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B Section 1.1 Modeling and Equation Solving

Exploration 1
d 100 — 25 75
L= "0 10

2.t = 65%+ 05% = 7% or 0.07

3.m=g,s=d+td

k
s = pm
s d+td d+id kA1) g
P ™"a ~~1 ‘a1 4d
k
k(1 +1)
= ——— = (075)(1.07) = 0.8025

4. Yes, because $36.99 X 0.8025 = $29.68.
5. $100 = 0.8025 = $124.61

Exploration 2

1. The linear model increases without bound, whereas there
is a finite limit to human life expectancy.

2. We might reasonably conjecture that it should, since 2020 is
just the next data point. However, the model predicts a
value of 79.6 years in 2015, well above the actual value of
78.8 years (down from 78.9 years in 2014). Researchers are
concerned that the medical advances that might let us live
longer are losing ground to the new ways we have found to
hasten our own mortality.

3. More than 58,000 Americans, predominantly males, died
prematurely in the Vietnam War, which would have affected
the point in 1970 but not the point on either side. The
male data in Figure 1.3 explains this dip.

Quick Review 1.1
L (x+ 4)(x—4)
2. (x + 5)(x +5)
3. 9y + 2)(9y — 2)
4.3x(x*> = 5x + 6) = 3x(x — 2)(x — 3)
5. (4h* + 9)(4h* — 9) = (4h* + 9)(2h + 3)(2h — 3)
6. (x + h)(x + h)
7. (x + 4)(x — 1)
8. —3x+ 4
9. 2x — 1)(x — 5)
X+ 57— 4)= (4 5(x+ 2)(x—2)

- (
10. (
Section 1.1 Exercises
1. (d) (q)
2. () (r)

3. (2) (p)
4. (h) (o)
5.(e) (M
6. (b) (s)
7. (8) (V)
8. () (k)
9. (1) (m)
10. (c) (n)
11. (a) The percentage increased steadily until 2000, then
leveled off. It has decreased slightly since 2000.
(b) The greatest increase occurred between 1975 and 1980.

12. (a) Except for some minor fluctuations, the percentage
has been decreasing overall.

(b) The greatest decrease occurred between 1960 and 1965.
13. Women (OJ), Men (+)

o
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[-5, 55] by [30, 90]

14. Vice versa: The female percentages are increasing faster
than the male percentages are decreasing.

15. To find the equation, first find the slope.

changeiny 586 — 377 209
changeinx 2010 — 1960 50
= (0.418. The y-intercept is 37.7, so the equation of the
line is y = 0.418x + 37.7.

70.7 — 834  —12.7

2010 — 1960 50
y-intercept is 83.4, so the equation of the line is
y = —0.254x + 83.4.

In both cases, x represents the number of years after 1960.

Women: Slope =

Men: Slope = = —0.254. The

16. For the percentages to be the same, we need to set the
two equations equal to each other.

0.418x + 37.7 = —0.254x + 83.4
0.672x = 45.7
x ~ 68.0

So, approximately 68 years after 1960 (2028), the models
predict that the percentages will be about the same. To
check:

Males: y = (—0.211)(65) + 83.5 = 69.9%
Females: y = (0.582)(65) + 32.3 = 69.9%
Males: —0.254(68) + 83.4 66.1%
Females: 0.418(68) + 37.7 66.1%

So the point of intersection is (68,66.1)

X

X
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30 Chapter 1 Functions and Graphs

17. The female data follow a linear model fairly well until
1995, but the lack of growth from 1995 to 2010 makes a
linear model less likely. Reasons will vary.

18. The linear equations will eventually give percentages
above 100% for women and below 0% for men, neither

of which is possible.

&
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20. Let & be the height of the rectangular cake in inches.

The volume of the rectangular cake is

Vi=913+-h = 117hin’

The volume of the round cake is

V, = m(4)%(2h) =~ 3.14 - 16 - 2h = 100.48h in®

The rectangular cake gives a greater amount of cake for
the same price.

21. Because all stepping stones have the same thickness, what
matters is area.

The area of a square stepping stone is

A =12-12 = 144 in?

The area of a round stepping stone is

13\? 5 L
A= > = 3.14(6.5)% = 132.665 in

.

The square stones give a greater amount of rock for the
same price.

22. (a) t= ;VI80 ~ 3.35sec
(b) d = 16(12.5)* = 2500 ft

A scatterplot of the data suggests a parabola with its
vertex at the origin.

23,

b

L
[-1, 6] by [-5, 35]
The model y = 1.2¢* fits the data.
24. (a)

[3,28] by [520, 860]
(b) Using the point-slope form equation for the line, we have
y — 5812 = 17(x — 6),s0y = 17(x — 6) + 581.2.

[3,28] by [520, 860]

The pattern was disrupted in 2001 when a terrorist
attack on New York City (which involved hijacked
aircraft) undermined the public’s confidence in air
travel. The pattern was disrupted in 2008 by a major
economic recession.

(¢) Using the point-slope form equation for the line, we have
y — 703.9 = 17(x — 19),s0y = 17(x — 19) + 703.9.

A
-~ d

.

[3,28] by [520, 860]

After the NYC attack of 9/11/2001, new security at
airports gradually restored public confidence in air
travel, and the numbers climbed back to follow the
earlier trend line. The recession appears to have had a
more lasting effect. After two years of steep decline,
the growth rate appears to be recovering, but along a
lower, parallel line.

25. The lower line shows the minimum salaries, since they are
lower than the average salaries.

26. The points that show the 1990 salaries are the Year 10
points. Both graphs show unprecedented increases in that
year. Note: At Year 10 the minimum salary jumps, but at
Year 11 the average salary jumps.

The 1995 points are third from the right, Year 15, on both
graphs. There is a clear drop in the average salary right
after the 1994 strike.

One possible answer: (a) The players will be happy to see
the average salary continue to rise at this rate. The
discrepancy between the minimum salary and the average
salary will not bother baseball players like it would facto-
ry workers, because they are happy to be in the major
leagues with the chance to become a star. (b) The team
owners are not happy with this graph because it shows
that their top players are being paid more and more
money, forcing them to pay higher salaries to be competi-
tive. This benefits the wealthiest owners. (¢) Fans are
unhappy with the higher ticket prices and with the
emphasis on money in baseball rather than team loyalty.
Fans of less wealthy teams are unhappy that rich owners
are able to pay high salaries to build super-teams filled
with talented free agents.

Adding 2v* + 5 to both sides gives 30> = 13. Divide both

13 13
sides by 3 to get v* = 3500 = + 3
3v* = 13 is equivalent to 3v> — 13 = 0.The graph of

y = 3v* — 13is zero for v &~ —2.08 and for v =~ 2.08.
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[-5, 5] by [-15, 15]
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30. x + 11 = £11sox = —11 + 11, which gives x = —22 or
x = 0.

(x + 11)> = 121 is equivalent to (x + 11)> — 121 = 0.

The graph of y = (x + 11)> — 121 is zero for x = —22
and for x = 0.

\
\/

[-30, 30] by [-150, 150]

3. 2x* —5x+2=x*—5x+ 6+ 3x

¥ -3x—-4=0
(x—4Hx+1)=0
x—4=0 or x+1=0

x=4 or x=-1
2% — 5x + 2 = (x — 3)(x — 2) + 3xis equivalent
to2x?> — 8x + 2 — (x — 3)(x — 2) = 0.The graph
ofy =2x> — 8x + 2 — (x — 3)(x — 2)is zero for
x = —landforx = 4.

\

!

[=10, 10] by [-10, 10]

3
2. 2 Tx ==
3 X X 1

7\? 7\?
X2 = Tx + (——) =075 + (——)
2 2

(x — 35)2 = 075 + 1225

x—3.5::|:\/B
x:3.5:|:\/B

3
The graph of y = x> — 7x — Zis zero for x = —0.11 and
for x = 7.11.

y jf

\/

[-10, 10] by [-15, 15]

33. Rewrite as 2x> — 5x — 12 = 0; the left side factors to
2x + 3)(x — 4) = 0
2x+3=0 or x—4=0
2x = =3 x=4
x = —1.5.

The graph of y = 2x*> — 5x — 12is zero for x = —1.5
and for x = 4.

Section 1.1 Modeling and Equation Solving 31

L
\

[-10, 10] by [-15, 15]

34. Rewrite as 2x> — x — 10 = 0; the left side factors to

(x +2)2x = 5)=0:
x+2=0 or 2x—5=0
x = =2 2x =5

x = 25.
The graph of y = 2x*> — x — 10is zero for x = —2 and
for x = 25.

\L
W/

[-10, 10] by [~10, 10]

35. x2 + 7x — 14 = 0, s0

a=1,b="7andc = —14:
~7 V7 - 41)(-14) -7 + V105

T 2(1) N 2
S V4T
)

The graph of y = x* + 7x — 14 is zero for x & —8.62
and for x ~ 1.62.

\
y

[-20, 20] by [-30, 30]

36. x> — 4x — 12 = 0,s0

a=1,b= —4,andc = —12:
4+ V(=42 —4(1)(-12) 4+ Vo4

T 2(1) T2
2+ 8 -94y

2
x=-2o0rx=206

The graph of y = x> — 4x — 12is zero for x = —2 and
for x = 6.

\/
Y

[-20, 20] by [-30, 30]
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32 Chapter 1 Functions and Graphs

37. Change to x> — 2x — 15 = 0 (see below); this factors to 41. x = 1.330rx = 4
(x + 3)(x = 5) = 0,sox = =3 orx = 5. Substituting . T
the first of these shows that it is extraneous.
x+1=2Vx+4 .
(x + 1> = 2(Vx T 4 A
X4+ 2x+1=4x+ 16
¥*-2x—-15=0

[~10, 10] by [~10, 10]
The graphof y = x + 1 — 2Vx + 4is zero for x = 5.
42. x ~ 2.66

= .

T A

[-10, 10] by [~10, 10]

[—10,10] by [—
38. Changeto x> — 3x + 1 =0 (see below);
3£VvV9-4 3

thenx=f=§ —\/_ NY 43. x = 1.77

3 5
x=5- % Substituting the second of these shows that l'||\
it is extraneous. o \

Vxi=1-x

(Vx)? = (1 - x)?

x=1-2x+ x*

[-5, 5] by [-10, 10]
0=x>—-3x+1

Vx + x = lisequivalentto x + Vx — 1 = 0. 4. x ~ 236

The graph of y = x + Vx — 1is zero for x = 0.38. 'I'l.
7 A
/ B
I

[-5, 5] by [-10, 10]

[-3.3] by [-2, 2] 45, x =~ —1.47

39. x = 391

o
-
s [-4, 4] by [-10, 10]

(=10, 10] by [-10, 10] v=-147
40. x ~ —1.09 or x ~ 2.86 46. {0, 1, -
H\i/’ /
[=10, 10] by [10, 10] = by[ vy
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47. Model the situation using C = 0.18x + 32, where x is the
number of miles driven and C is the cost of a day’s rental.

(a) Elaine’s cost is 0.18(83) + 32 = $46.94.
(b) If for Ramon C = $69.80, then

69.80 — 32

X = o138 = 210 miles.
48. a)4x +5— (¥ +2x* —x+3)=0or
x> =2+ 5x+2 =0.

(b)—x>—2x>+ 5x +2=0.

(¢) A vertical line through the x-intercept of y; passes
through the point of intersection of y; and y,.

(d) At x = 1.6813306, y, = y, = 11.725322.
At x = —0.3579264, y; = y, = 3.5682944.
At x = —3.323404, y, = y, = —8.293616.
49. (a) y = (x20)1/20 — xzoo/zoo _ xl = x forall x = 0.

(b) The graph looks like this:

[0, 1] by [0, 1]

(¢) Yes, this is different from the graph of y = x.

(d) For values of x close to 0, x** is so small that the
calculator is unable to distinguish it from zero. It
returns a value of 0"/? = 0 rather than x.

50

b

The length of each side of the square is x + b, so the area
of the whole square is (x + b)2. The square is made up

of one square with area x-x = x%, one square with area
b-b = b% and two rectangles, each with area b-x = bx.
Using these four figures, the area of the square is

x> + 2bx + b2
51. (@) x = —3o0orx = 1.1orx = 1.15.

/
/
[

[-5, 5] by [~200, 500]

(b) x = —3 only.

52. (a) Area: x° +x(—)+x( )—x + bx.

b b
“”E‘T(z)-

53.

54

b

55.

56.

57.

58.

59.

60.

61.
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b\? b\?
(¢) x> + bx + (5) = (x + 5) is the algebraic
formula for completing the square, just as the area

b 2
(5) completes the area x> + bx to form the area

(2

Let n be any integer.
n* + 2n = n(n + 2), which is either the product of two
odd integers or the product of two even integers.

The product of two odd integers is odd.

The product of two even integers is a multiple of 4, since
each even integer in the product contributes a factor of 2
to the product.

Therefore, n* + 2n is either odd or a multiple of 4.

One possible story: The jogger travels at an approxi-
mately constant speed throughout her workout. She jogs
to the far end of the course, turns around and returns to
her starting point, then goes out again for a second trip.

False. A product is zero if any factor is zero. That is, it
takes only one zero factor to make the product zero.

False. Predictions are always fallible, and in particular
an algebraic model that fits the data well for a certain
range of input values may not work for other input
values.

This is a line with a negative slope and a y-intercept of 12.
The answer is C. (The graph checks.)

This is the graph of a square root function, but flipped
left-over-right. The answer is E. (The graph checks.)

As x increases by ones, the y-values get farther and farther

apart, which implies an increasing slope and suggests a

quadratic equation. The answer is B. (The equation checks.)

As x increases by 2’s, y increases by 4’s, which implies a

constant slope of 2. The answer is A. (The equation

checks.)

(a) March

(b) $120

(¢) June, after three months of poor performance

(d) Ahmad paid (100)($120) = $12,000 for the stock and
sold it for (100)($100) = $10,000. He lost $2,000 on
the stock.

(e) After reaching a low in June, the stock climbed back
to a price near $140 by December. LaToya’s shares
had gained $2000 by that point.

(f) One possible graph:

Stock Index

Copyright © 2019 Pearson Education, Inc.



34 Chapter 1 Functions and Graphs

62. (a)

(b)

(c)
(d)

(e)
®)

63. (a)

!
A
f
[—4,4] by [-10, 10]

Factoring, we find y = (x + 2)(x — 2)(x — 2).
There is a double zero at x = 2,a zero at x = —2,
and no other zeros (since it is a cubic).

Same visually as the graph in (a).

b*> — 4ac is the discriminant. In this case,

b*> — 4ac = (—4)* — 4(1)(4.01) = —0.04, which is
negative. So the only real zero of the product

y = (x+ 2)(x* — 4x + 4.01)isat x = —2.

Same visually as the graph in (a).

b* — dac = (—4)> — 4(1)(3.99) = 0.04, which is pos-
itive. The discriminant will provide two real zeros of
the quadratic, and (x + 2) provides the third. A cubic
equation can have no more than three real roots.

Subscribers Average Monthly Bill
a® a? "
o -] a
ol a L]
] 8%g Og
o a a

a” : a "
o® a

[—2,16] by [60, 420] [—2, 16] by [43, 53]

(b) The subscriber’s scatterplot appears linear.

(c)

Slope of the line between the points (0, 109.5) and
. 3779 — 109.5 2684
(15,377.9)ism = 5-0 =
Using the point-slope form equation for the line, we
have y — 109.5 = 17.9(x — 0),s0 y = 17.9x + 109.5.

The line appears to fit the data fairly well.

= 17.9.

[—2,16] by [60, 420]

(d) There appears to be a clear oscillation from below the

line to above the line and back below the line over
time. Statisticians would describe this as a pattern in
the residuals, and it would cause them to question the
appropriateness of the linear model.

(e) The average monthly bill begins a downward trend in

2005 that continues until 2011. It then spikes up
before declining again. The downward trend corre-
sponds to the data points in the subscriber graph that
are above the trend line. The economic law of supply
and demand predicts that such oscillations in the mar-
ketplace will occur.

64. Answers will vary.

B Section 1.2 Functions and Their Properties

Exploration 1

1. From left to right, the tables are (c) constant,
(b) decreasing, and (a) increasing.

2. X X X
moves AX|AY1]| moves [AX|AY2| moves [AX|AY3
from from from
F2to—1| 1| 0 [-2to—-11|-22to—1{1]| 2
—1to0 (1|0 [-1to0 |1 |—1|-1toO |1 2
Otol |10 | Otol [1|—2 Otol |1 2
1to3 |21 0 1to3 [2|—4] 1to3 |2 3
3to7 |40 | 3to7 |4|—6| 3to7 |4]| 6

w

For an increasing function, AY/AX is positive. For a
decreasing function, AY/AX is negative. For a constant
function, AY/AX is 0.

For lines, AY/AX is the slope. Lines with positive slope
are increasing, lines with negative slope are decreasing,
and lines with 0 slope are constant, so this supports our
answers to part 3.

te

Quick Review 1.2

L *-16=0
=16
x = %4
2.9-x*=0
=9
x = %3
3. x—-10<0
x <10
4. 5—x=0
—x = -5
x=5

5. As we have seen, the denominator of a function cannot

be zero.
Weneed x—16=0
x = 16.
6. Weneed x> —16=0
=16
x = +4.
7. Weneed x—16<0
x < 16.
8 Weneed x*—1=0
=1
x = *1.
9. Weneed 3 —x=0 and x+2<0
3=x and x< -2
x < —2 and x = 3.

Copyright © 2019 Pearson Education, Inc.



10. Weneed x>—4=0
x> =4
x = £2.

Section 1.2 Exercises

1. Yes, y = Vx — 4 is a function of x, because when a num-
ber is substituted for x, there is at most one value pro-
duced for Vx — 4.

2. No, y = x?+ 3 is not a function of x, because when a
number is substituted for x, y can be either 3 more or 3
less than x%.

3. No, x = 2)? does not determine y as a function of x,
because when a positive number is substituted for x, y can

be either \/% or —\/g.

4. Yes, x = 12 — y determines y as a function of x,
because when a number is substituted for x, there is
exactly one number y which, when subtracted from 12,
produces x.

5. Yes

6. No

7. No

8. Yes

9. We need x> + 4 = 0; this is true for all real x.
Domain: (—o0, 00).

10. We need x — 3 # 0. Domain: (—o0,3) U (3, 00).

11. We need x + 3# 0 and x — 1 # 0. Domain:
(—00,=3)U (=3,1) U (1, 0).

12. We need x # 0 and x — 3 # 0. Domain:
(—00,0) U (0,3) U (3, ).

X _ X

x(x = 35)°

13. We notice that g(x) = —
x° — 5x

Asaresult, x — 5 # 0and x # 0.
Domain: (—oo,0) U (0,5) U (5, 00).

14. Weneed x — 3 # 0 and 4 — x> = 0. This means x # 3
and x*> = 4; the latter implies that —2 = x = 2, so the
domain is [—2, 2].

15. Weneed x + 1 # 0,x* + 1 # 0,and 4 — x = 0.

The first requirement means x # —1, the second is true

for all x, and the last means x =< 4. The domain is there-
fore (—oo,—1) U (—1,4].

16. We need xt—16x% = 0
x(x? - 16) =
=0 or x*- 16 =0
=16

x=0 or x=4, x = —4.
Domain: (—oo, —4] U {0} U [4, 00).

17. f(x) = 10 — x* can take on any negative value. Because
x* is nonnegative, f(x) cannot be greater than 10. The
range is (—oo, 10].

18. g(x) = 5 + V4 — x can take on any value = 5, but
because V4 — x is nonnegative, g(x) cannot be less than 5.
The range is [5, ).

19. The range of a function is most simply found by
graphing it. As our graph shows, the range of f(x) is
(=00, —=1) U [0, c0).

Section 1.2 Functions and Their Properties 35

i

—-10, 10] by [-10, 10]

20. As our graph illustrates, the range of g(x) is
(=00, —=1) U[0.75, ).

U
-

[~10, 10] by [~10, 10]

21. Yes, nonremovable.

\
)

[~10, 10] by [~10, 10]

22. Yes, removable.

L

'

[—5., 5] by [~10, 10]

23. Yes, nonremovable.

[~10,10] by [~2,2]

24. Yes, nonremovable.

.

_

P

[-5, 5] by [-5, 5]

25. Local maxima at (—1,4) and (5,5), local minimum at
(2,2). The function increases on (—oo, —1], decreases on
[—1,2], increases on [2,5], and decreases on [5, o).

26. Local minimum at (1,2), (3, 3) is neither, and (5,7) is a
local maximum. The function decreases on (—oo, 1],
increases on [1, 5], and decreases on [5, 00).

Copyright © 2019 Pearson Education, Inc.



36 Chapter 1 Functions and Graphs

27. (—1,3) and (3, 3) are neither. (1, 5) is a local maximum,
and (5, 1) is a local minimum. The function increases on
(=00, 1], decreases on [1, 5], and increases on [5,00).

28. (—1,1) and (3, 1) are local minima, while (1, 6) and (5,4)
are local maxima. The function decreases on (—oo, —1],
increases on [—1, 1], decreases on (1, 3], increases on
[3,5], and decreases on [5, c0).

