dm” greater than the final volume so V; = 2.14+1.80 =
3.94dm’.

Vi 2.14dm’

i = — X pf=
P P S A

(i) The in initial pressure is|1.07 bar

(ii) Because 1 atm is equivalent to 1.01325 bar and also to 760 Torr, the initial
pressure expressed in Torr is

x (1.97 bar) = 1.07 bar

1 atm 760 Torr
X
1.01325 bar 1 atm

x 1.07 bar =803 Torr

If the gas is assumed to be perfect, the equation of state is [1A.4-8], pV = nRT.
In this case the volume and amount (in moles) of the gas are constant, so it
follows that the pressure is proportional to the temperature: p oc T'. The ratio of
the final and initial pressures is therefore equal to the ratio of the temperatures:
pe/pi = Tt/ Ti. Solving for the final pressure p; (remember to use absolute
temperatures) gives

pf=fxpi

11 +273.15) K
_(1+27315) K s kpa) = [120 kP

~(23+273.15) K

The perfect gas law pV = nRT is rearranged to give n = pV /RT.

_pV
" RT

(1.00 x 1.01325 x 10° Pa) x (4.00 x 10° m?) s
= =|1.66... x 10° mol

(8.3145] K ' mol™") x ([20 +273.15] K)

n

1

where 1] = 1kgm®s™? and 1 Pa = 1 kgm™" 572 have been used.

The molar mass of CH, is 12.01 + 4 x 1.0079 = 16.0416 gmol ", so the mass of

CHy is (1.66... x 10° mol) x (16.0416 gmol ') = 2.67 x 10° g or |2.67 x 10° kg.

The vapour is assumed to be a perfect gas, so the gas law pV = nRT applies. The
task is to use this expression to relate the measured mass density to the molar
mass.

First, the amount # is expressed as the mass m divided by the molar mass M to
give pV = (m/M)RT; division of both sides by V gives p = (m/V)(RT/M).



E1A.7(b)

E1A.8(b)

The quantity (m/V) is the mass density p, so p = pRT/M, which rearranges
to M = pRT/p; this is the required relationship between M and the density.
Ao PRT _ (0.6388 kgm ) x (8.3145J K™' mol ") x ([100 + 273.15] K)
p 16.0 x 103 Pa
=0.123... kgmol ™’

where 1] = 1kgm®s 2 and 1Pa = 1 kgm™" s~2 have been used. The molar mass
of P is 30.97 gmol ', so the number of P atoms in the molecules comprising
the vapour is (0.123... x 10> gmol™')/(30.97 gmol™") = 4.00. The result is
expected to be an integer, so the formula is likely to be

The vapour is assumed to be a perfect gas, so the gas law pV = nRT applies; the
task is to use this expression to relate the measured data to the mass m. This
is done by expressing the amount # as m/M, where M is the the molar mass.
With this substitution it follows that m = MPV /RT.

The partial pressure of water vapour is 0.53 times the saturated vapour pressure
MpV
T RT
~ (18.0158 gmol ') x (0.53 x 0.0281 x 10° Pa) x (250 m?)
- (8.3145J K ' mol ") x ([23 +273.15] K)

=2.7x10° g =[2.7 kg]

Once the total amount and the total pressure po; are known, the volume is
found using the perfect gas law. The total amount in moles of the mixture of
gases is

MCH, MAr 4 MNe

Mcu, Mar M.

B 0.320¢g ,_ 0175 025g
(12.01 + 4 x 1.0079) gmol ™"~ 39.95gmol™'  20.18 gmol '

=3.54...x 1072 mol

Mtot = HcH, + NAr + NNe =

The mole fraction of neon is

NNe 0.225¢ 1
XNe = — = — x ——— =0314..
Mot 20.18 gmol 3.54... x 1072 mol

Because pne = XNe X Prot it follow that

8.87 kP
pro = e = 22T 08 52 kPa
xNe  0.314..
The volume is calculated using the perfect gas equation with the known total
pressure and total amount
nRT  (3.54...x 1072 mol) x (8.3145J K" mol ') x (300 K)
p 28.2 x 103 Pa

= 3.14x 107 m® = [3.14 dm’]




E1A.9(b) The vapour is assumed to be a perfect gas, so the gas law pV' = nRT applies.
The task is to use this expression to relate the measured pressure and volume
of a known mass of gas to the molar mass.

The amount n is expressed as the mass m divided by the molar mass M to
give pV = (m/M)RT; this rearranges to M = mRT/pV which is the required
relationship. The pressure in Torr is converted to Pa by noting that 760 Torr is
equivalent to 1 atm.
Mo mRT
pv
~ (33.5x 107° kg) x (8.3145JK ' mol ") x (298 K)
~ (152 Torr/760 Torr) x (1.01325 x 105 Pa) x (250 x 10-6 m3)

=10.0164 kgmol ™’

The relationships 1 ] = 1 kgm?®s™2 and 1 Pa = 1 kgm ™' s~2 have been used;

note the conversion of the volume to m?.

E1A.10(b) The idea here is that the volume will go to zero at absolute zero. The data given
are the slope of the volume/temperature plot, together with one fixed point, so
the equation of the straight line can be found, and then the required intercept.

The equation of the line is
(V/dm®) = (0.0741) x (6/°C) + (¢/dm?)

The fixed point given is that the volume at @ = 0 °C is 20.00 dm’, so the constant
¢ is equal to this volume

(V/dm?) = (0.0741) x (8/°C) + 20.00
This is solved for V = 0 to give (6/°C) = (-20.00)/(0.0741) = —270, hence

0 = —270 °C|. This is the estimate of absolute zero.

E1A.11(b) (i) The mole fractions are

i, = ny, _ 1.5 mol _3 o = 1 — x :
* np,+ny, L5mol+2.5mol L& ? L8

(ii) The partial pressures are given by p; = x; por. The total pressure is given
by the perfect gas law: pyor = 1yt RT/V

. (4.0mol) x (8.3145] K" mol™") x (273.15 K)

3
=X = —
P, = X Prot =g 22.4 %10 m3

=[1.5x10° 4]

5 (4.0mol) x (8.3145JK ' mol™") x (273.15 K)
PN, = XN, Ptot = = X 33
8 22.4x107° m

=[2.5x10° 4]

Expressed in atmospheres these are 1.5 atm and 2.5 atm, respectively.




(iii) The total pressure is

1 -1
(3.0 mol) x (8.3145JK™' mol ") x (273.15 K) _[10%x10°Pa
22.4x 1073 m?

or 4.0 atm.

Alternatively, note that 1 mol at STP occupies a volume of 22.4 dm® which is
the stated volume. As there are a total of 4.0 mol present the (total) pressure
must therefore be 4.0 atm.

