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CHAPTER P
Preparation for Calculus

Section P.1 Graphs and Models

1.y=—%x+3 7.y =4-x*

x-intercept: (2, 0)

y-intercept: (0, 3)
Matches graph (b). Y

2.y =~9 - ¥?

x-intercepts: (=3, 0), (3, 0)

y-intercept: (0, 3)
Matches graph (d).
3. y =3 - x?
x-intercepts: (\/g, 0), (—\/5, 0)

y-intercept: (0, 3)
Matches graph (a).

4.y =x* —x
x-intercepts: (0, 0), (-1, 0), (1, 0)

y-intercept: (0, 0)
Matches graph (c).

5. y:%x+2

x| -4 -2 [(0]2]4

ylo |1 |2[3]4

4\ -2 2 4 61
4.0 _, |

6. y=5-2x
x| -1 {ofj1|(2)3 |3 |4 :
y |7 |s|3[1]0 |-1]-3
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10. y =|x|-1
x| 3| 2]-11]0 1 3
y |2 1 0 -1 10 2
A
9 16
3| =2
12. y =~x+2
x | =2 | -1 0 |2 14
y |0 1 V2|2 4
R
13.y:é
X
x| 3| 2| -1]0 2
3 3
y| -1 ] =5 | -3 | Undef. 3

Section P.1 Graphs and Models 3

1
14. =
7 x+2
x| -6 -4 -3 -2 -1 0 2

y | =% | =3 | -1 | Undef. | 1

W=
ENE

(2,1.73)

-3

@ (29)=(2173) (y=+5-2=3=~17)
) (x3) = (43) (3=15-(9)

16. y = x° — 5x

6
(0.5, 2.47) (

I
I

-6

(@) (<05, y) = (-0.5, 2.47)

() (x, —4) = (~1.65, —4)and (x, -4) = (1, —4)

17. y =2x -5

1]
[\
—
(=}
~
|
W
Il
|
R
—_
=
|
Wi
~—~

y-intercept: y

x-intercept: 0 = 2x — 5
5 =2x

18. y = 4x* +3

y-intercept: y 4(0)2 +3 =3 (0, 3)

x-intercept: 0 = 4x* + 3
-3 = 4x?

None. y cannot equal 0.
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19.

20.

21.

22.

23.

Chapter P Preparation for Calculus

y=x+x-2
y-intercept: y = 0> + 0 — 2
y =2 (0, —2)
x-intercepts: 0 = x> + x — 2
0=(x+2)(x—1)
¥ = -2,1; (-2, 0), (1, 0)

¥ = x* - dx

y-intercept: y* = 0° — 4(0)

v = 0: (0, 0)
x-intercepts: 0 = x* — 4x

0= x(x - 2)(x + 2)
0, +2; (0, 0), (+2, 0)

X

y = xV16 - x?
y-intercept: y = 0+/16 — 0> = 0; (0, 0)
x-intercepts: 0 = x/16 — x?

0=x (4—x)(4+x)

X

y = (x— 1)\/x2 +1
y-intercept: y = (0 — )\/0* + 1

y = -1 (0, -1)
x-intercept: 0 = (x — IN/x* + 1
x =1 (1, 0)
2 - Jx
y =
Sx +1
y-intercept: y = ?((;)\4{61 =2; (0,2)
x-intercept: 0 = 2-x
Sx +1
0=2-x
x=4; (40

0, 4, —4; (0, 0), (4, 0), (4, 0)

24, y

25.

26.

27.

28.

29.

x2 + 3x
(Bx + 1)’
, 0% + 3(0)
y-mtercept: y = ———=
[3(0) + 1]
y =0;(0,0)
. x? + 3x
x-intercepts: 0 = 5
(3x + 1)
x(x + 3)
Bx+1)

x =0,-3(0,0), (-3, 0)

xzy—x2+4y=0

y-intercept: 02(y) -0°+4y =0
y = 0;(0,0)
x-intercept: xz(O) - x* + 4(0) =0
x = 0; (0, 0)
y=2x-~x*+1
y-intercept: y = 2(0) — /0> +1
y=-L(0,-1)
x-intercept: 0 = 2x — /x? + 1
2x = ~/x? + 1
4x* = x* +1
3x2 =1
ool
3
X = iﬁ
3
_N3(N3,
37037
Note: x = —/3 /3 is an extraneous solution.

Symmetric with respect to the y-axis because
y =(—x)2—6=x2—6.

y=x"—x

No symmetry with respect to either axis or the origin.

Symmetric with respect to the x-axis because

(—y)2 =32 = x* - 8x.
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30.

31.

32.

33.

34

Symmetric with respect to the origin because

(=) = (=) + ()

-y =-x —x

X+ x

y

Symmetric with respect to the origin because
(=x)(-») = o = 4.

Symmetric with respect to the x-axis because
2
x(—y) = xp* = -10.
y=4-~x+3
No symmetry with respect to either axis or the origin.

. Symmetric with respect to the origin because

(9)3) =4 = (7 =0

xy —~4-x =0
35. Symmetric with respect to the origin because
A
(—x)2 +1
X
7 2+ 1
2
36. y = 5 1 is symmetric with respect to the y-axis
X
2 2
—x
because y = ( 2) = 2x .
(=x)"+1 x +1
37. y = ‘x3 + x‘ is symmetric with respect to the y-axis
because y = ‘(—x)3 + (—x)‘ = ‘—(x3 + x)‘ = ‘x3 + x‘.
38. ‘ y‘ — x = 3 is symmetric with respect to the x-axis
because
|=y|-x=3
‘ y‘ -x =3.
39. y =2 -3x

y =2 -3(0) = 2, y-intercept
0=2-3x)=>3x=2=x= %, x-intercept
Intercepts: (0, 2), (%, 0)

Symmetry: none

40.

41.

42.

43.

Section P.1 Graphs and Models 5

y = %x +1
y = %(0) + 1 =1, y-intercept
0=2x+1= -2x = 1= x = -3, x-intercept

Intercepts: (0, 1), (—%, 0)

Symmetry: none

y=9-x

y =9 (0 =9, y-intercept
0=9-x* = x* =9 = x = £3, x-intercepts
Intercepts: (0, 9), (3, 0), (-3, 0) )
y=9-(-x) =9 -

Symmetry: y-axis

y=2x"+x = x(2x + 1)

¥ 0(2(0) + 1) = 0, y-intercept

0=x(2x+1) = x=0,-1

—2»

x-intercepts

Intercepts: (0, 0), (—%, 0)

Symmetry: none

y=x+2
y = 0° + 2 = 2, y-intercept

3 = -2 = x = —3/2, x-intercept

0=x*+2=x
Intercepts: (—3/3, 0), (0, 2)

Symmetry: none ST

©.2)
~2of T
YRR
o1
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Chapter P Preparation for Calculus

M.y =X -4
y = 0% — 4(0) = 0, y-intercept
¥ —4x =0
(x> —4) =0
x(x+2)(x-2)=0
X = 0,+2, x-intercepts

Intercepts: (0, 0), (2, 0), (—2, 0)

y = (—x)3 - 4(—x) =—x +4x = —(x3 - 4X)

Symmetry: origin

45. y = ~x+5
y = 00+ 5 = 0, y-intercept
x\/m =0 = x = 0,-5, x-intercepts
Intercepts: (0, 0), (=5, 0) y
Symmetry: none

(-5,0) 0,0/

46. y =25 - %7
y =25 - 02 = /25 = 5, y-intercept

V25— % =0

25-x*=0

(5+x)(5—x):0
x = %5, x-intercept

Intercepts: (0, 5), (5, 0), (-5, 0)

v =+J25 - (-x) =25 - &7

Symmetry: y-axis
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47. x = y*

¥ =0 = y = 0, y-intercept

x = 0, x-intercept
Intercept: (0, 0)

—x=(-y) > -x=-)

Symmetry: origin

48.

0
0
+2, y-intercepts

x = 0> — 4 = —4, x-intercept

Intercepts: (0, 2), (0, —2), (-4, 0)

x= (o) —4=ytod

Symmetry: x-axis

49. y = 8
X
8 .
0 = Undefined = no y-intercept
0 = No solution = no x-intercept
Intercepts: none

8 8
_y = — = y - —

—X X

Symmetry: origin

I Y
"
—t—+—




10
50. y = ——
7 X2 +1
10
= = 10, y-intercept
YT Y P
10 . .
3 = 0 = No solution = no x-intercepts
x° +1
Intercept: (0, 10)
10 10
y =

51.

52.

(_x)2+1:x2+1

Symmetry: y-axis

v =6-|x|
y =6 —|0| = 6, y-intercept
6 — ‘x‘ =0

6 = ‘x‘

x = 6, x-intercepts
Intercepts: (0, 6), (-6, 0), (6, 0)
y =6 —‘—x‘ =6 —‘x‘

Symmetry: y-axis

y

v =[6- x|

y = ‘6 - 0‘ =‘6‘ = 6, y-intercept

‘6—x‘: 0
6—-x=0
6 = x, x-intercept

Intercepts: (0, 6), (6, 0)

Symmetry: none

Section P.1 Graphs and Models 7

53. )2 - x =9
¥y =x+9
y=2Jx+9
y = +/0 + 9 = +/9 = +3, y-intercepts
+/x+9 =0
x+9 =
x = =9, x-intercept

54.

Intercepts: (0, 3), (0, -3), (-9, 0)

(—y)z—x=9:y2—x=9

Symmetry: x-axis

by =4 y=+ 42_x2
y = i4702 = 174 = t1, y-intercepts
2 2
X2+ 40) = 4
x? =4
x = £2, x-intercepts

Intercepts: (-2, 0), (2, 0), (0, —1), (0, 1)
(—x)2 + 4(—y)2 =4 = x*+4y' =4

Symmetry: origin and both axes

3L

[0, 1)

(=2,0) (2,0)
-3 < 1 3

©0,-1)

34
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56.

Chapter P Preparation for Calculus

x + 3y°

3y? =

y

y

x + 3(0)’

X

6
6 —x

+

6 —x
3

N % = +~/2, y-intercepts

6

6, x-intercept

Intercepts: (6, 0), (0, \/E), (0, —\/5)

x+3(—y)2=63x+3y2:6

Symmetry: x-axis

y =+ /%(0)—2:1\/—72

= no solution = no y-intercepts
3x - 40 =8

3x =

e e}

8 .
x = —, x-Intercept

3
Intercept: (%, 0)

3x - 4(-y) =8 = 3x 4> =8

Symmetry: x-axis

57.

58.

59.

60.

x+y=8=y=8-x
4x-y=T=>y=4x-1
8—x=4x-17

15 = 5x

3=x

The corresponding y-value is y = 5.

Point of intersection: (3, 5)

-2y =-4=y= 3x;4
4x+2y=—103y:#
3x+4  —-4x-10

2 2
3x +4 = —-4x - 10

Tx = -14

x =2

The corresponding y-valueis y = —1.

Point of intersection: (—2, —1)

x4y
X+ y
6 — x?

0

X

:6:>y:6—x2
=4=y=4-x
=4-x
=x*-x-2
:(x—Z)(x+1)
=2,-1

The corresponding y-values are y = 2 (for X = 2) and

y =5 (for x = -1).

Points of intersection: (2, 2), (-1, 5)

x=3-)"=>)y?=3-x
y=x-1
3—x=(x—1)2
3-x=x"-2x+1
0=x’-x-2=(x+1)(x-2)
x=-lorx=2
The corresponding y-values are y = -2 (for x = —1)
andyzl(forx=2).

Points of intersection: (—1, —2), (2, 1)
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Section P.1 Graphs and Models 9

6l. x> +y? =5=y* =57 64. y = x* —2x +1
x—-y=1=y=x-1 y=1-x*
5-x :(x_l)z y=xt 22+ 1

2

5-xr=xr-2x+1

0=2x2—2x—4:2(x+1)(x—2)

¢ (=1,0)
x=-lorx =2

The corresponding y-values are y = -2 (for X = —1) -2

and y =1 (for x = 2).

0,1)

. 0)

Points of intersection: (-1, —2), (2, 1) Points of intersection: (-1, 0), (0, 1), (1, 0)

Analytically, 1 — x* = x* — 2x? + 1
62. x> +)? =25 = y? =25 -7

0=x*-x?

Bx+y=15=y=3x+15 0=x’(x+1)(x-1)
25 - »% = (3x + 15) x=-1,01.
25 — x* = 9x? + 90x + 225

0 = 10x* + 90x + 200 65. y=~x+6

0 = x>+ 9x + 20 yo= N A

0=(x+5)(x+4) u

x=-4orx=-5 S (S/ﬁ) T
The corresponding y-values are y = 3 (for x = —4) -7 m 2
and y = 0 (for x = =5). ===

Points of intersection: (_4, 3), (_5, 0) Points of intersection: (_2’ 2), (_3) \/5) ~ (_3, 1‘732)

63. y=x—2x +x-1 Analytically, Vx4 6 = /-xF — 4x
= —x?+3x -1 X+6=—-x-4x

X +5x+6=0

W= -2 4 x—1]
(x+3)(x+2)—0

2,1

N Y = 6 x = -3, 2.
66. y —‘2x—3‘+6
-8 y=7)c2+3xfl y = 6 — x

Points of intersection: (1, =5), (0, 1), (2, 1)

7

X
Analytically, x* — 2x* + x =1 = —x? + 3x — 1 54
¥ o x - 2x =0 .3
x(x - 2)(x + 1) =0 o i 8

¥ =-1,0,2 R EEREEE

Points of intersection: (3, 3), (1, 5)
Analytically, —[2x — 3|+ 6 = 6 — x

‘2x—3‘:x
2x =3 =xor2x -3 = —x
x =3or x = 1.
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10  Chapter P Preparation for Calculus
67. (a) Using a graphing utility, you obtain
y = 0.005¢> + 027t + 2.7.
®) 1.
0 30
0
(c) For2020, ¢ = 40.
y = 0.005(40)° + 0.27(40) + 2.7
=215
The GDP in 2020 will be $21.5 trillion.
68. (a) Using a graphing utility, you obtain
y = 0.248% + 12.6¢t — 40.
(b) =30
L
30
The model is a good fit for the data.
(¢) For 2020, ¢ = 30.
y = 0.24(30)" + 12.6(30) — 40
= 554
The number of cellular phone subscribers in 2020
will be 554 million.
69. C=R
2.04x + 5600 = 3.29x
5600 = 3.29x — 2.04x
5600 = 1.25x
_ 3600 _ 4480
1.25
To break even, 4480 units must be sold.
70. y = 1277037
X
400
0 100

If the diameter is doubled, the resistance is changed by

approximately a factor of %. For instance,

7(20) ~ 26.555 and y(40) ~ 6.36125.

72.

74.

75.

y =k
@ (L4): 4=kl >k=4
0) (-2,1): 1=k(-2) = -8k = k = -L
(© (0,0): 0 = k(0) = k can be any real number.
@ (-L-1): -1 =k(-1) = -k = k=1
y? = dkx
@ (L1): 1> = 4k(1)
1 = 4k
k=1

b) (2,4):  (4) = 4k(2)

16 = 8k
k =2
(©) (0,0): 0> = 4k(0)
k can be any real number.
@ (3,3): (3 = 4(3)
=12k
=2 -3
12 4

. Answers may vary. Sample answer:

v = (x + 4)(x = 3)(x — 8) has intercepts at

x =—-4,x =3,and x = 8.

Answers may vary. Sample answer:

y = (x + %)(x - 4)(x - %) has intercepts at

x:—%,x:4,andx:

s

>

(a) If (x, y) is on the graph, then so is (—x, y) by y-axis
symmetry. Because (—x, y)is on the graph, then so
is (—x, —y) by x-axis symmetry. So, the graph is
symmetric with respect to the origin. The converse is
not true. For example, y = x° has origin symmetry

but is not symmetric with respect to either the x-axis
or the y-axis.

(b) Assume that the graph has x-axis and origin
symmetry. If (x, y) is on the graph, so is (x, —y) by

x-axis symmetry. Because (x, —y) is on the graph,

then so is (fx, —(- y)) = (—x, y) by origin
symmetry. Therefore, the graph is symmetric with
respect to the y-axis. The argument is similar for
y-axis and origin symmetry.
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Section P.2 Linear Models and Rates of Change 11

76. (a) Intercepts for y = x° — x:

y-intercept: y =0° -0 =0; (0, 0)

x-intercepts: 0 = x* — x = x(x2 - 1) = x(x = 1)(x +1);
(0,0), (1, 0) (-1,0)

Intercepts for y = x* + 2:

y-intercept: y = 0+ 2 = 2;(0,2)

x-intercepts: 0 = x> + 2
None. y cannot equal 0.

(b) Symmetry with respect to the origin for y = x> — x because

—y=(=x) = (-x) = - + x
Symmetry with respect to the y-axis for y = x? + 2 because
y:(—x)2+2:x2+2.
(©) X-x=x2+2

¥-x*-x-2=0

(x—2)(x2+x+l):0
x=2=>y=6

Point of intersection : (2, 6)

Note: The polynomial x> + x + 1 has no real roots.

77. False. x-axis symmetry means that if (—4, —5) is on the b+ b — dac
. 79. True. The x-intercepts are | ————— 0 |.
graph, then (—4, 5) is also on the graph. For example,
(4, —5) is not on the graph of x = »* — 29, whereas

(_4, — 5) is on the graph. 80. True. The x-intercept is (—23, 0).
a
78. True. f(4) = f(-4).

Section P.2 Linear Models and Rates of Change

1. =2 _
" 6. m = 7-1 =—=-2
-2 -1 -3
2. m=0 »
3. m=-1 2,7
4. m = -12
2—-(-4
R EC )
5-3 2 432 -1
31
2t /(5,2)
i
SR S
ol
sl
4 (3.-4)
sl
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12 Chapter P Preparation for Calculus

4-4

The line is vertical.

7. m

%5, undefined.

21
6+ (4.6
s+
ot
3t
2t
i+ @D
Sl [ se
-5 — (=
s.om- )0 g
5-3 2

The line is horizontal.

B 3,-5) (5,-5)
2 1 1
9. m=—3_6 __2_9
o (3) 1
2 4) 4
]
B/
A T
)
10. m = \4) \ 4 — L
_(3 3
8 4 8
\
T NG
[ N
ol \\(%v-%)

12.

13.

14.

15.

16.

17.

m is undefined.

Because the slope is 0, the line is horizontal and its
equation is y = 2. Therefore, three additional points are

(0,2), (1, 2), (5, 2).

Because the slope is undefined, the line is vertical and its
equation is x = —4.Therefore, three additional points

are (-4, 0), (-4, 1), (-4, 2).

The equation of this line is
y-7=-3(x-1)
y = =3x + 10.

Therefore, three additional points are (0, 10), (2, 4), and
@3, .
The equation of this line is
y+2= 2(x + 2)

y =2x+ 2.
Therefore, three additional points are (-3, —4), (-1, 0),
and (0, 2).

y=%x+3
4y =3x +12

0=3x-4y +12
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18. The slope is undefined so the line is vertical.
x=-5
x+5=0

19. y = £x

20. y=4

310

w
S
b

w
S
3

)
=3
S

200 (4, 293)

Population (in millions)

4 5 6 7 8 9
Year (4 <> 2004)

(c) Average rate of change from 2004 to 2009:
307.0 — 293.0 14
9-4 5
= 2.8 million per yr

Section P.2 Linear Models and Rates of Change

21. y+2=3(x—3)

y+2=3x-9
y=3x-11
0=3x-y-11
y
3]
2
14
SRRV
29 (3,-2)
3
4
s
_ _3
22, y—4 = —g(x+ 2)

5y—-20=-3x-6
3x+5y-14 =0

(=2,4)

>

23. (a) Slope = ~
(b)

By the Pythagorean Theorem,
x* = 30% +10% = 1000
10~/10 =~ 31.623 feet.

X =
295.8 — 293.0
(b) The slopes are: 295.8 -~ 2930 =28
5-4
298.6 — 295.8 _ g
6-5
301.6 — 298.6 _ 130
7-6
304.4 — 301.6 _ 238
8 -7
307.0 — 304.4 _ 16
9 -8

The population increased least rapidly from 2008 to 2009.

(d) For2020,7 = 20 and y ~ 16(2.8) + 293.0 = 337.8 million.

[Equivalently, y ~ 11(2.8) + 307.0 = 337.8]

13
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25.

26.

27.

28.

29.

30.

31.

32.

Chapter P Preparation for Calculus

y=4x-3

The slope is m = 4 and the y-intercept is (0, —3).

1

y=x+1

-X+y

The slope is m = 1and the y-intercept is (0, 1).

x+5y =20
y=—-ix+4
Therefore, the slope is m = —% and the y-intercept is
(0, 4).
6x — 5y =15
y = %x -3

Therefore, the slope is m = %and the y-intercept is
(0. -3)

x =4

The line is vertical. Therefore, the slope is undefined and
there is no y-intercept.

y=-1
The line is horizontal. Therefore, the slope is m = 0 and
the y-intercept is (0, —1).

y
.1
s
. —————
3-2-1 | 1 2 3 45
ol
Lt
s
el
x =4
y
Nl
.l
L
i o x
1 2 3 5
a4
2t
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35. y-2 =




38.

xX+2y+6

Il
(e}

39.

40.

41.

42.

a4
e
ﬂ =2
4-0
2(x - 0)
2x
2x — y
(2 9,
(-2) 3
- (s - (2)
= 3(x + 2)
=3x+4
=3x-y+4

4.8)

Section P.2 Linear Models and Rates of Change

15

43. m = -3 = é, undefined
6-6 0
The line is horizontal.
x =06
x—6=0
8+ 6.8)
6l
ol
6,3)
.1
e A R
L
2 - (=2
44. m = ( ):9:0
3-1 2
y =2
y+2=0
i
B A
a4
1,-2) (3,-2)
5l
al
7.3 1
5.m=24_4_1
R
NEER)
3 11 2
—2 = (x-0 :
L e
11 3 G125 o4
= —X —
FETY
0=22x-4y+3
33
46. m :u:L:_§
n_(5) 3 3
8 4 8 ,
+l_;8(x_§j .\
RN L
12y + 3 = —32x + 40 T
32x 412y =37 = 0 T NG9
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16  Chapter P Preparation for Calculus

47. x=3
x-3=0
s
i
Il Il (3’0)\
12 4
a4
ol
48. m = "
a
y=—x+b
a
—x+y=25>
E + X — 1
a b
\1 (0, b)
(a,0)
N
49, S A
2 3

w
=
+
()

<

|
=)

I
(=)

275
3
-3x oy
2 2
Ix+y=-2
3x+y+2=0
s1. 242 o
a a
l+g:1
a a
3.4
a
a=3=>x+y
x+y-3

© 2014 Cengage Learning. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole or in part.

5. 24+2 2
a a
;3+ﬁ:1
a a
L
a
a=1=>x+y=1
x+y-1=0
53 —+2 =1
2a  a
i ;2_1
2a a
9—4:l
2a
5 =2a
5
a=—
2
X y
——+ = =1
5 5
23) 6
E_'_ziy:l
5 5
x+ 2y =

54. I A

(3,2
a —d

-——+2=a

4

3

XLy oy
B

o, 4

X y—3

3x-3y-4=0

55. The given line is vertical.
(@ x=-T,orx+7=0

b) y=-2,ory+2=0

56. The given line is horizontal.
(@ y=0
b) x=-Lorx+1=0



57.

58.

59.

60.

xX—y=-2
y=x+2

(a) y-5=1x-2)
y-5=x-2
x=y+3=0
(b) y-5=-1(x-2)
y-5=-x+2

<
1]
|
=
+
N

(a) y+

yro =ty

24y + 12 = —42x + 35
42x + 24y - 23 =0

(b) yeg=4s-3

42y + 21 = 24x - 20
24x — 42y — 41

Il
(=]

[— =
Il
-lk‘l
N
VY
=
|
N | W»n
N—

Section P.2 Linear Models

61. 5x -3y =0
y=3x
m=3

@ y-7=3
24y — 21 = 40x

0 = 40x

7

(b) Yy-3
40y — 35

24x + 40y — 53

62. 3x +4y =7
4y = 3x+7

=-3x+1Z
n=-3

and Rates of Change

= —24x + 18
=0

— _3
y+5=-5x+3
4y +20 = 3x + 12

3x+4y+8=0
®) v = (-5) = 5(x - 4)
y+5:%x—%

3y +15 = 4x - 16
0 =4x -3y -31

63. The slope is 250.
Vv
V

= 250r + 1350

64. The slope is 4.50.

1850 when ¢ = 2.
250(t - 2) + 1850

V =156 whent = 2.

vV

= 4.5t + 147

65. The slope is —1600.
V
V

~1600(1 — 2) +

4.5(t - 2) + 156

17,200 when ¢ = 2.

17,200

= —-16007 + 20,400

66. The slope is —5600.
V' = 245,000 when ¢

= 2.

V = -5600(¢ — 2) + 245,000
= —56007 + 256,200

17
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1-0
67. mlzmz—l
my = —2-0 _ 2
2-(-1) 3
m, #* m,

68.

69.

70.

The points are not collinear.

—6-4 10
m = -
7-0 7
-4 _ 7
m, = = ——
5-0 5
ml;tmz

The points are not collinear.

Equations of perpendicular bisectors:

_E_a—bx_a+b
Y 2 c 2

c a+b( b—aj
y-o = X -

2 —c 2

Setting the right-hand sides of the two equations equal
and solving for x yields x = 0.

Letting x = 0 in either equation gives the point of
intersection:

(0’ —a® + b + cz}
2c

This point lies on the third perpendicular bisector,
x =0.

Equations of medians: y

e,
YT
C
YT a9
C
YT 3.5 b(x - a) Ca.0) 0.0 @0

Solving simultaneously, the point of intersection is (g, gj

71. Equations of altitudes:
a-b

(x + a)

x=5b

a+b
y == . (x—a)

Solving simultaneously, the point of intersection is

2 _ g2
)
c

72. The slope of the line segment from (g, gj to

2 g2
(b, a b Jis:
c

[(az - bz)/cJ - (c/3)
b - (b/3)

(3a2 - 3h* - cz)/(3c) 3g% —3p2 = 2
(2)/3 - 2be

m =

The slope of the line segment from (g gj to

[ —az+b2+czj.
0, ——— | is:
2c

[(—az +b% + cz)/(Zc)J —(¢/3)

" 0-(b/3)
B (—3a2 +3b% +3c¢* - 2c2)/(6c) _3a® -3p - ¢
-b/3 2bc
m = my

Therefore, the points are collinear.
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73. ax + by = 4

(a) The line is parallel to the x-axis if a
b#0.

(b) The line is parallel to the y-axis if b
a # 0.

(c) Answers will vary. Sample answer: a

b = 8.
—Sx+8y =4
y l(5x+4)=

(d) The slope must be —3.

Answers will vary. Sample answer: a

b =2
Sx +2y =4
%(—5x+4)=

—3x+2

y = 2

©

az%andsz.

5 -
2X+3y =4
5x + 6y =8

77. (a) Current job: W,
New job offer: W,

3500

(15,000, 3050)

-120,000

(b)

ot . . . ..
1500

= 0.07s + 2000
= 0.05s + 2300

0 and

0 and

= —5and

5and

Section P.2 Linear Models and Rates of Change

74.

75.

76.

(a) Lines c, d, e and fhave positive slopes.
(b) Lines a and b have negative slopes.
(c) Lines c and e appear parallel.
Lines d and f appear parallel.
(d) Lines b and fappear perpendicular.
Lines b and d appear perpendicular.

19

Find the equation of the line through the points (0, 32)

and (100, 212).

F =32 =2%C-0)
F=3C+32
or
= §(5F - 160)

5F —9C -160 = 0
For F = 72°, C = 22.2°.

C = 0.51x + 200
For x = 137, C = 0.51(137) + 200 = $269.87.

Using a graphing utility, the point of intersection is (15,000, 3050).

Analytically, W, = W,
0.07s + 2000 = 0.05s + 2300
0.02s = 300
s = 15,000

SOsVVl =

W, = 0.07(15,000) + 2000 = 3050.

When sales exceed $15,000, the current job pays more.
(¢) No, if you can sell $20,000 worth of goods, then W, > W,.

(Note: W, = 3400 and W, = 3300 whens = 20,000.)

78. (a) Depreciation per year: 1000

85 = $175
y = 875 - 175x
where 0 < x < 5.