29. Decreasing on (—oo, —2]; increasing on [—2,00).

[~10,10] by [2, 18]

30. Decreasing on (—oo, —1]; constant on [—1, 1];
increasing on [1, c0).

[~10,10] by [~2, 18]

31. Decreasing on (—oo, —2]; constant on [—2,17;
increasing on [1, c0).

[~10, 10] by [0, 20]

32. Decreasing on (—oo, —2]; increasing on [—2, 00).

N,

[=7,3] by [-2,13]

33. Increasing on (—o0, 1]; decreasing on [1, c0).

[—4, 6] by [25,25]

34. Increasing on (—oo, —0.5]; decreasing on [—0.5, 1.2],
increasing on [1.2, c0). The middle values are approximate
—they are actually at about —0.549 and 1.215. The values
given are what might be observed on the decimal window.

IFF\[ /
/"I \J /

[-2,3]by [-3, 1]
35. Constant functions are always bounded.
36. >0
—x* <0
2-xr<2

y is bounded above by y = 2.
37. 2* > 0 for all x,so y is bounded below by y = 0.

1
38. 27" = > = ( for all x, so y is bounded below by y = 0.

39. Since y = V1 — x? is always positive, we know that
y = 0 for all x. We must also check for an upper bound:
X2 >0
—x?<0
1-x*<1
V1i-2<\V1
V1-xt<1
Thus, y is bounded.

40. There are no restrictions on either x or x>, so y is not
bounded above or below.

41. f has a local minimum when x = 0.5, where y = 3.75.
It has no maximum.

[=5, 5] by [0, 36]
42. Local maximum:
Local minimum:

408 at x ~ —1.15.

y ~
y~ —2.08atx ~ 1.15.

/]

[-5,5] by [~50, 50]

—4.09 at x
—191 atx

—0.82.
0.82.

43. Local minimum:
Local maximum:

\

e

[

y%
y%

L\

[-5,5] by [-50, 50]

44. Local maximum: y =~ 948 atx ~ —1.67.
Local minimum: y = 0 whenx = 1.
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45.

46.

47.
48.

49.

50.

S1.

52

.

53.

54.

55.

56.

[-5,5] by [-50, 50]

Local maximum: y ~ 9.16 at x = —3.20.
Local minima: y=0atx=0andy = Oatx = —4.

/

S —

[-5,5] by [0, 80]

Local maximum: y = Qatx = —2.5.
Local minimum: y =~ —3.13 atx = —1.25.
e
[=5,5] by [-10, 10]
Even: f(—x) = 2(—x)* = 2x* = f(x)
Odd: g(—x) = (—x)*=—-x* = —g(x)
Even: f(—x) = V(—x)? +2 =V +2 = f(x)
3 3

E . — = = =

ven: g(—x) T+ () 112 g(x)
Neither: f(—x) = —(—x)*> + 0.03(—x) + 5 =

—x? — 0.03x + 5, which is neither f(x) nor —f(x).
Neither: f(—x) = (—x)* + 0.04(—x)* + 3 =
—x> + 0.04x> + 3, which is neither f(x) nor —f(x).
0dd: g(—x) = 2(—x)> = 3(—x)
= —2x + 3x = —g(x)
1 1
Odd: h(-x) = — = ——= —h(x)

—X X

. X . . S
The quotient s undefined at x = 1, indicating that

X —
x = 11is a vertical asymptote. Similarly, lim
xX—00

X
=1
1 s

X —
indicating a horizontal asymptote at y = 1. The graph
confirms these asymptotes.

[~10,10] by [~10, 10]

x—1

The quotient is undefined at x = 0, indicating

X
a possible vertical asymptote at x = 0. Similarly,

Section 1.2 Functions and Their Properties 37

lim = 1, indicating a possible horizontal asymp-

x—>0 X

tote at y = 1. The graph confirms these asymptotes.

_
(

[~10, 10] by [~10, 10]

+2
57. The quotient ;C

is undefined at x = 3, indicating

a possible vertical asymptote at x = 3. Similarly,
.oox+2
lim

x—00 3 — x

tote at y = —1.The graph confirms these asymptotes.

)

I

[~8,12] by [~10, 10]

= —1, indicating a possible horizontal asymp-

58. Since g(x) is continuous over —00 < x < 9,
we do not expect a vertical asymptote. However,

lim 1.5 = lim 1.5% = lim = 0, so we expect a

X—>—00 X—>00 x—oo 1.5%
horizontal asymptote y = 0.The graph confirms this
asymptote.

{/ﬁ

[~10,10] by [~10, 10]

is undefined at x = 1 and x = —1.

2
. xt+2
59. The quotient —
X2 —
So we expect two vertical asymptotes. Similarly, the
2
LoxT+2
lim —
x—00 x° —

at y = 1. The graph confirms these asymptotes.

]
I

= 1, so we expect a horizontal asymptote

.

[~10, 10] by [~10, 10]

60. We note that x> + 1 = 0 for —00 < x < 09, so we do
not expect a vertical asymptote. However,

lim — = (), so we expect a horizontal asymptote at

x—00 x© +
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38 Chapter 1 Functions and Graphs

y = 0.The graph confirms this.

;‘k
—4—'_'—---.

[-5,5]by [0,5]

4x — 4
3 _

61. The quotient 3 does not exist at x = 2,

X
so we expect a vertical asymptote there. Similarly,

. 4x .
lim — = (), so we expect a horizontal asymptote
x—00 x7 4+ 8

at y = 0.The graph confirms these asymptotes.

1
i

—4,6] by

[-5,5]
2x — 4 2(x —2) 2

62. The quotient = = . Since
X

24 (x—=2)(x+2) x+2
x = 2 is a removable discontinuity, we expect a vertical

asymptote at only x = —2. Similarly, lim
x—>00 X —

we expect a horizontal asymptote at y = 0.The graph
confirms these asymptotes.

Rl

[~6, 4] by [~10, 10]

63

b

. . 1 .
The denominator is zero when x = > so there is a

1
vertical asymptote at x = - When x is very large,

x + 2
2x + 1

1
asymptote at y = > The graph matching this description

is (b).
. . 1 .
64. The denominator is zero when x = > so there is a

1
vertical asymptote at x = - When x is very large,

2 +2 2
;x 1 behaves much like ;—x = %, soy = %is a slant

asymptote. The graph matching this description is (c).

65. The denominator cannot equal zero, so there is no vertical

2
1 behaves much

N x +
asymptote. When x is very large, 2+ 1

2
=0
) , SO

behaves much like 2i = % , so there is a horizontal
X

1
like iz = —, which for large x is close to zero. So there
2x 2x

is a horizontal asymptote at y = 0. The graph matching
this description is (a).
66. The denominator cannot equal zero, so there is no vertical

3

asymptote. When x is very large, al behaves much

X +2
232 + 1
3

like % = %, soy = %is a slant asymptote. The graph

matching this description is (d).

67. (a) Since, lingO

X .
3 = 0, we expect a horizontal
1

asymptote at y = 0.To find where our function
crosses y = 0, we solve the equation

X
=0
-1
x=0-(x2—1)
x = 0.

The graph confirms that f(x) crosses the horizontal
asymptote at (0, 0).

R

[-4.7,4.7] by [-3.1, 3.1]

(b) Since lim — = (, we expect a horizontal

x—00 x* + 1
asymptote at y = 0.To find where our function
crosses y = 0, we solve the equation:

X

—— =0

X +1
x=0-(x?+1)
x = 0.

The graph confirms that g(x) crosses the horizontal
asymptote at (0, 0).

[-6,6] by [-1,1]

2

(¢) Since lim = (, we expect a horizontal
x—o0 x5 + 1
asymptote at y = 0.To find where A(x) crosses

y = 0, we solve the equation

2
3x =0
x>+ 1
X =0(+1)
=0
x = 0.
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The graph confirms that 4(x) intersects the horizontal
asymptote at (0, 0).

=

[-6,6] by [-1,1]

68. We find (a) and (c) have graphs with more than one hori-
zontal asymptote as follows:

(a) To find horizontal asymptotes, we check limits, at

x — ooand x — —oo. We also know that our
numerator |x* + 1|, is positive for all x, and that our
denominator, 8 — x°, is positive for x < 2 and nega-
tive for x > 2. Considering these two statements, we
find

|x* + 1 |x* + 1

lim 5 = —land lim T =
x—x 8 — x xX——00 — X

The graph confirms that we have horizontal asymptotes
aty = landy = —1.

|

I

(10, 10] by [-S, 5]

(b) Again, we see that our numerator, |x — 1], is positive

(©

for all x. As a result, g(x) can be negative only when
x* — 4 < 0, and g(x) can be positive only when

x* — 4 > 0. This means that g(x) can be negative
only when —2 < x < 2;if x < =2 orx > 2, g(x) will
be positive. As a result, we know that

o e N
lim = lim — 1" 0, giving just one

x—>x x° — 4 X—>-00 x° —

horizontal asymptote at y = 0. Our graph confirms
this asymptote.

Ly
|

I

[-5,5] by [-5,15]

As we demonstrated earlier, we need x> — 4 > 0,
otherwise our function is not defined within the

real numbers. As a result, we know that our
denominator, Vx> — 4, is always positive [and that
h(x) is defined only in the domain (—oo, —=2) U (2, 00)].

X

Checking limits, we find lim ————= = 1 and
X—00 A /x2 —4

lim ———— = —1. The graph confirms that we

x——00 \/x2 —4

Section 1.2 Functions and Their Properties 39

have horizontal asymptotes at y = 1 and y = —1.

—

|

[~10, 10] by [~10, 10]

69. (a) The vertical asymptote is x = 0, and this function is
undefined at x = 0 (because a denominator can’t be
Zero).

(b)

[-6, 6] by [-2, 2]

Add the point (0, 0).

(c) Yes. It passes the vertical line test.

70. The horizontal asymptotes are determined by the two
limits, lim f(x) and lirP f(x). These are at most two

different numbers.

71. True. This is what it means for a set of points to be the
graph of a function.

72. False. There are many function graphs that are symmetric
with respect to the x-axis. One example is f(x) = 0.

73. Temperature is a continuous variable, whereas the other
quantities all vary in steps. The answer is B.

74. “Number of balls” represents a whole number, so that the
quantity changes in jumps as the ball radius is altered. The
answer is C.

75. Air pressure drops with increasing height. All the other

functions either steadily increase or else go both up and
down. The answer is C.

76. The height of a swinging pendulum goes up and down
over time as the pendulum swings back and forth. The
answer is E.

71. (a) ’

X

1+ x?
But the discriminant of x> — x + 1 is negative (—3),

so the graph never crosses the x-axis on the interval
(0, ).

() k = —1

(d)

sleox<l+XPeX-x+1>0

(b)

X
1+ 22

>-leoex=z-1-XeX+x+1>0
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40 Chapter 1 Functions and Graphs

But the discriminant of x> + x + 1 is negative (—3), 81. One possible graph:
so the graph never crosses the x-axis on the interval v
(=00, 0). 5’

78. (a) Increasing

s AVA
1 L
1.05 1 1 1 1 1 l 1 1 1 1 é X
0.52 i
0.43 L
0.36 r
0.33 i
0.31
0.28 82. Answers vary.
(¢) [Bhy 83. (a) x>0
0.05 —-0.8x* < 0
—0.53 2-08x%2 <2
—0.09 f(x) is bounded above by y = 2.To determine if
—0.07 y = 2is in the range, we must solve the equation for
—0.03 x:2 =2 —08x"
—0.02 0 = —0.8x%
—0.03 5
Ay is none of these, since it first increases from 1 to ?) -
= x.

1.05 and then decreases.

(d) The graph rises, but bends downward as it rises. Since f(x) exists at x = 0, y = 2is in the range.

3 2 2
M) lim ——— = lim —5 = lim 3 = 3.Thus, g(x) is

x—>x 3 + x2 x—x  x x—00

(e) An example:

y
st bounded by y = 3. However, when we solve for x,
- we get 3= 3
B 1 1 1 1 & 3+ x2
N 5% 2 2
C 3(3 + x7) = 3x
C 9 + 3x% = 3x?
C 9=0.
- Since 9 # 0, y = 3 is not in the range of g(x).

) (¢) h(x) is not bounded above.
79. One possible graph:
(d) For all values of x, we know that sin (x) is bounded

above by y = 1. Similarly, 2 sin (x) is bounded above

5: by y = 2+1 = 2.1tis in the range.
L 4x 4x
e) lim ——— = lim —— =
/_ ()x—>00x2+2x+1 x—=00 (x + 1)
1 1 1 1 1 1 1 1 1 1 4
=S I s\ " lim 4( o )( )= lim
i x—e \x +1/\x +1 x—o0 x + 1
- (since x + 1 = x for very large x) = 0.
B 4
5k {Similarly, lim 27)( = Ol As a result, we
x—=0 x* + x + 1

know that g(x) is bounded by y = 0 as x goes to co
and —oo.

However, g(x) > 0 for all x > 0 (since (x + 1)> >0
always and 4x > 0 when x > 0), so we must check
points near x = 0 to determine where the function is
at its maximum. [Since g(x) < 0 for all x < 0 (since
(x + 1)> > 0 always and 4x < 0 when x < 0) we can
ignore those values of x since we are concerned only
with the upper bound of g(x).] Examining our graph,
we see that g(x) has an upper bound at y = 1, which
occurs when x = 1. The least upper bound of

g(x) = 1,and it is in the range of g(x).

80. One possible graph:

=0

=
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84. As the graph moves continuously from the point (—1,5)
down to the point (1,—5), it must cross the x-axis some-
where along the way. That x-intercept will be a zero of the
function in the interval [—1, 1].

85. Since f is odd, f(—x) = —f(x) for all x. In particular,
f(=0) = —f(0). This is equivalent to saying that
f(0) = —£(0), and the only number which equals its
opposite is 0. Therefore, f(0) = 0, which means the
graph must pass through the origin.

l*l
[-6, 6] by [-2, 2]
@ y=15
(b) [~1,15]
3 -1
c) 1= =
© 2x% + 1
3% -1
=25
2x° + 1
0=2x>+1+3x>—1=5x>+ 25
0=5x>=5x>+ 25
True for all x.
87. (a) fis continuous on [-2, 4]; the maximum value is 13,
which occurs at x = 4, and the minimum value is -3,
which occurs at x = 0.
(b) fis continuous on [1, 5]; the maximum value is 1,
which occurs at x = 1, and the minimum value is 0.2,
which occurs at x = 5.
(¢) fis continuous on [-4, 1]; the maximum value is 5,

86.

—_—

~

e

-

1.5

0=1+

which occurs at x = —4, and the minimum value is 2,
which occurs at x = —1.

(d) fis continuous on [-4, 4]; the maximum value is 5,
which occurs at x = —4, and the minimum value is 3,

which occurs at x = 0.

H Section 1.3 Twelve Basic Functions
Exploration 1

1
1. The graphs of f(x) = —and f(x) = In x have vertical
X

asymptotes at x = 0.

1
2. The graph of g(x) = — + In x (shown below) does have
X

a vertical asymptote at x = 0.

Section 1.3 Twelve Basic Functions 41

l

[~27.6.7] by [-1.1,5.1]

1
1+e™

1
3. The graphs of f(x) = —, f(x) = e, and f(x) =
X
have horizontal asymptotes at y = 0.

1
4. The graph of g(x) = ” + e* (shown below) does have a

horizontal asymptote at y = 0.

W

[-3,3] by [-5,5]

I

i

h
[-4.7,4.7] by [-3.1,3.1]

1
222 —x  x(2x — 1)
vertical asymptotes at x = 0,but 4(x) = f(x) + g(x)
does not; therefore, it has a removable discontinuity at
x = 0.

1
Both f(x) = < and g(x) = have

Quick Review 1.3
1. 59.34
2.5—-m
3.7—m
4. 3
5.0
6. 1
7.3
8. —15
9. -4

10.

l—ml-mam=@m-1)—-am=a-1-7=-1

Section 1.3 Exercises
Ly=x+ 1;(e)

sy =l =20

3.y = —\Vx ()

4. y = —sin xor y = sin(—x); (a)
5.y =—x ()

6.y = (x—1)%(f)

7.y = int(x + 1); (k)
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8.y

9.y
10. y

11. 2 —

12. y

Chapter 1 Functions and Graphs

-2 h)

= (x +2)%(d)

=e" = 2;(c)
)

= cosx + 1;(b)

13. Exercise 8
14. Exercise 3

15.
16.

Exercises 7,8

Exercise 7 (Remember that a continuous function is one

that is continuous at every point in its domain.)

17.
18.

19. y
20. y

21. y
22. y
23. y

24. y

25. y
26. y
27. y

28. y

29. Domain: (—o0, co)
Range: |

Exercises 2,4, 6,10,11,12
Exercises 3,4, 11, 12

:x,y:x3,y:l,y:sinx
X
3 X _ 1
:x,y:x’,y:\/},y:e,y—lnx,y—1+€7x
—Ry=1,y= |x]
X
= sinx,y = cosx, y = int(x)

1 . 1
ST T T
=x,y=x,y=1Inx

1 1
:;y_SIHXY_COSXY_1+e—x
=x,y=x,y=int(x)

1 .
=x,y=x,y=—y=sinx
X

= sinx, y = cos x
30. Domain: (—o0, c0)
[-5, 0) Range: [0, 00)

A .

T E

31. Domain: (—6, c0)
Range: (-0, c0)

~10, 10] by [~10, 10] [~10, 10] by [~10, 10]

32. Domain: (—o0,0) U (0, oo)
Range: (—o0,3) U (3, 0)

i

— =

|

33. Domain: (—co, co)
Range: All integers

[~10, 10] by [~10, 10] [-5,5] by [-2,8]

34. Domain: (—co, c0)
Range: [0, 00)

35.

36.

37.

\/

| I

[-10, 10] by [-10, 10]

[0,20] by [-5,5]

(@)
(b)

r(x) is increasing on [10, co).

r(x) is neither odd nor even.

[~10, 10] by [~10, 10]

(¢) The one extreme is a minimum value of 0 at x = 10.
(d) r(x) = Vx — 10is the square root function, shifted

10 units right.

[0, 7] by [2,7]

(a) f(x) is increasing on {(2/( _ 1)% (2K + 1)%} and

decreasing on {(2/( + 1)% , (2k + 3)%}, where k is

an even integer.
(b) f(x) is neither odd nor even.

(¢) There are minimum values of 4 at x = (2k — 1)=

2

and maximum values of 6 at x = (2k + 1)% , where k

is an even integer.

(d) f(x) = sin(x) + 5is the sine function, sin (x), shifted

5 units up.

e

[-5, 5] by [-1, 4]
(a) f(x) is increasing on (—o0, c0).
(b) f(x) is neither odd nor even.

(¢) There are no extrema.

) f(x) =

stretched vertically by a factor of 3.

1
is the logistic function,
™ & 1+e
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38.

39.

40.

41.

—_—

|

[~114,74] by [-22,102]

(a) g(x) is increasing on (—00,00).
(b) g(x) is neither odd nor even.
(¢) There are no extrema.

(d) g(x) = €' + 2is the exponental function, ¢*, shifted 2
units up.

[~15,15] by [20, 10]

(a) Ah(x) is increasing on [0, co) and decreasing on (—oo, 0].
(b) h(x) is even, because it is symmetric about the y-axis.

(¢) The one extremum is a minimum value of —10 at
x = 0.

(d) h(x) = |x| — 10 is the absolute value function, |x|,
shifted 10 units down.

[0,7] by [-5, 5]
(a) g(x) isincreasing on [(2k — 1), 2kw] and decreas-
ing on [2kmr, (2k + 1)m], where k is an integer.
(b) g(x) is even, because it is symmetric about the y-axis.

(¢) There are minimum values of —4 at x = (2k — 1)m
and maximum values of 4 at x = 2k, where k is an
integer.

(d) g(x) = 4 cos (x) is the cosine function, cos(x),
stretched vertically by a factor of 4.

-, -~
., -

—

[-2.7,6.7] by [-1.1, 5.1]

(a) s(x) is increasing on [2, co) and decreasing on (—oc, 2].
(b) s(x) is neither odd nor even.
(¢) The one extremum is a minimum value of 0 at x = 2.

(d) s(x) = |x — 2| is the absolute value function, |x|,
shifted 2 units to the right.

Section 1.3 Twelve Basic Functions 43

42,
-
-~ T

[-10, 10] by [-10, 10]

(a) f(x) is increasing on (—oo, 0] and decreasing on [0, co).
(b) f(x) is even, because it is symmetric about the y-axis.
(¢) The one extremum is a maximum value of 5 at x = 0.

(d) f(x) = 5 — abs(x) is the absolute value function,
abs(x), reflected across the x-axis and then shifted 5
units up.

43. The end behavior approaches the horizontal asymptotes
y=2andy= —2.

44. The end behavior approaches the horizontal asymptotes
y=0and y = 3.

45. y

5

11 1 1 | 1 11 | 1 X

There are no points of discontinuity.

46. y

There is a point of discontinuity at x = 0.
47. y

5

11 1 1 | 1 1 1 1 X

There are no points of discontinuity.
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44 Chapter 1 Functions and Graphs

48. y

[N N TN T NP 4SS T N N B W

There is a point of discontinuity at x = 0.
49. y

There are no points of discontinuity.
50. y

5

11 1 1 | 1 11 | 1 X

There are no points of discontinuity.
51 y

There is a point of discontinuity at x = 0.
52. y

5

!

L1 L NA 1y

There are points of discontinuity at x = 2, 3,4,5,....

