11. Supposef is continuous on [01] and f (0) = f(1).

a) To be proved:f(a) = f(a+ %) for someain [0, %].

b)

Proof: If f(1/2) = f(0) we can takex = 0 and be done. If not, let
g = f(x+3) = f(x.
Theng(0) # 0 and
9(1/2) = f(D) - £(1/2) = 1(0) - f(1/2) = —g(0).

Sinceg is continuous and has opposite signg at 0 andx = 1/2, the Intermediate-
Value Theorem assures us that there exastetween 0 and 1/2 such thg¢a) = 0,
thatis, f(a) = f(@a+ ).

To be proved: ih > 2 is an integer, then

f(a) = f(a+ %) forsomeain[0, 1 - 1].

Proof: Letg(x) = f(x+ %) — f(x). Consider the numbess=0,x = 1/n,x = 2/n,
..., X=(m-=21/n. If g(x) = 0 for any of these numbers, then we canddie that
number. Otherwiseg(x) # 0 at any of these numbers. Suppose that the valugsof
all these numbers has the same sign (say positive). Thenwee ha

fO> > > (3 >1> 10,
which is a contradiction, sincé (0) = f(1). Therefore there exist$ in the set
{0,1,2,...,n— 1} such thatg(j/n) andg((j + 1)/n) have opposite sign. By the
Intermediate-Value Theorerg(a) = 0 for somea betweenj /n and(j + 1)/n, which
is what we had to prove.