0

(b) y = 875 - 175(2) = $525

(c) 200 = 875 —175x
175x = 675
x ~ 3.86 years
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20 Chapter P Preparation for Calculus

79. (a) Two points are (50, 780) and (47, 825). 82. The tangent line is perpendicular to the line joining the
The slope is point (4, —3) and the center of the circle, (1, 1).
_825-780 45 ‘.
47 - 50 -3 )
p— 780 = —15(x - 50) Al
p = —15x + 750 + 780 = —15x + 1530 24
or . x
1 2
X = 3(1530 - p) )
(b) 5o 4
Slope of the line joining (1, 1) and (4, —-3) is
1+3 -4
1-4 3
°5 e Tangent line:
If p = 855, then x = 45 units. 3

y+3=z(x—4)

(c) If p = 795, then x = %(1530 — 795) = 49 units

y=%x—6
80. (a) y = 18.91 + 3.97x 0= 3x— 4y — 24
(x = quizscore, y = test score)
1(=2) + (~1)(1) - 2
(b) 10 83.x—y—2:0:>d:‘( )+ (10 -2
NSOESE
[}
_ 5 _ 52
V2 2
0 20
0 84, dx 13y 10 = 0 = g - 2230 107
(©) If x = 17, y = 1891 + 3.97(17) = 86.4. T A Y e

(d) The slope shows the average increase in exam score
for each unit increase in quiz score.

(e) The points would shift vertically upward 4 units.
The new regression line would have a y-intercept
4 greater than before: y = 22.91 + 3.97x. p ‘1(0) 4 1(1) _ 5‘ ‘1 _ 5‘ 4

85. A point on the line x + y = 1is (0, 1). The distance
from the point (0, 1)to x + y —5 = 01is

= 24/2.

81. The tangent line is perpendicular to the line joining the NAEIRE V2 V2
point (5, 12) and the center (0, 0).

y

86. A point on the line 3x — 4y = 11is (—1, —1). The
distance from the point (=1, —1)to 3x — 4y — 10 = 01is
g 3D -4(-1)-10] [3+4-10] 9

J3 () 5 5

Slope of the line joining (5, 12) and (0, 0) is %

The equation of the tangent line is
=5

-12=—(x-5
y L9
_ 5, 16
T 12

5x +12y — 169 = 0.
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Section P.2 Linear Models and Rates of Change

87. If 4 = 0,then By + C = 0is the horizontal line y = —C/B. The distance to (xl, yi) is

d =

’ [—C)_ |By + C| | A4x, + By, + C|
- =]|= = .
B | B| VA + B
If B = 0,then Ax + C = 0is the vertical line x = —C/A. The distance to (x;, y,)is
(_CJ |4x, + C| | 4x + By, + C|
x —-|—|= = .
4 4| VA + B?
(Note that A and B cannot both be zero.) The slope of the line Ax + By + C = 0is —A/B.

d =

The equation of the line through (xl, yl) perpendicularto 4Ax + By + C = 0O is:

B
Y =N :*(x_xl)

A
Ay — Ay, = Bx — Bx
Bxy — Ay, = Bx — Ay
The point of intersection of these two lines is:
Ax + By = —C = A’x + ABy = -AC (1)
Bx — Ay = Bx, — Ay, = B?x — ABy = B%x; — ABy, (2)
(AZ + BQ)x = —AC + B’x; — 4By, (By adding equations (1) and (2))
‘= —AC + B*x; — ABy,
A* + B?
Ax + By = -C = A4Bx + B’y = -BC 3)
Bx — Ay = Bx; — Ay, = —ABx + A’y = —ABx; + A’y (4)

(AZ + Bz)y = —BC — 4Bx + Ay, (By adding equations (3) and (4))

—BC — ABx, + A*y,
A4* + B?

y =

[—AC + Bx, — ABy, —BC — ABx, + A%y,

s oint of intersection
A* + B? A* + B? Jp

The distance between (x;, y;)and this point gives you the distance between (x;, y;) and the line Ax

[—4C + B’x, — 4By, > [BC - 4By, + Ay, ?
d = -x| + - N
A* + B? A% + B?

[—AC — 4By, — 4x, | [-BC - 4Bx, — B>y |
= +
A* + B? A* + B?

+ By +C =0.

A* + B? A* + B?

(A2 + 32)2

88. mx+4:>mx+(—1)y+4:0

<
Il

|Ax + By + C| ‘mB +(=1)(1) + 4‘ _|3m + 3]

VA + B \/m2+(_1)2 Jm? 11

The distance is 0 when m = —1.In this case, the line y = —x + 4 contains the point (3, 1).

\/——A(C + By, + Axl)}2 . {—B(C + Ax + Byl):|2 ~ (A2 + Bz)(C + Ax, + By,)’ x4+ By + C

VA + B

21
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89. For simplicity, let the vertices of the rhombus be (0, 0),

90.

Section P.3 Functions and Their Graphs

1.

(a,0), (b, c), and (a + b, c), as shown in the figure.

The slopes of the diagonals are then m; =

m, = . Because the sides of the rhombus are

b—a
equal, a®> = b* + ¢?,and you have

c c c c |
mm, = . = = —— = —].
a+b b-a »: -4 -2

Therefore, the diagonals are perpendicular.

y

(b, c) (a+b,c)

0,0) (a,0)

For simplicity, let the vertices of the quadrilateral be
(0, 0), (a, 0), (b, ¢), and (d, e), as shown in the figure.
The midpoints of the sides are

a a+b ¢ b+d c+e d e
— 0}, s = b ) ,and | —, — |
2 2 2 2 2 2°2

The slope of the opposite sides are equal:

<o cte e

2 __ 2 2 _¢
a+b a b+d d p

2 2 2 2
0_¢ ¢ _cte

2 __ 2 2 ___¢
ﬂ_ﬂ a+b_b+d a—d
2 2 2 2

Therefore, the figure is a parallelogram.

v

(d, e) (M (‘+P)
2’72
RSN (b. )

TR
[STE
1
/
\
N

0O () @0

@ /(0) =7(0) -4 =4

b f(-3) =7(- ) 4 = -25

© f(b) = 7(6) 4 = Tb -

@ f(x-1)=7x-1)-4=7x-11

91. Consider the figure below in which the four points are
collinear. Because the triangles are similar, the result
immediately follows.

D D R

* *
Xy =X Xy =X

92. If my = —1/m,, then mym, = —1. Let L;be a line with

slope mj that is perpendicular to L,. Then mm; = —1.

So, my = m; = L, and L;are parallel. Therefore,

L, and L, are also perpendicular.

93. True.

ax +by =¢ = y = I+ S = m a
= ¢ S B = =
b b b

b c, b
bx—ay=c, =>y=—x-—=m=—
a

a a
1
m, = —
m
94. False; if my is positive, then m, = —1/m, is negative.

95. True. The slope must be positive.

96. True. The general form Ax + By + C = 0 includes both
horizontal and vertical lines.
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3.

10.

11.

12.

13.

14.

Section P.3 | Functions and Their Graphs

(@ g(0)=5-0"=5 5.(a) £(0) = cos(2(0)) = cos 0 = 1

®) g(3) =5-(V5) =5-5-0 (b) f(—%j - cos[2 _ZD - cos(—%] 0
© g(-2)=5-(2) =5-4=1

O s =31 =5 (¢ -2 © 1[%) - cofo%)) - a2 -]

. g4)=4(4-4=0
2
0 ol = @9 - 309 - % o ) - afsr)
(©) glc) = c*(c—-4)=c -4 4 4 2
(d) g(l + 4) = (f + 4)2(f + 4 — 4) (C) f(zl) = si (277[} — £
3 3 2
=(t+4) 1 =7 +87 + 16t
Vs T 1
(d) f(—gj = sin —g) =
f(x + Ax) - f(x) _ (x + Ax)3 - _ 2+ 3x%Ax + 3x2(Ax)2 + (Ax)3 - = 3a 4 3xAx 4 (Ax)z, At % 0
Ax Ax Ax
fE) = S0) 3 -1-Bh) 3D
x -1 x -1 x -1
fx) - 1) _ (Nx-1-1)
x -2 x -2
B I L 2-x _ -1 e
(x—2)\/x—1 1+~/x -1 (x—Z)\/x—1(1+\/x—l) \/x—1(1+\/x—1),
f(xg : 1/(1) _x ;fl— 0 _ xx 4;13()1“ -1 _ x(x + 1), x = 1
f(x) = 4y? 15. g(x) = J6x
Domain: (—o0, ©) Domain: 6x > 0
Range: [0, «) x>0 = [0, x)
Range: [0, =)
g(x) =x2-5
Domain: (-0, o) 16. h(x) = —~/x +3
Range: [-5, o) Domain: x +3 > 0 = [-3, «)
Range: (-0, 0]
flx) =%
Domain: (-0, o) 17. f(x) = V16 — x?
Range: (o, o) 16-x>>0= x> <16
h(x) 4y Domain: [—4, 4]
Domain: (—oo, o) Range: [0, 4]
Range: (—, 4] Note: y = /16 — x? is a semicircle of radius 4.

23
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18.

19.

20.

21.

22.

23.

24.

25.

Chapter P Preparation for Calculus

S6) =53
Domain: (-0, «)

Range: [0, «)

7t
fle) = sec-

a (2n + Dz
4 2

=>t#4n+2

Domain: all # # 4n + 2, n an integer

Range: (—o0, — 1] U [1, «)
h(t) = cott
Domain: all ¢ = nz, n an integer
Range: (—o, ©)
. 3
S(x) =~
Domain: all x # 0 = (—, 0) U (0, )

Range: (-, 0) U (0, =)

x -2
x+4

f(x) =
Domain: all x # —4

Range: all y # 1

[Note: You can see that the range is all y # 1by
graphing /']

f(x) =Jx+~/1-x

x20 and 1-x20

x>0 and x <1

v

Domain: 0 < x < 1 = [0, 1]

f(x) = \/m

X =3x+220
(x—Z)(x—l) >0
Domain: x > 2 or x < 1
Domain: (-0, 1] U [2, )
g(x) = ﬁ

l—cosx #0

cos x # 1

Domain: all x # 2nz, nan integer

26.

27.

28.

29.

30.

1
RS ey 753

. 1
sin x —— # 0
2
. 1
sin x # —
2
Domain: all x # % + 2nr, % + 2nr, ninteger

1
) =
|x +3[%0
x+3=0
Domain: all x # -3
Domain: (—o0, —3) U (-3, «)
1
g(x) = ‘m‘

‘xz - 4‘ =0
(x—2)(x+2);t0
Domain: all x # +2
Domain: (-0, —2) U (=2, 2) U (2, )
2x+ 1L, x <0
2x+2,x 20

/(%) = {

@ f(-1)=2(-1)+1=-1

(b) £(0) = 2(0) + 2 =

© f2)=202)+2=6

@ f(2+1)=2+1)+2=2"+4

(Note: £ +1 > Oforall £.)
Domain: (—o0, o)

Range: (—o0, 1) U [2, »)

(Note: s> + 2 > 1foralls.)
Domain: (—o0, o)

Range: 2, o)
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32.

33.

34.

3S.

{ x|+ 1, x <1
—x+1,x2>1
(@ f(-3)=]-3]+1=4
® f()=-1+1=0
() f3)=-3+1=-2
@ f(b* +1) = =(b + 1) + 1 = =1
Domain: (~co, o)

Range: (-0, 0] U [1, «)

Vx+4,x <5

70 = {(x -5P,x>5

@ f(-3)=v3+4=1=1
®) f(0)=~0+4=2

© /() =~5+4=3

@ £(10) = (10 - 5)* = 25

Domain: [—4, )

Range: [0, «)

flx)y=4-x it

Domain: (—o0, «)
1 \

v

Range: (-, )

g(x) =

Domain:

—_— =

—o, 0)

Range: (—o0, 0) U

h(x) =x -6 it
Domain: T
X-62>0 T

x263[6,oo)

Range: [0, «)

NG
e OO) 4&
(0’ 00) e il >«

Section P.3 | Functions and Their Graphs

36. f(x) =1y 43

Domain: (—o0, «)

Range: (-, )

37, f(x) = V9 - ? \
Domain: [-3, 3] j:
Range: [0, 3] f T E
G300 [ 123
M

38, f(x) = x+ V4 -2
Domain: [-2, 2]
Range: [—2, 2\/5} ~ [-2, 2.83]
y-intercept: (0, 2)

x-intercept: (—\/E, 0)
W1
3
0.2 )
(=v2.0) f

F—+—+ F————>x
-4-3-2f 12 3 4
-2
-3

-4

39. g(t) = 3 sin 7zt

Domain: (—oo, oo)

Range: [-3, 3]

25
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40.

41.

42.

43.

44.

45.

46.

47.

48.

Chapter P Preparation for Calculus

0
h(0) = -5 —
(9) 0052

Domain: (—oo, oo)

Range: [-5, 5]

The student travels ‘21 0 % mi/min during the first 4

minutes. The student is stationary for the next 2 minutes.

Finally, the student travels 160 = 1 mi/min during

the final 4 minutes.

x—y2=0:y=i\/;

y is not a function of x. Some vertical lines intersect the
graph twice.

Nt —4d-y=0=y=~/x*-4

v is a function of x. Vertical lines intersect the graph at
most once.

v is a function of x. Vertical lines intersect the graph at
most once.

xz+y2 4

4 - x?

y ==

y is not a function of x. Some vertical lines intersect the
graph twice.

24y =16 = y = £/16 — x?

v is not a function of x because there are two values of y
for some x.

¥ +y=16=y =16 - x*

v is a function of x because there is one value of y for
each x.

49.

50.

51.

52.

53.

54.

5S.

56.

57.

58.

59.

60.

2

V=X 1= y=2Jx*-1

y is not a function of x because there are two values of y
for some x.

2
xzy—x2+4y=03y=27
x* +4

y is a function of x because there is one value of y for
each x.

The transformation is a horizontal shift two units to the
right.

Shifted function: y = </x — 2

The transformation is a vertical shift 4 units upward.

Shifted function: y = sinx + 4

The transformation is a horizontal shift 2 units to the
right and a vertical shift 1 unit downward.

Shifted function: y = (x — 2)° — 1

The transformation is a horizontal shift 1 unit to the left
and a vertical shift 2 units upward.

Shifted function: y = (x + 1)3 +2

y = f(x + 5)is a horizontal shift 5 units to the left.
Matches d.

y = f(x) — 5is a vertical shift 5 units downward.
Matches b.

y = —f(~x) — 2 is areflection in the y-axis, a
reflection in the x-axis, and a vertical shift downward 2
units. Matches c.

y=—f (x — 4) is a horizontal shift 4 units to the right,

followed by a reflection in the x-axis. Matches a.

y = f(x + 6) + 2 is a horizontal shift to the left 6

units, and a vertical shift upward 2 units. Matches e.

y = f(x —1) + 3is a horizontal shift to the right 1 unit,
and a vertical shift upward 3 units. Matches g.
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61. (a) The graph is shifted 3 units to the left.

4+

24

(e) The graph is stretched vertically by a factor of 3.

y
R Y

——rt H—t—
-4 2 4 6

Section P.3 | Functions and Their Graphs 27

(f) The graph is stretched vertically by a factor of i.
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62. (a) g(x) = f(x - 4)
g(6) = /(2) =1
&(0) = /-4) = -3
The graph is shifted 4 units to the right.

- 0w s

(b) g(x) = f(x + 2)
1

The graph is shifted 2 units to the left.

—+—+—
L

MH;\"H
By

(c) g(x) = f(x) + 4
g2)=f(2)+4=5
g(-4) = f(-4) + 4 =1
The graph is shifted 4 units upward.

e
(d) g(x) = f(x) -1
g(2) = f(2) -1=0
-4 = (-4) -1 = 4

T o

—+—————
5.4 3 2 1 | 2 3

(©

®

(2

(h)

g(x) = 2/(x)
g(2) = 2f(2) =2
(~4) = 2/(-4) = -6

2,2)

g(x) = 3/(x)
30) =3
8(4) = /(4 = 3

The graph is stretched vertically by a factor of %

oQ

—_
\S)

~—
]

1oed
RS an iy
5 4 3 1123
Fd) 2]
o
-5
-6
g(x) = f(=%)
g(-2) = 7(2) =1
8(4) = £(-4) = -3
The graph is a reflection in the y-axis.
31
EX!
N
-2
-3
i “.-3)
-5
g(x) = -/(x)
¢ = 1() = -1
e(4) = 1) = 3
The graph is a reflection in the x-axis.
5]
43 ¢
3
TN
GRS
3
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63.

64.

65.

66.

Section P.3 | Functions and Their Graphs

F(x) = 3x— 4, g(x) = 4

(@) f(x)+ g(x) = (3x—4)+4 =23

() f(x)-g(x) =(Bx-4)-4=3x-8
(©) f(x)- g(x) = (3x — 4)(4) = 12x — 16

3)6—4:3)6_1

@ /el = F 2= 2

F) = +5x+4, g(x)=x+1
()
(b)
(©)

S(x)+g(x) = (3 +5x+4) + (x +1) = x* + 6x + 5
F(x) = glx) = (3 + 55+ 4) = (x +1) = 2% + 4x + 3
F(x) - g(x) = (x* + 5x + 4)(x + 1)

= 5+ dx 42t 4 Sx+ 4

=x3+6x* +9x + 4

x2+5x+4_(x+4)(x+1)

Domain: [0, o0

f(x) = %, g(x) = Vx

(f o g)x) = f(ex))

f(\/;) = (\/;)2 =x, x>0
)

(g /)x) = g(/(x) = g(x*) = /x> =]

Domain: (—o0, )

29

No. Their domains are different. ( fo g) = (g o f )

) f(x)/g(x) = T o =x+4x % -1
@ f(g) = r(0)=0 67.
®) g(r(1) =g =0

© g(f(0) = g(0) = -1

@ f(g(-4) = £(15) = 15

© S(g() = f(x* —1) = Vo =1

M g(f(x) = g(Vx) = (Vx) ~1=x-1 (x>0)

f(x) = sin x g(x) = X

(a) f(g(z)) = f(27) = sin(27) = 0 .

(b)
(©)

(d)

(©

(M g(f(x)) = g(sin x) = 7 sin x

for x > 0.

f(x) = x* =1, g(x) = cos x

(7 ° g)x) = /(g(x) =

f(cos x) = cos’x — 1

Domain: (—o0, )

(g f)x) = g(x2 - 1) = cos(x2 - 1)

Domain: (—o0, o)

No, feog# gof.
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69.

71.

72.

73.

74.

75.

76.

77.

Chapter P Preparation for Calculus

10 = % () = 2 -
(= 9)) = F(ao) = (5 - 1) = =

Domain: all x # 1 = (=0, 1) U (=1, 1) U (1, )

(g ° /)x) = &(/(x)

@ (/°2)3) = ( (3)) = f(-1) =4
®) g(f(2) =
(/)

Wthh is undefined

© g(/(5)
@ (/e 8)- 3): ( (-3) = /(-2) =3
© (g /)1 = g(f(-1) = g(4) = 2

(© f(g(-1)) = f(~4), which is undefined

(4o r)(t) = A(r(r)) = A(0.61) = (0.61)" = 0.3677>
(4 o r)(¢) represents the area of the circle at time 7.

F (x) =~2x -2

Let h(x) = 2x, g(x) = x — 2and f(x) = Jx.

- f(Vrv2) = =

x+2

Domain: (—2, o0

R

You can find the domain of g o f by determining the

intervals where (1 + 2x) and x are both positive, or both

negative.

Then, (/o g o h)(x) = f(g(2v) = f((2%) - 2) =

[Other answers possible]

( ) = —4 s1n(1 — x)

et f(x) = —4x, g(x) = sin xand A(x) = 1 — x. Then,
= f(g(l - x)) = f(sin(l - x)) = 4 sin(l _ x)

(f o g h)x)
[Other answers possible]
(a) If fis even, then (%, 4) is on the graph.

(b) If f is odd, then (%, —4) is on the graph.

(a) If fiseven, then (-4, 9)is on the graph.

(b) If £ is odd, then (—4, —9)is on the graph.

J@x) -2 =22 -2 = F(x).

F (x)

f 1is even because the graph is symmetric about the y-axis. g is neither even nor odd. / is odd because the graph is symmetric

about the origin.
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78. (a) If f is even, then the graph is symmetric about the 79. f(x) = x2(4 _ xl)
y-axis.
, S0 = (4= () = 24 - ) = /()
p 61 f is even.
j: f(x) = x2(4 - xz) =0
o 7}2_')” DA x2(2 - x)(2 + x) =0
4t Zeros: x =0,-2,2
ot
80. f(x) = Ux
(b) If £ is odd, then the graph is symmetric about the
origin. S(=x) = (=) = —/x = -1(%)
v f is odd.
~N T f(x) = ¥/x = 0 = x = 0is the zero.
ot
L ‘2” L 81. f(x) = XCOS X
LN f(=x) = (=x) cos (~x) = —x cos x = — f(x)
1 f is odd.

f(x) = xcosx =0

T . .
Zeros: x = 0, E + nz, where n is an integer

82. f(x) = sin’x
f(—x) = sinz(—x) = sin(—x)sin(—x) = (—sinx)(—sinx) = sin’x
f is even.
sin’x = 0 = sinx = 0

Zeros: x = nm, where n is an integer

4-(-6) _ 10 8—1 7
83. SI =———=—=-5 84. Slope = —— = —
T 0 T =537
7
-1=—x-3
y—4=-5(x - (-2)) y S(x=3)
y—4=-5x-10 y—1=1x—2
y=-5x-6 2 2
. . . 7 19
For the line segment, you must restrict the domain. y = Ex Y
/ (x) =-5x-6,-2<x<0 For the line segment, you must restrict the domain.
, . 7 19
A x)=—x-—3<x<5
6 Sx) = x>
(-2,4)¢ 4 y
\2 8+ .9
LA A
4 ol
-6 9(0,-6) 2+ o
R
ot
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85. x+1° =0 89. Answers will vary. Sample answer: In general, as the
) price decreases, the store will sell more.

Number of sneakers sold

5 4 -3 -2 -1 1 ’ Price (in dollars)

Ll 90. Answers will vary. Sample answer: As time goes on, the
value of the car will decrease

v

Value

ot

91. y=~Nc—x

V2 o=c—x?

x2 + y* = ¢, acircle.

87. Answers will vary. Sample answer: Speed begins and For the domain to be [_5’ 5]’ ¢ =25
ends at 0. The speed might be constant in the middle:

92. For the domain to be the set of all real numbers, you
)

_ must require that x*> + 3cx + 6 # 0. So, the
g discriminant must be less than zero:
h (3¢)’ - 4(6) < 0
E
H 9¢% < 24
3
& . <8
Time (in hours)
_ /8 8
3 <ec< \/;
88. Answers will vary. Sample answer: Height begins a few _% 6 <c< %\/E

feet above 0, and ends at 0.
: 93. (a) T(4) = 16° T(15) ~ 23°
(b) If H(t) = T(r — 1), then the changes in temperature
will occur 1 hour later.

(¢) If H(t) = T() — 1, then the overall temperature
./_\ would be 1 degree lower.

Height

Distance
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94.

9s.

96.

100.

101.

102.

Section P.3 | Functions and Their Graphs 33

(a) For each time ¢, there corresponds a depth d. 97. f(x) =|x|+|x - 2|
(b) Domain: 0 < ¢ < 5

If x <0,then f(x) = —x—(x—2)=-2x+2.
Range: 0 < d < 30

If0§x<2,thenf(x)=x—(x—2):2.

()
30+ If x > 2, then f(x)=x+(x—2)=2x—2.
z;: So,
51 2x+2, x<0
1 f(x) =12, 0<x<2.
— > 2x -2, x22
12 3 4 5 6
(d) d(4) ~ 18. At time 4 seconds, the depth is 98. pi(x) = x — x + I has one zero. p,(x) = x* — x has
approximately 18 cm. three zeros. Every cubic polynomial has at least one
© zero. Given p(x) = Ax’ + Bx* + Cx + D, you have

p > —oas x > —wand p —> © as x > ©if
400 A > 0. Furthermore, p — o as x — —ooand
p > —oas x - o if 4 < 0.Because the graph has

no breaks, the graph must cross the x-axis at least one time.

Average number of
acres per farm

o056y ‘ 99. f(~x) = ()" + -+ as(=x) + a(~x)
= —[azHlxz"” ooy + ali
(b) A(25) ~ 445 (Answers will vary.)
= /(%)
(a) =5 Odd
0 100
0
2
(b) H(ij = o.ooz(ij + o‘oos(iJ ~ 0.029
1.6 1.6 1.6

= 0.00078125x* + 0.003125x — 0.029

R az(—x)2 + a,

f(—x) = azn(—x)zn + aZn—Z(_x)
= @, X"+ ay, X" 4+ X’ + ay

= /(%)
= f(x)g(x) where f and g are even. Then F(—x) = f(-x)g(-x) = f(x)g(x) = F(x).
is even. Let F(x) = f(x)g(x) where / and g are odd. Then

F(=x) = f(=x)g(=x) = [-/(@)][-e(x)] = /(x)e(x) = F(x)

Let F(x) = f(x)g(x) where f is even and g is odd. Then

F(=%) = f(=x)g(=x) = f(0[-2(x)] = ~/(x)2(x) = ~F(x).
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. y-2 0-2
103. By equating slopes, —— =
Yy €q g slop 0_3 -3
6
_2 =
Y x -3
)= 6 . 2x’
X — x -3

104. (a) V = x(24 - 2x)’

Domain: 0 < x < 12
(b) 1100

-100

Maximum volume occurs at x = 4. So, the
dimensions of the box would be 4 x 16 x 16 cm.

(©

X length and width volume

124 - 2(1)] = 484

2[24 - 2(2)] = 800

324 - 203)] = 972

2

424 - 2(4)] = 1024

5[24 - 2(5)]" = 980

6[24 - 2(6)]" = 864

The dimensions of the box that yield a maximum
volume appear to be 4 x 16 x 16 cm.

105. False. If f(x) = x*,then f(-3) = f(3) = 9, but
-3 # 3.

Section P.4 Fitting Models to Data

1. (a) and (b)
1000
900
800
700

600
x
900 1050 1200 1350

Yes, the data appear to be approximately linear.
The data can be modeled by equation
y = 0.6x + 150. (Answers will vary).

(c) When x = 1075, = 0:6(1075) +:150 = 795.

106. True

107. True. The function is even.

108. False. If f(x) = x* then, f(3x) = (3x)° = 9x*and
3f(x) = 3x2. So, 3f(x) = f(3x).

109. False. The constant function /(x) = 0 has symmetry

with respect to the x-axis.

110. True. If the domain is {a}, then the range is { f (a)}.

111. First consider the portion of R in the first quadrant:
x20,0< y <land x — y < 1; shown below.

y

The area of this region is
1 _3
l+35 =3

21

(0, 1) 2, 1)

i
_1 (0.0 1,0) 2

By symmetry, you obtain the entire region R:

y

T The area of R is 4(%) = 6.
(=2, 1) 2.1

ST

=2,-1) 2,-1)

112. Let g(x) = ¢ be constant polynomial.

Then f(g(x)) = f(c) and g(f(x)) =c

So, f(c) = c. Because this is true for all real numbers c,

/ is the identity function: f(x) = x.

7 8 9 10111213 1415

The data do not appear to be linear.

(b) Quiz scores are dependent on several variables such

as study time, class attendance, and so on. These
variables may change from one quiz to the next.

© 2014 Cengage Learning. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole or in part.



3. (a) d = 0.066F

(b) 1w

0

The model fits the data well.
(c) If F = 55,then d ~ 0.066(55) = 3.63 cm.

4. (a) s =97t +04
(b) 45

-5
The model fits the data well.
(c) If t = 2.5, s = 24.65 meters/second.

5. (a) Using a graphing utility, y = 0.122x + 2.07
The correlation coefficient is » ~ 0.87.
(b) <

(c) Greater per capita energy consumption by a country
tends to correspond to greater per capita gross
national income. The three countries that most
differ from the linear model are Canada, Japan, and
Italy.

(d) Using a graphing utility, the new model
isy = 0.142x — 1.66.

The correlation coefficient is » ~ 0.97.