53. (a) —

[=5.5] by [-5, 5]
This is g(x) = |x

(b) Squaring x and taking the (positive) square root has
the same effect as the absolute value function.

flx) = V2 = VIaP = Ix| = g(x)

54. (a) 'x\\\ [ //,

|

[-5,5] by [-5, 5]
This appears to be f(x) = |x|.
(b) For example, g(1) = 0.99 = f(1) = 1.

55. (a) [ f

1

7

-

[=5,5] by [-5,5]
This is the function f(x) = x.
(b) The fact that Ine® = x shows that the natural

logarithm function takes on arbitrarily large values.
In particular, it takes on the value L when x = er.

56. (@)

1 1 1 1 1 1 1 1 1 1 1 1 1 IX
12345678 91011121314
Weight (ounces)

(b) One possible answer: It is similar because it is a step
function with discontinuities at integer values. It is dif-
ferent because its domain is (0, 13], it has one “step”
that is three times as long as the rest, and it is constant
on intervals of the form (k, k + 1] instead of [k, k + 1),
where k is an integer.

57. The Greatest Integer Function f(x) = int (x)

[-4.7,4.7] by [-3.1, 3.1]
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Domain: (—o0, 00)

Range: all integers

Continuity: There is a discontinuity at each integer
value of x.

Increasing/decreasing behavior: constant on intervals of
the form [k, k + 1), where k is an integer

Symmetry: none

Boundedness: not bounded

Local extrema: Every non-integer is both a local

minimum and local maximum.

Horizontal asymptotes: none

Vertical asymptotes: none

End behavior: int(x) — —ocoasx — —ooand
int(x) = oocasx — oo.

58. False. Because the greatest integer function is not one-to-
one, its inverse relation is not a function.

59

.

True. The asymptotes are x = 0 and x = 1.

5
— <5 —4=4dcosx=4,
1 + e*

and int(x — 2) takes only integer values. The answer is A.

60

b

Because 3 — l7'33',0 <
X

1
——— < 4.The answer is D.
1 + e

By comparison of the graphs, the answer is C.

61.3 <3+

62

63. The answer is E. The others all have either a restricted
domain or intervals where the function is decreasing or
constant.

.

64. (a) Answers will vary.
(b) In this window, it appears that Vx < x < x%

[0, 30] by [0, 20]

(c) /f

.-.___,.-
/?H

[0,2] by [0, 1.5]

(d) On the interval (0, 1), x> < x < V.
On the interval (1,00), Vx < x < x*
All three functions equal 1 when x = 1.

65. (a) A product of two odd functions is even.
(b) A product of two even functions is even.

(¢) A product of an odd function and an even function is
odd.

66. Answers vary.

67. (a) Pepperoni count ought to be proportional to the area

of the pizza, which is proportional to the square of the

radius.

Section 1.4 Building Functions from Functions 45

(b) 12 = k(4)
12 3
“ 16 1 0.75

(¢) Yes,very well.

(d) The fact that the pepperoni count fits the expected
quadratic model so perfectly suggests that the pizzeria
uses such a chart. If repeated observations produced
the same results, there would be little doubt.

68. (a) y=¢"andy = Inx
1
(b)y=xandy = —
X

(¢) With domain [0,00), y = x? becomes the inverse of
y = Vx

1
69. (a) At x = 0,— does not exist, e* = 1,In x is not defined,
X

cos x = 1,and 17 =1.
1+e™
(b) for f(x) = x, f(x + y) = x + y = f(x) + f(y)
(c) for f(x) = €', fxy) = ¥ = e¢” = f(x) - f(¥)
(d) for f(x) = Inx, f(x + y) = In(xy) = In(x) + In(y)
= fx) + f(y)

. 1 .
(e) the odd functions: x, x>, —, sin x
X

M Section 1.4 Building Functions from
Functions

Exploration 1

+3
Iff:2x—3andg=x

+3
fog:2(x )—3=x+3—3=x.

, then

2
Iff=|2x+4|andg=(x_2)2ﬁ,
then fog = ‘2(%) +4‘

=|(x=2)(x +2) + 4| = |2 -4+ 4] =] =%

Iftf = \/;andg = x* thenfog = Vi = |x|. Note, we use
the absolute value of x because g is defined for

—00 < x < oo, while fis defined only for positive values of
x. The absolute value function is always positive.

If f = x’and g = x"% then fo g = (x%0)° = x°.

If f =x —3and g = In(e’x), then fog = In(e’x) — 3 =
In(@) + nx—3=3me+Inx—3=3+Ihx—3=hux

If f=2sinxcosxand g = %,thenfog = 2sin%cos% =

sin(2(%)) = sin x. This is the double angle formula

(see Section 5.4). You can see this graphically.

Flotl Flotz Flots
“W1B2sin(KA 2 cos
(HA2D

\$z=

Y 3=

wNy= \\-_/
“Ne=
NE=

[0, 2] by [-2, 2]
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46 Chapter 1 Functions and Graphs

Iff=1-2x*andg = sin(%),

thenfog =1 — 2(sin2(§)) = cos(2(%)) = COS X.

(The double angle formula for cos 2x is cos 2x = cos> x —
sin?x = (1 — sin®x) — sin?x = 1 — 2 sin® x. See Section
5.4.) This can be seen graphically:

Flotl Flotz Flots
~1EE-20s1inCEA2)

2= ™

W=
“Ny=
WWe=
e

[0, 27] by [-2, 2]

f 8 fog
2x— 3 x_—;—_3 X
|2x + 4| G=2&+2) 2)2(x +2) x>
Vi X ||
JE 06 e
x—3 In(e*x) In x
2 sin x cos x L sin x
2
1 — 247 sin 1) CoS X
2
Quick Review 1.4
1. (—o0, —=3) U (=3, 0) 2. (1, 00)
3. (—o0, 5] 4. (1/2, )
5. [1,00) 6. [—1,1]
7. (—o0, 00) 8. (—o0,0) U (0, 0)
9 (-1,1 10. (—o0, c0)

Section 1.4 Exercises

L(f+ax)=2x—14+x5((f—-g)(x)=2x—1-x%

(fg)(x) = (2x = 1)(x?) = 22 — x%
There are no restrictions on any of the domains, so all

three domains are (—oo, 00).
2. (f+9)x)=(x—1)P>*+3—-x=

X=2x+1+3—x=x>-3x+ 4

(F = §)(x)= (x = 1P -3+ x=
X=2x+1-3+x=x>—x—-2;
(fg)(x) =

=3 - X —6x+2x*+3— x
=—x>+ 5x* - 7x + 3.
There are no restrictions on any of the domains, so all
three domains are (—oo, 00).

(x— 1B —-x)=(x*—-2x+1)3 - x)

3.

te

(f + g)(x) = Vx + sinx; (f — g)(x) = Vx — sinx;
(fg)(x) = Vxsin x.

Domain in each case is [0, c0). For Vx, x = 0. For sin x,
—oo < x < oo

(f + g)(x) = Vx + 5+ |x +3;

(f - &)(x) = VA5~ lx + 3]

(fg)(x) = Vx + 5lx + 3.

All three expressions contain Vx + 5,50 x + 5= 0
and x = —5; all three domains are [—5, 00).

For |x + 3|,—00 < x < 0.

(/g = L5

so the domain is [—3, 0) U (0, c0).

cx+3=0andx # 0,

;x + 3 = 0, so the domain is (—3, 00).

x2
(/N = =5
(1/8)0) = = = \[igi x ~ 2= 0 and

x +4>0,50x = 2and x > —4; the domain is [2, c0).

(¢/f)(x) = YEFA _ [XH4 420 and

Viz Vx-2’
x —2>0,50x = —4and x > 2; the domain is (2, c0).
2
X
(f/g)(x) = —=———=.The denominator cannot be zero
V1-—x

— 2
and the term under the square root must be positive, so
1 — x*> > 0. Therefore, x> < 1, which means that
—1 < x < 1. The domain is (—1, 1).

Vi1 — x?
(g/f)(x) = ————The term under the square root

X

must be nonnegative,so 1 — x> = 0 (or x> < 1). The
denominator cannot be zero, so x # 0. Therefore,
—1=x<0or0 < x =1.The domainis [—1,0) U (0, 1].

x3

(f/8)(x) = —F/—

V11— X3
1 — x> # 0 and x> # 1. This means that x # 1. There are
no restrictions on x in the numerator. The domain is

(=o0,1) U (1, 00).

V11—
(8/)(x) =~

x> # 0 and x # 0. There are no restrictions on x in the
numerator. The domain is (—o0, 0) U (0, 00).

|\ lrlll {? 10. Jlrl. ,."'

VS . 4
L -, P

. The denominator cannot be 0, so

. The denominator cannot be 0, so

[0,5] by [0,5]
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11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

(F=8)(3) = [(g(3) = F4) = 5,
(82 £)(2) = g(f(=2)) = g(-7) = =6
(F=8)(3) = 1(&3) = 1G) = 8
(82£)(2) = g(f(=2)) = g(3) = 3
(Fo8)() = f(6(3) = FOV3+ 1)
- f@)=2+4=5
(82 £)(2) = 8(f(=2)) = (=2 + 4)
= g(8) 8+1=3
(F=8)3) = f(8(3) = fO = #) = f(0) = = = 0;

_2)
2 +1

9-22=5

(g f)(=2) = g(f(=2)) = g(
=g(2) =

flgx))=3(x—-1)+2=3x—-3+2=3x—-1.

Because both f and g have domain (—o0, 00), the domain

of f(g(x)) is (—o0,0).

g(f(x)) = (3x + 2) — 1 = 3x + 1; again, the domain is

(—00,0).

flgx)) = (L)z -1= . 1. The domain
§ x =1 (x — 1) '

of gis x # 1, while the domain of f is (—o0, 00), so the
domain of f(g(x))isx # 1,0r (—oo, 1) U (1, 00).

1 1
g(f(x))_ (xz_l)_l _x2_2'
The domain of f is (—oo, 00), while the domain of g is
(=00, 1) U (1,00),s0 g(f(x)) requires that f(x) # 1. This
means x> — 1 # 1, or x> # 2, so the domain of g(f(x)) is
x # £V2,0r (—oo, =V2) U (-V2,V2) U (V2, ).

flg(x)=(Vx+1)? —2=x+1-2=x— 1.The
domain of g is x = —1, while the domain of f is (-0, c0),
so the domain of f(g(x))isx = —1,or [-1, c0).

g(f(x)) = V(x> = 2) + 1 = Vx? — 1.The domain of f
is (—00,00), while the domain of g is [-1, 00), so g(f(x))
requires that f(x) = —1.

This means x> — 2 = —1, or x> = 1, which means

x = —1 or x = 1.Therefore the domain of g(f(x)) is
(=00, =1] U [1, 00).

1
flg(x)) = ﬁ."[he domain of g is x = 0, while the

domain of fis (—o0,1) U (1,00), so f(g(x)) requires that
x = 0and g(x) # 1,orx = 0,and x # 1. The domain of

f(8(x))is [0,1) U (1, 00).

1 1
g(f(x))_ x_l_\/m'
x # 1, while the domain of g is [0, o), s0 g(f(x))
requires that x # 1 and f(x) = 0,or x # 1 and

1 = (). The latter occurs if x — 1 = 0, so the
X —

domain of g(f(x)) is (1, 00).

flg(x)) = F(V1 = &%) = (V1 - x)?
the domain is [-1, 1].

g(f(x) = g(x) = V1 - (¥ = V1 - 2%
the domain is [-1, 1].

Flg(x)) = f(V1 = &) = (V1 - &)

(—o0, oo).

Il
—
I
=

Il
—
I
=

the domain is

21.

22.

23.
24.
25.
26.
27.
28.
29.
30.

31.

32.

33.

34.

Section 1.4 Building Functions from Functions 47

g(f(x)) = g(x*) = V1 - () = V1 -
the domain is (—00, 00).

L 1 1 3x
) = () = 5~ 5~

the domain is (—00,0) U (0, o).

1 1 1 2x
8(f(x)) = g(ﬁ) T 3(12x)  32x 3
the domain is (—00,0) U (0, o).

f(g(x)) = f( !

i
x—1 1/(x = 1)) +1
1 1 x—1

I+ (x—1)/(x—1) -

Cox/(x—-1) x :
the domain is all reals except 0 and 1.

1 1
o = o 15) < Gy
1 _ 1 _x+1
1+ @x-1)/(x+1) x/(x+1) x ~
the domain is all reals except —1 and 0.
Vxand g(x) = x* — 5x.

(x + 1)?and g(x) = x.

One possibility: f(x) =
One possibility: f(x
One possibility: £(x) = |x| and g(x) = 3x — 2.

One possibility: f(x) = 1/xand g(x) = x* — 5x + 3.

x>+ 2and g(x) = x — 3.

One possibility: f(x e* and g(x) = sin x.

Ve

One possibility: f(x) = x> + 1 and g(x) = tan x.

(x) =
(x)
(x)
One possibility: f(x)
(x)
One possibility: f(x) = cos x and g(x) =
(x)

4 4
r =48 + 0.03tin.,soV = 57773 = g77(48 + 0.031)%

when r = 300,
4
V= gﬂ-(48 + 9)% = 246,9247 ~ 775,734.6 in’.

The original diameter of each snowball is 4 in, so
the original radius is 2 in. and the original volume

4
V = 57773 ~ 33.5in>. The new volume is V = 33.5 — 1,

where ¢ is the number of 40-day periods. At the end
of 360 days, the new volume is V' = 33.5 — 9 = 24.5.

4 3V
Since V = —7r, we know that r = \3/: ~ 1.8 in.
3 dar

The diameter, then, is 2 times r, or = 3.6 in.

The initial area is (5)(7) = 35 km?. The new length and
widthare/ = 5+ 2tandw = 7 + 2t,s0 A = [w =
(5 + 26)(7 + 2¢).Solve (7 + 2t)(5 + 2t) = 175

(5 times its original size), either graphically or
algebraically: the positive solution is t =~ 3.63 sec.

The initial volume is (5)(7)(3) = 105 cm®. The new
length, width, and heightare/ = 5 + 2t,w = 7 + 2t,
and & = 3 + 2t,s0 the new volume is V =

(5 + 26)(7 + 2t)(3 + 2t). Solve graphically

(5 + 26)(7 + 26)(3 + 2t) = 525 (5 times the
original volume): t =~ 1.62 sec.
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48 Chapter 1 Functions and Graphs

35.31) + 4(1) =3+ 4=T7#5 _L_ L
34)+ 4(-2) - 12— 8= d =5 Tl T o2 T x°. The domain is x # 0.
33) + 4(-1)=9— 4= 2
The answer is (3, —1). It 5 1 and 1L th

=x*—2x+ =x+

36. (512 + (12 =25+ 1= 26 %25 f(x) = = 2x + Land g(x) = & + 1, then
(3)2+ (4)2: 94+ 16 = 25 ( (x)) (x+1) (x+1) —2(x+1) +1=
(0> + (=5 =0+ 25=25 ((x + 1) — 1)? = x*. The domain is(— o0, o0).
The answer is (3,4) and (0, —5). It £(x) (x 2 4 g(x) 1 h

X) = an X) = , then

37. =25 - X%,y = \/25—x2andy=— 25 — x2 X & x—12

38. ) =25—x,y=V25—xandy = —-V25 — x x—1+1

39. 2= x> =25,y = Vx> —25andy = —Vx? - 25 f(x ) 1 =

40. y> = 3x> — 25,y = V3x* —25and y = —V3x?> — 25 x—1

4l x+|y=1=]y=—x+1=y=—-x+1lor 1+x—-1
y=—(—x+1).y=1—-xandy=x—1 x—l

= x~.The d # 1.
2.x-|y=1=y=x-1=y=x—1or x*. The domain is x

y=—-(x—-1)=-x+1lLy=x—-landy=1—-x

43. y’ =x’=y=xandy= —xory = |x|and y = —|x]

44. y2:x:>y=\/)_(andy: —\/;

45. False. If g(x) = 0, then (g)(x) is not defined and 0 is

& 21nx (0, )
(3 + 2)? Vx—2 [2, ©)

(@ —2) V2 —x (=00, 2]

not in the domain of (g)(x), even though 0 may be in
the domains of both f(x) and g(x).

46. False. For a number to be in the domain of (fg)(x), it 1 x+ 1 X0
must be in the domains of both f(x) and g(x), so that =1 X
f(x) and g(x) are both defined. =2+ 1 x+1 (—00, o0
47. Composition of functions isn’t necessarily commutative. Y 1
The answer is C. <T) — x# 1

48. g(x) = V4 — x cannot equal zero and the term under
the square root must be positive, so x can be any real
number less than 4. The answer is A.

49. (fof)(x) _ f(xz + 1) — (x2 + 1)2 + 1= 52. (a) (fg)(x) =x'-1= (x + 1)()( - 1)

(2 — = _
(x* + 2x* + 1) + 1 = x* + 2x* + 2. The answer is E. Fx)(x* = 1), s0g(x) = x* = 1.
50. y=|x|=y=x,y=—-xy=—x=x=—-y;x=—yor ) (f +g)(x) =37=37— (¥ +1) =2~ 1=
x = y= x?> = y?. The answer is B. g(x).
51. Iff(x) = ¢* and g(x) =2Inx, thenf(g(x)) = f(2 In x) (c) (f/g)(x) - 1=>f(x) - g(x). So g(x) = x2 + 1.

= 2"¥ = (¢"*)2 = x2 The domain is (0, ).
) f(g(x)) =9x*+ land f(x) = x> + L.If g(x) =

If f(x) = (x* + 2)*and g(x) = \/x — 2, then 3x2, then f(g(x)) = f(3x2) = (3x2)2 + 1 = 9x* + 1.
fex) = fF(Vx =2) = (Vx =2)* +2)* = () g(f(x)) = 9x* + 1and f(x) = x> + 1. Then
(x — 2 + 2)? = x>. The domain is [2, 00). g2+ 1) =0 +1=9((2+1)— 1) +1,
If f(x) = (x> — 2)?and g(x) = \/2 — x, then 0 g(x) =9(x — 1 + L
fgx)) = f(V2—x)=((\V2 - x)2-2)?*= 53.@ (f + g)(x) = (g + f)x) = fx)if g(x) = 0.
(2 — x — 2)> = x The domain is (—00, 2]. b) (fg)(x) = (gf)(x) = f(x)if g(x) = L

ey L © (fo8)(x) = (g°/)(x) = f(x)if g(x) = x.
) (x = 1) and 5(x) x then 54. Yes, by definition, function composition is associative.

x+1 1 Thatis, (f o (g o h))(x) = f(g(h))(x) and
gt = () - ;- (7 8) = m(x) = F{8m)(x).
(5+-1)
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55. y> + x*y — 5 = 0. Using the quadratic formula,

—x* + V() — 4(1)(-5)
e 2
-2+ Vx*+20
2
-2+ VX +20
-2 = Vx*+20
and y, = S
I

A

[-9.4,94] by [6.2,62]

H Section 1.5 Parametric Relations
and Inverses

Exploration 1
1. T starts at —4, at the point (8, —3). It stops at T = 2, at
the point (8, 3). 61 points are computed.

2. The graph is smoother because the plotted points are
closer together.

@

The graph is less smooth because the plotted points are
further apart. In CONNECT mode, they are connected by
straight lines.

te

The smaller the Tstep, the slower the graphing proceeds.
This is because the calculator has to compute more X
and Y values.

5. The grapher skips directly from the point (0, —1) to the
point (0, 1), corresponding to the T-values T = —2 and
T = 0.The two points are connected by a straight line,
hidden by the Y-axis.

6. With the Tmin set at —1, the grapher begins at the point
(=1, 0), missing the bottom of the curve entirely.

N

Leave everything else the same, but change Tmin back to
—4 and Tmax to —1.