Solutions to problems

P1A.2

P1A.4

P1A.6

Perfect gas behaviour indicates that pV oc T, where T is the absolute tempera-
ture. In terms of the temperature 6 in °N, T is written T = 6 + 8, where 0 is
the absolute temperature of zero on the °N scale. The proportionality is made
an equality by inserting a constant

pV = (X(9 + 90)
The two data points given are expressed as the following two equations:
28=a(0+6p) 40 =a(100 + 6;)

These are solved simultaneously to give 6, = 233 K. This means that 0 °N
corresponds to an absolute temperature of 233 K. It follows that, on the °N

scale, absolute zero is|—233 °N.

At absolute zero the volume will go to zero so the temperature corresponding
to absolute zero 0, is found by solving

0=Vo(1+aby) hence 0o =-1/a

The quantity « varies with pressure, and what is required is its value in the
limit that the pressure goes to zero, because in this limit perfect gas behaviour
is achieved. A plot of « against pressure, Fig. 1.1, reveals a gentle curve which
fits well to a polynomial of order 2.

The equation of the fitted line is
(10° «)/°C™" = 4.5000 x 10~° x (p/Torr)? +7.5870 x 10~ x (p/Torr) +3.6635

The intercept at p = 0 gives the low pressure limit of & as 3.6635 x 107> °C™",
and hence

0o = —1/a = —1/(3.6635 x 107> °C™") = [=273.96 °C

For a given setting of the pivot, the balance point is reached for a given density
of gas, because it is the density which affects the buoyancy of the bulb. The
density of the gas depends on its pressure and its molar mass: the greater the
molar mass, the higher the density for a given pressure.



P1A.8

3.67

3.67
O

f} 3.67
S
S

= 367

3.66

| | |
0 200 400 600
p/Torr

Figure 1.1

The exact relationship is derived for a perfect gas by starting with pV = nRT.
The amount in moles is n = m/M, where M is the molar mass and m is the
mass of the gas. It follows that pV = (m/M)(RT) which rearranges to pM =
(m/V)(RT). The quantity m/V is the mass density p, and hence pM = pRT.

If the first gas has molar mass M,; and balances the pivot at pressure p;, and
likewise M, and p, for the second gas, then because the densities must be the
same it follows that (at fixed temperature)

M
M1:P2 2

PlMl = p2M2 hence
b1

For the first experiment

_ poM,  (423.22 Torr) x (70.014 gmol ™)
Cop (327.10 Torr)

M, =90.588 gmol '

For the second experiment

2M,  (427.22 Torr) x (70.014 gmol )

M =2
P1 (293.22 Torr)

=102.01 gm0171

If the gases are behaving ideally, the two experiments should give the same
molar mass — which evidently they do not. Because the lower pressure is closer
to ideality, the second experiment is perhaps to be preferred, but high precision

is not justified in quoting the result for the molar mass as 102 gmol ™|

The compounds CH,FCF; and CHF,CHF, have molar masses close to this
value.

The stoichiometric equation for the production of NH; is 3H, + N, —
2 NHS;. Conversion of all of the H, (2 moles) to ammonia results in the forma-

tion of % mol of NH; and consumes % mol of N,. After the reaction is complete



the amounts are therefore

2 1 4
nyg, =0 nszl_gzngI nNH3:§mol

5

The total amount is % + % =3

using the perfect gas law

RT (2 mol) x (8.3145JK " mol™) x (273.15K
p=" _ (5 mol) x( J ) x( ):1.69><105Pa

mol, from which the total pressure is calculated

Vv 224 %1073 m?
The partial pressures are calculated from the mole fractions and the total pres-
sure
nN, 1/3 mol 5 3
= XN, P = = x (1.69... x 10° Pa) =|0.338 x 10” Pa
PN =P = P = el < )
4/3 mol
Pt = s p = N A3 MOl e 10% Pa) =[135 % 10° Pa
Ntot 5/3 mol

P1A.10 It is useful to recall that at STP 1 mol occupies a volume of 22.414 dm”.

A concentration of 250 DU means that when all of the ozone in a column of
cross-sectional area 1.00 dm? is compressed into a disc with the same cross-
sectional area and at STP the thickness of the disc is 250/1000 cm. Expressed
in dm, the thickness is therefore 2.50 x 10~ dm, and so the volume of the disc
is (thickness x area) = (2.50 x 1072 dm) x (1.00 dm?) = 2.50 x 1072 dm”. The
amount in moles of ozone is therefore

2.50 x 1072 dm’ 5 =
no, = 3 — = L.11... x 107" mol =[1.12 x 10~ mol
22.414 dm” mol
The amount in moles corresponding to 100 DU is found by using a ratio

100 100 ,3 —
105,100 DU = —— X 10,,250 DU = 750 x (1.11...x 107° mol) ={4.46 x 10~> mol

250

The volume of a column of cross-sectional area 1.00 dm? and height (50-10) =
40 km is (1.00 x 1072 m?) x (40 x 10> m) = 400 m>. If the amount in moles in
this column is 1.11... x 10~* mol (corresponding to 250 DU) the concentration
is

1.11... x 107 mol

Co; = W =2.79 x 10_6 mol rn_3

or ’2.79 x10~° moldm™ ‘ Using a ratio as before, the concentration corre-
spondingto 100 DU is (100/250)x2.79x10™° mol dm > = [1.12 x 10~° mol dm ™).

P1A.12 (a) From the perfect gas law pV = nRT, the amount in moles is calculated
using n = pV /RT; the volume of the balloon is (4/3)nr>.
pv (1.01325 x 10° Pa) x ($n[3.0 m]?)

n= =
RT  (8.3145JK 'mol ") x ([25 +273.15] K)

=4.62... x 10° mol =|4.6 x 10> mol




P1A.14

(b) The mass of the volume of air displaced by the balloon is
4
mass = volumexdensity = (gn[3.0 m]*)x(1.22kgm™) = 1.37...x10% kg

The mass of the hydrogen in the balloon is

mass = amount in moles x molar mass

= (4.62...x10° mol) x (2 x 1.0079 x 10> kgmol™') = 9.31... kg

The mass that can be lifted (the payload) is the difference between the
displaced mass and the mass of the gas in the balloon (ignoring the mass
of the material making up the balloon itself)

payload = (1.37... x 10> kg) — (9.31...kg) =

(c) If the gas is helium, the mass of the gas in the balloon is
(4.62...x 10% mol) x (4.00 x 107> kgmol ') = 1.84... x 10" kg

and the payload is

payload = (1.37... x 10* kg) — (1.84... x 10" kg) =

To solve this problem it is necessary to assume that the partial pressure of each
gas obeys a barometric formula in which the constant H depends on the iden-
tity of the gas
_RT

My, g

px, = pon, exp(=h/Hy,)  Hx,

and likewise for O,. The mole fractions of the two gases at sea level, and hence
their partial pressures, are found from the mass composition at this level. Like-
wise, the mole fractions and partial pressures are found at the higher altitude
from the stated mass composition.