6. (a) Trigonometric function
(b) Quadratic function
(c) No relationship

(d) Linear function

Section P.4 |Fitting Models to Data 35

7. (a) Using graphing utility,
S = 180.89x% — 205.79x + 272.
(b) 25,000

0 14
0

(¢) When x = 2, S = 583.98 pounds.
2370
584
The breaking strength is approximately 4 times
greater.
23,860 ~ 437
5460

When the height is doubled, the breaking strength
increases approximately by a factor of 4.

() ~ 4.06

(©

8. (a) Using a graphing utility
t = 0.0013s* + 0.005s + 1.48.

(b) 5

25 [ [ 95
0

(c) According to the model, the times required to attain
speeds of less than 20 miles per hour are all about
the same. Furthermore, it takes 1.48 seconds to reach
0 miles per hour, which does not make sense.

(d) Adding (0, 0) to the data produces
¢t = 0.0009s% + 0.053s + 0.10.
(e) Yes. Now the car starts at rest.
9. (a) y = —1.806x + 14.58x% + 16.4x + 10
(b) 300

0 7
0

(c) If x = 4.5, y = 214 horsepower.

10. (a) T =2.9856x107*p* —0.0641p* + 5.282p + 143.1
(b) 50

0 4110

150.
(c) For T = 300°F, p ~ 68.29 Ib/in2.

(d) The model is based on data up to 100 pounds per
square inch.
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11. (@) » = —0.0172£ + 0.305¢* — 0.87¢ + 7.3
¥, = —0.038¢% + 0.45¢ + 3.5
¥; = 0.0063 + —0.072¢* + 0.02¢ + 1.8

(b) 2

Vi + ¥s + y3 = —0.0109 + 0.195¢> — 0.40¢ + 12.6
For 2014, ¢ = 14. So,

Vi + s+ 3 = —0.0109(14) + 0.195(14)° - 0.40(14) + 12.6
~ 15.31 cents/mile
12. (a) N, = 1.89¢ + 46.8 Linear model
N, = 0.0485 — 2.015> + 27.00 — 423 Cubic model
(b) 100

0 -1 20

(c) The cubic model is the better model.
(d) Ny = —0.4147* +11.00¢ + 4.4 Quadratic model

100

The model does not fit the data well.
(e) For 2014, t = 24 and
N, = 92.16 million
N, = 115.524 million

Q

Q

The linear model seems too high. The cubic model is better.

(f) Answers will vary.

13. (a) Yes, yis a function of . At each time ¢, there is one (c) One modelis y = 0.35 sin(47rt) + 2.
and only one displacement y. @ 4
(b) The amplitude is approximately
(235 - 1.65)/2 = 0.35. W
The period is approximately . (375169 o

2(0.375 — 0.125) = 0.5. 0
The model appears to fit the data.
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14. (a) S(r) = 5637 + 25.47 sin(0.5080 — 2.07)

(b) 100
M

M)

0

The model is a good fit.
(c) 100

RG)

0

The model is a good fit.

Review Exercises for Chapter P 37

(d) The average is the constant term in each model.
83.70°F for Miami and 56.37°F for Syracuse.

(e) The period for Miami is 27/0.4912 ~ 12.8. The
period for Syracuse is 27/0.5080 ~ 12.4. In both
cases the period is approximately 12, or one year.

(f) Syracuse has greater variability because
25.47 > 7.46.

15. Answers will vary.

16. Answers will vary.

17. Yes, 4, < A4,.To see this, consider the two triangles of areas 4, and 4,:

T,

For i =1, 2, the angles satisfy ai + fi + yi = m.Atleastoneof o < a,, f < f, 71 < y, must hold.

Assume a; < a,.Because a, < 7/2 (acute triangle), and the sine function increases on [0, z/ 2], you have

4 =Lbe sin oy < L by sin o

IA

1 : -
by sin oy = 4,

Review Exercises for Chapter P

1. y=5x-8

3
5

8

y=00=5x-8= x = 3(3,

2. y=x>-8x +12

=
Il

0: y = 5(0) - 8 = -8 = (0, —8), y-intercept

0), x-intercept

0: y = (0" = 8(0) + 12 = 12 = (0,12), y-intercept

y=0:x" —8x+12=(x-6)(x-2)=0= x=2,6=(20),(6,0), x-intercepts

x -3
3. =
4 x -4
x=0y= % = % = [0, %j, y-intercept
x-3 .
y=0:0= = x =3 = (3, 0), x-intercept
Y —
4. y = (x -3/x+4
x=0:y=(0-3"0+4=-3J4=-32) = -6 = (0,-6), y-intercept
y=0:(x-3x+4=0=x =3, -4= (3,0),(-4,0), x-intercepts

5. y = x> + 4x does not have symmetry with respect to either axis or the origin.
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6. Symmetric with respect to y-axis because

()" - () +3

y =x*

y =

- x? + 3.

7. Symmetric with respect to both axes and the origin because:
2 2
v = (=) =5 (-y) = -5 (-y) =

y=x-5 2 =xr -5 =5

8. Symmetric with respect to the origin because:

(-5)y) = -2

xy = =2.
9 ——lx+3
Y 5

y-intercept: y = —1(0) +3=3

2
(©,3)
. 1

x-intercept: —Ex +3=0

1

—-—x = -3

2

x =6

10. y = —x* + 4

y-intercept: y = —(0)2 +4 =4

0,4
x-intercepts: x> +4=0
(2—x)(2+x):0
x =x2

(2.0).(-2.0)
Symmetric with respect to the y-axis because
—(—x)2 +4=-x"+4.
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(— x)2 -5

11. y = x* — 4x

y-intercept: y = 0° — 4(0) = 0

0.0
x-intercepts: ¥ —4x=0
x(x2 — 4) =0
x(x - 2)(x + 2) =0
x=20,2,-2

(0,0),(2,0),(-2,0)
Symmetric with respect to the origin because

() = 4-x) -

X +4x = —(x3 - 4x).

12. y¥=9-x

V¥ +x-9=0

y-intercept: 3> =9 -0 =9 = y = +3
(0,3), (0,-3)

x-intercept: 0> = 9 — x = x = 9
(9. 0)

Symmetric with respect to the x-axis because

(—y)2+x—9=y2+x—9=0.




13. y =24 - x

y-intercept: y = 2x/4 — 0 = 2</4 = 4

(0.4)

x-intercept: 2/4 — x = 0

Vd-x=0

4-x=0

x =4

(4.0)

Symmetry: none

14. y:‘x—4‘—4
y-intercept: y :‘0—4‘—4 :‘—4‘—4 =4-4=0

(0.0
x-intercepts: |x — 4| -4 =0
|x — 4| =4
x—4=4o0rx—-4=-4
x=8 x=0
(0.0) (.0)

Symmetry: none

15. 5x+3y:—léy:%(—5x—l)
x—y=-5=>y=x+5
l(—5x—l)zx+5
—S5x -1=3x+15
-16 = 8x
-2 =x
Forx = -2, y=x+5=-2+5=3.

Point of intersection is: (2, 3)

Review Exercises for Chapter P

-2
16. 2x+4y=9:>y=%+9
6x—4y=73y=6x4_7
-2x+9 6x-7
4 4
-2x+9 =6x-7
—-8x = -16
x =2
6(2) -7
Forx=2,y=() —5
4 4

Point of intersection: (2, %}

17. x—-y=-5=>y=x+5

-y=1l=y=x-1

x+5=x-1

0=x*-x-6
0=(x-3)(x+2)
x=3o0orx=-2

For x =3,y =3+5=28.
For x = -2, y =-2+5 = 3.

Points of intersection: (3, 8), (-2, 3)

18. > +)? =1= y? =1-x?
x+y=1=>y=x+1
1—)62:()6-0—1)2

l—x*=x+2x+1

0 = 2x% + 2x
O:Zx(x+l)
x=0o0r x =-1

Forx =0,y =0+1=1.
Forx =-1, y=-14+1=0.

Points of intersection: (0, 1), (-1, 0)

19.

1%
2
S
o]
(¢}
Il
W
|
VY
N S
Il
W
Il
2w

39
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40  Chapter P Preparation for Calculus

20. The line is horizontal and has slope 0.

y

(=7.8) (-1,8)
64

8 -6 -4 -2 2
-2+

22. Because m is undefined the line is vertical.

x=-8orx+8 =0
6L
s
(—8‘,1)‘ ‘ o ‘
6 4 -2 5o
ol
4+
23. y=0=-3(x-(3)
y = —%x -2 2T

\1’33 0 il

2x+3y+6 =0

t —t
-4 7‘3\

24. Because m = 0, the line is horizontal.
y—4=0x-5) y

y=4ory-4=0

25. y =6 y
Slope: 0 T
y-intercept: (0, 6) 5T

s

34

26. x = -3
Slope: undefined
Line is vertical.
-
27. y =4x -2
Slope: 4
y-intercept: (0, —2)
SEE
28. 3x +2y =12
2y = =3x + 12
-3
=—x+6
Y7o
3
Slope : ——
P 2
y-intercept: (0, 6)
29. m=2-0_1
8§ -0 4
y—-0= l(x - O)
4
1 -4
= —x
!
4y —x =0
30. m=—L1"5__
10 - (-5)

2

y=5=—{x-(9)

S5y =25 =-2x-10
Sy +2x-15=0
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31. (a) y-5= %(x +3) 34. (a) C = 9.25¢ +13.50¢ + 36,500 = 22.75¢ + 36,500
16y — 80 = 7x + 21 (b) R =30¢
0 =7x—-16y + 101 (¢) 30r = 22.75t + 36,500

7.25¢t = 36,500

(b) 5x — 3y = 3 hasslope %
t ~ 5034.48 hours to break even

y—5=§(x+3)

3y =15 = 5x + 15 35. f(x) =5x+4
0 =5x-3y+30 (@ f(0)=50)+4=4
(© vy =8 (b) £(5) = 5(5) + 4 = 29
4y = —3x + 8
3 () f(-3)=5(-3)+4=-11
y=7x+2 (d f(t+1)=50+1)+4=5+9

. . 4
Perpendicular line has slope 7 36. f(x) = x* — 2x

4

5= 5(X - (-3)) @ f(-3)=(-3) -2(-3) = 27 +6=-21
3y — 15 = 4x + 12 (b) f(2)=2"-202)=8-4=4
4x -3y +27=0 0ry=%x+9 (c) f(—l)z(—1)3—2(—1)=—1+2=1
(d) Slope is undefined so the line is vertical. (d fle-1)=(c- 1)3 -2(c-1)
x =-3 = -3¢ +3¢-1-2c+2
x+3=0 = -3t +c+1
32. (a) y—4= —%(x - 2) 37. f(x) = 4x?
3y-12=-2x+4 f(x+A>c)—f(x)_4(x+A)c)2—4x2
2x+3y—16 =0 Ax - Ax
(b) x + y = 0hasslope —1.Slope of the perpendicular 4(x2 + 2xAx + (Ax)2) — 4x?
line is 1. = Ax
y-4=1kx-2) | 4x? + BxAx + 4(Ax) — 4x?
y=x+2 B Ax
0=x-y+2 _ 8xAx + 4(Ax)’
4-1 3 - Ax
e m=_—=--
2-6 4 =8x +4Ax, Ax=#0
4= -2
r ‘_Z(’“_ ) 38. f(x)=2x-6
4y —16 = 3x + 6 f(l)zz(l)_6:_4
3x+4y —-22=0
e _ S(x) = /(=) _ (2x - 6) — (-4)
(d) Because the line is horizontal the slope is 0. Y —1 Y —1
y =4 _2x-6+4
y—-4=0 x —1
_2x -2
33. The slope is —850. T -1
V = -850¢ + 12,500. 2o - 1)
V(3) = -850(3) + 12,500 = $9950 i
=2, x=#1
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39.

40.

41.

42.

43.

44.

45.

46.

Chapter P Preparation for Calculus

f(x) =x>+3
Domain: (—o, o)

Range: [3, =)

g(x): 6 —x

Domain: 6 — x > 0

62> x
(. 6
Range: [0, )
f(x) = Hx+1]
Domain: (-0, )
Range: (—oo, 0]
2
h(x) - x+1

Domain: all x # —1; (-0, —1) U (=1, )

Range: all y # 0; (-, 0) U (0, )

X—-y =6
y=*tJ/x-6

Not a function because
there are two values of
y for some x.

X —-y=0

Function of x because
there is one value for

y for each x.
_lx=2]
I x =2

v is a function of x
because there is one
value of y for each x.

x=9-)32

Not a function of x
since there are two
values of y for some x.

-

"t
8 10 12 14

x

L2
o4
a4
a4t
y
6L
st
pus
31
s
-+
—— —F—
-3 -2 -1 12 3
v
ot
3t
Pun
1+ O
— ————+—
-2 -1 1 345 6
a4
a3l
a4t

47. f(x) = x% - 3x?

©.0) j

2.-4

@

(b)

48. (a)

(b)

6

The graph of g is obtained from f by a vertical shift
down 1 unit, followed by a reflection in the x-axis:

g(x) = _[f(x) - l:l = +3x% +1

The graph of g is obtained from f by a vertical shift
upwards of 1 and a horizontal shift of 2 to the right.

gx) = f(x-2)+1=(x-2 =3(x-2)+1

Odd powers: f(x) = x, g(x) = x°, h(x) = x°

2 g
/‘}’/
-3 3

-2

The graphs of £, g, and 4 all rise to the right and fall
to the left. As the degree increases, the graph rises
and falls more steeply. All three graphs pass through
the points (0, 0), (1, 1), and (-1, 1) and are
symmetric with respect to the origin.

Even powers: f(x) = x*, g(x) = x*, h(x) = x°

4 8

hy

-3 3
0

The graphs of f; g, and 4 all rise to the left and to the
right. As the degree increases, the graph rises more
steeply. All three graphs pass through the points

(0, 0), (1, 1), and (-1, 1) and are symmetric with
respect to the y-axis.

All of the graphs, even and odd, pass through the
origin. As the powers increase, the graphs become
flatter in the interval —1 < x < 1.

y = x” will look like /(x) = x°, but rise and fall

even more steeply. y = x® will look like

h(x) = x°, but rise even more steeply.
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Problem Solving for Chapter P 43

49. (a) f(x) _ x2(x _ 6)2 52. (a) Using a graphing utility, you obtain

- _ 2 _
The leading coefficient is y = —0.043x" + 4.19x - 56.2.

positive and the degree is (b) s
even so the graph will rise
5

ES

to the left and to the right. -

-2

(b) g(x) = xg(x - 6)2 300
The leading coefficient is (¢) For x = 26:
positive and the degree is y = —0.043(26)2 + 4_19(26) 562
odd so the graph will rise 0
to the right and fall to |"( ~ $23.7 thousand
the left. o (d) For x = 34:
(© h(x) = x’(x - 6)° ¥ = —0.043(34)" + 4.19(34) - 562
200
The leading coefficient is B \ ! o ~ $36.6 thousand
positive and the degree is
even so the graph will rise 53. (a) Yes, yis a function of 7. At each time ¢, there is one
to the left and to the right. and only one displacement y.
800 (b) The amplitude is approximately

(0.25 — (<0.25)) /2 = 0.25. The period is

. 3 i tive leadi fficient
50. (a) 3 (cubic), negative leading coefficien approximately 1.1.

(b) 4 (quartic), positive leading coefficient
(¢) 2 (quadratic), negative leading coefficient (c) Onemodel is y = % cos(z—ﬂtj ~ i cos(5.7t)

(d) 5, positive leading coefficient 1.1
d) os
51. (a) y = —1.204x + 64.2667 @
(1.1,0.25)
(b) | NN S
. WO
o@ ° (0.5,-0.25)
) -0.5
ol 33 The model appears to fit the data.
(c) The data point (27, 44) is probably an error. Without
this point, the new model is
y = —1.4344x + 66.4387.
Problem Solving for Chapter P
2 2 _ —
1. (a) X —6bx+y -8y =0 (c) Slope of line from (6, 0) to (3, 4) is ;1 = —?.

(x* = 6x+9) + (y — 8y +16) = 9+ 16

(x =3 + (v -4
Center: (3, 4); Radius: 5

25 Slope of tangent line is % So,

y—-0= %(x - 6) =y = %x - %, Tangent line
(b) Slope of line from (0, 0) to (3, 4) is %

@ 3x_3, 0
Slope of tangent line is E So 4 4 2
p g 75 éx 9
2 2
y-0-= —%(x -0)=>y= —%x, Tangent line ‘o3

Intersection: (3, —%j
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44  Chapter P Preparation for Calculus

2. Let y = mx + 1be a tangent line to the circle from the " -1, x>
point (0, 1). Because the center of the circle is at (0, —1) (© -H(x) = 0, xc<
and the radius is 1 you have the following. v

2 2 41
X +(y+1) =1 1
2 2 _ o1
x+(mx+1+1)—1 L
(m® + 1) + dmx +3 = 0 amye iy RN I
2t
Setting the discriminant b> — 4ac equal to zero, 3
4t
16m> — 4(m* +1)(3) = 0
I, x<
16m* — 12m* = 12 d) H(-x) =1
@ ( ) {0, x>0
4m* =12
m = i\/g 4
N
Tangent lines: y = 3x + land y = —3x + 1. 2
, x>0 BERIuIN S Gras e e
3 H(x) = Ll
0, x<0O -2
3t
y -4+
A
3T 1 l, x>0
24 (e) EH(X) =42
S 0, x<0
BEEEARERERE
)
s
-3+ 4
s N
ol
N
-1, x> >
(a) H(x)—2: 4321 [ 12 34
-2, x < ol
. 3t
b a4t
WA
1 £ 2ot ¥
+ -H(x-2)+2 =
T (0 ~H(x-2) 2, x<2
D B P W :
5 2
-3+ 3+
—41 —0
1+ —
(b) H(x - 2) L x>2 b
X — = -4-3-2-1_1 1 2 3 4
0, x<2 NI
y -3+
4+ -4+
N
2l
1+ e
2t
34
4t
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Problem Solving for Chapter P 45

4. (@) f(x+1) () |/(x)]
® f(x)+1 @ £(|x)

© 2/ 100
- X

2
100 — x x2
Alx) = xy = x = —— + 50x
R e

Domain: 0 < x < 100or (0, 100)

v 5.(@) x+2y =100 = y =

(b) 1600
(d) f(-x)
) olL 110
1 Maximum of 1250 m?at x = 50m, y = 25m.
() A(x) = —L(x* - 100x)
= —4(x* — 100x + 2500) + 1250
L] = —1(x - 50)" + 1250

A(50) = 1250 m*is the maximum.

(e) —f(x) x=50m, y=25m
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6. (a) 4y +3x = 300 = y = 300 — 3x 8. Let d be the distance from the starting point to the beach.
4 distance
Average speed = —
A(x) = x(2y) = o 300 — 3x) _ —3x? + 300x time
- A= 2 - 2 o 2d
Domain: 0 < x < 100 d . d
b . 120 60
b 5
4000+ = —
3500 1 1
RS + -
ool 120 60
25001
2000+ = 80 km/ h
1500+
1000+ 9 4
wyf 9. (a) Slope = —— = 5. Slope of tangent line is less
5 50 75 10 3-2
than 5.

Maxi f ft?at x = 50 fi = 375 ft. - o

aximum of 3750 ft"at x = 50 ft, y = 37.5 (b) Slope = H = 3. Slope of tangent line is greater
= _3(y2 _ -
(c) A(x) = 2(x 100x) than 3.
—3(x* = 100x + 2500) + 3750 -

2( ) (c) Slope = 441 -4 = 4.1. Slope of tangent line is
~3(x - 50)" + 3750 21-2

less than 4.1.

@+ h - 12)
where x = 50 ftand y = 37.5 ft. (d) Slope = 2+h)-2

A(SO) = 3750 square feet is the maximum area,

2
7. The length of the trip in the water is /22 + x?,and the = W

h

length of the trip over land is /1 + (3 - x)z. So, the 4h + 2

\/4+x2+«/1+(3—x)2 h
2 4

hours. =4+hh=#0

total time is 7' =

(e) Letting 4 get closer and closer to 0, the slope
approaches 4. So, the slope at (2, 4) is 4.

10.
sl
N
2L
4,2)
L
RN
a4
(a) Slope = 3-2 = 1 Slope of tangent line is greater than l
9-4 5 5
(b) Slope = 2-1 = 1 Slope of tangent line is less than l
4 -1 3 3
21-2 10 10
¢) Slope = ———— = —. Slope of tangent line is greater than —.
() Slop 441-4 41 P £ £ 41
(d) Slope = S+ h) - f(4) _NA+h-2
(4+h) -4 h
NA+h -2 A+ h -2 A+ h+2 (4+h) -4 1
(e) = - = = ,h#0
h h Ja+h+2 h(«/4+h+2) A+ h+2

As h gets closer to 0, the slope gets closer to % The slope is i at the point (4, 2).
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1

11. f(x)zyzl_x

(a) Domain: all x # lor (-0, 1) U (1, «)

Range: all y # Oor (—o, 0) U (0, )

1 1 _l—x—l_ —-X - X
1-x I-x

Domain: all x # 0, 1or (—oo, 0) U (0, 1) v (1, oo)

® £(1(x) - f( ! j ! I _lex_x-l

1-x

x—1

© f(f(f(x))):f[ - j=1_(x_1j:}:x

X

Domain: all x # 0, Lor (—o, 0) U (0, 1) U (1, )
(d) The graph is not a line. It has holes at (0, 0) and (1, 1).

12. Using the definition of absolute value, you can rewrite the equation.

W1
y +|y|= x +|x| N
2L

2y, y>0_ 2% x>0

0 yS():O x<0 —4—3—2—1”1234)
8
For x > 0and y > O,youhave 2y = 2x = y = x. -3
41

Forany x < 0,yisany y < 0. So, the graph of y +‘y‘ =X +‘x‘is as follows.

1 21 1 21
13. (a) Pl (b) el P )

X —6x +9 =22 (x—3)2+y2=2(x2+y2) z

x* 4 6x-9=0 ¥ = 6x + 9+ y* = 2x + 27 2
x:_6i\/m x2+y2+6x—9:0 } I

:—31\/12—8 (x+37 +,> =18
) ~ 1.2426, -7.2426 Circle of radius ~/18 and center (-3, 0).
0 i > 3
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kI
24yl ()5—4)2+y2

4@ —L -
X

(x=4) + 37 = k(x> + »?)
8x +

(k —1)x* + (k—1)y* =16
If £ = 1,then x = 2 is a vertical line. Assume k # 1.
x? o+ +y? = 16
16
(k= 1)’
+» Circle
16k

(c) As kbecomes very large, 4 — 0and -0

k-1 (k-1

The center of the circle gets closer to (0, 0), and its radius approaches 0.

15. didy = 1
|:(x + 1)2 + y2:||:(x - 1)2 + y2:| =1
(x + 1)2()5 - 1)2 + yz[(x + 1)2 + (x - 1)2} + 9yt =

(xz - 1)2 + y2[2x2 + 2] +

|
—_

Il
—_

xt =2 1+ 2232+ 27+t =1

|
(=)

(x4 +2x%y% + y4) - 2x% +2y% =

2

(x* +»?)

Let y = 0.Then x* = 2x> = x = Oor x* = 2.

So, (0, 0), (\/5, O) and (—\/E, 0) are on the curve.

2.0 T 2.0
/

Il
|\
—_—
=
S
|
<
S
~
/
-

-1+ (0,0
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CHAPTER 1
Limits and Their Properties

Section 1.1 A Preview of Calculus
1. Precalculus: (20 ft/sec)(lS sec) =300 ft

2. Calculus required: Velocity is not constant.
Distance ~ (20 ft/sec)(15 sec) = 300 ft

3. Calculus required: Slope of the tangent line at x = 2 is
the rate of change, and equals about 0.16.

4. Precalculus: rate of change = slope = 0.08

5. (a) Precalculus: Area = %bh = %(5)(4) = 10 sq. units

(b) Calculus required: Area = bh

z2(2.5)
= 5 sq. units
6. f(x) = Vx
(@
P4,2)
AN
2
IR
(b) slope:m=\/;72
x—4
~ x -2
(\/}+2)(\/}72)
= ! x # 4
Vx4 2
x=1m-= ! —1
' J1+2 3
1
x=3m=——— = 02679
\/§+2
x=5m= ! ~ 0.2361

\/§+2

. 1
(c) At P(4,2) the slope is

1
— = — = 0.25.
NI
You can improve your approximation of the slope at
x = 4 by considering x-values very close to 4.

7. f(x) = 6x — x*
@

(6v-x*) -8  (x-2)(4-x)
x -2 x -2
=(4—x),x;t2

(b) slope = m =

Forx =3, m=4-3=1

For x =25 m=4-25=15 =

For x =15 m=4-15=25=

DU o w

(¢) At P(2,8),the slope is 2. You can improve your

approximation by considering values of x close to 2.

8. Answers will vary. Sample answer:

The instantaneous rate of change of an automobile’s
position is the velocity of the automobile, and can be
determined by the speedometer.
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Section 1.2 Finding Limits Graphically and Numerically 51

9. (a) Area

Q
i
+

‘ wn

Areazi(5+%+ +%+i)z9.145

4.5

(%)

5

(b) You could improve the approximation by using more rectangles.

10. @) D =+/(5-1) +(1-5)7 =16+ 16 ~ 566
Sl s 1+ G- + 1 -3 « 160

2.693 +1.302 + 1.083 + 1.031 = 6.11

(b) D,

Q

(c) Increase the number of line segments.

Section 1.2 Finding Limits Graphically and Numerically

L X 3.9 3.99 3.999 4.001 4.01 4.1
f(x) | 0.2041 | 0.2004 | 0.2000 | 0.2000 | 0.1996 | 0.1961
lim— "% < 02000 [Actual limit is 1.]
x4y —3x — 4 5
2.
X 2.9 2.99 2.999 3| 3.001 3.01 3.1
f(x) | 0.1695 | 0.1669 | 0.1667 | ? | 0.1666 | 0.1664 | 0.1639
lim £~ < 0.1667 (Actual limit is i.j
=3 x° -9 6
3.
x -0.1 -0.01 -0.001 0 | 0.001 0.01 0.1
f(x) | 05132 | 0.5013 0.5001 ? 1 0.4999 | 0.4988 0.4881
tim Y121 6.5000 (Actual limit is 1.)
x—0 X 2
4.
X 2.9 2.99 2.999 3.001 3.01 3.1
f(x) | —0.0641 | —0.0627 | —0.0625 | —0.0625 | —0.0623 | —-0.0610
/(x + 1) —(1/4
lim M ~ —0.0625 Actual limit is —i.
X3 x—3 16
5.
X —0.1 —0.01 —0.001 | 0.001 0.01 0.1
F(x) | 0.9983 | 0.99998 | 1.0000 | 1.0000 | 0.99998 | 0.9983
. sinx o .
IIH(I) ~ 1.0000  (Actual limit is 1.) (Make sure you use radian mode.)
x— X
6. x -0.1 -0.01 -0.001 | 0.001 0.01 0.1

f(x) | 0.0500 | 0.0050 | 0.0005 | —0.0005 | —0.0050 | —0.0500

liII(I) cosx -1 0.0000  (Actual limit is 0.) (Make sure you use radian mode.)
x— X
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52 Chapter 1 Limits and Their Properties

7.
X 0.9 0.99 0.999 1.001 1.01 1.1
F(x) | 0.2564 | 0.2506 | 0.2501 | 0.2499 | 0.2494 | 0.2439
lim—* "2~ 02500 | Actual limitis -
x>l x? + x — 6 4
8. X 4.1 —4.01 —4.001 —4 | -3.999 -3.99 -3.9
f () 1.1111 1.0101 1.0010 ? 1 0.9990 0.9901 0.9091
. x+ 4 C .
lim - ® 1.0000 (Actual limit is 1.)
x>-4 x° + 9x + 20
9.
X 0.9 0.99 0.999 1.001 1.01 1.1
f(x) | 0.7340 | 0.6733 | 0.6673 | 0.6660 | 0.6600 | 0.6015
4 —
lim x() ! ~ 0.6666 (Actual limit is Ej
x—1 x% — 3
10.
X -3.1 -3.01 -3.001 -3 | -2.999 -2.99 -2.9
fx) | 2791 27.0901 | 27.0090 ? 1269910 | 269101 | 26.11
3
im 27 £ 27,0000  (Actual limit is 27)
x>-3 x + 3
11.
X -6.1 -6.01 -6.001 -6 | -5.999 -5.99 -59
f(x) | —0.1248 | —0.1250 | —0.1250 | ? | —0.1250 | —0.1250 | —-0.1252
fim MO X =4 o 61250 [Actual limit is —l.j
x—>-6 X+ 6 8
12.
X 1.9 1.99 1.999 2 | 2.001 2.01 2.1
f(x) | 0.1149 | 0.115 | 0.1111 | ? | 0.1111 | 0.1107 | 0.1075
fim YD =23 [Actual limit is 1.)
x—>2 x -2 9
13.
X -0.1 -0.01 -0.001 | 0.001 0.01 0.1
f(x) | 1.9867 | 1.9999 | 2.0000 | 2.0000 | 1.9999 | 1.9867
. sin 2x . .
hrI}) ~ 2.0000  (Actual limit is 2.) (Make sure you use radian mode.)
X—> x
14.
X -0.1 -0.01 -0.001 | 0.001 0.01 0.1

f(x) | 0.4950 | 0.5000 | 0.5000 | 0.5000 | 0.5000 | 0.4950

tan x

lim

~ 0.5000 (Actual limit is lj
x=0 tan 2x 2
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15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

Section 1.2 Finding Limits Graphically and Numerically 53

lim (4 - x) = 1

x—3

limsecx =1
x—>0

lim f(x) = lim (4 - x) = 2

x—2 x—2

lim f(x) = lim (x* + 3) = 4

x—1

Ny
lim
x=2 x — 2

does not exist.

|x - 2|
= —1, whereas
(x=2)

[x =2 _

(x-2)

For values of x to the left of 2,

for values of x to the right of 2, I.