Quick Review 1.5

x+6 1
L3y=x+6 = =—x+2
y=x ,SO Yy 3 3X
2.05y=x—-1 - — =2x —2
. 0.5y = x ,S0y = 05

3.’=x—-4s0y=+Vx — 4
4. ) =x+ 6,s0y= +tVx +6

5.x(y + 3) =
xy+3x =y—2

y—2

xy—y=-3x—-2

Section 1.5 Parametric Relations and Inverses

y(x—=1) = =(3x + 2)
3x +2 3x+2
y:_x—l N
6. x(y +2)=3y—-1
xy + 2x =3y — 1
xy — 3y = 2x — 1
yx=3)=—-2x + 1)
2x+1 2x+1
 x-3 3-x
7. x(y—4) =2y + 1
xy —4x =2y + 1
xy — 2y =4x + 1

1—x

y

y(x—=2) =4+ 1
o 4x+1

- x—2

8 x(3y—1)=4y+3
3xy —x =4y + 3
3xy —4y = x+ 3
yB3x —4) =x+3
_x+3

YT 3x—4

9. x=Vy+3,y=-3[and x = 0]
¥*=y+3,y=-3andx =0
y=x*—3,y=-3,andx = 0

10. x =Vy -2,y =2[and x = 0]
¥=y-2y=2andx =0
y=x*+2,y=2andx =0

Section 1.5 Exercises

1L x =3(2) =6,y =22 + 5 = 9. The answer is (6, 9).
2.x=5(-2) —7=—17,y = 17 — 3(=2) = 23. The
answer is (—17, 23).
3. x=3—-4(3) =15y = V3 + 1 = 2. The answer is
(15,2).
1

1
4. x=|-8+3=5y=—=—.
x = | y=Tg= g

1
The answer is (5, —g)

5. (a) t |(x,y)= (2t,3t = 1)
-3 (—6,—10)
) (—4,-7)
1 (—2,-4)
0 0,-1)
1 (2,2)
2 (4,3)
3 (6,8)

49

(b) = %, y = 3(%) — 1= 1.5x — 1.This is a function.
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(c) 7 (b) t = x%, y = 2x* — 5.This is a function.
, / (©)
. -/
¥
/ t /
[-5,5] by [-3,3]
6. (a) t{(x,y)=(t+ 1,2 — 2) [-2, 4] by [-6, 4]
-3 (=2,15) 9. (a) By the vertical line test, the relation is not a function.
—2 (-1.8) (b) By the horizontal line test, the relation’s inverse is a
-1 (0,3) function.
0 (1,0) 10. (a) By the vertical line test, the relation is a function.
1 2,-1) (b) By the horizontal line test, the relation’s inverse is not
’ a function.
2 (3.0) 11. (a) By the vertical line test, the relation is a function.
3 (4,3) (b) By the horizontal line test, the relation’s inverse is a
b= x—1y=(x=17=2x-1) function. . |
= 2x+1—-2x+2 12. (a) By the vertical line test, the relation is not a function.
=2 — 4x + 3 (b) By the horizontal line test, the relation’s inverse is a
This is a function. function.
© [ 7 13.y=3x -6= x=3y—-6
" .-""II 3y=x+6
x+6 1
N /rf“ FHR) =y =5 = gx + 2(-000)
4.y =2x + 5= x=2y+5
[-1, 5] by [-2, 6] 2y=x-15
1 _ o x=5_1 B 5
7.0 |t |(x,y)= (Ar—2) ) =y=—7F—=5x—%
=3 (9,-5) (=00, )
-2 4,—4 2x — 3 2y — 3
@ —4) 5. y="—"5 x="2
-1 (1,-3) x + 1 y+1
0 (0,—2) x(y+1)=2y-3
1 (1,-1) xy +x=2y -3
) (4,0) xy —2y=-x—-3
3 9,1 y(x =2)=—(x +3)
_ x+3 x+3
=y = =
()t = y+2,x = (y + 2)%This is not a function. x—2 2-x
(c) (_007 2) U (2700)
- +3 +3
— 6.y = ——= x=2
4 x—2 y—2
"“-\.._H_\_
—_— x(y—=2)=y+3
—-2x=y+3
[-1, 5] by [-5, 1] Xy X =Yy
xy —y=2x+3
8. (a) t(xy) = (\/_t,2t—5) yx—1)=2x+3
-3 V=3 not defined 2
1 o 2x+3
-2 V=2 not defined ) =y= T -1
—1| V—1notdefined x#1or (—oo, 1)U (1, 00)
0 (0,-5) 17.y=Vx -3, x=3,y=0=
1 (1,-3) x=Vy -3, x=0,y=3
2
2 (V2,-1) xil y—3, X x=0,y=3
f(x)=y=x"+3, x=0or[0,00)
3 (V3,1)
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18.y=Vx+2,x=-2y=0=
x=Vy+2, x=0y=-2
X=y+2, x=0,y=-2
Flx)y=y=x*-2, x=0,or[0,00)
19.y == x=y
Fx) =y = Vi (- 00,00)
20.y=Viis=  x=Vyis
=y +5
2—5=°
fi(x) =y = V& = 5[0,00)

21.y=\/3x+5=> x=\/3y+5

22.y=\/3x—2=> x=\/3y—2

23. One-to-one

w
T T T T 1T

11 1 1 11 1 1 1 X

24. Not one-to-one
25. One-to-one

7

26. Not one-to-one

27.f(g(x))=3{%(x+2)} —2=x+2-2=x

8(() = 3[6x = 2) + 2] = 36%) = x

2. f((x)) = 7l(4x = 3) + 3] = 3(4x) = x

UG FERE IR R

29. flgxN) =[x —DPP+1=x-1'+1
=x—1+1=ux

g(f(x)) = [(+

Section 1.5 Parametric Relations and Inverses 51

! +1
x—1 1
31 f(g(x)) = 1 =(@x-Dl—=+1
x—1
x—1
=l+x—-1=ux
1 X
g(f(x))_x-i-l_l_ x-i-l_1 x
X X
- _X_
x+1-x 1 7
2x+13+3 2x+13+3 )
X — X — X —
2. = = .
32 f(800) = 233 2x + 3 (x—l)
-2 -2
x—1 x—1
2x +3+3(x —1) 5y
= =2y
2x +3 = 2(x — 1) 5
x+3
(223 45
(f(x))=L
§ x-i-3'_1
x—2
x+3
2 +3
. (x—2) x—2
x+3 x—2
-1
x—2
2(x +3) +3(x —2) 5y
= =—=x
x+3—(x—2) 5
33. (a) y = (0.76)(100) = 76 euros
25
(b) x = ﬁ = o This converts euros (x) to dollars (y).
48
= —— = $63.16
©x =576 =3
34. (a) 9c(x) = 5(x — 32)
gc(x)=x—32

9

gc(x) +32=x

In this case, c(x) becomes x, and x becomes ¢ !(x) for
the inverse. So, ¢ '(x) = gx + 32.This converts

Celsius temperature to Fahrenheit temperature.

) (koc)(x) = k(c(x)) = k(% (x - 32))

5 5
g(x — 32) + 27316 = 9 + 255.38. This is used to

convert Fahrenheit temperature to Kelvin temperature.
35. y = e“and y = In x are inverses. If we restrict the domain
of the function y = x” to the interval [0, c0), then the
restricted function and y = \/; are inverses.
36. y = xand y = 1/x are their own inverses.
37. y = |«
38. y=x
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39. True. All the ordered pairs swap domain and range values.
40. True.This is a parametrization of the line y = 2x + 1.

41. The inverse of the relation given by x*y + 5y = 9 is the
relation given by y*x + 5x = 9.

(122) + 52)=2 + 10 = 12#9
(12(=2) + 5(-2)= -2 — 10 = =12 # 9
(22(-1) + 5(-1)= -4 — 5= -9%#9
(-12@2) + 52)=2 + 10 = 12#9
(—=2)%(1) + 5(1) =4 + 5=9

The answer is E.

The inverse of the relation given by xy* — 3x = 12 is the
relation given by yx* — 3y = 12.

4H(0)?2 - 3(-4) =0+ 12=12

(42 —3(1)=16 — 3 = 13 # 12

(3% - 32)=18 —6=12

)(2)2 — 3(12) = 48 —36 =12

(1)2 3(-6) = -6 +18=12

The answer is B.
f(x)=3x—-2
y=3x—2
The inverse relation is
x=3y—2
x+ 2=3y
x+2

; 2
1 X +
Fiw) =5

The answer is C.

4. f(x)=x + 1

y = X+ 1

The inverse relation is
x=y+1

3

42

.

(-

(1)
(2)
(12)(
(—6)

43,

b

x—1=y

3x—1=y

i x) = Vx - 1.
The answer is A.
Answers may vary.
(a) If the graph of f is unbroken, its reflection in the line
y = x will be also.
(b) Both f and its inverse must be one-to-one in order to
be inverse functions.
(¢) Since f is odd, (—x, —y) is on the graph whenever
(x, y) is. This implies that (—y, —x) is on the graph of
f ! whenever (x, y) is. That implies that f~! is odd.
(d) Let y = f(x). Since the ratio of Ay to Ax is positive,
the ratio of Ax to Ay is positive. Any ratio of Ay
to Ax on the graph of ™! is the same as some ratio
of Ax to Ay on the graph of f, hence positive. This
implies that £~ ! is increasing.
46. Answers may vary.
(a) f(x) = e"has a horizontal asymptote;
£ %(x) = In x does not.
(b) f(x) = €* has domain (— o0, )
£ %(x) = In x does not.

45

b

(o) f ( ) = e* has a graph that is bounded below;
£ 1(x) = In x does not.

x? =25
@) f(x) =
x = 5 because its graph is the line y = x + 5 with the

5 has a removable discontinuity at

point (5, 10) removed. The inverse function is the line
y = x — 5 with the point (10, 5) removed. This func-
tion has a removable discontinuity, but not at x = 5.
97 —70 27 Lo
47. (a) Ar 88— 36 0.75, which gives us the slope
of the equation. To find the rest of the equation,
we use one of the initial points
y — 70 = 0.75(x — 52)
y =0.75x — 39 + 70
y = 0.75x + 31.

(b) To find the inverse, we substitute y for x and x for y,
and then solve for y:

x = 0.75y + 31
x — 31 =0.75y
4
y = g(x - 31).

The inverse function converts scaled scores to raw scores.
48. The function must be increasing so that the order of the
students’ grades, top to bottom, will remain the same after
scaling as it is before scaling. A student with a raw score
of 136 gets dropped to 133, but that will still be higher
than the scaled score for a student with 134.
49. (a) It does not clear the fence.

[0,350] by [0, 300]
(b) It still does not clear the fence.

—

[0,350] by [0, 300]

(¢) Optimal angle is 45°. It clears the fence.

[0,350] by [0, 300]

31~7 17
50. (a) x= (5 (y — 65)) +1
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-7 = (3o -e)
30

W(x—1)1'7=y—65
30
y=?(x—1)1‘7+65

This can be use to convert GPA’s to percentage grades.
(b) Yes; x is restricted to the domain [1, 4.28].

©) [ -
: 7
: 7

ff

-~

~

e

[65,100] by [65, 100]
The composition function of (y © y™!)(x)is y = x, so
they are inverses.

51. When k = 1, the scaling function is linear. Opinions will
vary as to which is the best value of k.

M Section 1.6 Graphical Transformations

Exploration 1

[-5,5] by [-5,15]
They raise or lower the parabola along the y-axis.

[\
I

[-5,5] by [-5,15]
They move the parabola left or right along the x-axis.

%ﬁ _F:::F’::: &:‘r'{:ﬂf;
e | [ e
]

[-5,5] by [-5,15]

Section 1.6 Graphical Transformations 53

e
% O
=

[-3.7.5.7] by [-1.1,5.1]

[=5,5] by [-5,15]
Yes

Exploration 2

T

N

Graph C. Points with positive y-coordinates remain
unchanged, while points with negative y-coordinates are
reflected across the x-axis.

T

L/

Graph A. Points with positive x-coordinates remain
unchanged. Since the new function is even, the graph for
negative x-values will be a reflection of the graph for
positive x-values.

N
[T

Graph F. The graph will be a reflection across the x-axis
of graph C.

T

L/

Graph D. The points with negative y-coordinates in graph
A are reflected across the x-axis.

Exploration 3
1.

[~4.7,47] by [-1.1,5.1]
The 1.5 and the 2 stretch the graph vertically; the 0.5 and
the 0.25 shrink the graph vertically.

Copyright © 2019 Pearson Education, Inc.



54 Chapter 1 Functions and Graphs

2.

i | ™y
[—4.7, 4.7] by [—1.1, 5.1]

The 1.5 and the 2 shrink the graph horizontally; the 0.5
and the 0.25 stretch the graph horizontally.

Quick Review 1.6

L (x+ 1)
2. (x — 3)?
3 (x + 6)?
4. (2x + 1)?
5 (x — 5/2)?
6. (2x — 5)°

7.x> —4x+4+3x—6+4=x>—x+2

82X+ 6x+9)—5x—15-2=
22+ 12x + 18 — 5x — 17 =22+ Tx + 1

9. (¥ -3 +3x—1)+3(x*—2x+1)—3x+3
=x -3 +2+3x-6x+3=x*—-6x+5

10. 2(F* + 32 + 3x + 1) — 6(x* + 2x + 1) +
6x+6—2=2x4+ 6x>+ 6x + 2 — 6x> — 12x
-6+ 6x+6—2=2x

Section 1.6 Exercises
1. Vertical translation down 3 units.

2. Vertical translation up 5.2 units.

3. Horizontal translation left 4 units.

4. Horizontal translation right 3 units.

5. Horizontal translation to the right 100 units.
6. Vertical translation down 100 units.

7. Horizontal translation to the right 1 unit, and vertical
translation up 3 units.

8. Horizontal translation to the left 50 units and vertical
translation down 279 units.

9. Reflection across x-axis.
10. Horizontal translation right 5 units.

11. Reflection across y-axis.

12. This can be written as y=V—(x —3) or y=V—x + 3.

The first of these can be interpreted as reflection across

the y-axis followed by a horizontal translation to the

right 3 units. The second may be viewed as a horizontal

translation left 3 units followed by a reflection across

the y-axis. Note that when combining horizontal changes

(horizontal translations and reflections across the y-

axis), the order is “backwards” from what one may first
expect: With y = V—(x — 3), although we first subtract

3 from x then negate, the order of transformations is

reflect then translate. With y = V—x + 3, although we

negate x then add 3, the order of transformations is
translate then reflect.

For #13-20, recognize y = ¢ * x> (¢ > 0) as a vertical stretch
(if ¢ > 1) or shrink (if 0 < ¢ < 1) of factor c,and y = (c - x)*
as a horizontal shrink (if ¢ > 1) or stretch (if 0 < ¢ < 1)

of factor 1/c. Note also that y = (¢ + x)* = ¢’x°, so that for this
function, any horizontal stretch/shrink can be interpreted as an
equivalent vertical shrink/stretch (and vice versa).

13. Vertically stretch by 2.

14. Horizontally shrink by 1/2, or vertically stretch by 2° = 8.

15. Horizontally stretch by 1/0.2 = 5, or vertically shrink by
0.2*> = 0.008.

16. Vertically shrink by 0.3.

17. g(x) = Vx — 6 + 2 = f(x — 6); starting with f,
translate right 6 units to get g.

18. g(x) = —(x + 4 — 1)> = —f(x + 4);starting with f,
translate left 4 units, and reflect across the x-axis to get g.

19. g(x) = —(x + 4 — 2)® = —f(x + 4);starting with f,
translate left 4 units, and reflect across the x-axis to get g.

20. g(x) = 2|2x| = 2f(x); starting with f, vertically stretch

by 2 to get g.
21. y
10
f
-2
22. y
10
g r h
7’} 1 1 1 1 1 0 1 é X
[t
23. y
3
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24.

25.
26.

27.

28.

29.

30.

31.

32.

33.

34.

10

h

= i 5

/ a
—l():

Since the graph is translated left 5 units, f(x) = Vx + 5.

The graph is reflected across the y-axis and translated
right 3 units. y = V/—x would be reflected across the
y-axis; the horizontal translation gives

f(x) = V—=(x —3) = V3 - x.

See also Exercise 12 in this section, and note accompany-
ing that solution.

The graph is reflected across the x-axis, translated left

2 units, and translated up 3 units. y = —V/x would be
reflected across the x-axis, y = —Vx + 2 adds the
horizontal translation, and finally, the vertical translation

gives f(x) = —-Vx+2+3=3—- Vx +2.

The graph is vertically stretched by 2, translated left

5 units, and translated down 3 units. y = 2V/x would be

vertically stretched, y = 2Vx + 5 adds the horizontal

translation, and finally, the vertical translation gives

f(x)=2Vx +5-3.

@y=—f(x)=—(¥—5*—-3x+2)
=—x+ 524+ 3x -2

) y = f(-x) = (=x)* = 5(=x)* = 3(-=x) + 2
=—xX =524+ 3x+2

@y=—-fx)=-2Vx+3—-4)=-2Vx+3+4

by y=f(-x)=2V=xF3-4 =2VF-x—4

(@ y = —f(x) = ~(V8x) = 2Vx

) y = f(-x) = V8(—x) = V—8x = —2V/x

@ y = —f(x) = =3x + 5|

) y = f(=x) =3]=x + 5| = 35 — «]

Let fbe an odd function; that is, f(—x) = —f(x) for all
x in the domain of f. To reflect the graph of y = f(x)

across the y-axis, we make the transformation y = f(—x).

But f(—x) = —f(x) for all x in the domain of f; so this
transformation results in y = —f(x). That is exactly the
translation that reflects the graph of f across the x-axis, so
the two reflections yield the same graph.

Let f be an odd function; that is, f(—x) = —f(x) for all
x in the domain of f. To reflect the graph of y = f(x)

across the y-axis, we make the transformation y = f(—x).

Then, reflecting across the x-axis yields y = —f(—x). But
f(=x) = —f(x) for all x in the domain of f, so we have
y = —f(=x) = —[—f(x)] = f(x);that is, the original
function.

35.

36.

38.

39.

40.

41.

42.

43.

44.

45.

Section 1.6 Graphical Transformations 55

(@ y, =2y = 2(x* — 4x) = 2x° — 8x

(b) y, = f(?) = f(3x) = (3x)® — 4(3x) = 27x° — 12x
3

(@) y, =2y = 2|x + 2

(b) y, = f(3x) = [3x + 2|

@y =2y=2(x*+x—-2)=2x+2x— 4
)y, = f3x) = Bx)*+3x —2=9x"+ 3x — 2
1 2
(a)y1—2y—2(x+2)—x+2

1
= f(3x) =
(b) y, = f(3x) EPR

Starting with y = x?, translate right 3 units, vertically
stretch by 2, and translate down 4 units.

Starting with y = V/x, translate left 1 unit, vertically
stretch by 3, and reflect across x-axis.

1
Starting with y = x% horizontally shrink by 3 and

translate down 4 units.
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46. Starting with y = |x|, translate left 4 units, vertically
stretch by 2, reflect across x-axis, and translate up 1 unit.

47. First stretch (multiply right side by 3): y = 3x%, then

translate (replace x with x — 4):y = 3(x — 4)%

B

48. First translate (replace x with x — 4):y = (x — 4) then

stretch (multiply right side by 3):y = 3(x — 4)%

&

49. First translate left (replace x with x + 2):y = |x + 2|,
then stretch (multiply right side by 2): y = 2|x + 2|,
then translate down (subtract 4 from the right side):
y=2|x + 2| - 4

First translate left (replace x with x + 2):y = |x + 2|,
then shrink (replace x with 2x): y = [2x + 2|,

then translate down (subtract 4 from the right side):

y = |2x + 2| — 4.This can be simplified to

y=Rx+ 1) —-4=2x+ 1 — 4

To make the sketches for #51-54, it is useful to apply the
described transformations to several selected points on the
graph. The original graph here has vertices (—2, —4), (0, 0),
(2,2),and (4, 0);in the solutions below, the images of these
four points are listed.

B

50

b

51. Translate left 1 unit, then vertically stretch by 3, and
finally translate up 2 units. The four vertices are
transformed to (=3, —10), (=1, 2), (1, 8),and (3, 2).

52. Translate left 1 unit, then reflect across the x-axis, and
finally translate up 1 unit. The four vertices are trans-
formed to (=3, 5), (—=1,1), (1,—1), and (3, 1).

y

e

-5

-4

F3

2

=

1
-5 1

SN

N
-

-3

1
53. Horizontally shrink by > The four vertices are
transformed to (—1, —4), (0, 0), (1,2), (2,0).

N TN N TN N /% . "I |
5 X

54. Translate right 1 unit, then vertically stretch by 2, and
finally translate up 2 units. The four vertices are trans-
formed to (-1, —6), (1, 2), (3, 6), and (5, 2).

55. Reflections have more effect on points that are farther
away from the line of reflection. Translations affect the
distance of points from the axes, and hence change the
effect of the reflections.

56. The x-intercepts are the values at which the function equals
zero. The stretching (or shrinking) factors have no effect on
the number zero, so those y-coordinates do not change.

57. First vertically stretch by %’ then translate up 32 units.

58. Solve for C: F = %C + 32,s0C = %(F - 32) =

5 160 5
§F i First vertically shrink by > then translate

160 — .
down T = 17.7 units.

59. False. y = f(x + 3)is y = f(x) translated 3 units to the
left.

60. True. y = f(x)— crepresents a translation down by
¢ units. (The translation is up when ¢ < 0.)

61. To vertically stretch y = f(x) by a factor of 3, multiply
the f(x) by 3. The answer is C.

62. To translate y = f(x) 4 units to the right, subtract 4 from
x inside the f(x). The answer is D.

63. To translate y = f(x) 2 units up, add 2 to f(x):
y = f(x)+ 2.To reflect the result across the y-axis,
replace x with —x. The answer is A.

64. To reflect y = f(x) across the x-axis, multiply f(x) by
—1:y = —f(x).To shrink the result horizontally by a

1
factor of > replace x with 2x. The answer is E.
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65. (a)

"-.V.-" H."HII ; I

IIH'A"-‘"F

[—1,13] by [30,55]
(b) Change the y-value by multiplying by the conversion
rate from dollars to yen, a number that changes

according to international market conditions. This
results in a vertical stretch by the conversion rate.

66. Apply the same transformation to the Ymin, Ymax, and
Yscl as you apply to transform the function.

67. (a) The original graph is on the left; the graph of

y = |f(x)| is on the right.
\pr\f

A |
[—5, 5] by [~10, 10]

(b) The original graph is on the left; the graph of
y = f(]x]) is on the right.