Imagine 1000 g of atmosphere: at sea level this contains 800 g of N, and 200 g
of O,. The mole fractions are

(800 g)/(2 x 14.01 gmol ")

_ =0.820
(800 g)/(2 x 14.01 gmol ") + (200 g)/(2 x 16.00 gmol ')

)CN2

Hence xo, = 1 — xn, = 0.180.

At the higher altitude the same mass of atmosphere contains 900 g of N, and
100 g of O,. The mole fractions are

, (900 g)/(2 x 14.01 gmol ")

N, = -1 —- =0.911
(900 g)/(2x14.01 gmol™") + (100 g)/(2 x 16.00 gmol™")

Hence x(,, = 1 - xy, = 0.089.



At altitude h the partial pressures of the two gases are

PN, = PoN, exp(_h/HNz) Po, = Po,0, eXp(_h/Hoz)
Taking the ratio of these two equations gives
P POR: cxp(-h/Hy, + h/Ho,)
pbo,  Poo,
The ratio of the partial pressures is the same as the ratio of the mole fractions

XN, | XN
— = —exp(~h/Hx, + h/Ho,)
xoz sz

where xy, is the mole fraction at h = 0. This equation is rearranged to find h

%!
720 exp(h/Hy, + h/Ho,)
XOZ )CN2
ln(x{qzxoz):_thh
X62 XN, HN2 HO2
In @XO2 _ _hMNzg + hMozg
X6, XN, RT RT
RT In (xll\Iz XOZ) -h
g(Moz - MNz) X62 XN,

Inserting the data gives

- RT n( %, X0, )
g(Moz - MNz) xloz XN,
(8.3145] K ' mol ") ([25 + 273.15] K)

(9.807 ms~2) x [(2 x 16.00 x 103 kgmol ') — (2 x 14.01 x 103 kgmol™")]
( 0.911 0.180)
xIn[ ————
0.0890 0.820

=51.4..km =

At this height the total pressure is found by summing the partial pressures at
this height. The partial pressure at sea level is given by pon, = xN,Po, SO it
follows that

PN, = xn,poexp(=h/Hx,) po, = Xo,poexp(-h/Ho,)

It is convenient to compute the scale heights H separately

Hy, = RT _ (83145]K™ mol ") ([25 + 273.15] K)
My,g (2% 14.01 x 1073 kgmol ') x (9.807 ms~2)
=9.02...x10° m
Ho, RT  (8.3145JK 'mol™")([25 +273.15] K)

"~ Mo,g  (2x16.00 x 10-3 kgmol ') x (9.807 ms~2)
=7.90... x 10° m
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The total pressure at height h is therefore

P = XN, Po exp(_h/HNz) + X0,Po exp(—h/Hoz)

51.4...x 10° m
=(0.820 x 1 atm)exp| ———————
9.02...x10°m
51.4...x 10° m
+(0.180 x 1 atm) exp| -—————
7.90... x 103 m

=10.0030 atm

The calculation is incomplete as it assumes that composition is affected only
by the mass and ignores the entropically driven mixing of gases. In fact, the
composition of the atmosphere remains pretty much constant up to 100 km.

1B The kinetic model

Answer to discussion questions

D1B.2 The mean free path is given by [1B.14-18], A = kT/op. In a container of con-
stant volume, the mean free path is directly proportional to temperature and
inversely proportional to pressure. The former dependence can be rationalized
by noting that the faster the molecules travel, the farther on average they go
between collisions. The latter also makes sense in that the lower the pressure,
the less frequent are collisions, and therefore the further the average distance
between collisions.

Perhaps more fundamental than either of these considerations is the depen-
dence on the size of the container and on the size of the molecules. The ratio
T/p is directly proportional to volume for a perfect gas, so the average distance
between collisions is directly proportional to the size of the container holding a
given number of gas molecules. Finally, the mean free path is inversely propor-
tional to the size of the molecules as given by the collision cross section (and
therefore inversely proportional to the square of the radius of the molecule).

Solutions to exercises

E1B.1(b) (i) The mean speed is given by [1B.9-16], Umean = (8RT/mM)?, 50 Upean o
\/1/M. The ratio of the mean speeds therefore depends on the ratio of
the molar masses

_ 1/2
m(M)/(Mgml)/ 78

vmean,Hg MHe 4.00 g 1’1101_1

(i) The mean translational kinetic energy (Ex) is given by 3m(v?), where
(v?) is the mean square speed, which is given by [1B.7-15], (v*) = 3RT/M.
The mean translational kinetic energy is therefore

- - 1o (24



The molar mass M is related to the mass m of one molecule by M = mN,,
where N, is Avogadro’s constant, and the gas constant can be written R =
kNy, hence

= kr
2

=-m
2

() G

Ey)=-m
(B = 5m{ = MmN,

The mean translational kinetic energy is therefore independent of the
identity of the gas, and only depends on the temperature: it is the same
for He and Hg.

This result is related to the principle of equipartition of energy: a molecule
has three translational degrees of freedom (x, y, and z) each of which
contributes 1 kT to the average energy.

E1B.2(b)  Thermsspeedisgivenby [1B.8-15], Uy = (3RT/M)1/2; Mco, = 44.01 gmol_l.

, ( 3RT )”2 (3 x (8.3145] K ' mol ™) x (293.15 K))I/2
rms,CO, = =

Mco, 44.01 x 10-3 kgmol '

=408 ms”']

where 1] = 1 kgm? s~2 has been used. Note that the molar mass is in kgmol ™.

_ - 1/2
3% (8.3145J K " mol™) x (293.15 K -
Urms,He =( ( JK™ mol ) x ( )) =|1.35kms™"

4.00 x 10-3 kgmol ™’

Ei1B.3(b) 'The Maxwell-Boltzmann distribution of speeds, f(v), is given by [1B.4-14].
The fraction of molecules with speeds between v, and v, is given by the integral

fvluzf(v)dv

If the range v, — v, = 8v is small, the integral is well-approximated by

f(vmia) Sv

where vp;q is the mid-point of the velocity range: vmiq = %(02 + v1). In this
exercise Umig = 402.5 ms ! and Sv = 5ms™'. Mco, = 12.01 +2 x 16.00 =
44.01 gmol "

M \32 M2
fraction = f(vmia) Sv =4mx [ ——) v}, ——mid ) §
raction = f(vpiq) Ov = 47 % (ZTtRT) vmldexp( SRT v

Camn ( 44.01 x 10> kgmol ™'
27 x (8.3145J K~ mol™") x (400 K)
s exp ( —(44.01 x 1072 kgmol ") x (402.5 ms™")?
2 x (8.3145J K ' mol™") x (400 K)

3/2
) x (402.5ms™")?