. 2 . ..
lim 5 does not exist because the function increases
x5 x —

and decreases without bound as x approaches 5.
lim cos(1/x) does not exist because the function
X—>

oscillates between —1 and 1 as x approaches 0.

lim/ tan x does not exist because the function increases
x—>7/2

without bound as x approaches % from the left and

. 7
decreases without bound as x approaches 3 from

the right.

(a) f (1) exists. The black dot at (1, 2) indicates that
1) = 2.

(b) lin} f (x) does not exist. As x approaches 1 from the
X—>

left, f(x) approaches 3.5, whereas as x approaches 1
from the right, f'(x) approaches 1.

(¢) f(4) does not exist. The hollow circle at
(4, 2) indicates that /'is not defined at 4.

(d) lim f (x) exists. As x approaches 4, f/(x) approaches
X—>

2: llir}‘f(x) =2

(a) f(-2) does not exist. The vertical dotted line
indicates that f'is not defined at 2.

(b) xliﬁnﬁlzf(x) does not exist. As x approaches —2, the
values of f (x) do not approach a specific number.

(c) f(0) exists. The black dot at (0, 4) indicates that
7(0) = 4.

) }11)1}) /() does not exist. As x approaches 0 from the
left, f(x) approaches %, whereas as x approaches 0
from the right, f(x) approaches 4.

(e) f (2) does not exist. The hollow circle at
(2, %) indicates that f(2) is not defined.

(f) )1(12; f(x) exists. As x approaches 2, f(x) approaches
3 limf(x) = 5.

(g f (4) exists. The black dot at (4, 2) indicates that
f(4) = 2.

(h) 11131 /(x) does not exist. As x approaches 4, the

values of f(x) do not approach a specific number.

25- y

|
o -
!
t

lim //(x) exists for all values of ¢ # 4.

x—c

26. ¥

lim //(x) exists for all values of ¢ # 7.

x—c

27. One possible answer is y

nl
28. One possible answer is y
o
5L
2l

e

-3 -2 -1 1 2

ol
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29. Youneed | f(x) = 3| =|(x + 1) = 3| =|x — 2| < 0.4. S0, take 5 = 0.4.1f 0 <|x — 2| < 0.4, then

|x - 2| :‘(x +1) - 3‘ :‘f(x) - 3‘< 0.4, as desired.

1 2 -
30. Youneed‘f(x)—l‘:‘——l‘:‘ al
x—1 -
——<)¢—2<L:1—L<x—l<l+L
101 101 101
100 102
=5 —<x-1<—
101 101
100
=|x—1> —
101

and you have

()~ 1] = |

x—1

2—-x

x—1

o1 1

100/101 100

31. You need to find & such that 0 < ‘x - 1‘ < ¢ implies

< 0.1.That is,

1
‘f(x)—l‘:;—l

—0.1<1—1<O‘1
X

1-0.1< 1+ 0.1

A

11
10

O
S — %=
AN

\
Y
=
Y

\

——1>x—1>1——1
1
>x—-1>—-——

So take & = l—ll.Then 0 <|x — 1| < & implies

1 1
——<x-1<—=
11 11
1 <x-1< l
11 9
Using the first series of equivalent inequalities, you
obtain
1
| f(x) =1 =|=-1|< 0.1
x

= 0.01.

<001.Let 6 = ——1f 0 <|lx-2|< L then
101 101

32. You need to find ¢ such that 0 < ‘x - 2‘ < ¢ implies
| £(x) = 3] =|x* =1 =3 =|x* - 4] < 0.2. Thatis,

-02 <x* —4< 02
4-02< x* <4+02
38 < x* <42
V38 < x <+Ja2
38 -2<x-2<+/42 -2
Sotake & = /42 — 2 =~ 0.0494.
Then0<‘x—2‘< J implies

—(\/4.2 - 2) <x-2<~J42 -2
V38 -2 <x—2<~J42 - 2.

Using the first series of equivalent inequalities, you
obtain

| f(x) = 3] =|x* — 4] < 02.

3. lim(3x +2) =32) +2=8=1L
|(3x + 2) - 8| < 0.01
|3x — 6] < 0.01
3|x - 2| < 0.01

0 <|x-2[< 2 ~00033 =6

So,if 0 <[x = 2| < & = 2 you have
3|x - 2] < 0.01
|3x - 6] < 0.01

|(3x +2) - 8| < 0.01

| f(x) - L|< 0.01.
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34. lim(6—f):6_g:4:L 36.}%(x2+6):42+6:22:L
x—6
(x* + 6) - 22| < 0.01
X
[6_3j_4 < 001 ‘x2—16‘< 0.01
‘2 ~ <001 (x + 4)(x - 4)| < 0.01
: 0.01
|x — 4| < ——
|-L(x - 6)] < 0.01 4
‘x - 6‘ < 0.03 If youassume 3 < x < 5,then § = % ~ 0.00111.
0 <|x-6[<003=0 sO,if0<\x—4\<5z%,youhave
So,if 0 <|x — 6] < & = 0.03, you have 001 ool
‘x—4‘< —_— <
|-1(x = 6)| < 0.01 9 “[r+4
X ‘(x+ 4)(x—4)‘< 0.01
‘2—7 < 0.01
3 | — 16| < 0.01
[6—xj—4 < 0.01 ‘(x2+6)—22‘<0.01
3
| /(x) - L| < 0.01. | £(x) - L| < 0.01.
37. i N =4+2=6
35.1im(x2—3):22_3:1:L xl_lﬁ(x-'—) +
o Given ¢ > 0:

‘(x2_3)—1‘<0.01 (2 -6l< s

\x2—4\<0.01 k—d|<e=5
‘(x +2)(x - 2)‘< 0.01 So, let § = ¢. So,if 0 <|x — 4| < § = &, you have
|x + 2||x - 2| < 0.01 v d|<e
‘x—2‘<‘xo%12‘ |(x+2)-6|<¢
If youassume 1 < x < 3,then § ~ 0.01/5 = 0.002. ‘f(x) - L‘ <&
So,if 0 <|x — 2| < & ~ 0.002, you have 38. Xlir{12(4x +5)=4(-2)+5=-3
\x—ﬂ<am2=émm)a;%amm) Given & > 0:

|x + 2] x - 2| < 0.01 |(4x +5) = (-3)| < &

, |[4x + 8| < ¢
\x —4\< 0.01 sl + 2] <
X &
2 _3) -1|< 0.01
‘(x ) ‘< \x+2\<£:6
| /(x) = L| < 0.01. 4
So,let&:%.

So,if 0 <|x +2|< 6 = %,youhave

|x +2|<

SR

|4x + 8| <
|(4x +5) — (-3)] <
‘f(x) - L‘ <

)

™
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o lim(fx 1) = §(4) ~ 1= -3 42. lim (~1) = -1
Given & > 0: Given & > 0:‘—1 - (—l)‘ <&
‘(%x—l)—(—3)‘<g ‘ 0<e
1 So, any 6 > 0will work.
‘Ex * 2‘ <€ So, for any § > 0, you have
é‘x - (_4)‘ <¢ ‘(_1) - (_1)‘ <&
[x = (4) < 2¢ () - 2] < &
So, let & = 2¢.
So,if 0 <|x — (~4)| < & = 2z, you have 43. lim /x = 0
‘x—(—4)‘< 2¢ Given£>0:‘i/;—0‘<g
‘%x+2‘<£ ‘3/;‘<g
‘(%x—l)+3‘<€ |x|<é& =6
| f(x) - L] < & So,let & = &°.

So, for 0]x — 0|8 = &, you have
Clim(3x 4 1) = 33) 41 =1

fim ; + ] < &
Given ¢ > 0: ‘i/;‘<g
‘(lx+1)—9 <e¢
4 4 ‘\3/;—0‘<8
3 9
‘Zx—2‘<g ‘f(x)—L‘<g.

%\x—3\< £
. 44. lim/x = /4 =2
‘x—3‘<§£ x—4
Given ¢ > 0: ‘\/;—2‘<5

‘\/;—2“\/;+2‘<5‘\/;+2‘

‘x—4‘<€‘\/;+2‘

So, let 0 = %5.
So, if 0 <‘x - 3‘ <0 = %5,youhave

\x—3\<%5

3 Assuming 1 < x < 9, you can choose 0 = 3¢.Then,
x-3[<e

0<\x—4\<5:35:\x—4\<g‘\/;+2‘

‘%x—%‘<s

‘(§x+1)—5‘<5 3‘\/;_2‘<5~
‘f(x)—L‘<g.

. lim3 =3

x—6

Given ¢ > 0:
3-3|<¢

0<e
So, any 6 > 0will work.

So, for any 6 > 0,you have
|3-3]<e¢
‘f(x) - L‘ <&
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45. lim |x - 5| =|(-5) - 5| =|-10| = 10 48. lim (x* + 4x) = (—4)’ + 4(-4) = 0
x—>-5 x—>-4
Given & > 0: Hx—S‘—lO‘<£ Given ¢ > 0:
|(x-5)-10|<e (x-5<0) (2 + 4x) - 0] < &
|-x - 5|< e

‘x(x+4)‘<£
—(-5)| <
‘x ( )‘ ¢ \x+4\<i

So,let 0 = &.

So for ‘x - (—5)‘ < & = &,you have If you assume —5 < x < 3. then & = %
‘—(x+5)‘< &

|~(x = 5) - 10| < & Sof0r0<‘x—(—4)‘<5:?,youhave

Hx—S\—lO‘<s (because x — 5 < 0) ‘x+4‘<£<ig

‘f(x)—L‘< €. 5 x|
+4)< ¢

46. lim|x - 3|=[3-3|=0 [x(x + 4]

o ‘(xz +4x)—0‘< &

Given ¢ > 0: Hx—3\— 0‘< £

‘f(x) - L‘ < e
|x -3|< e
So, let § = &. 49. lim f(x) = lim 4 = 4

So, for 0 <‘x - 3‘ < 0 = g,youhave

Il
3

50. lim f(x) = lim x

‘x_3‘<g X—>r X—>T
~3l-o0 N 5-3
Ix=31=0l< < /) = 3
- L .
‘f(x) ‘<g ) B
limf(x) = §

47. iiir}(x2+l):12+1:2

Given ¢ > 0:

‘(x2+1)—2‘<€

-6 6
‘xz B 1‘ <& —-0.1667
‘(x + 1)(x - 1)‘ <é The domain is [—5, 4) U (4, oo). The graphing utility
¢ 1
[ = 1] < —— does not show the hole at (4, —j.
‘x + 1‘ 6
If you assume 0 < x < 2,then § = ¢&/3.
x -3
c 5. f(0) = 53
Sof0r0<‘x—1‘<5:§,youhave * I r
lim (x) = —
1 1 fim /() 2
‘x - 1‘ < —& < —€
3 ‘x + 1‘ 4

i< .
_3 5

‘(x2+1)—2‘<5

‘f(x)—2‘< E. a
The domain is all x # 1, 3. The graphing utility does not

show the hole at (3, %)
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x-9 x-=3
. flx) = 54. f(x) =
1) = 5 J(0) =55
li =6 . 1
i () lim /(x) = 5
10
3
/—/f_ff -9 k"—"— 3
0 10 ﬂ
0
-3
The domain is all x > Qexcept x = 9.The graphing The domain is all x # £3. The graphing utility does not

utility does not show the hole at (9, 6). ]
show the hole at (3, gj

. C(r) = 9.99 - 0.79[~(¢ - 1)]]

(a) 16
Oo—e
o—e
o—e
o—e
o—e
b—e
0 : 6
8
b
®) t 3 33 34 3.5 3.6 3.7 4

C | 11.57 12.36 12.36 12.36 12.36 12.36 12.36

lim C(¢) = 12.36

t—3.5

(©
t |2 2.5 2.9 3 3.1 3.5 4

C | 10.78 11.57 11.57 11.57 12.36 12.36 12.36

The ling C(t) does not exist because the values of C approach different values as 7 approaches 3 from both sides.
-

. C(r) = 5.79 = 0.99[~(¢ - 1)]]

(a) 12
O
O
o—e
O
O
N .

4

() t |3 33 34 3.5 3.6 3.7 4

C | 777 8.76 8.76 8.76 8.76 8.76 8.76

lim C(¢) = 8.76

t—3.5

© 1,2 25 2.9 3 3.1 35 4

C | 6.78 7.77 1.77 7.77 8.76 8.76 8.76

The limit lim C(t) does not exist because the values of C approach different values as 7 approaches 3 from both sides.

13
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57. lh_r)r; /(x) = 25 means that the values of f approach 25 as 62 7 - §”r3’ V= 248

x gets closer and closer to 8.

(a) 2.48 ﬂ7[}’3
58. In the definition of lim f (x), fmust be defined on both ' 3
sides of ¢, but does not have to be defined at c itself. The s _ 186
value of fat ¢ has no bearing on the limit as x approaches c. i

r ~ 0.8397 in.

59. (i) The values of fapproach different numbers as x (b) 245 < ¥ <251

approaches ¢ from different sides of c:

, 245 < g;zﬁs 2.51
A
34 0.5849 < ¥ < 0.5992
T 08363 < r < 0.8431
B (c) For & = 2.51 — 2.48 = 0.03, 5 ~ 0.003
,i 1/x
-3 . = (1
1 63 f(x) ( + x)
lim(1 + x)"" = e ~ 2.71828

(i1) The values of fincrease without bound as x x>0
approaches c:

; ;
f f
2 3 4 5 3-2-1,] 1 23 45

2t

(ii1) The values of f'oscillate between two fixed numbers

as x approaches c: * S * S
0.1 2.867972 0.1 2.593742
-0.01 2.731999 0.01 2.704814
—-0.001 2.719642 0.001 2.716942

—0.0001 2.718418 0.0001 2.718146

—0.00001 2.718295 0.00001 2.718268

—0.000001 | 2.718283 0.000001 | 2.718280

60. (a) No. The fact that f (2) = 4 has no bearing on the
existence of the limit of f (x) as x approaches 2.
(b) No. The fact that lim2 /(x) = 4 has no bearing on
the value of fat 2.

61. (@) C = 27r
c 6 3

r=—=—=— = 09549 cm
2 2 m
(b) When C = 5.5:r = 33 ~ 0.87535 cm
2z
6.5

When C = 6.5:r =

4

— =~ 1.03451 cm

2
So 0.87535 < r < 1.03451.

(©) Alit;[} (27r) = 6,6 = 056 ~ 0.0796
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|x +1]=|x -1 69. False. Let
64. f(x) =1
X f(x):{x—4,x¢2
’ 0, x =2
X -1 |-05|-0110 0.1 |05]1.0
flx) | 2 2 2 Undef. | 2 2 2 f(Z) =0
lim f(x) = 2 lim /(x) = lim(x ~4) = 2 # 0
Note that for

70. False. Let
(x + 1) + (x - 1)

—1<x<1,x¢0,f(x): = 2. x—4, x#2
X =
, f(x) {0, x =2
3t lim f(x) = lim(x — 4) = 2and f(2) = 0 # 2
anN N
R RN lim ~/x = 0.5is true.
s x>025

As x approaches 0.25 = i from either side,

65. 0.002

(1,999, 0.001) f(x) = \/; approaches % = 0.5.
\/ (2001, 0.00 /

72, f(x) = Vx

r.o08 2.002 lim</x = 0is false.
x—0
Using the zoom and trace feature, 6 = 0.001. So ‘ f( x) - \/; is not defined on an open interval

(2 — 02+ 5) - (1'999’ 2‘001)' containing 0 because the domain of fisx > 0.

2
— 4
Note: 5= x + 2for x # 2. 73. Using a graphing utility, you see that
X —
fim 255 =
66. (a) limf(x) exists forall ¢ # 3. =0 x
e | sin 2x )
(b) lim f(x) exists forall ¢ # 2,0, LI = % ete.
. sin nx
67. False. The existence or nonexistence of f(x) at So, EIE}) PR
x = c has no bearing on the existence of the limit
of f( x) asx — c. 74. Using a graphing utility, you see that
lim 20X
68. True x>0  x
lim 22 _ o e,
x—=0 X
t
So, fim 220%) _
x>0 X

75. If lim f(x) = Lyand lim f(x) = L, then for every & > 0, there exists &, > Oand &, > 0such that
|x —cl< 6 = ‘f(x) - Ll‘ <e¢and|x - c|< 5 = ‘f(x) - Lz‘ < &.Let 0 equal the smaller of &, and &,. Then for

|x = c|< &, youhave |L, — L,|= ‘Ll - f(x) + f(x) - Lz‘ < ‘14 - f(x)‘-i—‘f(x) - Lz‘ < & + &.Therefore,
‘Ll - Lz‘ < 2¢.8Since ¢ > 0 is arbitrary, it follows that L, = L,.
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76. f(x) = mx + b,m # 0.Let & > 0 be given. Take

P
E
&

If 0 <|x—c¢c|< & =-—,then
m

|
|m|x - ¢ < &
‘mx—mc‘< £
‘(mx+b)—(mc+b)‘< £

which shows that lim (mx + b) = mc + b.

X—C

77. 1%[ f(x) = L] = 0means that for every & > 0 there
exists & > 0 such that if
0<|x-c|l<s,
then
(f(x) - 1) -0|< e
This means the same as | /(x) — L| < & when
0<|x—-c|l<o
So, lim/(x) = L.

1
78. 3x + 1)(3x — Dx? + 0.01 = (9x% — 1)x? + —
(a) (x+ )( X )x + (x )x +100

=ox* —x? + 1

L

100

So, (3x + 1)(3x — 1)x* + 0.01 > 0if

(10x* — 1)(90x - 1)

10x*> =1 < 0and 90x> -1 < 0.

1 1
Let (a,b) = | ———, — |
( ) ( V90 ~/ 90]
Forall x # 0in (a, b), the graph is positive.
You can verify this with a graphing utility.

(b) Youare given limg(x) = L > 0.Let
X—cC
& = %L. There exists & > 0such that
0< ‘x - c‘ < ¢ implies that

‘g(x) - L‘ <g= %.Thatis,

<g(x)—L<§

< glx) < >

N o

For x in the interval (¢ — &, ¢ + &), x # ¢, you

have g(x) > % > 0, as desired.

79. The radius OP has a length equal to the altitude z of the

triangle plus g So,z=1- g

Area triangle = lb(l - EJ
2 2

Area rectangle = bh

Because these are equal, %b[l - gj = bh

l—ﬁ:2h
2
2p=1
2
h=2.
5

80. Consider a cross section of the cone, where EF is a
diagonal of the inscribed cube. AD = 3, BC = 2.

Let x be the length of a side of the cube.
Then EF = x</2.
By similar triangles, A
EF  AG
BC 4D
x~2 _3-x E ¢ \r
23
Solving for x,
3W2x = 6 — 2x B D c

(3\/5 + 2)x =6

© 2014 Cengage Learning. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole or in part.



62  Chapter 1 Limits and Their Properties

Section 1.3 Evaluating Limits Analytically

1. 6 8. lim (2x+3) = 2-4) +3=-8+3=-5
x—o-
B \ ’ 9. lim (x* +3x) = (-3)° +3(-3) =9 -9 = 0

-6

10. lim (- +1) = (-2 +1=-8+1=-7
(a) lﬂ h(x) =0

x—2

(b) lim h(x) = -5 1L lim (207 + 4x + 1) = 2(=3)" + 4(-3) + 1
x—>-1 x—>-3
=18-12+1=7
2. 0
12. lim (2 — 6x + 5) = 2(1)" ~ 6(1) + 5
1_\_\_\_\_\—\_ xX—>
0 10 =2-6+5=1
-5 B limVry+1=+3+1=2
12(v/x - 3)

gl) = ——5 14, lim Y12x +3 = 3/12() + 3
(a) lim g(x) = 2.4 =324+3=327=3

(b) lim g(x) =4
0 15. lim (x +3)’ = (4 +3) =1

x—>—4
3. 4
\ 16. lim (3x - 2)' = (30) - 2)* = (-2)* = 16
\ 17. lim L = L
i X2 x 2
f(x) = xcos x - s s s
(@ lim f(x) = 0 TSy 43 -5+3 2
(b) lim f(x) ~ 0.524
A /0 19, fim > =L _1
( T =1 x* 4+ 4 1 +4 5
:g]
20, lim X3 _3M+S _3+5 8,
4 x>l x + 1 1+1 2 2
. 10
3(7
o tim ) 2
-5 10 X*7\/x+2 \/7+2 3
 Jx+6 3re 93
~10 22. lim = =7 - =
x=3 x + 2 3+2 5 5
f(t) = 1|t - 4

23. () lim f(x) =5 -1=4
(b) lim g(x) = 4 = 64

© tim g(/(+)) = (/(1) = &(4) = 64

X2 24. (a) lim3 f(x) = (—3) +7=4
x>
H 4 _ 4 _ .
6. XILH}3X = (-3)" =81 (b) l]j)r}‘ g(x) =4 =16

(¢) Tim g(/(x)) = g(4) = 16
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25.

26.

27.

28.

29.

37.

38.

39.

Section 1.3  Evaluating Limits Analytically
@ lxlilll‘f(x):4_l:3 30. lirr;sin%:sin@:O
(b) lim3g(x)= 3+1=2 '
© lin} g(f(x)) _ g(3) _ 5 31. 11_1’)1;1) sec2x =sec0 =1
32. li 3x = cos 37w = —1
(@ lim flx) =2 42) -34)+1=21 v Rteh
(0) lim g(x) = 21+ 6 =3 3. lim sinx = sin 2% = L
x> x—>57/6 6 2
© lim ¢(/() = ¢(21) = 3 | o
34, lim cosx = cos— = —
i x—>57/3 2
lim sin x = sin— =1
x—>r/2 3z
35. lim tan(gj = tan — = -1
limtanx = tanz = 0 3 4 4
. X Vs 1 36. lim sec[@J = sec ks = L\/g
11311 cos? = cosg = 5 X7 6 6 3
(@) lim[Sg(x)] = 5 lim g(x) = 5(2) = 10
(b) lim[ f(x) + g(x)] = limf(x) + limg(x) =3 +2 =5
© lim[£(x)¢(x)] = [tim f(x) || ime(x)| = (3)2) = 6
i
@ 1mZ0) Lf(x) -2
x> g(x) hin. g(x) 2
(@) lim[4/(x)] = 4lim f(x) = 4(2) = 8
) lim[f(x) + ¢(x)] = limf(x) + limg(x) =2+ 3 =
. . . 3 3
© fnl 70129 = [im ) imeto)] = 23] < 5
i
@ lim? () _ x?nlf(x) -2 _8
eg(x)  limg(x)  (3/4) 3
@ linf /()] = [1m /()] = (4 = o4 40 @) Jim3f(x) = 3flim/(x) = 427 =3
. : limf(x) 7 3
®) lim/f(x) = [limf(x) = /4 =2 S W 27 3
lim J£(x) = (Jlim/f(x) ®) m=e™ = mie 18 2
(©) lim[37(x)] = 3 lim £ (x) = 3(4) = 12 e
x—>c|: ( )] x—oc ( ) N ( ) (c) hml:f(x)]z _ [llmf(x):r _ (27)2 _ 729
@ timl (0] = [tims()] = @ =8 o T
x—c x—c 2/3
@ Him[ /()] = [imf()] = @7 =9

63
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41.

42.

43.

44.

Chapter 1 Limits and Their Properties

x2+3x7

f(x) =

agree exceptat x = 0.

X + 3) and g(x) = x + 3
x

X

lll;%f(x) = lli‘[(l)g(x) = ET()(X +3)=0+3=3

5

4_52 22_5
f(x):x zx :x(xx2 )

X

and g(x) = x* =5
agree exceptat x = 0.

lirr(l)f(x) = lirr(l)g(x) =lim(x?> -5 =0"-5=-5
x> x—> 0

2

[N S

W/

-6

-6

2

/%) = ); +_ 11 - & +xl)ix1_ Y and

g(x) = x — 1 agree exceptat x = —1I.
xlirrjlf(x) = ,xlirrjlg(x) = xlgrh(x -)=-1-1=-2

3

-3 =

g

“4

_3x2+5x—2_(x+2)(3x—1)an
x + 2

/(%) d
g(x) = 3x — lagree exceptat x = —2.
lim /(x) = lim g(x) = lim (3x - 1)

3(-2) - 1=-7

/

x + 2

3

45. f(x) = al 5 and g(x) = x* + 2x + 4 agree except
at x = 2.
VRN (o
}Lmzj(x) = lgg(x) = lg(x + 2x + 4)
=22 422 +4=12
12
-9 9
0
. ¥+l 2
46. f(x) = N and g(x) = x* — x + 1 agree except at
x =-1
. . (2
Jim /() = fim g(x) = fim (x* —x + 1)
(1P - () +1=3
7
-4 4
1
. X . . 1
47. lim— = lim = lim = = -1
x>0x° — X xﬁOx(x—l) x—>0x — 1 0-1
48, lim— = = lim— 2 = lim
x=0x° + 4x x—>0x(x + 4) x=0x + 4
__2 _2_1
0+4 4 2
x -4 x -4
49. lim—— =1
it 16 aoi(x + 4)(x - 4)
B 1 1
xo4x+4  4+4 8
50, fim—> "% fim =)
x5y — 25 =5(x — 5)(x + 5)
. -1 -1 1
= lim = = ——
x=5x +5 545 10
2 _ _
51 fim % T X6 gy (32

x>3 x2 -9

)
(x4 3)(x - 3)
x-2 -3-2 -5 5

lim = = =
x»3x-3 -3-3 -6 6
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52.

53.

54.

SS.

56.

57.

58.

59.

60.

61.

62.