A
|

[—5., 5] by [~10, 10]
Y

|~

[

[-5,5] by [—10, 10]
(o) y

[—5, 5] by [~10, 10]

(d) y

Section 1.7 Modeling with Functions

68. (a)

[~4.7,47] b

y [-3.1,3.1]

(b)

s “ﬁ.l
h.f

y [-3.1,3.1]

(©) 1

y [-3.1,3.1]

(d)

[~4.7,47] by [-3.1,31]

= 2cost

= sint

= 3cost

= 3sint

= 4 cost

= 2sint

M Section 1.7 Modeling with Functions

Exploration 1

N

n=3;,d=0

N
Y

n=>5;d=

Copyright © 2019 Pearson Education, Inc.
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n=4; d=2

n=6;, d=9

57
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EXYPY
N
n=9; d=27 n=10; d=35

[3.11] by [0, 40]
3. quadratic, cubic, and quartic

4. The best-fit curve is quadratic: y = 0.5x> — 1.5x.The
cubic and quartic regressions give this same curve.

5. Since the quadratic curve fits the points perfectly, there is
nothing to be gained by adding a cubic term or a quartic
term. The coefficients of these terms in the regressions
are zero.

6.y = 05x> — 1.5x. At x = 128,
y = 05(128)% — 1.5(128) = 8000
Quick Review 1.7
1. h = 2(A/b)
2. h = 24/(b, + by)
3. h=V/(mr?)
4. h = 3V /(mr?)

3V
S.r= 3 E
o, A
- 4
_ 2
7.h—A 2mr =i_
2mr 2mr
81t=1/(Pr)
A —nt
9. P = = 1+ -
(1 +r/n)" ( n)
2(H — s
10. t = ( )
8

Section 1.7 Exercises
1.3x + 5
2.3(x +5)
3. 0.17x
4. 0.05x + 4
5. A= ftw= (x + 12)(x)

1 1
. = — = — +
6. A 2bh 2(x)(x 2)

7. x + 0.045x = (1 + 0.045)x = 1.045x
8 x — 003x = (1 — 0.03)x = 0.97x

9. x — 0.40x = 0.60x

10. x + 0.0875x = 1.0875x

p—
=

Let C be the total cost and n be the number of items
produced; C = 34,500 + 5.75n.

Let C be the total cost and n be the number of items
produced; C = (1.09)28,000 + 19.85n.

Let R be the revenue and n be the number of items sold;
R = 3.75n.

Let P be the profit, and s be the amount of sales; then
P = 200,000 + 0.12s.

The basic formula for the volume of a right circular
cylinder is V' = 7r?h, where r is the radius and 4 is
height. Since height equals diameter (4 = d) and the
diameter is two times r (d = 2r), we know & = 2r.
Then, V = r?(2r) = 2zr°.

p—
L

p—
@

14,

b

15

b

16. Let ¢ = hypotenuse,a = “short” side,and b = “long”
side. Then ® = a®> + b* = &® + (2a)* = @* + 4a® = 54,

soc = V5a> = a\V5.

b

2a aﬁ

a

a

17

B

Let a be the length of the base. Then the other two sides
of the triangle have length two times the base, or 2a. Since
the triangle is isoceles, a perpendicular dropped from the
“top” vertex to the base is perpendicular. As a result,

@ _ 164> — a®

2 a? 2 2 2
h” + > = (2a)*, or h* = 4a” — —

4 4
154> 154>  aV15
= —a, soh = 242 . The triangle’s area is
4 4 2
1 1, (aV15\ V15
p= Lo = Yo (2 L £V
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_avl15
h= 2

18. Since P lies at the center of the square and the circle,
we know that segment PR = OR = RS. Let { be the
length of these segments. Then, C+ =220 =1,

g2=r_2 €=\/r_72=L=r\/§
2’ 2 V2 2

Since each side of the square is two times ¢,

r\2/§)2 = 2.

Asaresult, A = s> = (rV2)? = 2+ 2 = 212,

we know that s = 2¢ = (

19

D

Let r be the radius of the sphere. Since the sphere is
tangent to all six faces of the cube, we know that the
height (and width and depth) of the cube is equal

to the sphere’s diameter, which is two times r (2r).
The surface area of the cube is the sum of the area
of all six faces, which equals 27 + 2r = 47% Thus,
A= 6-4r7 = 24,2

AR~

/
™7
etttk

—\—-—I— -t
\

20

b

From our graph, we see that y provides the height of our

b
triangle, i.e., 7 = y when x = 5 Since y = 6 — x?

b\? p* 24 - b? 24 — b?
:6—<—):6——= h = )

2 4 4 7T 4

1 1,(24 - b
The area of the triangle is A = Ebh = §b< )

4
_24b = b’
—

Section 1.7 Modeling with Functions 59

y
64

(0, 6)

O, 2)‘

—b—

2
h= 22k
21. Solving x + 4x = 620 gives x = 124,50 4x = 496. The
two numbers are 124 and 496.
22. x + 2x + 3x = 714, s0 x = 119; the second and third
numbers are 238 and 357.
23. 1.035x = 36,432,s0 x = 35,200.
24. 1.039x = 203.3,s0 x = 195.7.
25, 182 = 52t,sot = 3.5 hr.

26. 560 = 45t + 55(t + 2),sot = 4.5 hours on local highways.
27. 0.60(33) = 19.8; 0.75(27) = 20.25. The $33 shirt sells for
$19.80. The $27 shirt sells for $20.25. The $33 shirt is a
better bargain, because the sale price is cheaper.

28. Let x be gross sales. For the second job to be more
attractive than the first, we need
20,000 + 0.07x = 25,000 + 0.05x, 0.02x = 5000,

5000
2 _
0.02
Gross sales would have to be at least $250,000.
29. 195,613(1 + x) = 213,299
195,613x = 213,299 — 195,613
213,299 — 195,613
- 195,613
There was a 9% increase in cell phone antennas.
30. 30,045(1 + x) = 51,600
30,045 = 51,600 — 30,045
51,600 — 30,045
- 30,045
There was a 72% increase in cell phone antennas.
31. (a) 0.10x + 0.45(100 — x) = 0.25(100).
(b) Graph y; = 0.1x + 0.45(100 — x) and y, = 25.
Use x ~ 57.14 gallons of the 10% solution and about
42.86 gal of the 45% solution.

"

X = $250,000.

X ~ 0.090

X ~ 0.72

T

[0,100] by [0, 50]

32. Solve 0.20x + 0.35(25 — x) = 0.26(25). Use x = 15 liters
of the 20% solution and 10 liters of the 35% solution.

33. (a) The height of the box is x, and the base measures
10 — 2x by 18 — 2x.
V(x) = x(10 — 2x)(18 — 2x)
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34

35

36

37

38

39

40,

41

42

43,

44

b

b

b

B

&

B

b

.

.

b

b

(b) Because one side of the original piece of cardboard
measures 10 in, 2x must be greater than 0 but less
than 10, so that 0 < x < 5. The domain of V(x) is
(0,5).

(¢) Graphing V (x) produces a cubic-function curve
that between x = 0 and x = 5 has a maximum at
approximately (2.06, 168.1). The cut-out squares should
measure approximately 2.06 in. by 2.06 in.

Solve 2x + 2(x + 16) = 136.Two pieces that are
x = 26 ft long are needed, along with two 42-ft pieces.

Equation of the parabola, to pass through (—16, 8) and

(16, 8):

y = kx?

8 = k (x16)?
8 1

k=26 "3

_ 1 2

N

y-coordinate of parabola 8 in from center:
1
=—(8)?2?=2
y=5 08
From that point to the top of the dishis 8 — 2 = 6in.

Solve 2x + 2(x + 3) = 54.This gives x = 12; the room
is 12 ft x 15 ft.

Original volume of water:
1 1
Vo= §7Trzh = 577(9)2(24) ~ 2035.75 in’®
Volume lost through faucet:
V, = time X rate = (120sec)(5in*/sec) = 600 in
Find volume:
Vi=Vy— V= 203575 — 600 = 1435.75
Since the final cone-shaped volume of water has radius

3
and height in a 9-to-24 ratio, or r = 3 h:

1 /3 Y 3 5
V= 377(8h) h = 647Th = 1435.75

Solving, we obtain 4 ~ 21.36 in.

Solve 900 = 0.07x + 0.085(12,000 — x).
x = 8000 dollars was invested at 7% the other $4000 was
invested at 8.5%.

Bicycle’s speed in feet per second:
(2 X 7 X 16in/rot)(2 rot/sec) = 64 in/sec
Unit conversion:
. 1. 1 .
(64 1n/sec)( B ft/1n)(5280 m1/ft)(3600 sec/hr)
~ 11.42 mi/hr

Solve 1571 = 0.055x + 0.083(25,000 — x).

x = 18,000 dollars was invested at 5.5%; the other $7000
was invested at 8.3%.

True. The correlation coefficient is close to 1 (or —1) if
there is a good fit. A correlation coefficient near 0 indi-
cates a very poor fit.

False. The graph over time of the height of a freely falling
object is a parabola. A quadratic regression is called for.
The pattern of points is S-shaped, which suggests a cubic
model. The answer is C.

The points appear to lie along a straight line. The
answer is A.

50. (a)

45. The points appear to lie along an upward-opening

parabola. The answer is B.

46. The pattern of points looks sinusoidal. The answer is E.
47. (a) C = 100,000 + 30x

(b) R = 50x
(c) 100,000 + 30x = 50x
100,000 = 20x

x = 5000 pairs of shoes
(d) Graph y; = 100,000 + 30x and y, = 50x; these
graphs cross when x = 5000 pairs of shoes. The point
of intersection corresponds to the break-even point,
where C = R.

~

Intgrseckion
=t (1 (P, ol LT L

[0,10000] by [0,400000]

48. Solve 48,814.20 = x + 0.12x + 0.03x + 0.004x.Then

48,814.20 = 1.154x,s0 x = 42,300 dollars.

49. (a) y; = u(x) = 125,000 + 23x.

®) y, = s(x) = 125,000 + 23x + 8x = 125,000 + 31x.
(©) y; = R,(x) = 56x.

@) y, = Ry(x) = 79x.

(e)

[0,10000] by [0,500000]

(f) You should recommend stringing the rackets; fewer
strung rackets need to be sold to begin making a profit
(since the intersection of y, and y, occurs for smaller x
than the intersection of y; and ys).

[5,70] by [300, 415]

(b) The curved shape suggests a quadratic model.

(c) The regression equation is y = 0.0126x> + 0.577x +
310. The model appears to work very well.

[5,70] by [300, 415]
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52.

(d) For 2025, x = 75; The model predicts that
CO2 concentration will be
y = 0.0126(75)* + 0.577(75) + 310 ~ 424 ppm.

(e) Since 2025 is 10 years beyond the last point in the
domain of the data, the circumstances that caused the
quadratic increase might change significantly and ren-
der the model ineffective. In particular, a global com-
mitment to reduce carbon dioxide emissions might
cause the predicted number to be too high.

(@)

[0, 22] by [100, 200]

(b) List L3 = {112.3,106.5, 101.5, 96.6, 92.0, 87.2, 83.1,
79.8,75.0,71.7, 68, 64.1, 61.5, 58.5, 55.9, 53.0, 50.8,
479,452,432}

(c) The regression equation is y = 118.07 X 0.951%. It fits
the data extremely well.

e

e

[0,22] by [100, 200]

Answers will vary in (a)-(e), depending on the conditions
of the experiment.

(f) Some possible answers: the thickness of the liquid,
the darkness of the liquid, the type of cup it is in, the
amount of surface exposed to the air, the specific heat
of the substance (a technical term that may have been
learned in physics), etc.

H Chapter 1 Review

—
W N = D

R B U o

. (a) (_007 OO)

(d)
()
(i)
(h)
(b)
()
()
(c)
(a)

- (e)

. (a) (_007 OO)

(b) (_ 00, OO)
(b) (_ 00, OO)

. (3) (_007 OO)

) g(x) =x*+2x +1=(x+ 1)
Atx = —1, g(x) = 0, the function’s minimum.
The range is [0, 00).

14.

15.

16.

17.

18.

19.

20.

21.

Chapter 1 Review 61

(a) (=00, 00)
(b) (x — 2)> = 0forall x,so (x — 2)>+ 5 =5 for all x.
The range is [5, 00).
(a) (=00, 00)
(b) |x| = 0 for all x, so 3|x| = 0 and 3|x| + 8 = 8 for all
x. The range is [8, ).
(a) Weneed V4 — x> = Oforall x,s04 — x> = 0,
4 = x%, =2 = x = 2. The domain is [-2,2].
() 0 = V4 — x* = 2forall x, so
-2 = V4 — x* = 2 = 0 for all x. The range is
[—2,0].
X X
@ f(x) = - 2x x(x —2)
x — 2 # 0,x # 2. The domain is all reals except
0 and 2.
(b) For x > 2, f(x) > 0 and for x < 2, f(x) < 0. f(x)
does not cross y = 0, so the range is all reals except 0.
(a) We need
VI—x2>0,9—-x2>09>x%-3<x<3.
The domain is (=3, 3).
1
(b) Since V9 — x?> > 0,——=——— > 0. On the domain

V9 — x?

1
=3 minimum, while & (x)

x # 0 and

(_37 3)7 k(O)

approaches co when x approaches both —3 and 3,

1
maximums for k(x). The range is (g, oo),

Continuous

[~7,3] by [12, 8]
Continuous

f/-f
-~

/|

[-5,5] by [-8, 12]
(@) x> = 5x #0,x(x —5) # 0,50 x # 0and x # 5.

We expect vertical asymptotes at x = 0 and x = 5.

b)y=20

|
[ |

[~7.13] by [-10, 10]
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22. (a) x — 4 # 0, x # 4, s0 we expect a vertical asymptote
atx = 4.

(b) Since 11m 3_x

3and lim

xX—>—00 X —

expect a horizontal asymptote at y = 3

i

[~15,15] by [-15, 15]
23. (a) None

—

= 7 and
x*+ 10
lim _x —7, we expect horizontal
=N/ ¥+ 10

[~15,15] by [-10, 10]

24. (a) x + 1 # 0,x # —1, so we expect a vertical

asymptote at x = —1
B -
(b) lim = land lim
x—00 X 1

—1, so we can
x—-00 x + 1

expect horizontal asymptotes at y

—

|

[—6,4] by

/

-5,5]
25. (— o0

o
/|

—47,47] by

-3.1,31]
26.

X = 1| = 0 when x = 1, which is where the function’s
minimum occurs. y increases over the interval [1, 00)

(Over the interval (—o0, 1], it is decreasing.)
~

\ -

™,

[~3.7,5.7] by [0,6.2]

=3 1
1 , we also

landy = —1.

27. As the graph illustrates y is increasing over the intervals

S
M

~4.7,47]by |

-3.1,3.1]

) and (=2, 0].

—
(1)

[~4.7,47]) by [-3.1,3.1]

28. As the graph illustrates, y is increasing over the intervals
( —00, =2

29. -1 =sinx = 1,but —00 = x = 00, s0 f(x) is not
bounded.

—

[-5,5]by [-5,5]

30. g(x) = 3 atx = 1, a maximum, and g(x) = =3,
a minimum, at x = —1. It is bounded

.
1

~10,10] by [~

h(x) is bounded above.

—
A

[—5, 5] by [—10, 10]

3l.e*=0forallx,so —e*=0and5 — ¢ = S5forall x

32. The function is linear with slope

1000. Thus k(x) is not bounded

1000 and y-intercept

[-5,5] by [~999.99, 1000.01]
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33. (a) None (b) —7,atx = —1

[—6,4] by [-10, 20]

34. (a) 2,atx = -1 (b) —2,atx =1

.
|

[=5,5] by [—10,10]

35. (a) —1,atx =0 (b) None

DR
n

[—5., 5] by [~10, 10]

36. (a) l,atx =2 (b) —1l,atx = =2

-
—

[~10,10] by [-5, 5]

37. The function is even since it is symmetrical about the y-axis.

]
3 Tl

[~4.7,47] by [-3.1,31]

38. Since the function is symmetrical about the origin, it is odd.

\
A

[~4.7,47] by [-3.1,31]

Chapter 1 Review 63

39. Since no symmetry is exhibited, the function is neither.

P
/|

[~135,335] by [-1.55, 1.55)

40. Since the function is symmetrical about the origin, it is odd.

[~9.4,9.4] by [-6.2,62]

41. x =2y + 3,2y =x — 3,y =

_ x—3
i) = 5=,

42.x=\/3y—8,x3=y—8,y=x3+8,so

flix)=x>+8

y=Zsof i =2

x.

2
43. x = — xy = 2,
y

6
44.x=—4,(y+4)x=6,xy+4x=6,xy=6—4x,
y
6 —4 6
y = x, sofi(x) =—— 4.
x
45. 7
'I.."I
. '
[=5.5] by [-5,5]
46. ]
A/
-"-.-.-.-r

47.
\.—-"

[-5,5] by [-5,5]

Copyright © 2019 Pearson Education, Inc.
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48.

49.

50.
51.

52.

53.

54.

55.

56.

57. lim Vx = oo. (Large negative values are not in the
Xx—00

58.

59.

Chapter 1 Functions and Graphs

-
[=5,5]by [-5,5]
T
o
-
[—STS} by [-5,5]
No
[=5,5]by [-5,5]

x +3ifx = -1
flx) = {xz +1lifx = -1

(fog)(x) = f(g(x)) = f(¥* —4) = V¥’ — 4
Since x> —4=0,x>=4,x = —2o0rx =2.
The domain is (—o0, =2] U [2, o).
(8o f)(x) = g(f(x)) = g(Vx) = (Vx)? —4 =
x — 4. Since Vx = 0, x = 0. The domain is [0, c0).
(f8)(x) = f(x) - g(x) = V- (x> = 4),
Since Vx = 0, the domain is [0, c0).

flx X
(£ - () _ V&

=—4$incex2—4¢0,

g glx) ¥’ —
(x +2)(x —2) #0,x # —2,x # 2. Also since

Vx = 0, x = 0. The domain is [0,2) U (2, 00).

domain.)
liToo \/x? — 4 = oco. (The graph resembles the line
y = x)

(s) (s) 25? 282 s\V2
r=l=]+(=)|="—r=,—= :
2 2 4 4 2

The area of the circle is

s\/E)z _ 2ns® wst

A=qrt =
o ”( 2 4 2

\
'SP
ST
—e—

61.

62.

63

64

.

b

d
d=2r,r= > so the radius of the tank is 10 feet.
Volume is V = 7r? + h = 7(10)* + h = 100wh.

20 ft —

h

Ll

~—

The volume of oil in the tank is the amount of original oil
(7r*h) minus the amount of oil drained.
V = 7r’h — 2t = w(10)%(40) — 2t = 40007 — 2t

20 ft —

L
S

h=40 ft

o B

~———

Since V' = 40007 — 2t, we know that
7r*h = 40007 — 2¢. In this case, r = 10", so
40007 — 2t t

100mh = 40007 — 2t,h = ———— =40 — ——.
1007 50

20 ft —

L
S

h =40 ft

2

L b

~———

Since the depth of the tank is decreasing by 2 feet per
hour, we know that the tank is losing a total volume of
V = 7r’h = 7(10)*(2) = 2007 cubic feet per hour.
The volume of remaining oil in the tank is the
amount of original oil subtracting the amount

which has been drained, or V = 40007 — 2007t.

This is a significantly higher loss than our solution in
Exercise 62!
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65. (a)

=]
=]

gpQo

pooo®

[0, 12] by [640, 3260]

(b) The regression curve is y = 25.34x> — 122.22x +

(¢) 25.34(16)* — 122.22(16) + 1117.38 ~ 5650 (thousands

66. (a)

(b) The times in 1976 and 1980 appear to be unexpectedly

(c)

1117.38.

[0, 12] by [640, 3260]

of barrels)

[54, 122] by [50, 63]

fast. Their legitimacy came under suspicion in subse-
quent years when state-sponsored doping was
exposed.

Based on the data, 52 sec represents the limit of
female capability in this race. (Of course, future con-
ditions could determine a different model.)

(d) The regression curve is y = 122.194 X (0.958".

(e)

. t"q‘.
: b".: o
<
° ;“"h-_.u
—ﬂ.j_._-—b-

[55,117] by [-0.5, 11]

0.71 + 52 = 52.71 sec; Note that this is slightly slower
than the Olympic record time set by Simone Manuel and
Penny Oleksiak in 2016. One way of measuring the
impressiveness of an Olympic record is to compare it to
the regression curve. The 1976 and 1980 times were so far
“below the curve” that they precipitated the first interna-
tional scandal over the looming impact of anabolic
steroids on sports.

67.

68.

Chapter 1 Review

@7 + (2)2 = (V3)?,
2

h
7 =3 AR =12 -4 h = V12 — 47,
h=2V3—r?

h=2:3-12
b))V = ar’h = (7r?

Y2V3 =) = 27PV3 — r?

(c) Since V3 —r?=0,3-r2=0
3=/ \/g =r= \/_
However, r = 0 are invalid values, so the domain is

[0, V/3].

P

[0,V3] by [0, 20]

(d)

(e) 12.57 in®

y

y:36—x2

(a) A =2xy = 2x(36 — x?) = 72x — 2x°
036 —-—x>=0,(6-x)(6+x)=0,-6=<x=6.

However, x < 0 are invalid values, so the domain is

[0,6].

(©)

[0,6] by [0, 180]

65

(d) The maximum area occurs when x ~ 3.46, or an area

of approximately 166.28 square units.
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Chapter 1 Functions and Graphs

Chapter 1 Project

1.

2.
3.

4.

5.

[4, 37] by [—3000, 25000]

The exponential model is y = 3.277 X 1.39".