) X (5 ms_l)
=10.0107

where 1] = 1kgm?® s has been used. Thus, 1.07% of molecules have velocities
in this range.

11
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EIB.4(b)  The mean relative speed is given by [1B.11b-16], v, = (8kT/mu)"/?, where
p = mamp/(my + my) is the effective mass. Multiplying top and bottom of
the expression for v,e] by N and using Nak = R gives v,e] = (8RT/TtNpp) 1/2
in which Ny p is the molar effective mass. For the relative motion of N, and O,
this effective mass is

My,Mo,  (2x14.01 gmol ') x (2 x 16.00 gmol ")
My, + Mo, (2 x14.01 gmol™") + (2 x 16.00 gmol ")

Nap = = 14.9...gmol !

) ( 8RT )1/2 (8>< (8.3145J K  mol ™) x (298.15K)
rel = =

1/2
— ) =650 ms~!
7 x (14.9... x 1073 kgmol ")

T[NA(J

EIB.5(b)  The most probable speed is given by [1B.10-16], vy = (2RT/M)'/2, the mean
speed is given by [1B.9-16], vmean = (8RT/mM)'/?, and the mean relative
speed between two molecules of the same mass is given by [1B.11a-16], vy =
V20mean- My, = 2 x 1.0079 = 2.0158 gmol .

_— (2RT)1/2 - (2 x (8.3145J K ' mol ") x (293.15K) )1/2
"o\ M 2.0158 x 10-3 kgmol ™"

={1.56 x 10* ms~!

b = (8RT)1/2 i (s x (8.3145] K" mol™) x (293.15 K))l/2
e\ nm 7 x (2.0158 x 103 kgmol ")

=|1.75x10° ms~!
Vrel = V2Umean = V2% (1.75x 10° ms™') =[2.48 x 10’ ms~!

EIB.6(b)  The collision frequency is given by [1B.12b-17], z = 0 v, p/k T, with the relative
speed for two molecules of the same type given by [1B.11a-16], vl = V2VUmean-
The mean speed is given by [1B.9-16], vmean = (8RT/mM)'/2. From the Re-
source section the collision cross-section ¢ is 0.40 nm?.

OUrelp OP 8RT)1/2
= =—£ 2% [ —=
EETRT kT X\/_X(HM

(0.40 x 107'®* m?) x (1.01325 x 10° Pa) /2
= X
(1.3806 x 10723 JK ') x (298.15K)

5 (8 x (8.3145J K™ ' mol ") x (298.15K))1/2
7 x (2 x16.00 x 10-3 kgmol ")

=6.2 x10° 57!

where 1] = 1 kgm®*s 2 and 1 Pa = 1 kgm™' 52 have been used. Note the

conversion of the collision cross-section ¢ to m*: 1 nm?* = (1 x 107°)* m* =

1x10718 m?.



E1B.7(b)

From inside the front cover 760 Torr is equilvant to 1 atm, which is 1.01325 x
10° Pa. Therefore a pressure of 1 nTorr is expressed in Pa as

1at 1.01325 x 10° P
1 nTorr = (1 x 1077 Torr) x & . 2 -133..x107 Pa
760 Torr 1 atm

The mean speed is given by [1B.9-16], Uean = (SRT/JTM)I/Z. The collision
frequency is given by [1B.12b-17], z = ov.ep/k T, with the relative speed for
two molecules of the same type given by [1B.11a-16], vy = /20U mmean. The mean
free path is given by [1B.14-18], A = kT /op

(i) The mean speed is calculated as

SRT\'/>  (8x (8.3145] K mol™!) x (298.15K) \ *
e = (1) = (SRR ol )< (B8300) 75 1]

™ 7% (2% 14.01 x 10-3 kgmol ")

(ii) The collision cross-section ¢ is calculated from the collision diameter d
as 0 = d? = m x (395 x 107 m)? = 4.90... x 107! m?. With this value
the mean free path is calculated as

kT 1.3806 x 1072 JK! 298.15K
LN . JKT) x( ) _[630x10"m

op  (4.90...x 10-1° m?) x (1.33... x 107 Pa)

where1] = 1kgm®s 2 and 1 Pa = 1kgm™" s72 have been used. The mean
free path is 63 km, a distance very much greater than the dimensions of
the apparatus.

(iii) The collision rate is calculated as

1/2
OVrelp OP (SRT)
= =— 2 —_—
== V2
-19 2 -7
:(4.90 x 107" m?) x (1.33... x 1077 Pa) <3
(1.3806 x 102 JK 1) x (298.15K)
) (8 x (8.3145] K" mol™") x (298.15K) )1/2

7 x (2 x 14.01 x 10-3 kgmol ")

=[1.07 x107%s”"

An alternative for the calculation of z is to use [1B.13-18], A = v./z,
rearranged to z = vy /A

z= Urel _ \/zvmean _ \/EX (4751’1’18_1) =11.07 x 10—2 S—l

A A 6.30 x 10* m

As expected for such a low pressure, collisions are very infrequent, occur-
ing about once every 100 s.

13
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E1B.8(b)

EIB.9(b)

The collision cross section ¢ is written in terms of a diameter as ¢ = nd?, hence
d=+\/o/n

d=+/o/m=1/(0.36 x 10-18 m2)/m = 3.38... x 10" m

The mean free path is given by [1B.14-18], A = kT/op. This is rearranged to
give the pressure p with A equal to 10 times the estimate for the diameter of the
atoms

kT 1.3806 x 1072 JK~! 298.15K
p ( . JKT) x( ) =|3.4 x 10° Pa

" 0(10d) ~ (0.36 x 108 m?2) x 10 x (3.38... x 1010 m)

The mean free path is given by [1B.14-18], A = kT /o p.

_ kT _(1.3806 x 107 JK™) x (217 K) =[5.8x107 m = 0.58 ym
“op  (0.43x1078m?) x (12.1x 103 Pa) = —=F

Solutions to problems

P1B.2

The Maxwell-Boltzmann distribution of speeds in one dimension (here x) is
given by [1B.3-13]

2nkT
An analogous expression gives the distribution in the y direction, f(v,). The
probability of finding a particle with velocity between v, and v, + dv, is given
by f(vy) dvy, and similarly in the y direction. The overall probability of finding
a particle with velocity between v, and v, +duvy, and between v, and v, +dv,,
is therefore

m \1/2 , m \1/2 ,
-muvy [2kT -mv’ [2kT dv.d
[(ZTtkT) ¢ (anT) ¢ PxCly

_ ( m )e—m(uf_+u/z‘,)/2kT dl)xdl)y

1/2 5
f(vx):( m ) e—mux/ZkT

o1
I =
Pﬂ

1l
—

—-mv?[2k

A

On the last line the speed v, given by v = v2 + vf,, is introduced.