Section 1.3  Evaluating Limits Analytically

2 _ _
TR SR S N e Gl
-2y —x =2 x—>2(x—2)(x+1)
:limx+4:2+4:§:2
x=2x + 1 2+1 3
n Nx+5-3 0 Ax+5-3 ~Jx+5+3
im = lim .
=4 x — 4 4 x -4 Jx+5+3
N G ) Rl A S B S |
H4(x_4)(\/m+3) =iy +5+3 J9+3 6
lim\/x+1_2:lim\/x+1_2~\/x+1+2:1im x -3
x—3 x -3 x—3 x-3 \/X+1+2 x~>3(x_3)|:,/x+1+2j|
ST S
=i x+1+2 Ja+2 4
n \/x+5—\/§_ Nx+5-5 x+5+45
m = lim .
x—0 X x—0 X \/X+5+\/g
i S ! B S B
HOx(\/x+5+\/§) S0y + 5445 55 25 10
(Y2 x N2 N2 x -2 N2 a2
im = lim .
x>0 X x>0 X V2 x+-/2
g 2FtX-2 1 ~ 1 12
V2 x N2 N2 eV V22 22 4
!
lim3-+x 3:hmwzhm_7x:hm_71:i:_l
x>0 X x>0 (3 + x)3(x) x—>0(3 + x)(3)(x) X—>0(3 + x)3 3)3 9
1 4-(x+4
limx+4_z li 4(X+4)
x>0 X x>0 X
. -1 -1 1
=lim— = —— = ——
—04(x + 4)  4(4) 16
lim 2O A) T2 022 DA
Ax—0 Ax Ax—0 Ax Ax—>0 Ax Ax—0
. (x+Ax)2—x2 . x2+2xAx+(Ax)2—x2 Ax(2x+Ax)
lim = li = lim = lim (2x + Ax) = 2x
Ax—0 Ax Ax—0 Ax Ax—0 Ax Ax—0
; (x+Ax)2—2(x+Ax)+1—(x2—2x+1)_1, X% 4 2xAx 4 (AY) = 2x — 2Ax + 1 — &% + 2x — |
A0 Ax e Ax
= lim(2x+Ax—2):2x—2
Ax—0
33 3 2 2 3.3
lim(x+Ax) X limx +3xAx+3x(Ax) +(Ax) X
Ax—>0 Ax Ax—>0 Ax
Ax{32 + 3xax + (Ax)') .
= lim = lim (35 + 3aav + (Ax)7) = 347
Ax—0 Ax Ax=0

65
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Chapter 1 Limits and Their Properties

i i 70. limgsec¢ = n(-1) = —x
Sy (smx}(l] _ (1)[1j 1 limg sec ¢ = (-1)
x>0 S5x x>0\ X 5 5 5
3 | T ) 71. 1im/2m = lim sinx = 1
im COS X _ 11m|:3( COs x j:| _ (3)(0) 0 x—>7z/2¢cot X X7
x—0 X x—0 X
72, lim l-tanx lim cos x — sin x
i sin x(l — cos x) I [sin x 1= cos x} " xoa/dsin x — cos X x—7/4sin x cos x — cos? x
. lim————~ = lim —
x—0 x2 x—0) X X l —(sin X — COS X)
= lim
=(1)(0) =0 x—>7/4c0s x(sin x — cos x)
-1
. = lim
lim cos O tan ~ lim sin ¢ - > T/4COS X
60 2] 050 @ .
= 11m/4(—sec x)
X7,
. .
- lim 2T lim[sm = sin x} = (1)sin0 = 0 =2
x>0 x x—0 X
, L, ' ' 7 limsin 3 . (sm 3tj( j ( J
] limtan X g St lim{smx . szx} 50 27 ,
x=>0  x x—=>0x cOS” X x>0 x cos” x

(1(0) =0 74 im0 2X _ (sm 2x (1) 3x
x—0sin 3x r»O 3 )\ sin 3x
2
(1 — cos h) lim[l — cos h

(1= cos h)} - 2(1)@(1) - §
(0)0) = 0

. lim
h—0 h h—0

Jx+2-2
fx) = ————=
x
X 0.1 -0.01 | -0.001 | 0 | 0.001 | 0.01 0.1

f(x) | 0358 | 0.354 | 0.354 ? 10354 | 0.353 0.349

It appears that the limit is 0.354.

2

-2
The graph has a hole at x = 0.

Vira-2_ rr2-3 Jir2+3

Analytically, lim = .
y y x>0 X x>0 X x+ 2+ J2
. xX+2-2 . 1
= lim

1
= lim = =
Hox(\/x +2 4+ \/3) =0 /x+2 42 242

~ 0.354.

=[S
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Section 1.3  Evaluating Limits Analytically 67

76. f(x) 16

X 15.9 15.99 15.999 | 16 | 16.001 | 16.01 16.1

f(x) | —0.1252 | —0.125 | —0.125 | 2 | —0.125 | —0.125 | —0.1248

It appears that the limit is —0.125.

1

—1
The graph has a hole at x = 16.
4-Jx (4 - /) -1 1

Analytically, lirrll6 Vx = lim

x =16 o1y + 4)x - 4) Tole/x + 4 8

1 1
77, f(x) = 2 - 2
X 0.1 —-0.01 —0.001 | 0 | 0.001 0.01 0.1

f(x) | -0.263 | —0.251 | —0.250 | ? | —0.250 | —0.249 | —0.238
It appears that the limit is —0.250.

1 1
) 2-(2+ - -
Analytically, lim2+% 2 _ Tl o) L e S RO s SN
x>0 x =0 22+ x)  x  x02(24x) x 022+ x) 4
. x> =32
78. x) =
S = ——
x 1.9 199 | 1.999 |1.9999 | 2.0 | 2.0001 | 2.001 |2.01 |2.1

f(x) | 7239 | 79.20 | 79.92 | 79.99 ? 80.01 80.08 80.80 | 88.41

It appears that the limit is 80.

100

/

-25

The graph has a hole at x = 2.

5 _ x = 2)(x* + 2x% + 4x? + 8x + 16
Analytically, lim> 32 _ lim( I ) = lim(x* + 22" + 4x? + 8x + 16) = 80.
=2 x — 2 x—2 x =2 x—2

(Hint: Use long division to factor x° = 32.)
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68  Chapter 1 Limits and Their Properties

79. /(1) = Smt 3
y 01 | -001 | -0001 |0 0001 [001 |o01
£ | 296 | 29996 |3 2| 3 2.9996 | 2.96

It appears that the limit is 3.

4

—or S - or

WOV
1

The graph has a hole at ¢+ = 0.

Analytically, 1inésmt3t = lim 3(“1;3’ j = 3(1) = 3.
= t—

cosx — 1
2x2

80. f(x) =

X -1 —0.1 —0.01 | 0.01 0.1 1

f(x) | —0.2298 | —0.2498 | —0.25 | —0.25 | —0.2498 | —0.2298

It appears that the limit is —0.25.

1

-1

The graph has ahole at x = 0.

. cosx —1 cosx +1 cos? x — 1
Analytically, — =—
2x cosx +1  2x*(cos x + 1)
—sin’x

- 2x2(cos X + 1)
sin® x . -1
8 2(cos x + 1)

-, _ -
il S X 1 - 1(71) ~ Ll oas
x>0 x> 2(cos x + 1) 4 4
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P
sin x
81. f(x) =
1) =
X —0.1 -0.01 | -0.001 | 0 | 0.001 | 0.01 | 0.1
f(x) | —0.099998 | —0.01 | —0.001 | ? | 0.001 | 0.01 | 0.099998
It appears that the limit is 0.
1
_om #‘_ﬁvﬂuﬁuﬂ /\Uhlllnl.lﬂ'iw 27
-1
The graph has a hole at x = 0.
P L2
Analytically, lim>" = lim x[sm o j =0(1) = 0
x=>0  x x>0 X
sin x
82. f(x) =
X 0.1 —0.01 -0.001 | 0 | 0.001 | 0.01 0.1
f(x) | 0215 | 0.0464 | 0.01 ? 1 0.01 0.0464 | 0.215

83.

84.

8s.

86.

Section 1.3 Evaluating Limits Analytically 69

It appears that the limit is 0.

2

-2

The graph has a hole at x = 0.

. .osinx . 3/ fsinx) B
Analytically, 113(1) el 113”(1) U x ( . ) = (0)(1) = 0.
limf(x+Ax)—f(x) _ lim3(x+Ax)—2—(3x—2) o XA -2-3x4+2 L 3Ax
Ax—0 Ax Ax—0 Ax Ax—0 Ax Ax—0 Ax
limf(x+Ax)—f(x) _ lim[—6(x+A)c)+3]—[—6x+3] _ hm—6x—6Ax+3+6x—3
Ax—0 Ax Ax—>0 Ax Ax—0 Ax
= Jim =A% _ i (-6) = -6
Ax—>0 Ax Ax—0
o SO A0) = f(x) (o A — A AY) - (2 - 4x) x4 2xAx + A - 4x — 4Ax - X + 4x
Foake) Ax = o Ax T oy Ax
. Ax(2x + Ax - 4) .
= lim =11m(2x+Ax—4)=2x—4
Ax—0 Ax Ax—0
limf(x+Ax)—f(x) _ lim\/x+Ax—\/; _ lim\/x+Ax_\/;~\/x+Ax+\/;
Ax—0 Ax Ax—>0 Ax Ax—>0 Ax \/X + Ax + \/;
. X+ Ax —x . 1 1
= lim = lim =
A’f—"’Ax(\/x + Ax + \/;) a0 /x + Ax +x o 2x
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87.

88.

89.

90.

91.

92.

Chapter 1 Limits and Their Properties

1 1
limf(x+AX)_f(x):1imx+Ax+3_x+3
Ax—0 Ax Ax—0 Ax
_ x+3-(x+A+3) 1
= lim - —
a0 (x + Ax + 3)(x +3)  Ax
= lim —
ar—0(x + Ax + 3)(x + 3)Ax
-1 -1

R ey ) R B M

1 1
_f 2 2
tim £ ) =) oy AT x
Ax—0 Ax Ax—0 Ax
2 _ 2
I e G

x>0 x>0

Ax—0 xz(x + Ax)zAx
= [x? + 2xAx + (AY)? ]

4 < limf(x) <4

x—0

Therefore, )1(13’(1) f(x) =

lim(4 — x?) < lim f(x)

lim[b ~[x — a|] < lim f(x) < lim[b +|x - al]

b < limf(x)<b

x—a

Therefore, lim f(x) =

x—a

f(x) =|x|sin x

6

RV

-6

lim|x|sin x = 0
x—>0

f(x) =‘x‘cosx

6

b.

27

2m

RS

-6

lim‘x’cos x=0
x—>0

2

lim 5 >
Ax—0 x“(x + Ax)"Ax
~2xAx — (Ax)’
im————
a0 x2 (x + Ax)?Ax
pS2roAr _2x 2
a-0x2(x + Ax)? x* X
< 1 2
< lim(4 + %) 93.
94.
95.

!
Xx) = xsin —
£() = wsin*
0.5
-0.5
. 1
hm(x sin fj =0
x—0 X
h(x) = x cos 1
X
0.5
. 1
lim| xcos—| =0
-0.5 0.5 x—0 X
-0.5

(a) Two functions fand g agree at all but one point
(on an open interval) if f(x) = g(x) for all x in the

interval except for x = ¢, where c is in the interval.

2 — —
(b) f(x) _ );_ 11 _ (x +x1)fx1 1) and

g(x) = x + lagree at all points except x = 1.

(Other answers possible.)
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96. An indeterminant form is obtained when evaluating a
limit using direct substitution produces a meaningless
fractional expression such as 0/0. That is,

(%)
()
for which lim f(x) = limg(x) = 0

x—c x—c

Section 1.3 Evaluating Limits Analytically 71

97. If a function fis squeezed between two functions /# and
g h(x) < f(x) < g(x),and / and g have the same limit

Las x — c, then lim f(x) exists and equals L

x—c

98. (a) Use the dividing out technique because the numerator and denominator have a common factor.

2 _ _
X +x-2 ~ lim (x+2)(x -1
x>-2  x + 2 x—>-2 X+ 2
= limz(x—l)=—2—1:—3

(b) Use the rationalizing technique because the numerator involves a radical expression.

Nx+4 -2

Nx+4-2 Nx+4+42

lim——— = 1i
50 X 0 X Nx+4+2
o (x+4) -4
= lim————
x*ox(x/x +4 + 2)
= lim ! !

H0\/x+4+2_\/1+2_1

sin x

99. f(x)

x, g(x) = sin x, h(x) =
X

3

-5 ‘tS

-3
When the x-values are "close to" 0 the magnitude of f'is
approximately equal to the magnitude of g. So,

‘g‘/‘f‘ ~ 1when x is "close to" 0.

sin? x

100. £(x)

~JA

-2

x, g(x) = sin® x, h(x) =

X

When the x-values are "close to" 0 the magnitude of g is

"smaller" than the magnitude of f'and the magnitude of g
is approaching zero "faster" than the magnitude of /. So,

‘g‘ / ‘ /" ~ 0 when x is "close to" 0.

1

101. s(1) = —167> + 500

~16(2)" + 500 — (~161* + 500)

lim = lim
»2 2 —¢ 1—2 22—t
. 436 + 162 — 500
= lim——mmM8
152 2 —t
16(> — 4
= limg
-2 2 —t
16(t — 2
162+ 2)
12 2 —t
= lin% —16(¢ + 2) = —64 ft/sec
11—

The paint can is falling at about 64 feet/second.
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72 Chapter 1 Limits and Their Properties

500 55 55 .

102. s(r) = —16¢> + 500 = Owhen ¢ = , [— = 5 sec The velocity at time a = = s

16
NENEN I
i 2 e (-16:2 + 500)
BB
2 2 -t 2 P

= -t

SEEC
: 2
16 t + ﬂ t — ﬂ
i 2 2
= m
~(2E) 55
2 T -
= lim |-16|¢ + 55 = —80-/5 fi/sec
PRENEI 2

~ —178.9 ft/sec.

The velocity of the paint can when it hits the ground is about 178.9 ft/sec.

103. s(1) = —4.97 + 200

_ —4.9(3)° + 200 — (—4.9¢2 + 200
lim*B) =50 _ 490+ ( + 200)
>3 3¢ 1—3 R

49(* -9
= lim ( )
>3 33—t
_ lim4.9(z - 3)(r + 3)
t—3 3—¢
= lim[-4.9(r + 3)]
= -29.4 m/sec

The object is falling about 29.4 m/sec.

104. —4.9¢> + 200 = O when ¢ = 200 = 207/ sec. The velocity at time a = Mis
4.9 7 7
— s(t 0 —|—4.9¢> + 200
t»a g —t t—a a—1t
4.9(¢ t —
490+ )t - a)
t—a a—1
= lim |-49+ 2075 = —28/5 m/sec
H20\5 7
7
~ —62.6 m/sec.

The velocity of the object when it hits the ground is about 62.6 m/sec.

105. Let f(x) = 1/xand g(x) = —1/x. lin}) f(x) and lin%g(x) do not exist. However,

x—=0[ x x—0

m[f(x) +g(x)] = lim{l + [—iﬂ = 1lim[0] = 0

and therefore does not exist.
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106.

107.

108.

109.

110.

111.

Suppose, on the contrary, that limg(x) exists. Then,
because lim /(x) exists, so would lim[ F(x) + g(x)],
x—>c x>

which is a contradiction. So, limg(x) does not exist.
X—cC

Given f (x) = b, show that for every ¢ > 0 there exists
a & > Osuch that ‘ S(x) - b‘ < & whenever

|x — ¢| < &.Because ‘f(x) - b‘ =|b-b|=0< ¢for
every £ > 0, any value of 6 > 0will work.

Given f(x) = x", n is a positive integer, then

limx" = lim(xx”’l)

x—c x—c

i [tm1] = i)
= c[limx} [limx”'z} = c(c)lim(xx”'3)

x—c x—c x—c

= ... = ",

If b = 0, the property is true because both sides are
equal to 0. If b # 0, let & > 0 be given. Because
lim /(x) = L, there exists § > 0 such that

‘f(x) - L‘ < &/|b| whenever 0 <|x — ¢|< &.So,
whenever 0 < ‘x - c‘ < 0, we have

‘be(x) - L‘ <& or ‘bf(x) - bL‘ <¢

which implies that lim[ 4/ (x)] = bL.

Given lim f(x) = 0:

x—c

For every ¢ > 0, there exists & > 0 such that

‘f(x) - 0‘ < & whenever 0 <|x — ¢|< 6.
Now‘f(x) - 0‘ = ‘f(x)‘ = Hf(x)‘— O‘ < ¢ for
|x — ¢| < &. Therefore, lim‘f(x)‘ = 0.

x—c

~M ()| < 1(x)e(x) < M1 ()
llirz(_j\/,‘f(x)‘) < limf x)g

Therefore, lim f(x)g(x) = 0.

Section 1.3 Evaluating Limits Analytically 73

113.

114.

115.

116.

117.

118.

_‘ f(x
lim| | £(x)|

x—=c

< lim f(x) < lim| f(x)|

x—c

o 1 ~— ~—
A

IA

i <0
Therefore, lim f(x) = 0.

(b) Given lim f (x) = L
For every ¢ > 0, there exists 6 > 0 such that
‘f(x) - L‘ < & whenever 0 <|x — ¢| < &.Since
Hf(x)‘—\LH < ‘f(x) - L‘ < & for

|x = c| < &, thenlim| £(x)| =|L|.

Let

4, if x 20
/() = {—4, if x <0
tim| (2)| = tima = 4.

lirr}) /() does not exist because for
X—>

x <0, f(x) = —4and for x > 0, f(x) = 4.

The graphing utility was set in degree mode, instead of
radian mode.

The limit does not exist because the function approaches
1 from the right side of 0 and approaches —1 from the
left side of 0.

2

-3 3
-2
False. limy = 9 =0
X7 X V4
True.
False. Let

x x#1

f(x) = {3

Then limf(x) = Tbut f(1) # 1.

, ¢ =1.
x =1
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119.

120.

121.

122,

Chapter 1 Limits and Their Properties
False. The limit does not exist because f’ (x) approaches

3 from the left side of 2 and approaches 0 from the right
side of 2.

4

False. Let f(x) = 7x”and g(x) = x*.
Then f(x) < g(x)forall x = 0.But
fim /() = limg(x) = 0.

Himt =95 _ i

x—0 X x—=0 X

l—cosx 1+ cosx

1+ cosx

1 — cos’x sin®x

x>0x(1 + cos x) - x>0x(1 + cos x)

. sin x sin x
= lim .

x>0 x

1+ cosx

. osinx || .. sin x
= | lim lim
x>0 x x=0] + cos x

- (10) = 0

0, ifx is rational

1, ifx is irrational
0, ifx is rational
x, ifx is irrational
)1[1_1;% /() does not exist.

No matter how “close to” 0 x is, there are still an infinite
number of rational and irrational numbers so that

lim /(x) does not exist.

x—0

i) =0

when x is "close to" 0, both parts of the function are
“close to” 0.

secx — 1

123. f(x) = >

X

(a) The domain of fisall x # 0, 7/2 + nrx.

(b) 2

\

y

T
1
1
1
3w !
1
1
1
|
|

IR

nfg

-

-2

The domain is not obvious. The hole at x = 0 is not

apparent.
1
li = -
(©) tim /(x) = 2
secx—1 secx—1 secx+1 sec’ x — 1
(d) 2 2 )
x x secx +1  x*(secx +1)
_ tan®x 1 (sinzx\ 1
xz(sec X+ 1) coszxk x2 )sec x+1
_ in2
So, limsec x2 1 _ lim 12 (smzﬂ 1
x>0 x x=0cos x| x )secx +1

124. (@) limi =%

1—cosx 1+cosx

= lim

x>0 X

(b) From part (a),
1 - cosx

X2

Q

Q

(c) cos(0.1) = 1

(d) cos(0.1) =~ 0.

2

x>0 x 1+ cos x

. 1—cos’*x
lim——————
—0x%(1 + cos x)

. sin’x 1
= lim .

x>0 x2

1+ cosx

1
— = 1-cosx
2

1,
—X° = cos x
2

1L forx
2
0.
-~ L1 = 0.995
2

9950, which agrees with part (c).
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Section 1.4 Continuity and One-Sided Limits
1. (a) lim f(x) =3 6. (a) lim f(x) =0
x4t x—-1F
(b) lim f(x) =3 (b) lim f(x) =2
x—4" x—>-1"
(c) limf (x) =3 (¢) lim f (x) does not exist.
x—>4 x—>-1
The function is continuous at x = 4 and is continuous The function is NOT continuous at x = —1.
on (—o0, ).
( ) . 1 1 1
7. 11m+ = = —
2. (a) limf(x):—z sty +8  8+8 16
x—-2"
(b) lim f(x) = -2 8. lim -2 1
ro>2 Tasr x+2 242 2
© xlin}z'f(x) =2 . x -5 x -5
9. lim 5 = lim ——
The function is continuous at x = —2. xostxt =25 aost(x + 5)(x - 5)
= lim Lo i
3.(a) lim f(x) =0 T easx+5 10
x—>3
b) lim =0 — —(x — _
® lim 1) 10 tim 2" = gy,
' o4t x” =16 soat(x+4)(x—4) oarx+ 4
© lim/(x) =0 !
The function is NOT continuous at x = 3. 4+4 8
4. (a) 1iH;+f (x) =3 11. lim 5 does not exist because
X x—>-3" x =9
b) lim f(x) =3
®) .Hfrf( ) #decreases without bound as x — -3~
) x2 -9
(©) llms f(x) =3
The function is NOT continuous at x = —3because 12. lim Va2 = lim Va2 . Vr+2
f(_3) =4 % lim f(x) x4 X — 4 x4 x — 4 \/; +2
= = lim x——4
5. () lim f(x) = -3 i (x = 4)Vx + 2)
.x—.>2 B hm ] B 1 B l
(b) lim f(x) =3 i x+2 A2 4
(¢) lim f(x)does not exist B
2 3 tim -
The function is NOT continuous at x = 2. x—>07 X x—>07 X
~10 _
1, gm0y 210
xo10t x — 10 x—10tx — 10
1 1
T —(x + Ax -
15, fim XA x o Yo HA) 1 _ M 1
Ax 0" Ax Ax—0" x(x + Ax) Ax a0 x(x + Ax) Ax
. -1
= lim —
a0~ x(x + Ax)
N SR
x(x + 0) x2
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16.

17.

18.

19.

20.

21.

Chapter 1 Limits and Their Properties

(x+Ax)2+(x+Ax)—(x2+x)

x2+2x(Ax)+(Ax)z+x+Ax—x2—x

lim = lim
Ax—0" Ax Av—0* Ax
2
2x(Ax) + (Ax)” + Ax
L 2dAY ¢ (A
Ax—0" Ax
= lim (2x + Ax + 1)
Ar—0"
=2x+0+1=2x+1
X+ 2 5 1
lim f(x) = lim = — 27. f(x) =
x4>37f( ) X3 2 f( ) x2 -4
) ) ) has discontinuities at x = -2 and
Xlin;f(x) - Xlin;(x R 6) =9-12+6=3 x = 2because f(-2)and f(2) are not defined.
lim f(x) = lim (—x* + 4x = 2) = =9 + 12 -2 = 1
x—3" x—3t x? -1
28. f(x) =
Since these one-sided limits disagree, lim f(x) x+1
x—3 . . . .
does not exist. has a discontinuity at x = —1because f' (—1) is not
defined.

limf(x) = lim(x + 1) =2

x—o1t x—1t HXH
lim f(x) = lim (x3 + 1) =2 29. f(x) = e
x—>1" x—>1"

lim f(x) = 2

lim f(x) = lim (1 - x) = 0

xo1t

x—o1t

lim cot x does not exist because

30.

has discontinuities at each integer k because
lim f (x) # lim f (x)
x>k~ x>kt

X, x <1

x = 1has a discontinuity at

= 2x =1, x>1

li t d 1l t x d t exist.

im cot x and lim cot x do not exis x = Ibecause /(1) = 2 # lin}f(x) _1
X—>

xoat xX—>r

lim sec x does not exist because

x> 7)2 31. g(x) = V49 — x? is continuous on [-7, 7].

lim sec x do not exist.
x—>(7/2)”

lim sec x and
xa(/r/l)+

32.

f(r) = 3 =~/9 = #* is continuous on [-3, 3].
lim (5[x] - 7) = 53) -7 =8
x—>4"

([[x]] =3f0r3£x<4)

33. lim f(x) = 3 = lim f(x).fis continuous on [-1, 4].

x—0" x—0"

34. g(2)is not defined. g is continuous on [~1, 2).

lim (2x - [x]) = 2(2) -2 = 2

o f (x) = s has a nonremovable discontinuity at
x

35.

. 11%1113(2 - [[—x]]) does not exist because

lim (2 - [-x]) =2-(-3) = 5

x—3"

x = 0 because lirr(l) /(x) does not exist.
X—>

36.

has a nonremovable discontinuity at

/(%) =

X = 6 because linz f (x) does not exist.
xX—>

and x—6

11;3 2-[=x)=2-(4) =6

: liinl[l - ﬂ—ﬂD —1-(-1)=2

37. f(x) = x* = 9 is continuous for all real x.

38. f(x) = x* — 4x + 4 is continuous for all real x.
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39.

40.

41.

42.

43.

44.

45.

46.

47.

1 1

:4—x2

/(%)

(2-x)(2+x)
discontinuities at x = *2 because lirr;f (x)and
X—>

lim_£(x) do not exist.
x—>-2

is continuous for all real x.

1
f(x): 2

X

f(x) = 3x — cos x is continuous for all real x.

X . .
f(x) = cos—~is continuous for all real x.

is not continuous at x = 0, 1.

Because — = for x # 0,x = 0is

x° —x
a removable discontinuity, whereas x = lisa

X —

nonremovable discontinuity.

f(x) =5 Y has nonremovable discontinuities at
w2 _
=2and x = -2Db li d I
x and x ccause lim f(x)an | Ln}zf (x)

do not exist.

f(x) =5 Y is continuous for all real x.
x- +1
x -5 x -5
fx) =3 Y B
2 -25 (x+5x-9

has a nonremovable discontinuity at x = —5 because

limsf (x) does not exist, and has a removable
X—>—

discontinuity at x = 5 because

1 1
li =1li =—
/) = IS T
(%) = x+2 X+ 2

¥ -3x—10  (x+2)(x-5)

has a nonremovable discontinuity at x = 5because
lim /() does not exist, and has a removable
x—5

discontinuity at x = -2 because

lim f(x) = lim ! = ——.

x—>-2

= has nonremovable

Section 1.4 Continuity and One-Sided Limits 77

48.

49.

50.

51.

52.

x+2 X+ 2
X-x-6 (x=3)(x+2)

f(x) =

has a nonremovable discontinuity at x = 3 because
lim3 /(x) does not exist, and has a removable
X—>

discontinuity at x = —2 because
. . 1 1
leIIEZf(x) h xlgr—l2x -3 - _g.
3 ‘x + 7‘
f(x) Cox+7

—7 because

has a nonremovable discontinuity at x
lim £ (x) does not exist.
x—>-7

-5
7w =23

has a nonremovable discontinuity at x = 5 because

lim /(x) does not exist.
x—5

x, x<1
/%) = {xz, x> 1
has a possible discontinuity at x = 1.
L (1) =1
2. lim f(x) = limx =1
e

3. /(1) = lim/(x)

f 1is continuous at x = 1, therefore, fis continuous for

all real x.
2x+3, x<1
f(x) B {xz, x >1
has a possible discontinuity at x = 1.
1. /(1) = 1> =1
2. liqf(x) = liq(—2x + 3) =1
x—>1 x—>1 hmf(x) — 1
lim f(x) = 1im+x2 =1 ¥
x—1t x—1

3. /(1) = lim/(x)

f is continuous at x = 1, therefore, fis continuous for

all real x.
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—+1, x<2
53. f(x): 2

3—-x, x>2

has a possible discontinuity at x = 2.

1. f(2):%+1:2

2. lim f(x) = lim (f + 1] -2

x>2” =27\ 2 lim £(x) does not exist.
lim f(x) = im(3-x)=1] *°
x—2" x—2F

Therefore, fhas a nonremovable discontinuity at x = 2.

-2x, x <2

54. f (x) = {
has a possible discontinuity at x = 2.
1. f(2)=-202) =4
2. lim f(x) = lim (-2x) = —4

x—2" x—2"

X2 —4dx+1, x>2

lim f(x) = lim (x? = 4x + 1) = 3] 2

x—2F x—2t

Therefore, fhas a nonremovable discontinuity at x = 2.

X
tan—, |x|< 1
55. f(x) = 4
X, ‘x‘ > 1
tan@, -1<x<1
= 4
X, x < —-lorx 21
has possible discontinuities at x = —1, x = 1.
1. f(—l) = -1 f(l) =1
2. Xlin}llf(x) =-1 llirif(x) =1

S = Emp) () =t
fis continuous at x = =1, therefore, f'is continuous for

all real x.

lim /(x) does not exist.

cse—, |x —3|<2
56. f(x)z
2, |x =3|>2
cscﬂ, 1<x<5
= 6
2, x<lorx>35

has possible discontinuities at x = 1, x = 5.

L /(1) = ese= =2
6

2. limf(x) =2 lim f(x) = 2

3. /() = tim/(x) £(5) = lim(+)

fis continuous at x = land x = 5, therefore, f'is

continuous for all real x.

Sr
/(5) = e~ = 2

57. f(x) = csc 2x has nonremovable discontinuities at

integer multiples of 7/2.