In 2008, x = 28, so the exponential model would predict
y = 3.277 X 1.39%® ~ 33,105 stores.
Eventually the market becomes saturated. Exponential
growth goes to infinity in a hurry, and infinite growth is
impossible for many reasons.

28,162

1 + 27450-02%6x" The fit to the

The logistic model is y =

data is amazingly good.

[4, 37] by [—3000, 25000]

6. The points are well below the regression curve.

[4,37] by [—3000, 25000]

Although the recession in 2008 began in the housing sec-
tor, its effects were felt throughout the economy. As you
can see, one effect was disruption of the logistic growth
model that was working so well for the first three decades
of Starbucks Coffee’s expansion.
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Section 2.1 Linear and Quadratic Functions and Modeling 67

Chapter 2

Polynomial, Power, and Rational Functions

M Section 2.1 Linear and Quadratic Functions 6. (x -4y =(x - hx -4 =x —dx—dx+16
and Modeling == 8t 16
7.3(x — 6)> =3(x — 6)(x — 6) = (3x — 18)(x — 6)
Exploration 1 = 3x? — 18x — 18x + 108 = 3x* — 36x + 108
1. —$2000 per year. 8 3(x+7)?=-3x+T7)(x+7)

= (3x — 21)(x + 7) = —3x* — 21x — 21x — 147

2. The equation will have the form v(z) = mt + b.The
= —3x? — 42x — 147

value of the building after O year is

v(0) = m(0) + b = b = 50,000. 9.2 —dx +2=2(x*—-2x+ 1)=2(x— 1)(x — 1)
- 2

The slope m is the rate of change, which is —2000 (dollars =2(x— 1)

per year). So an equation for the value of the building (in 10. 3x% + 12x + 12 = 3(x* + 4x + 4) = 3(x + 2)(x + 2)

dollars) as a function of the time (in years) is =3(x +2)?

(1) = —2000¢ + 50,000.

3. v(0) = $50,000 and i )
v(16) = —2000(16) + 50,000 = 18,000 dollars. 1. Not a polynomial function because of the exponent —5

Section 2.1 Exercises

4. The equation v(f) = 39,000 becomes 2. Polynomial of degree 1 with leading coefficient 2
—2000¢t + 50,000 = 39,000 3. Polynomial of degree 5 with leading coefficient 2
—2000r = —11,000 4. Polynomial of degree 0 with leading coefficient 13
£=33yr 5. Not a polynomial function because of the radical
Ouick Review 2.1 6. Polynomial of degree 2 with leading coefficient —5
1.y =8x+ 36 7.m:§soy—4:§(x—2):>f(x):éx-i-g
2.y =-18x -2 7 7 7 7

3
3.y —4= —g(x+2),0ry = —0.6x +28

7 /'
: 1 1 1 1 1 1 i 1 1 é
(_2’ 4) | (*5,71) -
:\&\U i

7 7 7 8
- o = —— — = —— + = —x + —
8 m gsoy 5 g(x 3)= f(x) o 3

y

8 8 7
3 3 3 10
y i
6 (=3, 5"\
/(1’ 5) 1 1 1 1 1 \I 1 1 1 X
i 10
L (6%

I I T 7S RS N BN -

—2-3/ |

5. (x+3)P2=(x+3)(x+3)=x"+3x+3x+9
=x>+6x+9
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16. (f)—The vertex is in Quadrant I, at (1, 12), meaning it
must be either (b) or (f). Since f(0) = 10, it cannot be (b):
if the vertex in (b) is (1, 12), then the intersection with the
y-axis occurs considerably lower than (0, 10). It must be (f).

17. (e)—The vertex is at (1, —3) in Quadrant IV, so it must
be (e).

18. (c)—The vertex is at (—1,12) in Quadrant IT and the

X parabola opens down, so it must be (c).

4 4 4 2
9.m:—gsoy—6:—§(x+4):>f(x):—§x+§

(-4.6)
(-1.2)

i 19. Translate the graph of f(x) = x> 3 units right to obtain

- the graph of 4(x) = (x — 3)? and translate this graph

B 2 units down to obtain the graph of g(x) = (x — 3)> — 2.
i ¥

5 5 5 3
. == —2=(x — =y + = 1
10. m 150 2 4(x 1) =f(x) 17

TN TN T T N /A VAN ¥ S T T S

10

L1111 A

20. Vertically shrink the graph of f(x) = x* by a factor of

1 1
1 to obtain the graph of g(x) = sz, and translate this

1. m=—-1soy —3=-1(x —0)= f(x) = —x +3 1
graph 1 unit down to obtain the graph of 4(x) = sz -1
y

5k
'(0’3) 10
T T R N \(3',0')

5 T T |

T T T

10

T T LI \ T T T T T

2 21. Translate the graph of f(x) = x*2 units left to obtain the
graph of h(x) = (x + 2)? vertically shrink this graph by

y
1 1
10} a factor of > to obtain the graph of k(x) = E(x + 2)%,
/ and translate this graph 3 units down to obtain the graph
C 1
11 1 / I(O’I2)I 11 Of g(x) - E(x + 2)2 - 3.
X

/ OF 0 y

I 10F

13. (a)—The vertex is at (—1, —3), in Quadrant III, eliminat- A Ly
ing all but (a) and (d). Since f(0) = —1, it must be (a). \/ 10

14. (d)—The vertex is at (=2, —7), in Quadrant III, eliminat-
ing all but (a) and (d). Since f(0) = 5, it must be (d).

15. (b)—The vertex is in Quadrant I, at (1, 4), meaning it
must be either (b) or (f). Since f(0) = 1, it cannot be (f):
if the vertex in (f) is (1, 4), then the intersection with the
y-axis would be about (0, 3). It must be (b).
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22. Vertically stretch the graph of f(x) = x* by a factor of 3

to obtain the graph of g(x) = 3x? reflect this graph

across the x-axis to obtain the graph of k(x) = —3x% and

translate this graph up 2 units to obtain the graph of
h(x) = —=3x* + 2.
y

10

TN TN T T (). (T T T T S

For #23-32, with an equation of the form

f(x) = a(x — h)?* + k, the vertex is (h, k) and the axis is
x = h.

23. Vertex: (1, 5); axis: x = 1

24. Vertex: (=2, —1); axis: x = =2
(1, =7); axis: x = 1

(

3,4 axis: x = \/5

25. Vertex:
26. Vertex:

27. f(x 3(x +—x)—4

,3( +2.§ +§)_4_2_573( _;,_2)2_2
. 6" " 36 n \*7% 12

29. f(x) = —(x* —8x) + 3
=—(x—2-4x4+16)+ 3+ 16 =—(x —4)*+ 19
Vertex: (4, 19); axis: x = 4

30. f(x) = 4(x - %x) +6

1 1 1 1\ 23
= —2-x+—=)+6—--= - = + =
4(x 2 x 16) 6 2 4(x 4) 2

(1 23) . 1
Vertex: | —, — |; axis: x = —
4 4 4

31. g(x)—S(x —gx)+4
3 9 9 3\ 11
—S(X -2 §x+g)+4—§—5(x——) + —
1

—)'axiS' —E
» 5 ) .x—5

—

Vertex: (

TN

7
32. h(x) :—2(x2+§x) -4
:—2(x2+2-zx+£)—4+£
7—2( 7z 2+17
T

7 17 7
Vertex: | —— yaxisi x = ——
ertex 7 ), axis: x 1

Bof(x)=(P—4dx+4)+6—-4=(x—2)>+2
Vertex: (2, 2); axis: x = 2; opens upward; does not inter-
sect x-axis.

[—4,6] by [0, 20]

M.gx)=(P*—-6x+9)+12—-9=(x —3)>+3.
Vertex: (3, 3); axis: x = 3; opens upward; does not inter-
sect x-axis.

[-2,8] by [0,20]

35. f(x) = —(x* + 16x) + 10
=—(x*+ 16x + 64) + 10 + 64 = —(x + 8)> + 74.
Vertex: (=8, 74); axis: x = —8; opens downward; inter-
sects x-axis at about —16.602 and 0.602(—8 =+ \/7_4)

[~20, 5] by [~100, 100]

36. h(x) = —(¥* —2x) +8=—(x* -2x+1)+8+1
=—(x—-17%+9
Vertex: (1, 9); axis: x = 1; opens downward; intersects
x-axis at —2 and 4.

/1N

-9, 11] by [—100, 10]

Copyright © 2019 Pearson Education, Inc.
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70 Chapter 2 Polynomial, Power, and Rational Functions

37. f(x) = 2(x* + 3x) + 7

2
:2(x2+3x+2)+7—2:2(x+§) 2
4 2 2 2

35 3
Vertex: (_5’ 5), axis: x = _E; opens upward; does not

intersect the x-axis; vertically stretched by 2.

\
./
"R\_/-’
[.—3.7, i] by [-2, 5.1]

38. g(x) = 5(x* = 5x) + 12
25 125
:5(x2—5x+7)+12——

4
5\ 77
=50 y-2) =1L
(x 2) 4
vere 3
ertex: | —
2" 4
x-axis at about 0.538 and

5 1
4.462 (or 5 +—V 385); vertically stretched by 5.

\

10
E

[-5, 10] by [~20, 100]

For #39-44, use the form y = a(x — h)* + k, taking the

vertex (h, k) from the graph or other given information.

39. h = —land k = 3,50y = a(x + 1)* — 3. Now
substitute x = 1, y = Sto obtain 5 = 4a — 3,
soa=2:y=2x+1)>—3.

40. h =2 and k = 7,50y = a(x — 2)> — 7. Now
substitute x = 0, y = Stoobtain5 = 4a — 7,
soa=3y=3x—-2)>-17.

4. h =land k = 11,s0y = a(x — 1)*> + 11. Now
substitute x = 4, y = =7 to obtain =7 = 9a + 11,
soa=-2:y=-2(x—1)>+ 1L

42. h =—landk = 5,50y = a(x + 1)> + 5. Now
substitute x = 2, y = —13 to obtain —13 = 9a + 5,
soa=-2:y=-2(x+1)>+5.

43. h =1landk = 3,50y = a(x — 1)* + 3. Now
substitute x = 0, y = Stoobtain5 = a + 3,
soa=2:y=2x—1)"+3.

44. h = 2and k = —5,s0y = a(x + 2)* — 5. Now
substitute x = —4, y = —27 to obtain —27 = 4a — 5,

11 11

=—y=—(x+2)?-5
soa 1Y 2(x )

45. Strong positive

77 . 5 .
——); axis: x = 5; opens upward; intersects

46. Strong negative
47. Weak positive
48. No correlation
49. (a)

[15, 45] by [20, 50]
(b) Strong, positive, linear; r = 0.948
50. (a)

T T T T T
[m]

[0, 80] by [0, 80]

(b) Strong, negative, linear; r = —0.999
51. m = —iﬁ = —470 and b = 2350,
so v(t) = —470t + 2350.
Att = 3,v(3) = (—470)(3) + 2350 = $940.

52. Let x be the number of dolls produced each week and y

be the average weekly costs. Then m = 4.70, and b = 350,

soy = 4.70x + 350, or 500 = 4.70x + 350:
x = 32; 32 dolls are produced each week.

53. (a) The scatter plot shows evidence of a linear
relationship.

[0,25] by 20,25

(b) y = 20.58 + 0.1175x. The slope suggests that fuel
economy has been increasing at an average rate of
about 0.1175 mpg per year.

(¢) Setting x = 30 in the regression equation leads to
y = 20.58 + 0.1175(30) ~ 24.1 mpg.

54. If the length is x, then the width is 50 — x, so

A(x) = x(50 — x); maximum of 625 ft> when x = 25 (the

dimensions are 25 ft X 25 ft).

55. (a) [0, 100] by [0, 1000] is one possibility.

(b) When x =~ 107.335 or x = 372.665 — either 107,335
units or 372,665 units.

56. The area of the picture and the frame, if the width of the
picture is x ft,is A(x) = (x + 2)(x + 5) ft*. This equals
208 when x = 11, so the painting is 11 ft X 14 ft.

57. If the strip is x feet wide, the area of the strip is
A(x) = (25 + 2x)(40 + 2x) — 1000 ft>.

This equals 504 ft> when x = 3.5 ft.
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58. (a) R(x) = (80 + 20x)(2000 — 100x).

(b) One possible graph is shown below.

[0, 12] by [ 150,000, 300,000]

(¢) The maximum income of $288,000 is achieved
when x = §, corresponding to rent of
2000 — 100(8) = $1200 per month.

59. (a) R(x) = (26,000 — 1000x)(0.50 + 0.05x).

(b) Many choices of Xmax and Ymin are reasonable.
Shown is [0, 15] by [10,000, 17,000].

—_

A N

[0, 15] by [10000, 17000]
(¢) The maximum revenue — $16,200 — is achieved
when x = §; that is, charging 90 cents per can.

60. Total sales would be S(x) = (30 + x)(50 — x)
thousand dollars, when x additional salespeople are hired.

The maximum occurs when x = 10 (halfway between the
two zeros, at —30 and 50).

61. (a) g ~ 32 ft/sec®. s, = 83 ft and v, = 92 ft/sec. So the

models are height = s(¢) = —16/* + 92¢ + 83 and
vertical velocity = v(f) = —32¢ + 92. The maximum
height occurs at the vertex of s(z).
b 92
—— == = 2.875, and
2a  2(-16) San
k = 5(2.875) = 215.25. The maximum height of the
baseball is about 215 ft above the field.
(b) The amount of time the ball is in the air is a zero of
s(t). Using the quadratic formula, we obtain

—92 + V922 — 4(—16)(83)
2(—16)
-9 + V13,776

=32
negative, so the ball is in the air about 6.54 seconds.

~ —0.79 or 6.54. Time is not

(¢) To determine the ball’s vertical velocity when it hits
the ground, use v(t) = —32¢ + 92, and solve for
t = 6.54. v(6.54) = —32(6.54) + 92 ~ —117 ft/sec
when it hits the ground.

62. (a) h = —161> + 48t + 3.5.

63.

64.

65.

66.

67.

(b) The maximum height is 39.5 ft, 1.5 sec after
it is thrown.

[0,3.5] by [0,45]

(a) h = —16¢> + 80t — 10. The graph is shown in the win-
dow [0, 5] by [—10, 100].

[0,5] by [~10, 100]
(b) The maximum height is 90 ft, 2.5 sec after it is shot.

The exact answer is 32\/5, or about 55.426 ft/sec. In
addition to the guess-and-check strategy suggested, this
can be found algebraically by noting that the vertex of
the parabola y = ax?> + bx + c has y coordinate

2 2
c— f:—a = % (note @ = =16 and ¢ = 0), and setting
this equal to 48.
The quadratic regression is y ~ 0.3221x?> + 3.853x +
108.557. Plot this curve together with the curve y = 500,
and then find the intersection to find when the number of
patent applications will reach 500,000. Note that we use
y = 500 because the data were given as a number of
thousands. The intersection occurs at x ~ 29.4, so the
number of applications will reach 500,000 approximately
29 years after 1980, in 2009.

6 ft
100 ft

(b) r = 4167 ft, or about 0.79 mi.
(c) 2217.6 ft

(a) : a

(@ m= = 0.06

[15, 45] by [20, 40]
(b) y = 0.68x + 9.01

(¢) On average, the children gained 0.68 b
per month.

@ =

[15,45] by [20, 40]
(e) ~ 29.41 lbs
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68. (a) The scatter plot shows evidence of a linear
relationship.

[0, 70] by [8000, 25,000]
(b) The linear regression is y = 6693.15 + 271.64x,
where x represents the number of years since 1950.

(¢) 2020 is 70 years after 1950, so substitute 70 into the
equation to predict the median income of women in
2020. y = 6693.15 + 271.64(70) ~ 25,708.

69. (a) .

[0,2] by [0, 500]

(b) Vertically stretch by 385.2, or horizontal shrink
by 1/385.2.

70. (a)

[0,2] by [0,9000]

(b) Vertically stretch by 4327, or horizontal shrink
by 1/4327.

71. (a)

[0,3] by [0, 120]

(b) Reflect in the x-axis, vertically stretch by 16, and shift
up 100 ft.

72. (a)

[0, 6] by [0, 40]

(b) Reflect in the x-axis; vertically stretch by 4.9, shift
right 2.3 sec, and shift up 37.8 m.

73. The Identity Function f(x) = x

-

.
-
Iy

s

[-4.7,4.7] by [-3.1, 3.1]

Domain: (—00, 00)

Range: (—00, 00)

Continuity: The function is continuous on its domain.
Increasing—decreasing behavior: Increasing for all x
Symmetry: Symmetric about the origin
Boundedness: Not bounded

Local extrema: None

Horizontal asymptotes: None

Vertical asymptotes: None

End behavior: xgmoof(x) = —o0 and xli_r)rgof(x) = 0

74. The Squaring Function f(x) = x*

\
T
"xrf’f

[-4.7,4.7] by [-1, 5]

Domain: (—00, 00)

Range: [0, c0)

Continuity: The function is continuous on its domain.

Increasing—decreasing behavior: Increasing on [0, 00),
decreasing on (—0o0, 0].

Symmetry: Symmetric about the y-axis

Boundedness: Bounded below, but not above

Local extrema: Local minimum of O at x = 0

Horizontal asymptotes: None

Vertical asymptotes: None

End behavior: Emoof(x) = li_)ngof(x) = 0

75

b

f(0)

= -3,

False. For f(x) = 3x* + 2x — 3, the initial value is

76. True. By completing the square, we can rewrite f(x)

so th

d

77. m =

at f(x) = (

1

2

+1)+1 L
X — X - -
4 4

2
x — —) + % Since f(x) = %,f(x) > 0 for all x.

2
1-3

-2

4-(-2) 6

1
——. The answer is E.

3

78. f(x) =mx + b

1
= —=(-2) +
3=-3(-2) +b

S
Il
|
|
Il

7
3 The answer is C.
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For #79-80, f(x) = 2(x + 3)* — 5 corresponds to
f(x) = a(x — h)? + kwitha = 2 and (h, k) = (-3, -5).
79. The axis of symmetry runs vertically through the vertex:
x = —3.The answer is B.
80. The vertex is (h, k) = (=3, —5). The answer is E.
81. (a) Graphs (i), (iii), and (v) are linear functions. They can
all be represented by an equation y = ax + b, where
a # 0.
(b) In addition to graphs (i), (iii), and (v), graphs (iv) and
(vi) are also functions, the difference is that (iv) and (vi)
are constant functions, represented by y = b, b # 0.

(c) (ii) is not a function because a single value x

(i.e., x = =2) results in a multiple number of y-values.
In fact, there are infinitely many y-values that are
valid for the equation x = —2.
fG-f _9-1
2. = =4
82 @) =5 2
fG) - f@ _25-4 _
O s
f@—fla_ ¢-a (c—alc+ta
(o) = = =c+a
c—a c—a c—a
gB3) —g(l) 11 -5 _
D= ~—% 7’
g# —g) 14-5
©—— 35 3
¢ g(c) — gla) B (B3¢ +2) — (3a +2)
® c—a c—a
3¢ —3a _
===
h(c) — h(a)  (7c —3) — (7a - 3)
® c—a c—a
Tc — Ta
= =7
c—a
b k(c) — k(a)  (mc + b) — (ma + b)
®) c—a c—a
mc — ma
=—=m
c—a
L) —la) -4 -2 -b b
(i) — == ==
c—a c—a 2a a a
(e — a)(? + ac + a)

=+ ac+ a®

(c —a)

83. The line that minimizes the sum of the squares of vertical
distances is nearly always different from the line that
minimizes the sum of the squares of horizontal distances
to the points in a scatter plot. For the data in Table 2.2, the
regression line obtained from reversing the ordered pairs

1 .
has a slope of —15797—490, whereas, the inverse of the
Lo 1
function in Example 3 has a slope of 1535893 close

but not the same slope.

84. (a)

[0,17] by [2. 16]

(b) y ~ 0.115x + 8245

[0,17] by [2. 16]

(¢) y ~ 0.556x + 6.093

[0, 15] by [0, 15]

(d) The median—-median line appears to be the better fit,
because it approximates more of the data values more
closely.

85. (a) If ax®> + bx> + ¢ = 0, then

—b + VIb? — dac .
xX=—— by the quadratic

—b + Vb* — dac
—————an

formula. Thus, x; = 2 d
a
-b — Vb — dac
xzzTand
N 7—b+\/b2—4ac—b—\/b2—4ac
X1 Xo 2a
2 _b_ b
T 2a  a  a

(b) Similarly,
B (—b + Vb — 4ac)(—b - Vb - 4ac)

R 2a 2a
b= (b* —4ac)  dac ¢

4a? 4> d
86. f(x) = (x — a)(x — b) = x> — bx — ax + ab
= x>+ (—a — b)x + ab. If we use the vertex form of

—a—b
a quadratic function, we have & = —( az )

+ +
=4 b.'Iheaxisisx:h:a b.
2 2
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87.

88.

89.

Multiply out f(x) to get x> — (a + b)x + ab. Complete
(a + b)?