As discussed in Section 1B.1(b) on page 13, the ‘area element’ dv,dv, can be
interpreted by imagining a velocity space with axes labelled (vy,v,). In this
space, particles with speed v lie on a circle of radius v, so particles with speeds
between v and v + dv lie in a ring of radius v and thickness dv. Because the
ring is very thin, its area is given by the circumference of the circle times the
width: 2nv do.

The fotal probability of a particle having speed v and v+dv, f(v)duv, is therefore
found by multiplying the term A in the above expression, not by the area ele-
ment dv,dv,, but by the area of the ring because this gives the total probability



P1B.4

of having this range of speeds, regardless of direction

f(v)dv= (%) e ™ kT 2y do

The distribution of speeds in two dimension is therefore

m

f(v)dv = (ﬁ) Ue""vz/ZkT

The average speed is found using [1B.6-15], (v") = [;” v" f(v) dv. In this case

= * m -mv*[2kT :foo 2(&) -mv?[2kT
(v) fo v(kT)ve dv . Uler)e dv

The required integral is of the form of G.3 from the Resource section

fwxze_axz dx _ l (7'[)1/2
0 4\a?

With a = m/2kT the mean speed is
o= (2 (o " (2r)”
4 \kT )\ (m2kT)3 ) |\ 2m

The Maxwell-Boltzmann distribution of speeds in three dimensions is given
by [1B.4-14]

M\ ,
f(U) _ 4TI(2 RT) UZe—MU /2RT
T

with M the molar mass. The root mean square speed is given by [1B.8-15],

Urms = (BRT/M)'/?, and mean speed is given by [1B.9-16], Uean = (8RT/TCM)1/2.

The required proportions are found by integrating f(v) between the relevant
limits for v.

(a) The fraction having speed greater than v, is given by

°<>f(v) dv

Urms

Mathematical software is used to evaluate the integral to give \/6/m e*/? +
erfc(y/3/2), where erfc(x) is the complementary error function, erfc(x) =

1 — erf(x). The result is evaluated numerically to give 0.391, that is
of molecules have speeds greater than the root mean square speed.

(b) The remaining fraction, 1 -0.391 = 0.608, have speeds smaller than v;ps.
Thus of molecules have speeds smaller than the root mean square
speed.

(c) Theintegralisasin (a), but with lower limit vye,,. Mathematical software
gives the result 4/me™*/"+erfc(2/+/m). The result is evaluated numerically
to give 0.467, that is of molecules have speeds greater than the mean
speed, and so of molecules have speeds smaller than the mean speed.

15
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P1B.6

The Maxwell-Boltzmann distribution of speeds in three dimensions is given
by [1B.4-14]

2 Mv?[2RT
=4 2 —-Mv“ /2
f(v) =4n (Z‘ITRT) v'e
with M the molar mass. The mean of v" is found using [1B.6-15], (v") =

Jy~ v"f(v) dv. The required integral is therefore

o M 3/2 oo )
(v")=f0 v”f(v)du:4n(2nRT) /0 pH2e=MU/2RT 4,

For the case where #n + 2 is odd, integral G.7 from the Resource section is used

oo .2 m!
f X2 Hle o Qe = — m=1,2,3, ...
0 zam+1

The relationship between m and n is found by noting that forn =1, 3, 5, ...,
mwillbe 1, 2, 3, ... (note that these generate only the odd values of n + 2). It
therefore follows that m = 5 (n+1) and m + 1 = 1(n + 3). These substitutions,
along with a = M/2RT allow the integral to be evaluated.

32 foo
(v") = 411(2]\;7,) f p"H2e MY 2RT g,
n 0

A ( M )3/21 [2(n+1)]!
"\amrT) 2 (Mj2RTYEOD)

(L) (L) )‘“"”)[;(m)p

n 2RT 2RT
1\!/2 (2RT\?"

Hence

o 2Mm 2RTN? 1n
(o™ = 7 (W) ([(n+D1)]) odd n

For the case where # + 2 is even, integral G.8 from the Resource section is used
oo 2m - 1) (m\'/?
f xzme_“xzdx:w(f) m=1,2,3,...
0 pm+lgm a
where 2m - 1)!!=(2m-1)x (2m—-3) x (2m-5) x...1 or 2.

The relationship between m and n is found by noting thatforn =2, 4, 6, ...,
mwillbe 2, 3, 4, ... (note that these generate only the even values of n +2). It
therefore follows that m = 2(n+2), m+1=1(n+4) and 2m—1) = (n+1).



These substitutions, along with a = M/2RT allow the integral to be evaluated.

32 oo
(v") = 41'[( M ) f "2 MV /2RT g,
0

2nRT
M 2 m-1)1 (|2
~4%(527) (2)
2nRT 2mtlgm \ g

M\ (n+ 1)1 r \"
271RT) 2: () (M/2RT)2("+2) \ (M/2RT)
n2 0 MN? M -1(n+2) M \"1/2

(i) () ) o
2RT 2RT 2RT

(22" (e

n/2
) (n+1)N even n

1l
IS
A
—

Il
e~ —
N | =
SN—

NN
N—

ﬁ Z
~

[\S)

<|

Hence

(v")l/”:(if)l/z [(n+1)!!]1/" even n

Mathematical software gives a solution for both even and odd n
oo 3/2 roo ,
'U” - Ufl v dU =47 vn+Ze—MU /ZRT dU
{v") f(v)
0 0
RT

_ %zmz)/z (M)"/2 r(i[n+3])

2nRT

where I'(x) is the Euler gamma function.
If the argument x is an integer then I'(x) = (x — 1)!. This will be the case for
odd n, in which case

n/2
(o) = %zwz)/z (RTMT) (An+1])!  oddn

which is the same result as found above.

If the argument of the Gamma function is an odd multiple of 1 (that is 3m,
withm =1, 3, 5, ...) then

L (m=2)I/m
T(Em) T a(m-1)/2

This will be the case for even #, in which case

(") = L p(ne2)2 (”)"/2 (n+3-2)ly/n
M 2(n+3-1)/2

T
_ L ey (RTY (ne D)V
N (M) 5(n+2)/2

RT n/2
:(ﬁ) (n+1)N even n

which again is the same result as above.
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P1B.8

P1B.10

The Maxwell-Boltzmann distribution of speeds in three dimensions is given
by [1B.4-14]

3/2 ,
) p2eMv'[2RT

)= 4n(2nRT

with M the molar mass, here taken to be 0.1 kgmol ™. Plots of f(v) are shown
in Fig. 1.2.