58. f(x) = tan% has nonremovable discontinuities at each
2k + 1, k is an integer.

59. 1 (x) = [[x - 8]] has nonremovable discontinuities at
each integer k.

60. 1 (x) =5- I[x]] has nonremovable discontinuities at

each integer .
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61. f(l) =3 63. f(2) =38
Find a so that lim (ax — 4) = 3 Find a so that lim ax* = 8 = a = 2% =2
x—>1" x—2"
a(l) -4=3 )
a=1 64. lim g(x) = lim 250% _ 4
x—>0" x>0 X
_ li = 1i — 2x) =
0. /() =3 Jrngl) = fimla =2 = a
Find a so that 1im+(ax +5)=3 Let a = 4.
x—1
a(l) +5=3
a = -2.
65. Find @ and b such that lim (ax + b) = —a + b = 2and lim (ax + b) = 3a + b = 2.
x—>-1t x—37
a—-b=-=2
(+)3a + b ==2 2, x < -1
4a = -4 f(x)z—x+1,—l<x<3
a= -1 -2, x >3
b= 2+ (-1)=1
2 _ 2 — in 12
66. limg(x) = lim*——2 72. /(8(x)) = sinx
x—a x=a xX — a .
) Continuous for all real x
= hm(x + a) = 2a
X—a 73. _ B
Find a such 2a = 8§ = a = 4. 7 [[x]] *
Nonremovable discontinuity at each integer
67. f(g(x)) = (x - 1)2 05
Continuous for all real x -3 3
68. f(g(x)) = 5(x*) +1=>5¢ +1 \\ \\
Continuous for all real x -15
1 1 1 1
. = = 74. h(x) = =
69. f(g(x)) @3 6 -1 ) = F 1 (x+ 50 - 3)
Nonremovable discontinuities at x = +1 Nonremovable discontinuities at x = =5and x = 3
2
! :
70. = 1
et = 7= N J L ,
Nonremovable discontinuity at x = 1; continuous for ( }
all x > 1 -
X
71. = tan— 2 _ 4
f(g(x)) an2 75, g(x) _ {x 3x, x>
2x =5, x<4

Not continuous at x = *, +37, 57, ... Continuous on

the open intervals ..., (~37, —7), (—7, 7), (7, 37),.. Nonremovable discontinuity at x = 4

10

B S N

£
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76.

7.

78.

79.

80.

81.

82.

83.

Chapter 1 Limits and Their Properties

cosx — 1 ‘<0
f(x) = x
S5x, x>0
f(0) = 5(0) = 0
lim f(x) = I (cos x — 1) o .
x—>0" x—>0" X
lim f(x) = lim (Sx) =0
x—0" x0T

-3

Therefore, lirr(l] f (x) =0=7f (0) and fis continuous on the entire real line.
xX—>

(x = 0 was the only possible discontinuity.)

S(x) = 5

X2+ x+2

Continuous on (-, o)

f (x) = \/;
Continuous on (0, o)
f(x) =3-+x
Continuous on [0, «)

f(x) =xx+3

Continuous on [-3, )

X
f(x) = sec=—

4
Continuous on:

oo (<6, =2)(~2, 2),(2, 6), (6, 10), ...

f(x) = cosl

X

Continuous on (—o0, 0) and (0, o)

x* -1 x # 1
fx)=qx-1
2, x =1

Since lim f(x) = lim >~ = fim &~ D&+ 1D

x—l x>l x — 1 x>l x -1

=lm((x+1) =2,
x—1

f is continuous on (—oo, o).

84.

85.

86.

87.

2x —4, x#3
1, x =3

f(x) = {

Since lim /(x) = lim (2x — 4) = 2 # L

f is continuous on (—oo, 3) and (3, ).

f(x) _ sin x

X

3

-2
The graph appears to be continuous on the interval

[4, 4]. Because f(0) is not defined, you know that

/f'has a discontinuity at x = 0. This discontinuity is
removable so it does not show up on the graph.

o8
f(x):);—z

0

The graph appears to be continuous on the interval
[4, 4]. Because f(2) is not defined, you know that

/ has a discontinuity at x = 2. This discontinuity is

removable so it does not show up on the graph.

f(x) = 5x* = x* + 4is continuous on the interval

[1.2]. 7(1) = %and /(2) = =3By the Intermediate
Value Theorem, there exists a number c in [1, 2] such

that f(c) = 0.
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88. f(x) = x* + 5x — 3is continuous on the interval [0, 1]. 94. h(0) = tand + 36 — 4 is continuous on [0, 1].

f(0) = =3 and f(1) = 3.By the Intermediate Value h(0) = —4and A(1) = tan(l) -1 = 0.557.

Theorem, there exists a number ¢ in [0, 1] such that

() = o.

By the Intermediate Value Theorem, h(c) = 0 for at

least one value of ¢ between 0 and 1. Using a graphing
utility to zoom in on the graph of 4(6), you find that

89.

f(x) = x* = 2 — cos x s continuous on [0, 7].
f(O) = —3and f(ﬂ') = 7% -1~ 887 > 0.By the

Intermediate Value Theorem, f(c) = 0 for at least one

value of ¢ between 0 and 7.

6 =~ 0.91. Using the root feature, you obtain
6 ~ 0.9071.

95. f(x)=x2+x—1

/s continuous on [0, 5].

90. f(x)= —% + tan(%j is continuous on the interval [1, 4]. /(0) = —1and f(5) = 29
P -1 <11 <29
f(1) = =5 + tan| — | = 4.7 and , )
10 The Intermediate Value Theorem applies.
X +x-1=11

f(4) = —% + tan(z?ﬂj ~ 1.8. By the Intermediate

Value Theorem, there exists a number c in [1, 4] such

that f(c) = 0.

X+x-12=0

(x+4)(x—3)=0

x=-4orx =3
oL f(x) = & +x—1 ¢ = 3(x = —4 isnot in the interval.)
So. f(3) = 11.

92.

93.

f(x) is continuous on [0, 1].
f(0) = —land £(1) =1
By the Intermediate Value Theorem, f (c) = 0 for at

least one value of ¢ between 0 and 1. Using a graphing
utility to zoom in on the graph of f(x), you find that

x =~ 0.68. Using the root feature, you find that
x =~ 0.6823.

f(x)=x4—x2+3x—l

f(x) is continuous on [0, 1].

£(0) = ~1 and f(1) = 2

By the Intermediate Value Theorem, f(c) = 0 for at

least one value of ¢ between 0 and 1. Using a graphing
utility to zoom in on the graph of f| (x), you find that

x = 0.37. Using the root feature, you find that
x ~ 0.3733.

g(t) = 2cost — 3t
g is continuous on [0, 1].
g(O) =2>0and g(1) » -1.9 < 0.

By the Intermediate Value Theorem, g(c) = 0 for at

least one value of ¢ between 0 and 1. Using a graphing
utility to zoom in on the graph of g(t), you find that

t =~ 0.56. Using the root feature, you find that
t = 0.5636.

Zl
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96. f(x) =x*-6x+38
/fis continuous on [0, 3]
/(0) = 8and f(3) = -1
-1<0<38
The Intermediate Value Theorem applies.
X2 -6x+8=0
(x—2)(x—4)=0
x=2o0rx =4

¢ = 2 (x = 4 isnot in the interval.)

So, f(2) = 0.
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97. f (x) =X - +x-2 100. Answers will vary. Sample answer:
R
/s continuous on [0, 3] A
Al
-2<4<19 I
—+—— + x

The Intermediate Value Theorem applies. 2 ’_12: ‘j Based

X -x>+x-2=4 7

X-x+x-6=0

(x—2)(x2+x+3):0

The function is not continuous at x = 3 because
lim f(x) =1=#0= lim f(x)
x—>3"

x=2 x—3"
(x2 + x + 3 has no real solution.) 101. If fand g are continuous for all real x, thensois f + g
c=2 (Theorem 1.11, part 2). However, f/g might not be
So, f(2) — 4 continuous if g(x) = 0. For example, let f(x) = xand
g(x) = x* — 1. Then fand g are continuous for all real
0. f(x) _ x* +1x x, but f/g is not continuous at x = *1.
X —

5 102. A discontinuity at ¢ is removable if the function fcan be
f1s continuous on [5, 4}. The nonremovable made continuous at ¢ by appropriately defining (or

. L i . i redefining) f(c). Otherwise, the discontinuity is
discontinuity, x = 1, lies outside the interval.

nonremovable.
5 35 20
—|=—and f(4) = — -4
f@ AN @ f(x) = ‘%
35 .20 *
3 Y sin(x + 4
3 (b) f(x) — (+ 2 )
The Intermediate Value Theorem applies. o
xz T ox 1, x >4
=6
_ 0, 4<x<4
r ol © f(x) =
¥+ x=6x-6 L, x=-4
2 -5x+6=0 0, x <-4
(x - 2)(x — 3) =0 x = 4 is nonremovable, x = —4 is removable
x =2o0rx =3 y
¢ = 3 (x = 2 isnot in the interval.) s
N
So, /'(3) = 6. 2l
° 1+ O —
99. (a) The limit does not exist at x = c. ——— —0—t> &
-6 -4 -2 2 4 6
(b) The function is not defined at x = c. -
(c) The limit exists at x = ¢, but it is not equal to the T
value of the function at x = c. 103. True

(d) The limit does not exist atx = c. 1 f(c) — Lis defined.

2. limf(x) = L exists.

3. f(c) = lim f(x)

All of the conditions for continuity are met.

© 2014 Cengage Learning. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly accessible website, in whole or in part.



Section 1.4 Continuity and One Sided Limits 83

104. True. If f(x) = g(x), x # ¢, then
fx) = &) 110. N(1) = 25(2"’ S t]
lim /(x) = limg(x) (if they exist) and at least one of 2
these limits then does not equal the corresponding P 0 11181 2 3 138
function value at x = c.
N(r) |50 25| 5 [50 |25 | 5

105. False. A rational function can be written as

p( x) /Q( x) where P and Q are polynomials of degree Discontinuous at every positive even integer. The

. company replenishes its inventory every two months.
and n, respectively. It can have, at most, n pany rep ry every

discontinuities. N

106. False. f(1)is not defined and lim (x) does not exist.

Number of units

107. The functions agree for integer values of x:
g(x) :3—|I—x]] = 3—(—x) =3+x
f(x):3+[[x]]=3+x
However, for non-integer values of x, the functions
differ by 1.

() =3+[x] = gx) - 1=2-[4] campsite. s(0) = 0 (¢ = 0 corresponds to 8:00 A.M.,

5(20) = k (distance to campsite)). Let r(¢) be the

position function for the run back down the mountain:
r(O) =k, r(lO) = 0. Let f(z‘) = s(t) - r(t).

8 10 12
Time (in months)

} for x an integer 2406

111. Let s(t) be the position function for the run up to the

For example,
fB)=3+0=3¢g})=3-(-1)=4

108. lim f(t) ~ 28 When ¢ = 0(8:00 AM.),
e £(0) = s(0) = #(0) = 0 — k < 0.
lim f(r) = 56
—y When ¢ = 10(8:00 A.m.), f(10) = 5(10) — r(10) > 0.
At the end of day 3, the amount of chlorine in the pool Because f(0) < 0and f(10) > 0, then there must be a

has decreased to about 28 oz. At the beginning of day 4, . .
more chlorine was added, and the amount is now about value ¢ in the interval [0, 10] such that /(r) = 0.If

56 oz. f(#) = 0,then () — r(r) = 0, which gives us

0.40 0<1<10 s(t) = r(r). Therefore, at some time 7, where

109. C(r) = 10.40 + 0.05]r — 9], ¢ > 10, 7 not an integer
0.40 + 0.05(7 — 10), 7 > 10, ¢ an integer

0 <t £ 10, the position functions for the run up and the
run down are equal.

c 112. Let V' = gﬂﬁ be the volume of a sphere with radius r.

0.7 1

ﬁjﬁi o.“o.o. Vis continuous on [5,8]. V(5) = 2007
04 "

0r] v (s)
0.1+

~ 523.6 and

_ 20887 21447, Because

‘ —— 523.6 < 1500 < 2144.7, the Intermediate Value
T Theorem guarantees that there is at least one value
between 5 and 8 such that V(r) = 1500. (In fact,

There is a nonremovable discontinuity at each integer
greater than or equal to 10. r ~ 7.1012.)

Note: You could also express C as
0.40, 0<t<10
)= {040 - 0.05[10 - ¢], ¢ > 10
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113.

114.

115.

116.

117.

Chapter 1 Limits and Their Properties

Suppose there exists x; in [a, b] such that

f(x1) > 0and there exists x,in [a, b]such that

f (xz) < 0.Then by the Intermediate Value Theorem,
/() must equal zero for some value of x in

[x1, x5 (or [x2, 0] if x, < x ) So, fwould have a zero in
[a, b], which is a contradiction. Therefore, f(x) > 0 for

allxin [a, b|or f(x) < 0forallxin [a, b].

Let ¢ be any real number. Then lim f (x) does not exist
xX—=>c
because there are both rational and irrational numbers
arbitrarily close to c. Therefore, fis not continuous at c.
If x = 0, then f(0) = 0and lirr(l)f(x) = 0.So, fis
X—>
continuous at x = 0.

If x # 0, then lim f(¢) = 0 for x rational, whereas
1—>Xx

limf(r) = limkt = kx # 0 for x irrational. So, f'is not
[—x

1—>>x

continuous for all x # 0.

-1, ifx<0
sgn(x) =40, ifx =0
1

\%

,  ifx

(a) lim sgn(x) = -1

x—0"

(b) lim sgn(x) =1

x0T

(©) 1in%sgn(x) does not exist.

~
[~

Nad
©“

60
50
40
30
20

e
T510]52()253()

(b) There appears to be a limiting speed and a possible
cause is air resistance.

18. (a) f(x) = {

119. f(x) = {

0, 0<x<b
b, b<x<2b

v

2b1

S

NOT continuous at x = b.

[}
IN
=

IN
S

(b) g(x) =

2b+

b 2b

Continuous on [0, 2b].

1-x%, x<c¢

X, x>c¢
fis continuous for x < cand for x > ¢c. At x = ¢,you
need 1 — ¢* = c.Solving ¢* + ¢ — 1, you obtain

Ci—li\/1+47—li\/§
S :

2

120. Lety be a real number. If y = 0,then x = 0.If

y > 0,thenlet 0 < x, < 7/2 such that

M =tanx, >y (this is possible since the tangent
function increases without bound on [0, 7/ 2)) By the
Intermediate Value Theorem, f (x) = tan x1is
continuous on [0, xo] and 0 < y < M, which implies

that there exists x between 0 and x, such that
tan x = y. The argument is similar if y < 0.
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~/ 2 _
121 f(x) =22 €050
X

Domain: x + ¢> > 0 = x > —c?and x = 0, [—cz, 0) U (0, =)

2 2
lim\/x+cz—c_1im\/x+cz—c \/x+cz+c_1im (x+c)—c  lim 1 1
x—0 X x—0 X \/X+C2 +c Xﬁ0x|: /x+ 2 +Ci| =0y + 2 4+ ¢ 2¢c

Define f (0) = 1/ (2c) to make f'continuous at x = 0.

122. 1. f(c)is defined. 123. h(x) = ]
2. llﬁmcf(x) = Alrigof(c + Ax) = f(c)exists. 15
[Let x = ¢ + Ax. As x — ¢, Ax — 0] g .
3. lim/(x) = f(c) e e |
Therefore, fis continuous at x = c. -

h has nonremovable discontinuities at

x = 1,42, 43, ...

124. (a) Define f(x) = fy(x) — fi(x). Because f; and f; are continuous on [a, b],so is f.
f(a) = fa(a) = fi(a) > 0and f(b) = fo(b) — (k) < O

By the Intermediate Value Theorem, there exists ¢ in [a, b] such that f(c) = 0.
fle) = fale) = /i(¢) = 0= /() = fale)

(b) Let fi(x) = xand fy(x) = cos x, continuous on [0, 7/2], £;(0) < f>(0)and fi(7/2) > fi(7/2).
So by part (a), there exists ¢ in [0, 7/2] such that ¢ = cos(c).

Using a graphing utility, ¢ = 0.739.

125. The statement is true. 126. P(l) = P(o2 + 1) = P(O)2 +1=1

If y > 0and y < 1,then y(y —1) < 0 < x%, as 2

P2) = PP +1) = P(1)" +1=2
desired. So assume y > 1. There are now two cases.
1 P(5) = P2> +1) = P(2)' +1 =5
Casel: Ifx <y — -, then 2x +1 < 2y and
Continuing this pattern, you see that P(x) = x for
Wy =1)=yy+1)-2y o .
infinitely many values of x. So, the finite degree

(x +1)° -2y polynomial must be constant: P(x) = x for all x.

IN

¥+ 2x +1-2y

<xr+2y -2y
Case 2: Ifoy—%
2
w2 (- 3)
=V -y+g
>y =y
=y -1

In both cases, y(y - 1) < x%
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Section 1.5 Infinite Limits

-1
1. lim 2 = 6. f(x) =
tim 2] =325
. As x approaches 4 from the left, x — 4 is a small
lim 2 = © .
o | x2 -4 negative number. So,
lim f (x) = oo
x—4"
2. lim = o ) )
x>t x + 2 As x approaches 4 from the right, x — 4 is a small
. 1 positive number. So,
lim = —©
> X+ 2 lim f(x) = —o.
x4t
3. lim tan 2= = — 7. 1) 1
x—>-2 < JX) = 2
. X (x - 4)
lim tan — = oo
¥o2 As x approaches 4 from the left or right, (x - 4)2 isa
X small positive number. So,
4. lim sec— = o ) )
xo-2t lim f(x) = lim f(x) = o.
x4t x—4-
lim sec 2 = —oo
x>-2" 5. /(%) -1
1 . fx) = —F
5. X)) = —— x -4
1 = (- 4)
. 2.
As x approaches 4 from the left, x — 4 is a small As x approaches 4 from the left or right, (x - 4) isa
negative number. So, small positive number. So,
lim f(x) = —© lim f(x) = lim f(x) = —oo,
x—4" x—>4" x4t
As x approaches 4 from the right, x — 4 is a small
positive number. So,
lirif(x) -
9. f(x) =
x? -9
x -3.5 -3.1 -3.01 | -3.001 | =2.999 | -2.99 | 2.9 2.5
f(x) | 0308 | 1.639 | 16.64 | 166.6 | —166.7 | —16.69 | —1.695 | —0.364
2
lim f (x) =™ r
x—>-3" 1
lim f(x) = —oo ot S
x—-3" :’( \‘
-2
X
10. f(x) =
f( ) x2 -9
X -3.5 -3.1 -3.01 -3.001 | =2.999 | -2.99 | 29 | 2.5
f(x) | -1.077 | —5.082 | —50.08 | —500.1 | 499.9 49.92 | 4915 | 0.9091
lim f(x) = —oo —
x—>-3" :& :k
AT ST
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12.

13.

14.

15.

16.

Section 1.5 Infinite Limits 87

X
X =
1) =
X -3.5 | -3.1 | -3.01 | =3.001 | —2.999 | -2.99 | 2.9 -2.5
f(x) | 3.769 | 15.75 | 150.8 | 1501 -1499 | -149.3 | —-14.25 | -2.273
lim i
m X) = o0 1 |
x—>—3_f ) ’_/E Ek
JSim S = e N 6
1 - J
f(x) = cot=—
X -3.5 -3.1 -3.01 -3.001 | =2.999 | 2.99 | 29 | 25
f(x) | -1.7321 | —9.514 | —95.49 | —954.9 | 9549 | 95.49 | 9.514 | 1.7321
4
lim f(x) = —oo K ;\ ;\
x—>-3" 1 1
lim f(x) = -6 \: \ \: \ 6
x—>-3" | 1
—4
f(x) = L ) = L
' x? 8 £ +1
lim 1 _ o = lim 1 No vertical asymptotes because the denominator
o0t X2 x—07 X is never zero.

Therefore, x = 0 is a vertical asymptote.

2
f(x) = m
lim#3 = -
xef(x — 3)

lim —=—
x—3" (x — 3)

Therefore, x = 3 1is a vertical asymptote.

2 2
X X
x) = =
S0 -4 (x+2)(x-2)
2 2
lim — =oand lim — = —©
x—>-2" X" — xo2txt — 4
Therefore, x = -2 is a vertical asymptote.
2 ¥2
lim = —ooand lim — =

2
xs2 X" — 4 xo2t X7 —

Therefore, x = 2 is a vertical asymptote.

3x
x2+9
No vertical asymptotes because the denominator
is never zero.

J(x) =

3s + 4 3s + 4
. h(s) = > =
s° =16 (s —4)(s + 4
. 35+ 4 . 35+ 4
lim > = —oo and lim > = o
s—4" S - 16 s—o4t s - 16

Therefore, s = 4 1is a vertical asymptote.

. 3s+4 . 3s+4

lim — = —ooand lim — = o
s>-4- 857 — s>ats” — 16
Therefore, s = —4 is a vertical asymptote.

3 3
- S = =
xX+x-2 (x+2)x-1

lim — 3 = o and lim % = —©
x»>2" X"+ X — o2t xt +x—2
Therefore, x = —2 is a vertical asymptote.

. 3 . 3
lim———— = —oand lim ——— =
xolm X+ x — 2 xolfx? +x —2

Therefore, x = 1is a vertical asymptote.

¥ =8  (x—2)(x* +2x +4)
x -2 x -2

=x>+2x+4d,x %2

g(x)

limg(x) =4+4+4=12
x—2

There are no vertical asymptotes. The graph has a
hole at x = 2.
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21.

22.

23.
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4()(2 +x - 6)
f(x) B x(x3 - 2x% - 9x + 18)
_Ax+3)(x - 2)
B x(x - 2)()62 - 9)
4
= m,x * —3, 2
lim f(x) = coand lim f(x) = —©
x—>0" x—0"

Therefore, x = 0 is a vertical asymptote.
lim f(x) = —c0and lim f(x) = o

x—37 x—3*

Therefore, x = 31is a vertical asymptote.
4

202 - 3)

-2 and Xlirr}3.f(x)

lim 7(x)

4 2

3-3-3) 9

Therefore, the graph has holesat x = 2 and x = -3.

x2 -9
h(x):x3+3x2—x—3

(x - 3)(x + 3)

(x - 1)(x + 1)(x + 3)

SR Sk R
x+Dx -1

lim A(x) = —woand lim A(x) = ©
x—>-1" x—>-17
Therefore, x = —11is a vertical asymptote.
lim A(x) = co and lim A(x) = -

x—>17 x>t

Therefore, x = 1is a vertical asymptote.

lim /(x) = e 3
¥—>-3 (-3 +1)(=3-1) 4

Therefore, the graph has a hole at x = —3.

x> =2x—-15
f(x)_x3—5x2+x—5

3 (x—5)(x+3)
- (x—5)(x2 +1)

x+3
:x2+1’
5+3 15
41 26

x #5

lin}f (x) =

There are no vertical asymptotes. The graph has a hole
at x = 5.

24.

25.

26.

27.

28.

it = 2)

h(t) T4 16 (, _ 2)(t + 2)(;2 + 4)

t
=—+</t# 2

(t 2)(t2 + 4)’

lim () = o and lim h(f) = —o

+

r—>-2" r—>-2"

Therefore, = —2 is a vertical asymptote.
. 2 1
limh() = ————F—— = —

12 2+2)2°+4) 16

Therefore, the graph has a hole at 7 = 2.

S(x) = csexx = -

Let n be any integer.

lim f(x) = —o0 or

Therefore, the graph has vertical asymptotes at x = n.

f(x) = tanzx = sinzx

COSZTX
2n + 1

coszx = 0 forx = , Where 7 is an integer.

lim f(x) = o or —©
2n+1
2

Therefore, the graph has vertical asymptotes at
2n +1
5

t

sin ¢

s(1) =
sin ¢ = 0 for# = nz, where # is an integer.

lim s(¢) = o or —oo (forn # 0)

t—>nr
Therefore, the graph has vertical asymptotes at
t = nx, forn # 0.

lim s(7) = 1

t—0

Therefore, the graph has a hole at # = 0.

tan € sin 4
0) = =
g( ) 0 6 cos 6

Vg . .
cos & = 0for @ = B + nm, where 7 is an integer.

lim g(@) = o0 or —»

9*}%+ nz
Therefore, the graph has vertical asymptotes at

9=£+n7r.
2

lim g(0) = 1

Therefore, the graph has a hole at § = 0.
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29.

30.

31.

32.

33.

34.

35.

2

. -1 .
lim 2 = lim(x - 1) = -2
x—>-1x + 1 x—o-1
Removable discontinuity at x = —1
2
-3 3
-5
.ox2-2x-38
lim ——— =
x—>-1" X + 1
. oxP-2x-8
lim ——— = —w©

x—>-17 x+1

Vertical asymptote at x = —1

L/,

7

-8

4

¥+ 1 _
xo-1t x + 1
.oxr+1
lim = —©
x—>-1" X + 1
Vertical asymptote at x = —1
8
-3 E\J 3
—\!
-8
sin(x + 1
tim 00D

x>-1 x +1

Removable discontinuity at

x=-1
2
o
-3 3
—2
lim ! = ©
xo-1tXx + 1
. -1
lim > =
x»l’(x — ])
lim = ®©
xo2t X — 2

36.

37.

38.

39.

40.

41.

42.

43.

44.

45.

46.

47.

48.

49.

Section 1.5 Infinite Limits

lim X *t3
x>—3" (x2 +x — 6)

= lim

x+3

x3"X — 2

lim 6x* +x -1
yo(1j2) 4x* — 4x = 3

lim —
x—0" SN X

. -2
lim = o
x—)(/r/Z)Jr COS X

NE

im (3x - 1)(2x + 1)
o) (2x = 3)(2x + 1)

3x — 1

A

1

5

lim = lim (\/; sin x) =0

x—>zt CSC X xozt

X

lim 2 lim [(x+2) tanx] =0

x>0~ cot x x—0"

m =
w12 2x =3 8

lim xseczx = lim = o®
x—(1/2)” x—(1/2)” COS 7TX
lim x? tan 7x = —o0
x—(1/2)"
X2+ x+1 X+ x+1
f(x) = 3 = 2
x =1 (x—l)(x +x+1)

89
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N (x - 1)(x2 +ox o+ 1) 53. A limit in which f(x) increases or decreases without
30. f(x) - 2+ x+1 - 2+ x+1 bound as x approaches c is called an infinite limit. oo is
lirrl f(x) _ linl (x _ 1) -0 not a number. Rather, the symbol
x—1 x—1 hmf(x) =
4 X—cC
/ says how the limit fails to exist.
-8 8 54. The line x = cis a vertical asymptote if the graph of /
approaches *oo as x approaches c.
-4 .
55. One answer is
1 x-3 x-3
51. f X) = xX) = = )
(x) x2 =25 /) (x = 6)(x +2) X2 —4x - 12
lim f (x) = —©
x—57

56. No. For example, f(x) = has no vertical

03 X2 +1

k asymptote.
8
(f_ ﬂ 57. Y
34
o—(—
1

Y

52. f(x) = sec%

J 9 ssml"z/)

[ L
-6 vligl*m - vlirf'l 1 - (12/02) -

59. (a)

X 1 0.5 0.2 0.1 0.01 | 0.001 | 0.0001
f(x) | 0.1585 | 0.0411 | 0.0067 | 0.0017 | =0 | =0 =0
0.5 .
lim ¥ sinx
x—=0" X
-15 15
-0.25
®) X 1 0.5 0.2 0.1 0.01 0.001 | 0.0001
f(x) | 0.1585 | 0.0823 | 0.0333 | 0.0167 | 0.0017 | = 0 =0
025 . x —sinx
R
-15 15
-0.25
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© |, | 0.5 02 0.1

0.01 0.001 0.0001

f(x) | 0.1585 | 0.1646 | 0.1663 | 0.1666

0.1667 | 0.1667 | 0.1667

0.25

-15 15
-0.25
. x —sinx
11m+73 = 0.1667 (1/6)
x—0 X
(d)
X 1 0.5 0.2 0.1 0.01 0.001 | 0.0001

F(x) | 0.1585 | 0.3292 | 0.8317 | 1.6658

16.67 | 166.7 | 1667.0

IR

-1.5

. X —sinx

lim —— = ®

x—0" X

. x —sinx

orn >3 lim—— = o

x—>0" x”
60. lim P = o
Vot

As the volume of the gas decreases, the pressure

increases.
2(7) 7
61. (a) r = ——=—— = — ft/sec
@ 625 — 49 12 /
2(15) 3
b) r = ————= = = ft/sec
®) 625 — 225 2 /
© lim—2  —

¥257 /625 — x?