4

+
+b)?
the square to get (x—a ) ) + ab — The
a+b

vertex is then (4, k) where h = and

2
(a+b)27 (a — b)?
4 4

x; and x, are given by the quadratic formula

-b + Vb* — dac

2a
. b o X+ x
symmetry is x = = which is exactly equal to —

The Constant Rate of Change Theorem states that a
function defined on all real numbers is a linear function
if and only if it has a constant nonzero average rate of
change between any two points on its graph. To prove
this, suppose f(x) = mx + b with m and b constants
and m # 0. Let x; and x, be real numbers with x; # x,.
Then the average rate of change is

J(x2) — f(x1) _ (mxy + b) — (mx; + b) _

Xy — X

k = ab

b .
; then x; + x, = ——, and the line of
a

X2 =X
m(x, — x1)
= = m, a nonzero constant.
X2 =X X2 — X
Now suppose that m and x; are constants, with m # 0.
Let x be a real number such that x # x{, and let fbe a
function defined on all real numbers such that
f) — f) _
x—x
mx — mxy, and f(x) = mx + (f(x1) — mxy).
f(x1) — mxy is a constant; call it b. Then f(x;) — mx; = b;
so, f(x1) = b + mxy and f(x) = b + mx for all x # x;.
Thus, fis a linear function.

mx; — mxq

m. Then f(x) — f(x) = m(x — x;) =

M Section 2.2 Power Functions with Modeling

Exploration 1

1.

[-2.35,235] by [-15, 1.5]
_f‘_f;r
[=5,5) by [-15, 15]

)
[

[~20,20] by [~200, 200]

The pairs (0, 0), (1, 1), and (=1, —1) are common

to all three graphs. The graphs are similar in that if

x <0, f(x), g(x), and h(x) < 0 and if x > 0, f(x), g(x),
and h(x) > 0.They are different in that if |x| < 1,

f(x), g(x), and A(x) — 0 at dramatically different rates,
and if [x| > 1, f(x), g(x), and h(x) — oo at dramatically
different rates.

2. \\
A
h&. ..a-*"f

[-15,1.5] by [-0.5,1.5]

/

I

[=5,5] by [-5,25]

[~15,15] by [~50, 400]

The pairs (0, 0), (1, 1), and (=1, 1) are common to all
three graphs. The graphs are similar in that for x # 0,
f(x), g(x), and h(x) > 0. They are diffferent in that if
|x| < 1, f(x), g(x), and h(x) — 0 at dramatically
different rates, and if |x| > 1, f(x), g(x), and h(x) —> o0
at dramatically different rates.

Quick Review 2.2

3
1. Vx?

2. Vp°

0 Ll e

8. 2x°
9. ~ 1.71x %3

10. =~ 0.71x" 17

Section 2.2 Exercises

1
1. power = 5, constant = )

Copyright © 2019 Pearson Education, Inc.



5
2. power = 3 constant = 9

3. not a power function

4. power = 0, constant = 13

5. power = 1, constant = ¢?

k

6. power = 5, constant = )

_ _8

7. power = 2, constant = 5
4
8. power = 3, constant = 3
9. power = —2, constant = k

10. power = 1, constant = m

11. degree = 0, coefficient = —4

12. not a monomial function; negative exponent
13. degree = 7, coefficient = —6

14. not a monomial function; variable in exponent
15. degree = 2, coefficient = 47

16. degree = 1, coefficient = [

17. A = ks?
18. V = kr?
19.7=V/R
20. V = kT
21. E = mc?

22. p = \V2gd

23. The weight w of an object varies directly with its mass m,
with the constant of variation g.

24. The circumference C of a circle is proportional to its
diameter D, with the constant of variation 7.

The refractive index n of a medium is inversely propor-
tional to v, the velocity of light in the medium, with con-
stant of variation c, the constant velocity of light in free
space.

The distance d traveled by a free-falling object dropped

from rest varies directly with the square of its speed p,

b

25

b

26

b

. L. 1
with the constant of variation —.

27. power = 4, constant = 2

Domain: (—00, 00)

Range: [0, c0)

Continuous

Decreasing on (—o0, 0). Increasing on (0, 00).
Even. Symmetric with respect to y-axis.
Bounded below, but not above

Local minimum at x = 0.

Asymptotes: None

End behavior: lim 2x* = oo, lim 2x* = oo

x—>—00 X—>00

B

\LL

[-5,5] by [—1, 49]

28.

29.

30.

Section 2.2 Power Functions with Modeling 75

power = 3, constant = —3

Domain: (—00, 00)

Range: (—00, )

Continuous

Decreasing for all x.

Odd. Symmetric with respect to origin.

Not bounded above or below

No local extrema

Asymptotes: None

End behavior: lim —3x% = oo, lim —3x° = —00

R
|

i

[=5. 5] by [20,20]

1 1
power = —, constant = —
4 2

Domain: [0, o)

Range: [0, 00)

Continuous

Increasing on [0, 00).

Bounded below

Neither even nor odd

Local minimum at (0, 0)
Asymptotes: None

End behavior: lim %\4/)_( = 00

x—>00

[-1,99] by [-1,4]

power = —3, constant = —

Domain: (—00,0) U (0, o)

Range: (—00,0) U (0, )

Discontinuous at x = 0

Increasing on (— o0, 0). Increasing on (0, o).
Odd. Symmetric with respect to origin.

Not bounded above or below

No local extrema

Asymptotesat x = Oand y = 0

End behavior: lim —2x7 =0, lim —2x = 0.

/

[-5,5] by [-5, 5]

-

—r
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31. Start with y = x and shrink vertically by —. Since

f(=x) = —( x)* = —x , fis even.

\ |

.
1

[-5,5] by [—1,19]

32. Start with y = x* and stretch vertically by 5. Since
f(—=x) = 5(—x)* = =5x° = —f(x), f is odd.

J
[

[-5,5] by [-20, 20]

33. Start with y = x°, then stretch vertically by 1.5 and reflect
over the x-axis. Since f(—x) = —1.5(—x)° = 1.5x°

= —f(x), f is odd.
|

|\

[=5. 5] by [20, 20]

34. Start with y = x5, then stretch vertically by 2 and reflect
over the x-axis. Since f(—x) = —2(—x)® = —2x% = f(x),
f is even.

lf’

[-5,5] by [—19,1]
1
35. Start with y = x5, then shrink vertically by T Since

f(=x) = —( x)® = —x = f(x), f is even.

X

[-5,5] by [—1,49]

1
36. Start with y = x’, then shrink vertically by 5 Since

f(=x) = _( x)] = —=x7 = —f(x), f is odd.

[5,5] by [~50, 50]
37. (g)
38. (a)
39. (d)
40. (g)
41. (h)
42. (d)

1
43. k = 3,a = T In the first quadrant, the function is

increasing. f is undefined for x < 0.

———

—_—
—

[~1,99] by [~1,10]

2
4. k = —4,a = 3 In the fourth quadrant, the function is

decreasing. f(—x) = —4(V(—x)?)
= 43 = 4B = f(x), so f is even.

[~10,10] by [-29,1]

4
45. k = —2,a = 3 In the fourth quadrant, f is decreasing.
f=x) = 22V (=0 = =2(Va) = —2x* = f().

so f is even.

[~10,10] by [-29,1]
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46. k = Rl In the first quadrant, f is increasing. f is

undefined for x < 0.

[-2,8] by [-1,19]

47. k = —,a = —3. In the first quadrant, f is decreasing.

N | =

1
2(—x)}

f0) = 30 = 5 = = (),

so fis odd.

I

[—5, 5] by [20, 20]

48. k = —1,a = —4. In the fourth quadrant, f is increasing.

_ 1 1 _
f=x) = =(—0)" = o e Y= f(x),
so f is even.
]
[=5,5] by [-19, 1]
49. y = —, power = —2, constant = 8.
X

1
50. y = —2\/;, power = > constant = —2.

kT PV (0926 atm)(3.46 L)
51.V—P,s0k— i 30K
atm — L
= 0.0106 ——
K

0.0106 atm — L
(%)(302 K)

At P = 1452 atm,V = 1452 atm

=221L

52V = kPT,s0 k = = = (B46L)
C VT SO R T BT T 0,926 atm) (302 K)
— 00124
a

tm — K

L
AtT =338K,V = (0.0124 7) (0.926 atm)
atm — K
(338K) = 3.87L

Section 2.2 Power Functions with Modeling 77

(3.00 x 108 m)
C SecC

S3on=Ssov=S=n— T L 124x 1002
: v’ n 2.42 ' sec

P 15
54. P = kv’ so k = — W

;= ———=15x10"
v (10 mph)

Wind Speed (mph)  Power (W)
10 15
20 120
40 960
80 7680

Since P = kv’ is a cubic, power will increase significantly
with only a small increase in wind speed.

55. (a)

A B |
[-2, 71] by [50, 450]

(b) r = 231.204 - w %27
(©)

+H-H_-\—\_
. T

[~2,71] by [50, 450]

(d) Approximately 37.67 beats/min, which is very close to
Clark’s observed value.

56. Given that n is an integer,n = 1:
If nis odd, then f(—x) = (—x)" = —(x") = —f(x) and so
f(x) is odd.
If nis even, then f(—x) = (—x)" = x" = f(x) and so
f(x) is even.

57. @) [

-+

* +

[0.8,32] by [-0.3,9.2]
(b) y ~ 7.932 « x 19%7; yes

(c) \\
N

[0.8,32] by [~03,92]

' '
(d) Approximately 2.76 ) and 0.697 P respectively.
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58. True, because f(—x) = (—x) 23 = [(—x)’] 3

= (W)= X = ().
59. False. f(—x) = (—x)® = —(x'/%) = —f(x) and so the
function is odd. It is symmetric about the origin, not the

62. f(—x) = (—x)z/3

= (=] = ()7 = 2 = f(x)

The function is even. The answer is B.

63. f(x) = ¥*2 = (x'2)} = (Vx)? is defined for x = 0.

The answer is B.

64. Answers will vary. In general, however, students will find

< X" =k - /X" so f is

undefined for x < 0.
meven, nodd: f(x) = k- x™" = k + V/x"; f(—x)

= k- N (=x)" = k- VX" = f(x),

so f is even.

y-axis.
2 2
60. f(4) =2(4)"* = == —F~=-5= 1L neven: f(x) = k
4 \/Z 2
The answer is A.
61. f(0) = —3(0)3 = -3 ﬁ =-3- % is undefined.
Also, f(—1) = =3(=1)3 = =3(-1) = 3,
f(1) ==3(1)"* =-3(1) = -3,and m odd, n odd:
f(3) = =3(3)"' ~ —2.08. The answer is E. =
1
-k"\-h_ IH‘. 3 l\"x _—
SN ) =

—

T ——

——

/) {K%

\
i)

Fx) = k- = k- N/w f(—x)

K N = k- X/

—k + x"" = —f(x),so f is odd.

The graphs of f(x) = x ! and

h(x) = x7 are similar and appear in
the 1st and 3rd quadrants only. The
graphs of g(x) = xZand k(x) = x
are similar and appear in the 1st and
2nd quadrants only. The pair (1, 1) is
common to all four functions.

4

[0,1]by[0,5] [0,3] by [0,3] [2,2]by [-2,2]
f g h k

Domain x#0 x#0 x#0 x#0
Range y#0 y>0 y#0 y>0
Continuous yes yes yes yes
Increasing (=, 0) (=, 0)
Decreasing | (==, 0), (0, %) | (0, ) (=, 0), (0. %) | (0, )
Symmetry w.r.t. origin w.r.t. y-axis w.L.t. origin Ww.r.t. y-axis
Bounded not below not below
Extrema none none none none
Asymptotes X-axis, y-axis | x-axis, y-axis | x-axis, y-axis X-axis, y-axis
End Behavior lim fx)=0| lim gx)=0 | lim A(x)=0 | lim k(x)=0

x> = x> oo x o+ x o+
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(b) fﬂ_ﬂ,ﬁ?,’ The graphs of f(x) = x/? and
- — 1/4 S .
T h(x) = x'/* are similar and appear in
T the 1st quadrant only. The graphs of
o g(x) = x'3and k(x) = x'/° are simi-
lar and appear in the 1st and 3rd
quadrants only. The pairs (0, 0), (1, 1)
[0.1] by [0, 1] 0,3] by [0, 2] 3.3 by [-2.2] are common to all four functions.
f g h k
Domain [0, %) (—00, ) [0, %) (—oo, o
Range y=0 (—0o0, ) y=0 (—o0,
Continuous | yes yes yes yes
Increasing | [0, ) (=%, 0 [0, ©©) (=00,
Decreasing
Symmetry none Ww.r.t. origin none Ww.rI.t. origin
Bounded below not below not
Extrema min at (0, 0) none min at (0, 0) none
Asymptotes | none none none none
End lim fix) =0 | lim g(x) = lim h(x) = | lim k(x) =
Behavior lim g(x) = —o lim k(x) = —c°
67. Our new table looks like:
Table 2.10 (revised) Average Distances and Orbit
Periods for the Six Innermost Planets
Average Distance Period of
X Planet from Sun (Au) Orbit (yrs)
Mercury 0.39 0.24
Venus 0.72 0.62
Earth 1 1
The graphs look like those shown in Figure 2.14 on Mars 1.52 1.88
page 177. Jupiter 5.20 11.86
f(x) = x7 looks like the red graph in Figure 2.14(a) Saturn 9.54 29.46

because k = 1 >0anda =7 > 1.

f(x) = x"" looks like the blue graph in Figure 2.14(a)
because k = 1 >0and0 <a = 1/7m < 1.

f(x) = x ™ looks like the green graph in Figure 2.14(a)

Source: Shupe, Dorr, Payne, Hunsiker, et al., National Geographic Atlas of the World
(rev. 6th ed.). Washington, DC: National Geographic Society, 1992, plate 116.

Using these new data, we find a power function model of:
y ~ 0.99995 - x1505 ~ x5 Since y represents years, we

because k = 1 < 0Oanda = —7 < 0. set y = T and since x represents distance, we set x = a,
f(x) = —x" looks like the red graph in Figure 2.14(b) theny = x=T = oa? = (T)? = ()P’ =T" = a.
because k = —1 < Oanda =7 > 1.

f(x) = —x"" looks like the blue graph in Figure 2.14(b)

because k = —1 < 0Oanda = —7 < 0.

f(x) = —x " looks like the green graph in Figure 2.14(b)

because k = —1 < 0Oanda = —7 < 0.
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68. Using the free-fall equations in Section 2.1, we know that H Section 2.3 Polynomial Functions
1 . . .
s(t) = —Egtz + vyt + sp and that v(t) = —gt + v, If of Higher Degree with Modeling
t = 0 is the time at which the objeft is dropped, tlhen Exploration 1
v =0.S0d =55 — 5 =855 — (—Egt2 + so) = Egt2 1. (a) lim 2x° = oo, lim 283 = —0
1
and p = |[v| = |—gt|. Solving d = Egt2 for , we have ' /

/ / 2dg?
t = %.Thenp= ‘—g 2?61 = gg = V2dg.

The results of Example 6 approximate this formula. {

f

69. If f is even, [=5,5] by [15, 15]
1
f(x) = f(=x),s0 —— 70 f( ) (f(x) # 0). (b) lim (—x) = =00, lim_(~x’) = o0
1 1
Since g(x) = —— = = g(—x), g is also even.
7o) F) '
If g is even, . . N
x) = g(—x),sog(—x) = =gx)=——
g(x) = g(-) g() e l\
Since = , f(=x) = f(x),and f is even.
f(=x) f(X) [=5,5] by [15, 15]
If f is odd, ) )
1 1 (¢) lim x> = oo, lim x° = —c0
f X) = _f X), SO0 —/—— = __7f 0 = o
()= 10070 = e )
1 1
Since g(x) = —— = —— = —g(x), g is also odd.
) fx)
If g is odd, 3
(x) = g(=x),50 ( )= = () = = [
x) = g(—x), —x)=——=—g(x) = —.
soe ¢ fex -8 7
1 _ —
Since —— = ———, f(—x) = —f(x), and f is odd. [=5,5] by [-15,15]
[0 f(x) d) li 0.5x7 li 0.5x7
- = —00 - = 00
70. Let g(x) = x “and f(x) = x“ Then g(x) = 1/x* = @ a0 (0.5 e (0.5
1/f(x). Exercise 69 shows that g(x) = 1/f(x) is even if
and only if f(x) is even, and g(x) = 1/f(x) is odd if and
only if f(x) is odd. Therefore, g(x) = x™*is even if and
only if f(x) = x%is even, and that g(x) = x “is odd if
and only if f(x) = x%is odd. ||
71. (a) The force F acting on an object varies jointly as the
mass m of the object and the acceleration a of the [=5,5] by [-15,15]
object. ) i 3t i 3t
(b) The kinetic energy KE of an object varies jointly as - @) s (73¢9 = —eo, i (=37 = =
the mass m of the object and the square of the
velocity v of the object.
(¢) The force of gravity F acting on two objects varies
jointly as their masses m; and m, and inversely as the £ ]I'|
square of the distance r between their centers, with Jr'
the constant of variation G, the universal gravitational I|
constant. [=5,5] by [15, 15]
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() lim 0.6x* = co, lim 0.6x* = o0

x—>—00

|/
|

[-5,5] by [-15,15]

(¢) lim 2x° = oo, lim 2x° = oo
x—>00 x—>—00

L
|

[-5,5] by [-15,15]

@) lim (-05x°) = —oco, lim (—0.5x%) = —o0
-~ S
[-5,5] by [-15,15]
3. (@ lim (—0.3x°) = —o0, lim _ (—0.3x%) = o
b ,
-

[-5,5] by [-15,15]

(b) lim (—2x%) = —oco, lim (-2x%) = —00

———

P

/

/1N

[-5,5] by [-15,15]

(¢) lim 3x* = 0o, lim 3x* = o0

RUE
|

[-5,5] by [-15,15]

(d) lim 2.5x% = co, lim 2.5x% = —c0

/|

[-5,5] by [15, 15]

Ifa, > 0andn > 0, lim f(x) = oo and

lim f(x) = —oco.Ifa,<0and n > 0,
lingof(x) = —o0 and lirzloof(x) = 0.

Exploration 2

1.

2.

y = 0.0061x> + 0.0177x* — 0.5007x + 0.9769. It is an

exact fit, which we expect with only 4 data points!

[-5,10] by [-5,5]

y = —0.375x* + 6.917x* — 44.125x* + 116.583x — 111. It
is an exact fit, exactly what we expect with only 5 data
points!

'
_"""-q_q_,-" i

\

[2.5,85] by [18,15]

Quick Review 2.3

1

10.

. (x = 4)(x +3)

2. (x = 7)(x — 4)

3. (3x —2)(x — 3)

4. 2x — 1)(3x — 1)

5. x(3x = 2)(x — 1)

6. 2x(3x — 2)(x — 3)
7.x=0,x=1

8. x=0,x=-2,x=5
9. x =—-6,x=-3,x=15

x=-6,x=-4x=5
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Section 2.3 Exercises 5. Start with y = x*, shift to the left 2 units, vertically stretch
1. Start with y = x>, shift to the right by 3 units, and then by 2, reflect over the x-axis, and vertically shift down
stretch vertically by 2. y-intercept: (0, —54). 3 units. y-intercept: (0, =35).
y y
10 x)
T / I B 1I0 x W s X
2. Start with y = x, shift to the left by 5 units, and then 6. Start with y = x*, shift to the right 1 unit, vertically
reflect over the x-axis. y-intercept: (0, —125). stretch by 3, and vertically shift down 2 units. y-intercept:
y (0, 1).
200 Y

X
15
1 1 1 1 1 1 1 1 1 X
5
3. Start with y = x%, shift to the left by 1 unit, vertically
1 7. Local maximum: ~ (0.79, 1.19), zeros: x = 0 and
shrink by > reflect over the x-axis, and then vertically x ~ 1.26. The general shape of f is like y = —x*, but
3 near the origin, f behaves a lot like its other term, 2x. f is
shift up 2 units. y-intercept: (0, 5) neither even nor odd.

: N
/

|

[-5,5] by [-5,2]

8. Local maximum at (0, 0) and local minima at (1.12,
—3.13) and (—1.12, —3.13), zeros: x = 0, x =~ 1.58,
x ~ —1.58.
f behaves a lot like y = 2x* except in the interval
[—1.58, 1.58], where it behaves more like its second

4. Start with y = x%, shift to the right by 3 units, vertically

shrink by %, and vertically shift up 1 unit. y-intercept: building block term, —5x*
(0, -17).
y
20F
: "'._.--" "‘x_.l'l
oLk L [-5,5] by [5,15]
T 10 9. Cubic function, positive leading coefficient. The answer
is ().
10. Cubic function, negative leading coefficient. The answer
I is (b).
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18. \

Higher than cubic, negative leading coefficient. The 1
answer is (d).

11. Higher than cubic, positive leading coefficient. The
answer is (a).

12.

13. One possibility:

[~5,5] by [~15,15]
lim f(x) = —
lim f(x) =

19. ||
[~100, 100] by [—1000, 1000]
14. One possibility:
[—8,10] by [—120, 100]
{ l lim f(x) = —
li =
[-50, 50] by [~1000, 1000] Jim fG)
. 20. —
15. One possibility: s III

! wivi

[~10,10] by [

~100, 130]

[~50, 50] by [~1000, 1000]

16. One possibility:

U
ﬂ

[~100, 100] by [~2000, 2000]

For #17-24, when one end of a polynomial function’s graph
curves up into Quadrant I or II, this indicates a limit at co. And
when an end curves down into Quadrant III or IV, this indicates
a limit at —oo

AT

N

[=5.3] by [-8,3]
lim f(x) = o0
lim f(x) = —

lim f(x) = o0
lim f(x) = —

21.