0.005 I \
| — T=200K ||
------- T = 400 K
0004 [/ \ | T=800K []
| -+ T=1200K ||
---T=1600K
0003 ----T =2000K |
> | i
Z
0.002 - I
0.001 |- e
0.000 L™ | e e ]
0 200 400 600 800 1000
v/ms!
Figure 1.2

The Maxwell-Boltzmann distribution of speeds in three dimensions is given
by [1B.4-14]

32 Muv*/2RT
=4 2 —Mv"/[2
) 7T(ZHRT) ve
The speed at which this function is a maximum is found by setting the deriva-
tive df (v)/dv equal to zero. The derivative is found using the product rule and
the chain rule

() |

~Mv*[2RT | 2 (_ZMU ) e—Mvz/ZRT]
2RT

—Mv?/2RT

The derivative is set to zero and factors of e and v are identified to give

32 ,
411(7M ) x e MY /ZRTxvx[Z—vz(ﬂ)]:O
2nRT RT

. . . . —_ 2
The solution when v = 0 is not a maximum, and the solution e ¥ /2RT = o

corresponds to the asymptotic behave at large speeds. This leaves the maximum



to be given by

2
2- VUmax

M 2RT\'/?
(—) =0 hence VUmax = (—)
RT M

That this is a maximum can be verified by inspecting a plot of f(v).

1C Real gases

Answer to discussion questions

Di1C.2

D1C.4

The critical constants represent the state of a system at which the distinction
between the liquid and vapour phases disappears. This situation is usually
described by saying that above the critical temperature the liquid phase cannot
be produced by the application of pressure alone. The liquid and vapour phases
can no longer coexist, though supercritical fluids have both liquid and vapour
characteristics.

The van der Waals equation is a cubic equation in the volume V. Every cubic
equation has some values of the coefficients for which the number of real roots
passes from three to one. In fact, any equation of state of odd degree n > 1 can
in principle account for critical behavior because for equations of odd degree
in V there are necessarily some values of temperature and pressure for which
the number of real roots of V passes from # to 1. That is, the multiple values of
V converge from # to 1 as the temperature approaches the critical temperature.
This mathematical result is consistent with passing from a two phase region
(more than one volume for a given T and p) to a one phase region (only one V
for a given T and p), and this corresponds to the observed experimental result
as the critical point is reached.

Solutions to exercises

E1C.1(b)

The van der Waals equation of state in terms of the volume is given by [1C.5a—
23], p = nRT/(V-b)—an?*|V?. The parameters a and b for H,S are given in the
Resource section as a = 4.484 atm dm® mol 2 and b = 4.34 x 1072 dm’ mol .
With these units it is convenient to use R = 8.2057 x 10~> dm” atm K~ mol ™.
The pressure is computed by substituting in the relevant data.

(i) T=273.15K, V =22.414 dm’, n = 1.0 mol
_ nRT an?
PEvom ™ v
_ (1.0 mol) x (8.2057 x 1072 dm’ atm K™ mol ') x (273.15 K)
© (22.414dm°) - (1.0 mol) x (4.34 x 102 dm® mol-!)

(4.484 atm dm® mol~2) x (1.0 mol)?
- =10.99 atm
(22.414 dm’)?

19
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(ii) T=500K,V =150 cm? = 0.150 dm>, n = 1.0 mol

nRT  an®
PEviom ™ v
_ (1.0mol) x (8.2057 x 10~2dm’ atm K" mol ") x (500 K)
- (0.150 dm’) — (1.0 mol) x (4.34 x 10-2 dm® mol-!)

(4.484 atm dm® mol™2) x (1.0 mol)? 5
- =11.9 x 10% atm

(0.150 dm”)?

EIC.2(b)  Recall that 1 atm = 1.01325x 10° Pa, 1 dm® = 107 m® and 1 Pa = 1 kgm ™' s2

1.01325x 10°Pa  107° m®
X
1 atm 1dm®

=0.134kgm ™" s> m®mol % = ‘0.134 kgm®s~? mol’z‘

a = (1.32 atm dm® mol ?) x = 0.134 Pam® mol~*

1073 3
- =[4.36 x 10~ m® mol']

b = (0.0436 dm” mol ™) x

m

EIC.3(b)  The compression factor Z is defined in [1C.1-20] as Z = V,,,/ V2, where V. is
the molar volume of a perfect gas under the same conditions. This volume is
computed from the equation of state for a perfect gas, [1A.4-8],as V;» = RT/p,
hence Z = pV;,/RT [1C.2-20].

(i) If Vi, is 12% larger than the molar volume of a perfect gas, it follows that
Vi = Vo (1+0.12) = 1.12V;2. The compression factor is then computed

directly as
Vi 1.12x Vg
g /m _ “ Y _[112]
Vi Vo

(ii) From [1C.2-20] it follows that V;, = ZRT/p

_ ZRT _ 1.12x (8.2057 x 102 dm”’ atm K" mol ") x (350 K)
- p - 12 atm

=12.7 dm® mol™!

Because Z > 1, implying that V;, > V,;, repulsive forces are dominant.

Vi

E1C.4(b) (i) The molar volume is computed from the equation of state for a perfect
gas, [LA.4-8],as Vi, = RT/p

_RT  (8.3145JK " mol ') x ([25 +273.15] K)
Cp 200 x 105 Pa

=1.24x10"* m® mol ™!

Vin

hence ‘ Vi = 0.124 dm® mol‘l.‘




E1C.5(b)

(ii)

@
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The van der Waals equation of state in terms of the molar volume is given
by [1C.5b-24], p = RT/(Vin — b) — a/ V2. This equation is a cubic in Vi,
as is seem by multiplying both sides by (Vi, — b) V.2 and then gathering
the terms together

pV2 —VZ2(pb+RT) +aVy —ab =0

The values of the constants are given, as is the pressure and tempera-
ture. Given the units of the quoted values of a and b it is convenient
to convert the pressure of 200 bar (200 x 10> Pa) to atm, p = (200 x
10° Pa) x (1 atm)/(1.01325 x 10°Pa) = 197.4 atm, and to use R =
8.2057 x 1072 dm” atm K~ mol™". Inserting all of these values gives the
polynomial

197.4V2 —30.762V2 + 1.364V;, — 0.04351 = 0

The roots of this polynomial are found numerically using Mathematical

software and of these roots only ’ Vin = 0.112 dm’ mol_l‘ is a physically
plausible value for the molar volume (the other roots are complex). This
molar volume is smaller than the molar volume of the corresponding
perfect gas by about 10%.

An alternative approach is to approximate the term a/ V2 as a/( V2 )* and
then rearrange the van der Waals equation to give a simpler expression for
Vi

p= RT___a hence Vi —L+b
(Vm=b)  (V3)? "oprla/(ve)?]
RT
Vn=—"——>-+b
p+[a/(V3)?]