62. (a) Average speed

Total distance

Total time
so- 2
(d/x) + (d]y)
50 = 22
y+x
50y + 50x = 2xy
50x = 2xy — 50y
50x = 2y(x - 25)
25x
x — 25 7
Domain: x > 25
(b)
x | 30 40 50 | 60
y | 150 | 66.667 | 50 | 42.857
(© lim —2X _ _ o
x—=25"~/x — 25

91

As x gets close to 25 mi/h, y becomes larger and

larger.
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63. (a) A = %bh - %rzﬁ - %(10)(10tan 0) - %(10)29 = 50tan 0 — 500

Domain: (0, Ej
2

(b)
0 0.3 0.6 0.9 1.2 1.5
7(6) 0.47 4.21 18.0 68.6 630.1
100
0 1.5

0

(¢) lim 4=
0-7/2"

64. (a) Because the circumference of the motor is half that of the saw arbor, the saw makes 1700/2 = 850 revolutions per minute.

(b) The direction of rotation is reversed.

(¢) 2(20 cot ¢) + 2(10 cot ¢): straight sections. The angle subtended in each circle is 2z — (2(72[ - ¢D =7 + 24

So, the length of the belt around the pulleys is 20(z + 2¢) + 10(z + 2¢) = 30(z + 24).
Total length = 60 cot ¢ + 30(7 + 2¢)

Domain: (0, 1)
2

(d)

¢ |03 0.6 0.9 1.2 1.5

L | 306.2 217.9 195.9 189.6 188.5
(e) 450

N

(f) lim L = 607 ~ 188.5
9> (x/2)”

[N}

0

(All the belts are around pulleys.)

(g) limL =
p—>0"
65. False. For instance, let 67. False. The graphs of
P y =tanx,y = cotx,y = secxand y = csc x have
f(x) = o1 or vertical asymptotes.
g(x) = X 68. False. Let
x4+ 1
— x =0
66. True f(x) = qx
3, x=0.

The graph of f'has a vertical asymptote at x = 0, but

#(0) = 3.
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71.

72.

74.

Section 1.5 Infinite Limits

Let f(x) = % and g(x) = %, and ¢ = 0.

x—>0x x—=>0x x—0

2 p—
lim— = o and lim— = oo, but lim(é - 714] = /m[x 5 1) = o % 0.

Given lim f(x) = wand limg(x) = L:
X—>c

(1) Difference:

Let h(x) = —g(x). Then 1121 h(x) = —L, and llill[f(x) - g(x)] = )lclir:[f(x) + h(x)] = oo, by the Sum Property.
(2) Product:

If L > 0, then for ¢ = L/2 > 0 there exists J, > 0 such that ‘g(x) - L‘ < L/2 whenever 0 <|x - ¢| < &.

So, L/2 < g(x) < 3L/2. Because 11316/[()() = wthen for M > 0, there exists 5, > 0such that

f(x) > M(2/L)whenever |x — ¢| < &,.Let & be the smaller of 6 and &,. Then for 0 <|x - ¢| < &,

you have f(x)g(x) > M(2/L)(L/2) = M. Therefore lgrrlf(x)g(x) = o0, The proof is similar for L < 0.
(3) Quotient: Let ¢ > 0 be given.

There exists ¢; > 0such that f (x) > 3L/2& whenever 0 < ‘x - c‘ < 0, and there exists ¢, > 0such that

‘g(x) - L‘ < L/2 whenever 0 <|x — ¢| < &,.This inequality gives us L/2 < g(x) < 3L/2.Let & be the

smaller of 6, and &,. Then for 0 < ‘x - c‘ < 0, you have

g(x)|_ 3L/2 _
10| < 3L/2e
Therefore, lim g(x) = 0.
x—)cf(x)
Given lim /() = e,let g(x) = 1.Then 73, f(x) = —  is defined forall x > 3.
X —
lim i((x; = 0 by Theorem 1.15. Let M > 0be given. Youneed 6 > 0Osuch that
x—c f(x
. f(x) = 13>Mwhenever3<x<3+5.
Given lim 0 = 0. Suppose lim f(x) exists and equals L. T
x—=c flx x—c¢
' Equivalently, x — 3 < iwhenever
lim 1 _
Then, lim —L:lzo. ‘x 3‘<§,x>3.

woef(x)  limf(x) L .

e So take & = W Then for x > 3and

This is not possible. So, lim /(x) does not exist. 1
xX—c

X —

‘x—3‘<5, 3)>é=Mandsof(x)>M.

f(x) = ! is defined forall x < 5.Let N < Obe given. Youneed & > Osuch that f(x) =

< N whenever
x -5 x -5

5 -6 < x < 5. Equivalently, x - 5 > %whenever |x = 5| < &, x < 5. Equivalently, 1 . —% whenever

x—S‘

‘x - 5‘ < 0,x < 5.Sotake & = —%.Notethat 0 > Obecause N < 0.For ‘x - 5‘ < ¢ and

x<5,;>1:—N,and; !

— =-——<N.
x—S‘ ) x -5 ‘x—S‘

93
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94  Chapter 1 Limits and Their Properties

Review Exercises for Chapter 1

1. Calculus required. Using a graphing utility, you can estimate the length to be 8.3. Or, the length is slightly longer
than the distance between the two points, approximately 8.25.

11

-9 9

2. Precaleulus. L = /(9 — 1) + (3 - 1)* ~ 8.25

x-3
xr = Tx + 12

3. f(x) =

X 2.9 2.99 2.999 3 | 3.001 3.01 3.1

f(x) | —0.9091 —0.9901 —0.9990 ? | -1.0010 | -1.0101 | —1.1111

limf(x) ~ —1.0000 (Actual limitis —1.)

x—3
6
-6 E)L 12
-6
Nx+4 -2
4. f(x) = -
X -0.1 -0.01 -0.001 0 0.001 0.01 0.1

FAES) 0.2516 0.2502 0.2500 ? 0.2500 0.2498 0.2485

. ~ . o . ]
lim /(x) ~ 02500 (Actual limit is .

0.5

.

_ 2 - )
5. h(x) = dx - x = x(4 x) =4-x,x#0 6. g(x) = al
X X x-3
(a) lli%h(x) =4-0=4 (a) }(ﬂg(x) does not exist
(®) limh(x) = 4 - (-1) = 5 ® limg(s) - ;2_(02 L
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10.

11.

12.

Clim(x+4)=1+4=35

x—>1

Review Exercises for Chapter 1

Let & > 0 be given. Choose & = &. Then for 0 <|x — 1| < & = &, you have

‘x—1‘<g
‘(x+4)—5‘<£
‘f(x)—L‘<£.

.lin;\/_:\/g:3

Let ¢ > 0 be given. You need

‘\/;—3‘<g:>‘\/;+3H\/;—3‘< g‘\/;+3‘:>\x—9\< .9‘\/;+3‘.

Assuming 4 < x < 16, you can choose 0 = 5¢.

So, for 0 < |x — 9| < & = 5¢, you have
|x - 9] < 52 <|[</x + 3|
Vx-3]<e
|f(x) - L|< e

.1im(1—x2):1—22:—3

x—2

Let ¢ > 0 be given. You need

-2 = (B <e =] —4[=|x-2||x+2]< e =|x -2

Assuming 1 < x < 3,you can choose 6 = %

So, for 0 <|x - 2|< & = g,youhave

\)¢—2\<£<L

5 |x+2
‘x—2Hx+2‘<g
‘x2—4‘<g

‘4—x2‘< P
‘(1 —xz)—(—3)‘< &
‘f(x)—L‘< &.

ling 9 = 9.Let £ > 0be given. J can be any positive
X—>

number. So, for 0 < ‘x - 5‘ < J,you have
|9-9|< ¢
‘f(x)—L‘< £

lim x* = (-6)* = 36

xX—>—6

lim(5x - 3) = 5(0) - 3 = -3

x—0

13.

14.

15.

16.

_1 .
‘x+2‘

limJ7 + 2 = 4 +2 =/6 = 245

t—4

lim/x =3 = /(=5 -3 = Y-8=-2

lim(x - 2)" = (6 -2)" = 16

x—6

lim(x —4)° = (7 -4 =3 =27

95
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96  Chapter 1 Limits and Their Properties
17. lim 4 _4 al YA 3o a-3 -1 Nx-3+41
ix -1 4-1 3 >4 x — 4 >4 x — 4 Vx-3+1
-3) -1
x 22 2 TR ¢
B " 1 241 5 **4(x—4)(\/x—3+1)
t+2 1 1 = lim; _1
19. tlg{lztz —4 t11>n;12t 2 g o4 Sx -3 +1 2
=16 L -+ D CNA+x -2 A+ x -2 A+ x+2
20. lim = lim 22. lim = lim .
t—>4 t — 4 t—4 t—4 x—0 X x>0 X \/4+x+2
= lim(r +4) = 4 + 4 =38 . 1 1
t— = —_— = —
D04+ x+2 4
1 -1 -
P T LUCRR)] L B S )
x>0 X x—0 x(x + 1)
— lim—L =
x->0x + 1
(VT+s)-1 (NT+s) =1 (NT+5)+1
24. lim = lim .
50 s s s (VT+5s)+1
1/(1 -1 _
N LU0 ] o I 1
H%[(l/ﬁ) + 1} S0(] 4 s)[(l/M) + 1} 2
25. lim!1 ST _ im[ = J(I_C"S"J = (1)(0) = 0
x>0 sin x x-0{ sin x x
2. tim A
x—(7/4)tan x 1
27. lim sin[ (/6) + Ax] - (1/2) i sin(7z/6)cos Ax + cos(7/6)sin Ax — (1/2)
Ax—0 Ax Ax—0 Ax
= 1iml.w+ 1im£.%:0+£(1):£
Ax—>02 Ax Ax—0 2 Ax 2 2
28. Tim cos(7 + Ax) + 1 _ i SOS 7 cos Ax — sin 7 sin Ax + 1
Ax—0 Ax Ax—0 Ax
) { (cosAx—l)} . { sinAx}
= lim|-—~—| - lim|sin 7
Ar—0) Ax Ax—0) Ax
-0 (00) - 0
29. lim[ /(x)g(x)] = [lim f(x)][limg(x)} 31 lim[ f(x) + 2g(x)] = lim f(x) + 2 limg(x)
_ 1) _
= -o(1) = -3 =-6+23) =5
lim f(x : 2 _ [ : T
30. fim? Ex; = lﬁfz ; S 32 lim[ /()] = [lim /)
x—c m 1
gix xavg x (2) — (—6)2 = 36
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Review Exercises for Chapter 1 97

V2x +9 -3

X

33. f(x) =

0

The limit appears to be %

X —0.01 —0.001 | 0 | 0.001 0.01

f(x) | 03335 | 03333 | ? | 0.3333 | 0.331

lim f(x) ~ 03333

Var+9-3 Vw943 L (2649 -9

lim = B S
0 x Var+ 943 0o+ 9 + 3]
=0 \/2x +9 +3
2 1
Jo+3 3
[V + 4] - (V4) ¥+ 125
= —— — 35. x = —
3 f(x) X f( ) x+35
3 190
— .
J —
_8 L 5 .
[ I
= =
The limit appears to be _% The limit appears to be 75.
X —0.01 —0.001 0 | 0.001 0.01 X -5.01 | =5.001 | =5 | —4.999 | —4.99
f(x) | —0.0627 | —0.0625 | ? | —0.0625 | —0.0623 S | 75.15 | 75.015 | 2 | 74.985 | 74.85
lim /(x) = ~0.0625 = _é lim_/(x) = 75.000
1 1 lim X+ 125 - (x + 5)(x* — 5x + 25)
lim x+4 4 - lim 4-(x+4d x5 x + 5 x-S Y +5
o * 0+ D) = lim5 (xz - 5x + 25)
- fim (o) = 5(8) + 25 = 75
10 (x + 4)4
_ L
16
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98  Chapter 1 Limits and Their Properties

1

36. f(x) = cosx — 1 37. v = limM
X /_\ t—4 4 — ¢
-10 10 2
_ [49(16) + 250] — [-4.9¢* + 250]
\_/ = lim
t—4 4 — ¢
. - 49> - 16)
The limit appears to be 0. = lim ———=
t—4 4 — ¢
X —-0.01 | =0.001 | 0 | 0.001 0.01 i 4.9(t — 4)(t + 4)
= lim —————~=
f(x) | 0.005 | 0.0005 | 0 | —0.0005 | —0.005 e 4-1

= lim[-4.9(¢ + 4)] = 392 m/sec

lim f(x) = 0.000
x>0 ( ) The object is falling at about 39.2 m/sec.

. cosx — 1 . cosx —1 cosx +1
lim = lim .
x>0 X x—0 X cosx + 1
. cos’x —1
= lim

x>0 x(cosx + 1)

. —sin’x
= lim ————
x>0 x(cosx + 1)

. sinx —sinx
=lim|— | ———
«HO( X j(cosx + 1]
0
= (1) =
03]

=0

38. —4.9¢ + 250

0=1t= ﬂsec
7
50 o
When a = - the velocity is

oo sla) = s [-4.9a + 250] - [-4.9¢% + 250]
t—a a —1 t—a a—1

2 2
. 4.9(: a )

t—a a —1

- lim 4.9(t - a)(t + a)

t—a a—1

= lim [-4.9( + a) ]

t—a

- ~49(2a) (a _ iﬁj

= —70 m/sec.
The velocity of the object when it hits the ground is about 70 m/sec.

39. ! ! ! Va2

Vx-2 Jx+2

lim = =— 41. lim Y= —= = lim
X3 X + 3 3+3 6 4 x — 4 4~ x — 4 \/;+2
6 6 lim x4
_ .- _ _ox-4
40. lim = lim—>—> o (x —
s =36 coe(x — 6)(x + 6) o (x -V +2)
1 A 1
= i = lim ——
xinsl*x + 6 X*>47\/; + 2
_ b _1
12 4

a2 tim P23 - g 223
x=37 X — 3 x—=3" x—-23
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43.

44.

45.

46.

47.

48.

49.

50.

51.

52.

56.

57.

58.

59.

i () =
lim g(x)=1+1=2

x>t

lim /(r) does not exist because limh(f) =1+ 1 = 2

t—>1 t—>1"

and lim h() = 2(1+1) = L.

-1t

tin 69 =2

lim (2[x] +1) =2(1)+1=3

x—=27

lim |Ix - 1]] does not exist. There is a break in the graph
x—4

at x = 4.

f(x) = x* — 4 is continuous for all real x.

f(x) = x* = x + 20 is continuous for all real x.

f(x) = % has a nonremovable discontinuity at

x = 5 because lim f(x) does not exist.
x—5

1
X2 -9  (x-3)x+23)

J(x) =

has nonremovable discontinuities at x = *3

because lim f(x) and lim f(x) do not exist.
x—3 x—>-3

lim (x + 1) =2
x>t
lim (x + 1) =4
x—3"

Review Exercises for Chapter 1 929

X x !
53. f(x) = o X -0 - (x—l)(x+1)’x #

has nonremovable discontinuities at x = *+1
because lim f(x) and lim f(x) do not exist,
x—-1 x—1

and has a removable discontinuity at x = 0 because

1
lim =lim——— = —1.
x—0 f(X) x—0 (x — 1)(x + 1)
x+3
54. = ="
/) x2 —3x - 18
B x+3
(x +3)(x - 6)
= ! ,Xx # =3
x—6

has a nonremovable discontinuity at x = 6
because lim f(x) does not exist, and has a
x—>6

removable discontinuity at x = —3 because

1 1
lim f(x) = lim —— = ——.
x—-3 f( ) x—>3x —6 9

55. f(2) =5
Find ¢ so that lim (cx + 6) = 5.
x—2*
0(2) +6=>5
2¢ = -1
1
¢ = ——
2

Find b and ¢ so that lim (x2 + bx + c) = 2and lim (x2 + bx + c) = 4.

x>l x—3"
l+b+c =2
b = -3 and

Consequently you get

Solving simultaneously,

f(x) = 3x> + 7
Continuous on (-, o)
45 + 7x =2 (4x - 1)(x + 2)
J(x) = =
X+ 2 X+ 2
Continuous on (—o0, —2) U (-2, o). There is a

removable discontinuity at x = —2.

f) =~/x -4

Continuous on [4, «)

and 9 + 3b + ¢

60. f(x) = [[x + 3]]

lim [[x + 3]] = k + 3 where k is an integer.
x>kt

lim [x + 3] = k + 2 where k is an integer.
x>k~

Nonremovable discontinuity at each integer k&

Continuous on (k, k + 1) for all integers &

_3x2—x—2_(3x+2)(x—1)
- B x—1

61.

/(%) 7
liml f(x) = liml (Bx+2) =5
Removable discontinuity at x = 1

Continuous on (-, 1) U (1, o)
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100

62.

Chapter 1 Limits and Their Properties

5-x, x<2
f(x):{zx—s, x> 2
lim(S—x)=3
X2
lir£1+(2x—3) =1

Nonremovable discontinuity at x = 2

Continuous on (—o0, 2) U (2, =)

63. fis continuous on [1, 2]. /(1) = -1 < Oand

64.

65.

66.

67.

68.

f(2) = 13 > 0. Therefore by the Intermediate Value
Theorem, there is at least one value ¢ in (1, 2) such that

2¢* -3 =0.

C(x x>0

~—

= 12.80 + 2.50[[x] - 1],
=12.80 - 250[[-x] + 1], x>0

25

C has a nonremovable
discontinuity at each
integer 1, 2, 3,....

x? -4

x -2
:x—2:&+2{x—2}
(a) lim f(x) =4

x—2"

/(%)

(b) lim f(x) = 4

x—2t

(©) lini /() does not exist.

1) = ST
(a) Domain: (-0, 0] U [1, ®)
(b) lim f(x) =0

x—0"

(¢) lim f(x) = 0
x>t

Therefore, x = 0 is a vertical asymptote.

_ 5
S (x-2)°

/(%)

. 5 .
lm —— = w0 = lim ——
2 (x = 2)* o2t (x = 2)*

Therefore, x = 2 is a vertical asymptote:

69.

70.

71.

72.

73.

74.

75.

76.

77.

78.

x? x?
x) = =
f( ) X2 =9  (x+3)(x-3)
3 3

lim — = —oand lim — = o®
x—>-3" X" — xo3tx” =9
Therefore, x = —3is a vertical asymptote.

3 B

lim — = —ooand lim — = o
x> x° -9 xo3tx” =9
Therefore, x = 3 is a vertical asymptote.

6x 6x
f(x) = 2 T T
36 — x (x + 6)(x — 6)

lim —% = wand lim —% = —w
x>-6- 36 — xz x—>-6" 36 — xz
Therefore, x = —6 is a vertical asymptote.

lim Y — wand lim bx = —©
x—6" 36 — X2 x6t 36 — xz
Therefore, x = 6 is a vertical asymptote.

2x +1 2x +1
g(x) =2 =
x> =64  (x+8)(x—-798)

fim 22D oand fim 2L
x>8 X° — 6 x>-8T x° — 64
Therefore, x = —8is a vertical asymptote.

fim 225 L o and tim 2L
18 X — 6 o8t x© — 64

Therefore, x = 8 1is a vertical asymptote.

1

sin 7zx

f(x) = csc zx =

sin 7x = 0 forx = n, where # is an integer.

lim f(x) = o0 or —o0

x—n

Therefore, the graph has vertical asymptotes at x = n.

X+ 2x+1

lim

x—=>1" x—1

m =
o)t 2x = 1

x+1 . 1 1

= lim —— = —

oot x4 1 oot x? —x + 1 3
.oox+1 . 1 1
lim y = lim S =
xomxT =1 xﬁfr(x + 1)(x - 1) 4

x5
lim x——|=-°
x—0" X

. 1
Iim ——— = -
123 X2 — 4
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Problem Solving for Chapter 1 101

. . 2
79. 1lim S04 _ i 5(51‘1 4x] _4 82. lim &% - o

x>0t S5x x0T 5 4x 5 x>0~ X

80,000 p
. oSseex 83. C = — ,0 < < 100
80. Xlirél+ e 0 100 - p p
e 2 1 (@) C(15) ~ $14,117.65

81. lim = lim = o©

x50t X x0* x sin 2x (b) C(50) = $80.000

(c) C(90) = $720,000

@ lim 2%000p _
p—100-100 — p
84. f(x) _ tan 2x
x
(@)
X —0.1 —0.01 —0.001 | 0.001 0.01 0.1
fix) | 2.0271 | 2.0003 | 2.0000 | 2.0000 | 2.0003 | 2.0271
limtan 2x _ 5
x—0 X
tan 2x
R # 0
(b) Yes, define f(x) = x
2, x=0

Now f(x) is continuous at x = 0.

Problem Solving for Chapter 1

1. (a) Perimeter APAO = /x* + (y —1)2 + \/m +1
+m+l
Perimeter APBO = \/m SN P
:«/(x—1)2+x4+\/m+1
«/x2+(x2—1)2+m+1
() r(x) =

\/(x—1)2+x4+\/x2+x4+1

X 4 2 1 0.1 0.01

()

= x2+(x2—1)

Perimeter APAO | 33.02 | 9.08 | 3.41 | 2.10 | 2.01

Perimeter APBO | 33.77 | 9.60 | 3.41 | 2.00 | 2.00

r(x) 0.98 095 | 1 1.05 | 1.005
1+0+1 2
¢) limr(x)=——===1
().Ho*() 1+0+1 2
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102 Chapter 1 Limits and Their Properties

1 1

x
2. (a) Area APAO = —bh = —(1)(x) = =
@ bh = (1)) = 5
Area APBO = lbh = l(1)(y) =Y x
2 2 22
Area APBO  x*/2
0) a(y) = AC2APEO _ 22
Area APAO  x/2
x 412 |1 0.1 0.01
Area APAO |2 |1 | /2 | 1/20 1/200
Area APBO | 8 | 2 | 1/2 | 1/200 1/20,000
a(x) 4121 1/10 1/100

(¢) lim a(x) = limx =0
x0T x0T

3. (a) There are 6 triangles, each with a central angle of 60° = 7/3. So,

Area hexagon = 6 Linl =6 l(1) sin | = 3
2 2 3 2
= sin 60° h=sin6
g\
[1
Error = Area (Circle) — Area (Hexagon) = 7 — 3\2/5

(b) There are n triangles, each with central angle of 6 = 27z/n. So,

4, = anh} - nB(l) sin%} - M

~ 2.598.

c
© n 6 12 24 48

96

A, 2.598 3 3.106 3.133

3.139

(d) As n gets larger and larger, 27/n approaches 0. Letting x = 27/n, 4, = =

which approaches (1)z = 7.

4-0 4
4. (a) Slope = —— = —
() Slop 303
3 . 3
(b) Slope = o Tangent line: y — 4 = —Z(x—3)
S
YTy
© LetQ:(x,y):(x,\/25—x2)
25 - X — 4
mao= -

X

x -3

~ 0.5435

sin(277/n)  sin(27z/n) sin x
T =
2/n (27/n) X
. . N25-x* -4 25— x* +4
(d) limm, = lim :
X3 X3 x -3 \/25 _ )Cz + 4
. 25 - x> - 16
= lim
(- 3)(V2s - 5+ 4]
— lim (3 - x)(3 + x)
i (x -3 V25 -+ 4)
- lim —(3 + x) -6 3

252 14 A+4 4
This is the slope of the tangent line at P.
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5. (a) Slope = —%

(b) Slope of tangent line is %

5

12=—(x-5
7 12(x )
y = 152x - % Tangent line
© 0= (ny) = (x, /169 - )
169 — x4+ 12
r x =35

] \/a+bx—\/§:\/a+bx—\/§ \/a+bx+\/§_

Problem Solving for Chapter 1

103

12 — 169 — x2 12+ V169 — x?

(d) limm, = lim
x5 x5 x -5

_ _ 42
i 144 (169 x)

(- 912+ V169 - )

~ lim - 25
3 (x - 912+ V169 - )
. (x +5) 10

This is the same slope as part (b).

(a+bx)—3

X X

Letting a = 3 simplifies the numerator.

. N3+ bx — \/g . bx
So, lim = lim =
x>0 x -’Hox(\/_’: + bx + \/5)

b
Setting ————
NN

L@ 3+x7 >0
x> -3
x > =27

Domain: x > =27, x # lor [-27,1) U (1, «)
(b) 05

A

-0.1

3+ (27" -2
27 -1

)

28

1

14

0.0714

-30

12

(¢) lim f(x)

x—>-27"

Q

lim f(x) = lim (a® = 2) = a® =2

x—=>0" x—>0"

lim f(x) = lim

x—0" x—0t tan x

Thus,

. tan x
= a(because lim = lj
x=>0 x

S
|
\S]
1]

Q

Q
|
Q
|
8}
Il

Narb +\3 o a+ bx +/3)

b
Im——
>0/3 + bx + /3

= \/g,you obtain b = 6.S0, @ = 3and b = 6.

=512 4+ /169 — x2 T2tz 12

12 + /169 — x?

5

/ 13 _ 13
(@ Tim £(x) = lim 3+ x 2 N3+ x"7 +2
x—1 x—1 x —1 \/3 + x1/3 + 2
. 3+x -4
= lim
1 (x - 1)(\/3 PN 2)
13 _
~ lim -1

¥l (x]/3 - 1)(x2/3 + x4 1)(m + 2)

= lim !

o1 (x2/3 Ly 1)(

1 1

T+1+12+2) 12

9. @) lim/f(x) = 3: g1, g
(b) fcontinuous at 2: g,

(© limﬁf(x) =321, 83 &
x—>2

34 X3 +2)
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104 Chapter 1 Limits and Their Properties

10. f @ (%) =[4] =4 (b) lim f(x) = 1 (c) fis continuous for
3+ oo ‘ X id all real numbers except
2 oe 763 =[3] =0 lim /(x) = 0 x= 0,4+ 4L
1. NN P I T
o M =M=1 lim f(x) = —o0
— a4 x—=>0"
o—e 2t lim f(x) =
oe -+ x0T
11. @ O =[]+[-1]=1+(-)=0 (b linll_f(x) = -1 (c) fis continuous for
B = all real numbers except
/(0) =0 lim /(x) = -1 X = 0,41 42,43, .
(1 _ _ _ x—1
f(f)_0+(1)_ ! lim f(x) = -1
f(-27) = 3+2=-1 o
13. Y
12. (a) oo 192000 h g @
r
2
192,000 _ . _ v: + 48
r 14 ——o0
192,000
v =% + 48 -
. 192,000 ‘ ’
hn}) r = B
” Vo ) () lim P, ,(x) = 1
Let vy = /48 = 4/3 mi/sec. e
(i) lim Pa,b(x) =0
1920 xod-
b P = 2217 sy
® v ¥ MG (iii) lim P, ,(x) = 0
x—bt
1920
=vi-w’ + 217 (iv) lim P, ,(x) = 1
r xob”
r o= 1920 (c) P, ,is continuous for all positive real numbers
V=2 + 217 '
except x = a, b.
b _ 1920
VITOF T 27— (d) The area under the graph of U, and above the x-axis,

Let vy = ~/2.17 mi/sec  (~ 1.47 mi/sec).

© o 10,600
v — 2 + 6.99
. 10,600
lim r =

=0 6.99 — )’

Let vy = ~/6.99 ~ 2.64 mi/sec.

Because this is smaller than the escape velocity for

Earth, the mass is less.

is 1.
14. Let a # Oandlet & > 0 be given. There exists
8, > Osuch thatif 0 <|x — 0] < & then
‘f(x) - L‘ < eleto = 51/‘a‘.Then for

0 <|x - 0|< & = 6/|al, youhave
o< 2
|al
lax| < &
‘f(ax) - L‘ <&
As a counterexample, let
_o df( - I, x#0
a =0and f(x) = 2 x=0

Then lli%f(x) =1=L,but

i/ ) 0 2 2
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CHAPTER 2
Differentiation

Section 2.1 The Derivative and the Tangent Line Problem

1. At (xl, yl), slope = 0. 8. Slope at (3, _4) _ Alximo (3 + Ax) - f(3)
At (x5, »,), slope = 3. - Ax 2
) :HmS—(3+Ax) - (-4
2. At (x;, ), slope = 2. Ax—0 Ax
2
At (x,, y,), slope = —2. ~ lim 5-9-6(Ax) - (Ax)” + 4
Ax—0 Ax
3. (), (b) ’y=f(4i:.q—(l)(x71)+f(l)=x+l ~ fim —6(Ax) - (Ax)2
Ax—0 Ax
= lim (-6 — Ax) = -6
-0

9. Slopeat (0,0) = lim

At—0 At
2
- lim 3(Ar) - (A1) -0
Ar—0 At
= lim (3 - At) =
(C) y = At—0
= 10. Slope at (1, 5) = lim M1+ Ar) = (1)
Ar—0 At
=1(x—1)+2 i (1+A)" +4(1+ Ay -5
=x+1 - At—0 At
1+ 2(A7) + (A1) + 4+ 4(Ar) - 5
- - 1
4. (a) f(? lf(l) = > 3 2 =1 frac) At
o _6(A1) + (A1)
_ _ — lim 220 T \Aa
S8 - 1B) (52475 _ s M0 Ar
4_43 " 1_4 ; = lim (6+ A1) = 6
- — -
o, L0100 19 16)
- - 1. f(x)=7
(b) The slope of the tangent line at (1, 2) equals f”(1). (x + &) - £(3)
This slope is steeper than the slope of the line S '(x) = Aljglo A
through (1, 2) and (4, 5). So, ORIV < f'(1). — im =7
4-1 B Ax—>0  Ax
5. f(x) = 3 — 5xisaline. Slope = -5 = AIXiTOO =0
6. g(x) = %x + lis aline. Slope = % 12. g(x) = -3
, g(x + Ax) - g(x)
_ g (x) = lim
7. Slopeat (2,-5) = lim g(2 + A) - ¢(2) Ax—0 Ax
Ax—0 Ax i 3 - (_3)
2 = P
~ lim 2+ Ax) -9 -(-5) a0 Ax
Ax—0 Ax i _ Ahmo E -0
— lim 4+ 4(Ax) + (Ax)” - 4
Ax—0 Ax
— lim (4 + Ax) = 4
Ax—0
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13. f(x) =

/')

—10x
lim f(x + Ax) - f(x)
Ax—0 Ax
lim —10(x + Ax) - (—IOx)
Ax—0 Ax
. —10x — 10Ax + 10x
lim
Ax—>0 Ax
. —10Ax
lim ———
Ax—>0  Ax
lim (—10) =-10
Ax—0

14. f(x) =7x -3

f(x + Ax) - f(x)

Section 2.1  The Derivative and the Tangent Line Problem

(x) = lim
/) Ax—0 Ax 16. f(x) =
:hm7(x+Ax)—3—(7x—3) ,
Av—0 Ax I (x) =
. Ix+TAx -3 -Tx+3
= lim
Ax—0 Ax
= i 129 -
A—>0  Ax
=1lm7=7
Ax—0 =
17. f(x)=x"+x-3
N f(x+Ax)—f(x)
f (x) B Alwclao Ax
) (x+Ax)2+(x+Ax)—3—(x2+x—3)
= lim
Ax—0 Ax
o 4 2x(A) + (Ax) + x + A -3 - X —x+3
o Ax
~ lim 2x(Ax) + (Ax)” + Ax
Ax—0 Ax
= lim (2x + Ax + 1) = 2x + 1
Ax—0
18. f(x) =x*-5
N f(x+Ax)—f(x)
ST
2 2
Ax)” -5 - -5
= lim (x i ) (x )
Ax—>0 Ax
2 2 2
:limx +2x(Ax)+(Ax) 5—-x"+5
Ax—>0 Ax
2
~ bm 2x(Ax) + (Ax)
Ax—>0 Ax
= lim (2x + Ax) = 2x
Ax—0

34+ —s
lim h(s + As) - h(s)
As—>0 As
3+7(S+As)—(3+fsj
lim
As—>0 As
3+fs+zAs—3—zs
lim 3 3
As—0 As
2 s
lim 3— =
As—0  As 3
5 - —x
lim f(x+Ax)_f(x)
Ax—>0 Ax
S—f(x-&-Ax)—[S—fx]
lim
Ax—0 Ax
S—Ex—zAx—5+zx
lim 3 3 3
Ax—0 Ax
2
. —g(A")
lim
Ax—>0 Ax
2

107
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19.

20.

21,

Chapter 2 Differentiation

f(x) =x - 12x
F(x) = tim LA =) (x + &) - /(%)
Ax—0 Ax
[(x + Ax)3 - 12(x + Ax)} - [x3 - 12x]
= lim
Ax—0 Ax
i 3 3x(Ax)’ + (Ax) - 12x — 12 Ax — & + 12x
= a Ax
gy A 3x(Ax)’ + (Ax)' - 12 Ax
T oy Ax
= lim (3¢ + 3 Av + (A - 12) = 3¢ - 12
Ax—
f(x) = x + x?
: - f(x + AY) - f(x)
/) = P Ax
[(x + Ax)3 + (x + Ax)q - [x3 + sz
= lim
Ax—>0 Ax
i X+ 3x*Ax + 3x(Ax) + (Ax)3 +x% 4+ 2x Ax + (A)c)2 —x = x?
o Ax
g A 3x(Ax)’ + (Ax)’ + 2x Ax + (Ax)
o Ax
= Alxi?o(3x2 + 3x Ax + (Ax)2 + 2x + (Ax)) = 3x% + 2x
) = 2. f(x) = -
x —1 x2
, o flx+ Ax) - f(x , o flx + Ax) = f(x
70 = fim A 0 = i A
1 1
zlimx+Ax—1 x —1 . (x+Ax)2 x2
Ax—>0 Ax = AE?O Ax
_ 1m(x—l)—(x+Ax—1) . xz—(x+Ax)2
a0 Ax(x + Ax = 1)(x = 1) = lim

= lim —Ax
Ax—0 Ax(x + Ax — 1)(x - 1)
= lim -
a0 (x + Ax — 1)(x — 1)
1

(x =1y

. 2xAx — (Ax)
= lim 5
A0 Ax(x + Ax) x2
. —-2x — Ax
=l >
Ar—0 (x + Ax) x2
_ 2
o
__2
=3
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~

—
=

=
Il
=
=

The Derivative and the Tangent Line Problem 109

=l

Ax—0 Ax
i (x+Ax+4)—(x+4)
= lim
AX—’OAx[\/x+Ax+4+\/x+4J
1 1

o oNx A rd—Yx+d (rr A+ 4ot 4
m .
Nx+A+4+x+4

1

= lim

Moo x+ Ar+ 4 +x+4 Jx+rd+Sr+4 2+ 4

4. f(x) = %
f(x) = lim, fle+ AA? — /)
4 4
- lim —W

_hm4\/;—4\/x+Ax_\/;+\/x+Ax
a0 Ax/x/x + Ax (Wx + x o+ Ax
4x—4(x+Ax)

Y N e NN e

—4
= lim
NENEE Ax(\/; + /X + Ax)
-2

-4
NN NN RN

25. (a) f(x) = x> +3

i - g L2319
[(x + Ax) o+ 3} - (x* +3)
= lim
Ax—0 Ax
X% 2xAx + (Ax) 43— 7 -3
= lim
Ax—0 Ax
 2xAx + (Ax)
= lim ——~—
Ax—0 Ax
= lim (2x + Ax) = 2x
Ax—0

At (—1, 4), the slope of the tangent line is
m=2(-1) = -2.

The equation of the tangent line is

y—4=—2(x+1)
y—4=-2x-2
y=-2x+2

(b) 8

&N

(c) Graphing utility confirms ? = —2at (-1, 4).

X
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110 Chapter 2 Differentiation

26. (@) f(x) = x> +2x—1
f(x+Ax)—f(x)

S = T
[(x+Ax)2 +2(x+Ax)—1}—[ 2+2x—1]
= lim
Ax—0 Ax
[P 2xan s (a9 2w 280 1) - [ 4 20 - 1]
-t .
_ 2xAx + (Ax)” + 2Ax
= lim
Ax—0 Ax
= lim (2x + Ax + 2) = 2x + 2
Ax—0

At (1, 2), the slope of the tangent line is m = 2(1) +2 =4

The equation of the tangent line is
y—-2= 4(x - 1)
y—2=4x-4

y =4x - 2.

(b) 8

\ AQZ)
-10

(c) Graphing utility confirms %xy =4at(l,2)

27. (a) f(x) =x
0oy e S Ax) - f(x)
/) = A Ax
33
~ lim (x + Ax) X
Ax—0 Ax
3 2 2 3
~ lim x° + 3x°Ax + 3x(Ax) + (Ax)
Ax—0 Ax
2 2 3
- lim 3x“Ax + 3x(Ax) + (Ax)
Ax—0 Ax
_ 1 2 2\ _ 7.2
= A1r1?0 (3x + 3x Ax + (Ax) ) = 3x

At (2, 8), the slope of the tangent is m = 3(2)2 = 12.The equation of the tangent line is
y-8=12(x - 2)
y—-8=12x - 24
y = 12x - 16.
(b o

/;(2- 8)
-5 5

/]

—4

(c) Graphing utility confirms il—j; = 12at (2,8).
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Section 2.1  The Derivative and the Tangent Line Problem

28. (a) f(x) 41
f(x+Ax)—f(x)

70 = tim
[x+Ax)3+1J—(x3+l)
= lim
Ax—0 Ax
i S 3(A) + 3x(Ax)’ + (Ax) + 1 —1
= a Ax

= lim [36% + 3x(Ax) + (Av)'| = 3¢°

Ax—0

At (—1, 0), the slope of the tangent line is m = 3(—1)2 = 3. The equation of the tangent line is

y—0= 3(x + 1)

y =3x + 3.
(b) 6
1.0

-6

(c) Graphing utility confirms % = 3at (-1,0).
i

29. () f(x) = x
f(x + Ax) - f(x)

)= I
 NxH A —x A+ A+ x
= lim .
Av—0 Ax Vx+ Ax +/x
. (x+ Ax) — x
= lim
AH(’Ax(\/)u— Ax + \/;)
1 1

= lim

a0 fx + Ax + Jx 2dx

At (1, 1), the slope of the tangent line is m =

The equation of the tangent line is
1

-1 =—(x-1
y S =1)
1 1
—1==-x—-=
Y 2 T2
L1
Y73 2

(®) 3

}/

1

(c) Graphing utility confirms % = %at (1, 1).

‘

2

=

| =

111
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112 Chapter 2 Differentiation

30. @) f(x) =~/x-1 (b) :
(5,2)
f’(x) — Ahmofx#)_f(x) . / )
=l

im \/x+Ax—1—\/x—l.(\/x-i—Ax—l-i—\/x—l]
Ar—>0 Ax Vr+ A -1 ++x -1
- lim (x+Ax—1)—(x—l)

200 Ax(Nx A =1+ Vx - T)

(c) Graphing utility confirms

= lim ! = ! @*lat(S 2)
a0 fx + Ar -1 +/x -1 2x-1 dx 4 >
1 1
At (5, 2), the sl f the t t line i = =—
(5, 2), the slope of the tangent line is m NG
The equation of the tangent line is
y—-2= i(x - 5)
1 5
_o = x>
7 47 4
L2
YTy
31. (@) f(x)=x+— (b) 6
X T
f’(x) - lim f(x + A’C) - f(x) -12 ra 12
Ax—0 Ax (%
(x + Ax) + 4 —(x+ij
- lim X + Ax X -10
Ax—0 Ax bi i i
L A AY) 4 P+ AY) - 4(x + AY) (€) laphing uilly confirms
=1
Av—>0 X(Ax)(x + A) = = 24 (49
- lim X+ 2x2(Ax) + )C(A)c)2 -x - xz(Ax) - 4(Ax)
A0 x(Ax)(x + Ax)
2

x*(Ax) + x(Ax)” - 4(Ax)

— i
a0 x(Av)(x + AY)
2 —
- lim x° + x(Ax) 4
Ax—0 x(x + Ax)
_ xt -4 - 4
x? x?
L 4 3
At (—4, —5), the slope of the tangent line is m = 1 — 5 =
(-4 4
The equation of the tangent line is
y+ 5= %(x + 4)
y+5= %x +3
y = %x - 2.
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Section 2.1 The Derivative and the Tangent Line Problem 113

nwa‘ﬂ@:x+xi2
i g L2201
6 6
_ (x+A)+2 x+2
= lim
Ax—0 Ax

6x + 12 — 6(x + Ax + 2)
m
a0 Ax(x + Ax + 2)(x + 2)

. 6x +12 — 6x — 6Ax — 12
= lim

a0 Ax(x + Ax + 2)(x + 2)
= lim —0Ax
_AHOAx(x+Ax+2)(x+2)
_ =6
(x+2)2

3

At (O, 3), the slope of the tangent line is
_ _6
m = _Z 5

The equation of the tangent line is

3
—-3=-Z(x-0
y S(x=0)

3

-3 =-=

y 5*

3
=—-——x+3

y 5"

(b) 6

\{l\ (0,3)

(c) Graphing utility confirms %bcy = —% at (0, 3).

33. Using the limit definition of derivative, f ’(x) = 2x.

Because the slope of the given line is 2, you have
2x =2
x =1
At the point (1, 1) the tangent line is parallel to
2x — y + 1 = 0. The equation of this line is
y—-1= 2(x - 1)
y =2x -1

34.

35s.

36.

37.

Using the limit definition of derivative, f'(x) = 4x.
Because the slope of the given line is —4, you have
4x = -4

x = -1
At the point (-1, 2) the tangent line is parallel to

4x + y + 3 = 0. The equation of this line is

y=2
y =—4x - 2.

—4(x + 1)

From Exercise 27 we know that f*(x) = 3x%.
Because the slope of the given line is 3, you have
3x? =3
x = =*l.
Therefore, at the points (1, 1) and (-1, —1) the tangent

lines are parallel to 3x — y + 1 = 0.
These lines have equations

y-1=3x-1)and y+1=3(x+]1)
y=3x-2 y = 3x + 2.

Using the limit definition of derivative, f'(x) = 3x°.
Because the slope of the given line is 3, you have
3x2 =3
¥P=1= x ==+l
Therefore, at the points (1, 3) and (-1, 1) the tangent

lines are parallel to 3x — y — 4 = 0. These lines have

equations
y-3=3x-1)and y —1=3(x+1)
y = 3x y = 3x + 4.

Using the limit definition of derivative,
-1
S = —~
) 2x/x
. |
Because the slope of the given line is ey you have

1

1
NG
x =1
Therefore, at the point (1, 1) the tangent line is parallel to
x + 2y — 6 = 0.The equation of this line is

1
—1=-x-1
y S =1)

1
-l=—-—x+—=
7 2 2
- Lxs 2

YT
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114 Chapter 2 Differentiation

38. Using the limit definition of derivative, 42. The slope of the graph of fis —1 for x < 4, 1 for
, -1 x > 4, and undefined at x = 4.
I(x) = 72"
2(x - 1) ¥
Because the slope of the given line is —%, you have z:
| 1 T —
2(-)F 2 IR
1= (x-1)" |
l=x-1=x=2.
At the point (2, 1), the tangent line is parallel to 43. The slope of the graph of f'is negative for x < 0and
X + 2y + 7 = 0.The equation of the tangent line is positive for x > 0. The slope is undefined at x = 0.
- 1 = —l X — 2 2«7
d 2 i
1 l’k
= ——x + 2. + !
g 2 T T B e
2-1 | 1 2 3 4
39. The slope of the graph of fis 1 for all x-values. r
ol
3T 44. The slope is positive for =2 < x < 0and negative for
2T I 0 < x < 2.The slope is undefined at x = £2, and 0 at
e L x = 0.
32 12 3
ot y
-2+ f P
40. The slope of the graph of fis 0 for all x-values. 7
‘ TN
ot
2l
a1t
.l
- A
-2 - o2 45. Answers will vary.
T Sample answer: y = —x
s ,
2
41. The slope of the graph of fis negative for 3+
x < 4, positive for x > 4, and 0 at x = 4. ?
N
-2+
it
x 4t

46. Answers will vary.

Sample answer: y = x
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Section 2.1 The Derivative and the Tangent Line Problem 115

47. g(4) = 5because the tangent line passes through (4, 5).

48. h(—l) = 4 because the tangent line passes through

(-1, 4).
6-4 2 1

WD) = 5 = g

3=

49. f(x) =5-3xand ¢ =1

2

50. f(x) = x’and ¢ = -2
51. f(x) = —x*and c = 6
52. f(x) = 2</xand ¢ = 9

53. f(O) = 2 and f'(x) =-3,-0 < Xx < ®
f(x) = -3x+2

54. f(O) =4, f’(O) = 0; f’(x) < O0for x <0, f'(x) >0
for x > 0

Answers will vary: Sample answer: f(x) = x* + 4

55. Let (xo, o) be a point of tangency on the graph of /.

56.

By the limit definition for the derivative,
/'(x) = 4 — 2x. The slope of the line through (2, 5) and

(%0, yo) equals the derivative of fat x,:

5_7)}0:4_2)50
2 — X
5—- =(2—x0)(4—2x0)

5 —(4x0 —xoz) =8 — 8x, + 2x,°
0= x> —4x, +3
0 (xo —1)(x0 —3) = x, =13

Therefore, the points of tangency are (1, 3) and

(3, 3), and the corresponding slopes are 2 and —2. The

equations of the tangent lines are:

y-5 2(x—2) y—5=—2(x—2)
y=2x+1 y==-2x+9

Let (xo, o) be a point of tangency on the graph of /. By
the limit definition for the derivative, f '(x) = 2x.The
slope of the line through (1, —3)and (x,, y,) equals the

derivative of fat x;:

_3 — o — ZXO

1 - Xx

-3 -y = (1 — x0)2x0
-3 - x2 = 2% — 2x,°

X2 = 2% -3 =0
(xo - 3)(x0 + 1) =0=x =3,-1
Therefore, the points of tangency are (3, 9) and
(—1,1), and the corresponding slopes are 6 and —2. The
equations of the tangent lines are:
6(x—1) y+3:—2(x—1)
y=06x-9 y=-2x-1

y+3
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116 Chapter 2 Differentiation

57. (@) [f(x) = x*

"oy (x + Ax) — f(x)
) = =
22
I )
Ax—0 Ax
2 22
- lim X7+ 2x(Ax) + (Ax) X
Ax—0 Ax
i (2x + &)
Ax—0 Ax
= lim (Zx + Ax) = 2x
Ax—0

At x = -1, f'(—l) = -2 and the tangent line is
y-1l==2(x+1) o y=-2x-1

At x

At x =1, f'(1) = 2 and the tangent line is
y =2x-1.

2

IRV

-3

For this function, the slopes of the tangent lines are
always distinct for different values of x.

58. () £'(0) = -3
®) g3)=0

59. f

(¢) Because g'(1) = —%, g is decreasing (falling) at x = 1.

(d) Because g'(—4) = %, g is increasing (rising) at x = —4.

0, /'(0) = 0 and the tangent line is y = 0.

(b) g'(x)

-3

g(x + Ax) - g(x)

= lim

Ax—0

3 3

~ lim (x + Ax) - X

Ax—0 Ax
i X+ 3x2(Ax) + 3)c(Ax)2 + (Ax)3 -
et Ax

Ax{32 + 3x(av) + (Ax)?)

= lim

Ax—0 Ax

= lim (3% + 3x(Ax) + (Av)') = 32
At x = -1, g'(~1) = 3 and the tangent line is
y+1=3x+1) or y=3x+2

At x = 0, g'(0) = Oand the tangent line is y = 0.
At x =1, g'(1) = 3 and the tangent line is

y-1=3x-1 o y=3x-2

vl

-2

For this function, the slopes of the tangent lines are
sometimes the same.

(e) Because g'(4) and g'(6) are both positive, g(6) is greater than g(4), and g(6) - g(4) > 0.

(f) No, it is not possible. All you can say is that g is decreasing (falling) at x = 2.

(b) By symmetry: f(-1/2) = -1/2, f'(-1) = -1, f'(-2) = -2

-2

£10) =0, £(12) = 12, /(1) = 1, £(2) = 2
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Section 2.1  The Derivative and the Tangent Line Problem 117

(© !
3+ f
2
oo Ay - f(x) A -
A e
60. 1 (x) = —x°
(@) 6

1'(0) = 0:f'(1/2) =1/4,7(1) =1L/(2) =4 /(3

i G ol e L

1
—X
im 2 2 (x + gj =X
Ax—0 Ax Ax—0' 2

) =9
(b) By symmetry: f/(-1/2) = /4, £/(-1) = 1, f(-2) = 4, f'(-3) = 9
© y
FANES
@ 7 = jim A0 ixz — )
1(x + Ax)3 - lx3
= lim3 — 3
Ax—0 Ax
l()63 + 3x2(A>c) + 3x(Ax)2 + (Ax)z) - lx3
= lim 3 3
Ax—0 Ax
= Alxigo[x2 + x(Ax) + %(Ax)z} = x?
f(x + 0.01) - () _ S+ 0.01) - /(%)
o1 () = 0.01 62 () = 0.01
= |:2(x +0.01) = (x + 0.01)" - 2x + xz}IOO = (3v/x + 001 - 3x)100
=2 - 2x - 001 s
- 7
B f -1 2 8
N\ E

1

The graph of g(x) is approximately the graph of
/(%) =2 -2x

The graph of g(x) is approximately the graph of

o
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63.

64.

65.

66.

67.

68.

Chapter 2 Differentiation

f(2) = 2(4-2) = 4, £(2.1) = 2.1(4 - 2.1) = 3.99

,()z3.99—4

2 = -0.1
4 2.1-2

[Exact: f '(2) = 0]

7(2) = 3(23) =2, £(2.1) = 2.31525

_ 231525 -2

7'(2) = T 3.1525[ Exact: f'(2) = 3]

f(x) =x*-5c¢=3
70) = im0 =70

x—3 x -3
2 — p— p—
_ hmw
x—3 x -3
Y
x—3 x -3
= lim(x + 3) =6

x—3

2 _xc=1

g'(l) = lim 7g(x) — g(l)

x—1 x—l

g(x) =X

. oxr-x-0
= lim—
x—1 x =1

-1
im0
x—1 x—l

=limx =1

x—1

f(x) =X +2x* +Lc=-22

"(=2) = 1
f2) = Jim ==
(P -1
= lim
x—>-2 x+ 2
2
= i x(x+2) = lim x> = 4
x>-2 x+ 2 x—>-2
f(x) =x +6x,c=2
iy o S(3) = f(2)
S@) = im =
(x3 + 6x) - 20
= lim—— 24—
x—2 x -2
_ lim(x - 2)(x + 2x + 10)
xo52 x -2
= 1im(x2 +2x + 10) =18
x—2

69.

70.

71.

72.

73.

2(x) = /I|

2(0) = 1im =) =2

,c =0

J

= lim———. Does not exist.
x>0 x-=0 x>0 x
Asx—)O’,—“M: ! — —0.
SN
JIx
A 0" = — .
s x — 07, . 7 )

Therefore g(x)is not differentiable at x = 0.

3
= c=4
1) =2
, f(x) = /(4)
4) =1
f1(4) = lim —=——
3_3
= lim *—*
x4 x — 4
B 12 — 3x
_VA44x(x—4)
:lim—3(x—4)
x—>44x(x—4)
3 3

, f(x) = /(6)
/(6) = lim=—="—
2/3
Sl il ]/3
x—>6 x—6 x—»ﬁ(x 6)

Does not exist.
Therefore f (x) is not differentiable at x = 6.

g(x) = (x + 3)1/3,c =3

() = i 80~ 8(3)
g'(=3) = Xllf{l}g o (i)
(x+3)" -0 1

lim = lim
x—>-3 x+3 x~>—3(x + 3)

PEN

Does not exist.

Therefore g(x)is not differentiable at x = 3.

h(x):‘x+7,c=—7
HET) = tim 20 = HCT)
x—>-7 x—(—7)
. ‘x+7‘—0 . ‘x+7‘
= lim——— = lim—|
x>-7 x+7 x>-7x + 7

Does not exist.
Therefore A(x) is not differentiable at. x = 7.
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74.

75.

76.

77.

78.

79.

80.

81.

82.

83.

Section 2.1

f(x):‘x—6,c:6
O € A )
S16) = lim==——
BN el Sl N E el
>6 x —6 x>6x — 6

Does not exist.

Therefore f(x) is not differentiable at x = 6.

/() is differentiable everywhere except at

x = 3.(Discontinuity)

f(x) is differentiable everywhere except at

x = 13.(Sharp turns in the graph)

f(x) is differentiable everywhere except at
x = —4.(Sharp turn in the graph)

f (x) is differentiable everywhere except at

x = #2.(Discontinuities)

/() is differentiable on the interval (1, =). (At

x = 1the tangent line is vertical.)

f(x) is differentiable everywhere except at

x = 0.(Discontinuity)

f(x) =|x = 5|is differentiable everywhere except at

x = —5.There is a sharp corner at x = 5.

7

/(%) =

x = 3.fis not defined at x = 3. (Vertical asymptote)

\

is differentiable everywhere except at
x —

15

f(x) = x*¥*is differentiable for all x # 0. Thereisa
sharp corner at x = 0.

5

—

84.

85.

86.

87.

The Derivative and the Tangent Line Problem 119

[is differentiable for all x = 1.
fis not continuous at x = 1.

3

N
o

fx) =|x =1

The derivative from the left is

A C) e { N | el Y
x—>1" X — 1 x> X — 1

The derivative from the right is

A =10 o Jrei]-0

x -1

lim 1.

x—1t x —1 x—1t

The one-sided limits are not equal. Therefore, f'is not
differentiable at x = 1.

1-x?

fx) =
The derivative from the left does not exist because

G
1

x—>17 X — x—>1"

|
g

(Vertical tangent)

The limit from the right does not exist since fis
undefined for x > 1. Therefore, fis not differentiable at
x = 1.

(x—1)3, x <1

flx) =
(x - 1)2, x > 1
The derivative from the left is
3
TG b U Gl Sl
x—>1" x -1 x—1 x -1
= lim(x - 1)° = 0.
x—1"

The derivative from the right is

2
tim 7 =Sy, (=1 20
x—1t x —1 x—1t x —1
— lim (x - 1) = 0.
x—1t

The one-sided limits are equal. Therefore, f'is
differentiable at x = 1. (/'(1) = 0)
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x, x <1

x?,

88. f(x) = {

The derivative from the left is

) )

X —

x > 1

.X -
= lim

x—>17 X —

1: liml = 1.

x—>1"

x—>1"

The derivative from the right is

J(x) = /()

x -1

x2

L lim (x +1) = 2.

xolt X — x>t

lim =
x—o1
The one-sided limits are not equal. Therefore, fis not
differentiable at x = 1.

89. Note that fis continuous at x = 2.
2 +1, x<2
f(x) =
4x — 3, x> 2

The derivative from the left is

— 241)-5
i 0 =@ 4
x—>2" X — 2 x—2" X — 2
= lim (x + 2) = 4.
x—2"

The derivative from the right is

f(x) = £(2) (4x -3) -5
x -2 x =2

The one-sided limits are equal. Therefore, f'is

differentiable at x = 2. (f ’(2) = 4)

= lim4 = 4.

x—2t

= lim

x—2t

lim

x—2F

91. (a) The distance from (3,1) to the line mx — y + 4 = 0is d

(b)

U

-1

90. Note that f'is continuous at x = 2.
1
—x+1, x<2
f(x) =42
N 2x, x 2> 2

The derivative from the left is

[lx-klj—Z
2 )

hmw - lim
x—2" x—2 x—2" x -2
1
S(x=2)
—fim2 -1
xo2” X — 2 2

The derivative from the right is

) f(x) - f(2) L oN2x -2 N2x + 2
lim ——~——~ = lim .
xo2t x =2 xo2t x — 2 V2x + 2
- lim—_2X-4
=2 (x = 2)(V2x +2)
_ 2(x — 2)

2
J2ax+2 2
The one-sided limits are equal. Therefore, fis
1

1) = gj

differentiable at x = 2. [

‘Axl + By, + C‘ _ ‘m(3) B 1(1) + 4‘ _ ‘3’" + 3‘
Ny Im? 11 Im? 11

The function d is not differentiable at m = —1.This corresponds to the line y = —x + 4, which passes through

the point (3, 1).
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