B (8.2057 x 102 dm” atm K" mol ") x (298.15K)
(197.4 atm) + [(1.364 atm dm® mol~2)/(0.124 dm’ mol~!)?]
+3.19x 1072 dm® mol ™! = 0.117 dm> mol ™!

This approximate value for V;, is then used in place of V,; and the whole
process repeated. After a few iterations the value of V;, settles as 0.112 dm> mol !,
which is the same as the value found by solving the cubic.

The compression factor Z is given in terms of the molar volume and pres-
sure by [1C.2-20], Z = pVy,/RT, hence Vy,, = ZRT/p. The volume occu-
pied by #n mol is therefore V = nV,, = nZRT/p

nZRT

p
~(8.2x107% mol) x (0.86) x (8.2057 x 10~2dm” atm K" mol ") x (300 K)

V =

20 atm

= (8.7 x 10~ dm®| = [8.7 em’]
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E1C.6(b)

(ii) The virial expansion in terms of Vy, is given by [1C.3b-21], pV,,, = RT(1+
B/Vy + ...). The relationship in [1C.2-20], Z = pV,,/RT, is used to
rewrite the term pV;, as ZRT. If only the first two terms of the expansion
are retained it follows that

ZRT = RT(l + E) hence Z= (1 + E)
Vin Vi
and therefore B = V;,,(Z - 1). The relationship V;, = ZRT/p is used to
give

B:Vm(Z—l):T(Z—I)

0.86) x (8.2057 x 1072 dm° atm K" mol™!) x (300 K
_ (0.86) x ( x m” atm K™ mol™") x ( )X(0_86_1)
20 atm

=-0.15 dm® mol™!]

The relation between the critical constants and the van der Waals parameters
is given by [1C.6-26]

a 8a

‘/c:3b <= o175 [ ——
Pe= o7 27Rb

All three critical constants are given, so the problem is over-determined: any
pair of the these expressions is sufficient to find values of a and b. It is con-
venient to use R = 8.2057 x 1072 dm”’ atm K™ mol ™" and volumes in units of
dm’.
If the expressions for V. and p. are used, a and b are found in the following
way

V.=3b hence b=V./3=(0.148 dm’ mol™")/3 = 0.0493 dm’ mol ™

a a
= = h =27(V./3)*pe
R CADE ence a (Ve/3)°p
a=27(Ve/3)*pe = 27([0.148 dm’ mol']/3)* x (48.2 atm)

=3.17 atm dm® mol 2

Pe

There are three possible ways of choosing two of the expressions with which to
find a and b, and each choice gives a different value. For a the values are 3.17,

5.50, and 4.17, giving an average of 4.28 atm dm® mol 2], For b the values are
0.0493, 0.0650, and 0.0493, giving an average of‘0.0546 dm® mol™! ‘

In Section 1C.2(a) on page 23 it is argued that b = 4V o1ecNa, Where Vipolec is
the volume occupied by one molecule. This volume is written in terms of the
radius r as 47r® /3 so it follows that r = (3b/161N )"/

1/3
3b )1/3 3 x (0.0546 dm® mol ™) S
- - = 1.76x10™° dm = [176 pm]|
(16nNA 167 x (6.0221 x 1023 mol ") P



E1C.7(b) (i) In Section1C.1(b) on page 20 it is explained that at the Boyle temperature
Z = 1and dZ/dp = 0; this latter condition corresponds to the second
virial coefficient, B or B’, being zero. The task is to find the relationship
between the van der Waals parameters and the virial coefficients, and the
starting point for this are the expressions for the product pV,, is each case
([1C.5b-24] and [1C.3b-21])

RT a RTV, a

m - W hence me =

van der Waals: p = = W -

virial: m = RT(l + i)
v

m

The van der Waals expression for pV, is rewritten by dividing the denom-
inator and numerator of the first fraction by V;,

RT a

P = o)

The dimensionless parameter b/ V,, is likely to be < 1, so the approxima-
tion (1 - x)™! ~ 1 + x is used to give

a 1 a
m = RT(1 m)—— =RT|1+ —|b-—
P = KT+ 6/ i) = = RT[1e - (0 )]

Comparison of this expression with the virial expansion shows that

B=p-
RT

It therefore follows that the Boyle temperature, when B = 0, is T, = a/Rb.
For the van der Waals parameters from the Resource section

a 4.484 atm dm® mol 2

Ty = — =
Rb  (8.2057 x 10-2dm’ atm K-! mol™") x (4.34 x 10-2 dm” mol~1)

=11.26 x 10° K

(ii) In Section 1C.2(a) on page 23 it is argued that b = 4Vj,01ecNa, where
Vimolec is the volume occupied by one molecule. This volume is written
in terms of the radius r as 417> /3 so it follows that r = (3b/16TN,)'/>.

B ( 3b )1/3 (3% (434x 102 dm* mol 1) |/’
161N 167 x (6.0221 x 1023 mol ")

=1.63x10° dm =

EI1C.8(b) Thereduced variables are defined in terms of the critical constants in [1C.8-26]

Vr:Vm/‘/c Pr:P/Pc Tr:T/Tc

23
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If the reduced pressure is the same for two gases (1) and (2) it follows that

p( )
p(l)

L)

D p®

hence p® = x p(z)

and similarly

ro TV « T
M
These relationships are used to find the pressure and temperature of gas (2)
corresponding to a particular state of gas (1); it is necessary to know the critical
constants of both gases.

(i) From the tables in the Resource section, for N, p. = 33.54 atm, T, =
126.3 K, and for H,O p. = 218.3 atm, T, = 647.4 K. Taking gas (1) as N,
and gas (2) as H,O, the pressure and temperature of H,O corresponding
to p(N2) = 1.0 atm and T("2) = 298.15 K is calculated as

(N2) 1.0 at
p0) Z P”  p00) o SP8M )16 3 4tm) = [6.5 atm]

pENZ) ¢ 33.54 atm
T( ) 298.15K

TH0) < 7O < e < (6474K) =
Tc

(ii) For CO; p. =72.9 atm, T = 304.2 K.

(N, 1.0 at
(co,) _ P (cop) _ _tvatm -
p o % be 3350 (72.9 atm) =|2.2 atm

C

T(N2) 298.15K
(0 = —s  TLO) = x (304.2K) =[7.2x 10* K]
T

126.3 K
(iii) For Ar p. = 48.0 atm, T, = 150.7 K.

(N2) 1
p(A) = P, pAn) = _LOam (48.0 atm) = |1.4 atm
PENZ) 33.54 atm

T(N2) 298.15K
T = — s x T = x (150.7 K) =[3.6 x 10* K]

T 1263K

E1C.9(b) The van der Waals equation of state in terms of the molar volume is given by
[1C.5b-24], p = RT/(Vin — b) — a/ V2. This relationship is rearranged to find b

RT a h N a RT
= — —  hence — =
Vo—b V2 PPy =y
V2 RT V2 Vi — b
hence Pimta hence o -
V2 Va-b pV2+a  RT

RTV?

hence b=V, - m

pV2i+a



With the data given
RTV2
pV2+a
(8.3145J K ' mol™") x (288 K) x (4.00 x 10~* m*> mol™")?
(4.0 x 106 Pa) x (4.00 x 104 m3 mol™")2 + (0.76 m% Pamol-2)

=[1.3 x 107 m® mol™']

b=Vn = (4.00 x 10™* m* mol ™)

where 1 Pa=1kgm ™' s72 and 1] = 1 kgm® s have been used.

The compression factor Z is defined in [1C.1-20] as Z = V,,,/ V., where V] is
the molar volume of a perfect gas under the same conditions. This volume is
computed from the equation of state for a perfect gas, [1A.4-8],as V.2 = RT/p,
hence Z = pV,,,/RT, [1C.2-20]. With the data given

g PV _ (40 10° Pa) x (4.00 x 10~ m*mol™")
RT (8.3145] K ' mol ") x (288 K)

Solutions to problems

P1C.2 (a) Using the perfect gas law, pV' = nRT, the molar volume is calculate as
-2 3 —1 -1
V. = RT _ (8.2057 x 107 dm” atm K~ mol™") x (350 K) _
p 2.30 atm

(b) The van der Waals equation of state in terms of the molar volume is given

by [IC.5b-24], p = RT/(Vin—b)—a/V}2; the term a/ V.2 is due to attractive
interactions.
This equation is a cubic in V;,, which can be solved numerically. A simpler
approach is to approximate a/V? as a/(V2)?, where V2 is the molar
volume of a perfect gas under the prevailing conditions. The van der
Waals equation is then rearranged to give a simpler expression for V;,

p= RT ¢ hence \% —7RT
(Vm=b)  (V)? " p+[a/(V)?]

The van der Waals constants for Cl, are a = 6.260 atm dm® mol™? and
b = 5.42 x 1072 dm’ mol~". With these values, the first approximation to
the molar volume is calculated as

+b

(8.2057 x 102 dm” atm K" mol ™) x (350 K)
(2.30 atm) + [(6.260 atm dm® mol~-2)/(12.5 dm’ mol-1)?]
+5.42x 1072 dm’ mol ™' = 12.3 dm® mol™*

This approximate value for Vi, is then used in place of V,; and the process

repeated, to give’ Vin = 12.3 dm’ mol ™! ‘— the same value. The process has
converged (to this level of precision).




P1C.4 The van der Waals equation in terms of the molar volume is given by [1C.5b-
24], p = RT/(Vin — b) — a/ V2. Multiplication of both sides by V;, gives

RTV, a

me: (Vm—b)_Vim

Division of the numerator and denominator of the first fraction by V;,, and
then taking a factor of RT on the right gives the required expression

1 a
me:RT((l—b/Vm) _RTVm) D

The approximation (1 — x)™! ~ 1 + x is the used to write 1/(1 — b/Vy,) as
(1+b/Vy) to give

PV :RT(l + i) -2 hence PV :RT[I + L (b— i)]
Vin! Vi Vin RT

The virial equation in terms of the molar volume is given by [1C.3b-2I]

B
me:RT(1+V—+...)

m

Comparison of this equation with eqn 1.1 shows that B = b—a/RT, as required.

The value of the second virial coefficient at the critical temperature of 126.3 K
is found from the given van der Waals parameters as

B=p- L
RT

1.390 atm dm® mol 2

= (0.0391 dm® mol ™) - - —
(8.2057 x 102 dm” atm K~ mol ") x (126.3 K)

= -0.0950... dm> mol™!

With this value for B, the molar volume is computed using the virial equation
and with the approximation that the molar volume or the right-hand side of
the expression can be replaced by the molar volume of a perfect gas, V,., under
the same conditions

RT B RT B RT B
Vm:(1+)m(1+):(1+)
p V! P Vel P RT/p

RT
hence V, = — +B

8.2057 x 1072 dm’ atm K ' mol™!) x (126.3 K
_( . m” atm K77 mol ") x ( ) 0.0950... dm® mol"!
10 atm

=0.941... =|0.94 dm’ mol ™!

Repeating the calculation at the Boyle temperature, 3272 K, gives B = —0.0126... dm> mol ™!

and Vi, = 2.67... dm® mol™! hence ‘ Vi = 2.7 dm® mol™!|




P1C.6

P1C.8

How close a gas under particular conditions is to perfect behaviour is assessed
by computing the compression factor Z, given by [1C.2-20], Z = pV,,,/RT. At
126.3K

PV (10 atm) x (0.941... dm’ mol~") 0
RT (82057 x 10-2dm” atm K~! mol™") x (126.3 K)
and at 3272 K
PV (10 atm) x (2.67... dm’ mol ")

= =1
RT (82057 x 10-2dm” atm K-1 mol ") x (327.2 K)

The latter conditions give Z = 1, as expected at the Boyle temperature, whereas
in the former case Z differs significantly from 1. The gas is closer to perfect
behaviour at the Boyle temperature that at the critical temperature.

The molar volume for a perfect gas is computed from Vi, = RT/p

_RT _ (8.2057 x 10"2dm’ atm K" mol ") x (400 K)
- p - 3 atm

=10.941 dm® mol™!

Vi

The van der Waals equation of state in terms of the molar volume is given by
[1C.5b-24], p = RT/(Vm — b) — a/ V2. This equation is a cubic in Vp,, as is seen
by multiplying both sides by ( Vi, —b) V.2 and then gathering the terms together

pV2 —V2(pb+RT) +aVy —ab=0

Inserting the values of the van der Waals constants, a = 1.337 atm dm® mol ™2
and b = 3.20 x 1072 dm’ mol ™!, and the stated temperature and pressure gives
the polynomial

3V° —32.919V2 + 1.337V,, — 0.042784 = 0

The roots of this polynomial are found numerically using mathematical soft-
ware and of these roots only Vy, = 10.932 dm’ mol~! is a physically plausible
value for the molar volume.

The difference between the molar volume and that of a perfect gas is expressed
in terms of the fraction
Vi = VS (10.932 dm’® mol™") - (10.941 dm’ mol ") 8. x 10-*
= = —0.2 X
Vi 10.941 dm” mol-!

The difference between the molar volumes is therefore |-0.082% | of the molar
volume of the perfect gas.

According to Table 1C.4 on page 25, for the Berthelot equation of state the
critical constants are given by

1 (2aR\'? 2 ( 2a \?
pC‘E(W) Ve=3b TC‘E(*)
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