III f

W%

[-5,5] by [—14,6]

lim f(x) = o0
“lim_f(x) = oo

22.

!
=

il
I_J"F

/

[~2, 6] by [~100,25]

lim f(x) = o0
lim f(x) = oo
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23. | 40. Degree 4; zeros: x = 0 (multiplicity 3, graph crosses
I\/;.T\ } x-axis), x = 2 (multiplicity 1, graph crosses x-axis).
!

Y

[—3, 5] by [50, 50]

lim f(x) = oo

lim f(x) = oo

24.

Y

h, 41. Degree 5; zeros: x = 1 (multiplicity 3, graph crosses
x-axis), x = —2 (multiplicity 2, graph is tangent).

*y v

] 0 10]-
[—4,3] by [-20, 90] I

lim f(x) = — o0 -

lim f(x) = — o0 [ ) A

For #25-28, the end behavior of a polynomial is governed by

the highest-degree term. _1o

25. xh—>nc}o f(x) = o, xgr?oo fx) = o0 42. Degree 6; zeros: x = 3 (multiplicity 2, graph is tangent),

26. xli_)ﬁgo f(x) = —oo, XEEIOO f(x) = o0 x = —5 (multiplicity 4, graph is tangent).
27. lim f(x) = —oo0, lim f(x) = oo "
28. ih_)néo f(x) = — o0, ig@m f(x) = —o0 100,000
29. (a); There are 3 zeros: they are —2.5, 1, and 1.1.
30. (b); There are 3 zeros: they are 0.4, approximately
0.429 (actually 3/7), and 3. /
L L X

31. (c); There are 3 zeros: approximately —0.273 (actually
—3/11),-025, and 1.

32. (d); There are 3 zeros: —2, 0.5, and 3.
For #33-35, factor or apply the quadratic formula.

43. Zeros: —2.43, —0.74, 1.67

33. —4 and 2
34. -2 and 2/3 {
35.2/3and —1/3 PN J."
For #36-38, factor out x, then factor or apply the quadratic ! " !
formula. / ."H
36. 0, -5, and 5
37.0,-2/3,and 1 [-3,2] by [—10, 10]
38. 0,—1,and 2 44. Zeros: —1.73, 0.26, 4.47
39. Degree 3; zeros: x = 0 (multiplicity 1, graph crosses
x-axis), x = 3 (multiplicity 2, graph is tangent).
y
¢
10 N I_.-"'
[—2,5] by [-8,22]
1 1 1 1 1 1 1 1 1 X
6
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45. Zeros: —2.47,—-1.46,1.94 52. —6, 2, and 8. Graphically.

~ 1
[-3,3] by [~10, 10]
46. Zeros: —4.53,2

[-10, 15] by [-500, 500]

For #53-56, the “minimal” polynomials are given; any constant
(or any other polynomial) can be multiplied by the answer

\"- given to give another answer.
\\_ 53. f(x) = (x—3)(x+4)(x—6)
=x -5 - 18x + 72
I II'II f(x)=(x+2)(x = 3)(x +5) = x>+ 4x* — 11x — 30
[—53]by—2090 55f(X)=(x—\/_)(X+\/_)x—4
=(@=-3)(x—4)=x -4 -3x + 12
47. Zeros: —4.90, -045, 1,135 f) = (x—Dx—1-V2)(x -1+ V2
(

:x—l)[(x—l) 2] =x* -3+ x+1
/{\'\ / 57. y = 025x° — 1.25x% — 6.75x + 19.75

| &

/

[—6.2] by [5. 5] ™,

u
48. Zeros: —1.98, —0.16, 1.25,2.77, 3.62 l "
[—4, 4] by [-10, 30]
",
J/ "-.II }' 58. y = 0.074x> — 0.167x* + 0.611x + 4.48
h,

N /

[3, 4] by [~100, 100]

A
49. 0, —6, and 6. Algebraically — factor out x first. !
50. —11, —1, and 10. Graphically. Cubic equations can be (—3.8] by [-2,30]
solved algebraically, but methods of doing so are more 59. y = —221x* + 45.75x> — 339.79x% + 1075.25x — 1231

complicated than the quadratic formula.

~ /)

;(,r Lf’; t 'f ~ ‘!

[0,10] by [-25, 45]
(=15, 15] by [-800, 800] 60. y = —0.017x* + 0.226x + 0.289x> — 3.202x — 21

51. =5, 1, and 11. Graphically. /\\
1
AN ey
/
AN I
’ [~1, 14] by [-25, 35]

[-10, 15] by [-300, 150]
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61. f(x) = x” + x + 100 has an odd-degree leading term, 67. The volume is V(x) = x(10 — 2x)(25 — 2x); use any x
which means that in its end behavior it will go toward with0 < x = 0929 or 3.644 = x < 5.
—oo at one end and toward oo at the other. Thus the graph
must cross the x-axis at least once. That is to say, f(x) takes
on both positive and negative values, and thus by the /_\ ™,
Intermediate Value Theorem, f(x) = 0 for some x. \
62. f(x) = x* — x + 50 has an odd-degree leading term, /
which means that in its end behavior it will go toward l'\
—oo at one end and toward oo at the other. Thus the graph [0, 5] by [0, 300]
must cross the x-axis at least once. That is to say, f(x) takes
on both positive and negative values, and thus by the 68. Determine where the function is positive: 0 < x < 21.5.
Intermediate Value Theorem, f(x) = 0 for some x. (The side lengths of the rectangle are 43 and 62 units.)
63. (a)

s Y

[0,25] by [0, 12000]

[0,60] by [~10, 210]

(b) y = 0.051x> + 0.97x + 026 69. True. Because f is continuous and
' i () = (1 = (1) =2=-2<0
(© while £(2) = (2)' - (2P =2 =2 >0,
the Intermediate Value Theorem assures us that the graph
of f crosses the x-axis (f(x) = 0) somewhere between
/ x=1andx = 2.
— 70. False. If a > 0, the graph of f(x) = (x + a)?is obtained
| by translating the graph of f(x) = x* to the left by a
[0, 60] by [~10,210] units. Translation to the right corresponds to a < 0.
(d) y(25) ~ 56.39 ft 71 Whenx = 0, f(x) =2(x — 1) + 5 =2(-1)* + 5= 3.
(e) Using the quadratic equation to solve The answer is C.
0 = 0.051x* + 0.97x + (0.26 — 300), we find two 72. In f(x) = (x — 2)*(x + 2)*(x + 3)7, the factor x — 2
answers: x = 67.74 mph and x = —86.76 mph. Clearly occurs twice. So x = 2 is a zero of multiplicity 2, and the
the negative value is extraneous. answer is B.
64. (a) P(x) = R(x) — C(x) is positive if 29.73 < x < 541.74 73. The graph indicates three zeros, each of multiplicity 1:
(approx.), so they need between 30 and 541 customers. x = —2,x = 0,and x = 2.The end behavior indicates a
(b) P(x) = 60,000 when x = 200.49 or x = 429.73. Either negative leading coefficient. So f(x) = —x(x + 2)(x - 2),
201 or 429 customers gives a profit slightly over and the answer is B.
$60,000; 200 or 430 customers both yield slightly less 74. The graph indicates four zeros: x = —2 (multiplicity 2),

than $60,000. x = 0 (multiplicity 1), and x = 2 (multiplicity 2). The end
behavior indicates a positive leading coefficient. So

65. (a)
— f(x) = x(x + 2)*(x — 2), and the answer is A.
\ 75. The first view shows the end behavior of the function but
obscures the fact that there are two local maxima and a

b

S local minimum (and 4 x-axis intersections) between —3

k‘\ and 4. These are visible in the second view, but missing is
the minimum near x = 7 and the x-axis intersection near
[0,0.8] by [0, 1.20] x = 9. The second view suggests a degree 4 polynomial
(b) 0.3391 cm from the center of the artery rather than degree 5.
66. (a) The height of the box will be x, the width will be 76. The figure at left shows the end behavior and a zero of
15 — 2x, and the length 60 — 2x. x =~ —35,but hides the other three zeros. The figure at
(b) Any value of x between approximately 0.550 and right shows the zero at 1 and the zeros near 0.83 and 1.22,
6.786 inches but hides the fourth zero and the end behavior.

= 77. The exact behavior near x = 1 is hard to see. A zoomed-
s _\ in view around the point (1, 0) suggests that the graph
/ just touches the x-axis at 0 without actually crossing it —
that is, (1, 0) is a local maximum. One possible window is
[0.9999, 1.0001] by [-1 X 107, 1 X 1077].

B

[0, 8] by [0, 1500]
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[0.9999, 1.0001] by [~1 X 10-7,1 X 10-7]

Polynomial Functions of Higher Degree with Modeling 87

82. The graph of y = x* has a “flat” bottom while the graph

of y = x* + 3x* — 2x — 3 (shown on [—4, 2] by [~

8,5])

is “bumpy.” Therefore this graph cannot be obtained from
the graph of y = x* through the transformations of
Chapter 1 (translations, reflections, and stretching/

shrinking). Since the right side includes only these trans-
formations, there can be no solution.

wf

[~4,2] by [-8,5]

78. This also has a maximum near x = 1 — but this time a
window such as [0.6, 1.4] by [—0.1, 0.1] reveals that the
graph actually rises above the x-axis and has a maximum
at (0.999, 0.025).

/O

[0.6,14] by [~0.1,0.1]

83. (a) Substituting x = 2, y = 7, we find that
7 =5(2—2) + 7,s0Qison line L, and also
f(2) = -8+ 8 + 18 — 11 = 7,50 Q is on the graph
of f(x).
(b) Window [1.8,2.2] by [6, 8]. Calculator output will not
show the detail seen here.

79. A maximum and minimum are not visible in the standard
window, but can be seen on the window
[0.2,04] by [5.29,5.3].

: —
/ ' '/f
,-* : .

A

InktgFseckion
n=E .

Asrannonng |
[18,22] by [6,8]

[0.2,0.4] by [5.29,5.30] (¢) The line L also crosses the graph of f(x) at
80. A maximum and minimum are not visible in the (=2,-13).
standard window, but can be seen on the window '|I

[0.95, 1.05] by [~6.0005, —5.9995].

/ -

/

5,5] by [-25, 25]

- N Y20
[0.95, 1.05] by [~6.0005, —5.9995] 84. (a) Note that f(a) = a"and f(=a) = —a";m = P
—a" = a" —2a" B
81. The graph of y = 3(x* — x) (shown on the window = .4 T4 a .

[-2, 2] by [—5, 5]) increases, then decreases, then increases;
the graph of y = x> only increases. Therefore, this graph
cannot be obtained from the graph of y = x* by the trans-
formations studied in Chapter 1 (translations, reflections,
and stretching/shrinking). Since the right side includes only
these transformations, there can be no solution.

—

/
[ |

[-2,2]by [-5,5]

(b) First observe that f(x,) = (a'/"~D)" = /"1, Using
point-slope form:
y - an/(n—l) — an—l(x _ al/(n—l)).

(¢) With n = 3 and a = 3, this equation becomes
y =32 =3(x —32) ory = 9(x — V3) + 33
:9x—6\/§.Soy:x3.

v
/N

[-5.5]by [

=30, 30]

Copyright © 2019 Pearson Education, Inc.



88 Chapter 2 Polynomial, Power, and Rational Functions

85. (a) Label the points of the diagram as shown, adding the

horizontal segment FH . Therefore, AECB is similar
(in the geometric sense) to AHGB, and also AABC is
similar to AAFH. Therefore:

HG _BG =8 D-u . AF _FH
EC BC*'xT p MOTOUR T B
-8 D-— -8
ory = u."Ihen§=y—.
y D X y
_A
E
] F D—u H
X
8
| D—u
B G C
—D——

8 8
(b) Equation (a) says — = 1 — —. Multiply both sides by
X y

(c

-

xy: 8y = xy — 8x. Subtract xy from both sides and
factor: y(8 — x) = —8. Divide both sides by 8 — x:

-8
y = Fy— Factor out —1 from numerator and
- X

. 8
denominator: y = ——.
x — 8

Applying the Pythagorean Theorem to AEBC and
AABC, we have x? + D* = 20? and y* + D? = 30%,
which combine to give D* = 400 — x*> = 900 — y* or
y*> — x* = 500. Substituting y = 8x/(x — 8),

8 2
we get (x xS) — x* = 500, so that

64x*
(x - 8
= 500(x — 8)°. Expanding this gives 500x> — 8000x +
32,000 = 64x* — x* + 16x> — 64x% This is equivalent
to x* — 16x° + 500x* — 8000x + 32,000 = 0.

— x* = 500, or 64x> — x*(x — 8)?

(d) The two solutions are x ~ 5.9446 and x ~ 11.7118.

86. (a)

(b)
(©)

Based on the figure, x must be between 8 and 20 for
this problem, so x ~ 11.7118. Then D = V20? — x?
~ 162121 ft.

Regardless of the value of b, f(=b) =1 — b,

xli_)ngo f(x) = +o0, xl_iEloo f(x) = —00, and the graph of
f has a y-intercept of 1. If [b| = \/g, the graph of fis
strictly increasing. If [b| > V3, f has one local maxi-
mum and one local minimum. If |b| is large, the graph of
fappears to have a double root at 0 and a single root at
—b, because f(x) = x* + bx* = x*(x + b) for large x.

Answers will vary.

f‘a{/ /
[ /T

[-18.8, 18.8] by [-1000, 1000]

M Section 2.4 Real Zeros of Polynomial
Functions

Quick Review 2.4
1. x> —4x +7

5
2.x*—=x -3
.73+ 2 -3
4.2)(2—2)6-‘:-z

3 3

5.x(x2—4)=x(x>-2) =x(x+2)(x - 2)
6. 6(x*> — 9) = 6(x> — 3%) = 6(x + 3)(x — 3)
7. 4(x% + 2x — 15) = 4(x + 5)(x — 3)
8. x(15x* — 22x + 8) = x(3x — 2)(5x — 4)
9. (P +2) - (x+2)=x(x+2) - 1(x +2)
=(x+2)(x* -1 =(x+2)(x+ Dx—1)
10. x(x* + x> = 9x — 9) = x[(x* + x}) — (9x + 9)]
= x([xX*(x + 1) — 9(x + 1)]
=x(x + D(x* = 9) = x(x + )(x* — 3%
x(x + D(x +3)(x — 3)

Section 2.4 Exercises

1. x —1
x—l)x2—2x+3
X2 — x
-x +3
—x + 1
f(x) 2
f(x):()6—1)2-1-2;m=x—1+x_1
2. - x +1
x+ 1) +0x2+0x — 1
X+ X2
—x + Ox
—xr - x
x—1
x + 1
-2
fx)=(*F*—-x+Dx+1) -2
f(x)=x2—x+1— 2
x +1 x +1
3. 2+ x +4
x+3) +4xr+7x -9
X3+ 3x2
x>+ Tx
x> + 3x
4x — 9
4x + 12
-21
fx) = (X + x + 4)(x +3) —21;
&=x2+x+4— 21
x+3 x+3
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Section 2.4 Real Zeros of Polynomial Functions 89

4. 26> — 5x + 2 1 3xt + 4% — 4x? + 9x — 3
20+ 1)4x° — 8% + 2x — 1 ’ x+5
3 2 1602
x” + 2x = 33 — 14x% + 66x — 321 +
—10x* + 2x x+5
—10x% — 5x =S 3 T 4 9 -3
T — 1 —15 70 —330 1605
Tx + % 3 —14 66 —321 1602
—% 1. 5xY—3x + 1
7 9 4 —x
X) = 2x2—5x+—)2x+1——; ~126
/) ( 2)¢ )73 = —5x° — 20x* — 80x — 317 + _9
f(x) 5 7 92
= — + - —_— — —
P R R 4 S
s, 2 —dx +12 —20 —80 —320 —1268
H2x— DX =285+ 32— 4x+6 -5 20 80 -317 —1269
X2 - X2 12 X -1
—4x + 4x? — 4x “x+2
3 2
—4x3 — +
d — Bt dx = 27— 225 + 425 — 8x* + 16x° — 3202 + 64x — 128
12x*— 8x + 6 255
7+ 24x — 12
12x° + 24x T+ 2
“x 18 =2 1 0 0 0 0 0 0 0 -1
f) = (& = 4x +12)(x* + 2x — 1) = 32x + 18; -2 4 -8 16 -32 64 —128 256
X —32x + 18 - - - —
2f() S S 1 2 4 -8 16 -32 64 -128 255
X0+ 2x — 1 x4 2x — 1 13. The remainder is f(2) = 3.
6. X —=3x +5 14. The remainder is f(1) = —4.
2+ )t =30 + 607 —3x +5 15. The remainder is f(—3) = —43.
4 2
X - * x2 16. The remainder is f(-2) = 2.
_2x3 X zx 17. The remainder is f(2) = 5.
== 52 — T s 18. The rer?ainder is f(—=1) = 23. .
5,2 5 19. Yes: 1is a zero of the second polynomial.
0 20. Yes: 3is a zero of the second polynomial.
5 ) f(x) 5 21. No: When x = 2, the second polynomial evaluates to 10.
FG) = (=30 +5)( + 1) 2+1 ¥ 3xEsS 22. Yes: 2is a zero of the second polynomial.
=52 +3x =2 —11 23. Yes: —2is a zero of the second polynomial.
7. =x>—6x+9+ .
x+1 x+1 24. No: When x = —1, the second polynomial evaluates to 2.
| 1 ) 3 —2 25. From the graph it appears that (x + 3) and (x — 1) are
-1 6 -9 factors.
s o =3 5 -7 —49 51
4 3 2
8. 2x" = 5x" + 7x" —3x + 1 _15 66 —51
X3 g 1] 5 2 17 0
=2x3+x2+10x+27+x_3 5 17
3 2 =5 7 -3 1 5 17 0
6 3 30 81 f(x) = (x+ 3)(x — 1)(5x — 17)
2 ! 10 27 52 26. F th h it that (x + 2) and ( 3)
0 + 72 — 3x ) 9670 . From the graph it appears that (x and (x are
9. =g = 9% t97x+967+ 10 factors.
X — X —
-2 5 -12 23 42
10 9 7 -3 0 =2
9 970 9670 —10 44 47
9 97 967 9670 3 5 22 21 0
15 21
5 7 0

fx) = (x+2)(x = 3)(5x = 7)
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90 Chapter 2 Polynomial, Power, and Rational Functions

27. 2(x + 2)( )(x ) =2x"— 6x* — 12x + 16 40.

x—1 —4
28. 2(x 4+ 1)(x — 3)(x + 5) = 2x° + 6x* — 26x — 30
1 3
29. 2(x — 2)(x - 5) X — 5)

1
E(x -2)2x — 1)(2x — 3)

41.
1
:2x3—8x2+79x—3

2
=x(x +3)(x +1)(2x = 5)

= 2x* + 3% — 14x% — 15x

31. Since f(—4) = f(3) = f(5) = 0, it must be that (x + 4),
(x — 3),and (x — 5) are factors of f. So
f(x) = k(x + 4)(x — 3)(x — 5) for some constant k.

Since f(0) = 180, we must have k = 3. So

f(x)=3(x+ 4)(x = 3)(x = 95).

Since f(=2) = f(1) = f(5) = 0, it must be that (x + 2),
(x — 1), and (x — 5) are factors of f. So

f(x) = k(x + 2)(x — 1)(x — 5) for some constant k.

Since f(—1) = 24, we must have k = 2,s0

30 2(x + 3)(x + 1)(x)(x - 5)

42.

43.

32

.

flx)=2(x +2)(x = 1)(x = 5). 4.
33. Possible rational zeros: j:717 or £1, j:l, j:l,
+1, £2, £3, £6 273
1
+—:1i .
E is a zero
. . +1, £2,4+7, £14
34. Possible rational zeros; ———— ——  or &1, £2, +7, 45
+1, 43 .
+14 :I:l ig j:z iﬁ' 7 is a zero
T3 73737373 '
. . +1, £3, +£9 1
35. Possible rational zeros: ———————, or =1, +3, £9, +—,
+1, 42 2
ié ig' 3 is a zero
22722 '

+1, £2, £3, +4, £6, £12

36. Possible rational zeros: 150,53 16 Lor £1,
1 3 1 2 4 1 4
— 4 4= 4 E 4= 4= = 46.
12,13,14,16,112,12, £, 43, 45, E5 3and

3
— are Zeros.
2

37. 3| 2 -4 1 =2
6 6 21
2 2 719

Since all numbers in the last line are = 0, 3 is an upper
bound for the zeros of f.

38. 5| 2 5 5
10 25 100 47.
2 s 2 99

Since all values in the last line are
bound for the zeros of f(x).

= 0, 5 is an upper

39. 2| 1 - 1 1 12
2 2 6 14
1 1 3 7 2

Since all values in the last line are
bound for the zeros of f(x).

= 0, 2 is an upper

3] 4 -6 -7 9 2
12 18 33 126
4 6 11 4 128

Since all values in the last line are = 0, 3 is an upper
bound for the zeros of f(x).

-1 3 4 1 3
-3 7 -8
3 7 8 -5

Since the values in the last line alternate signs, —1 is a
lower bound for the zeros of f(x).

=31 1 2 2 5
-3 3 15
1 -1 5 10

Since the values in the last line alternate signs, —3 is a
lower bound for the zeros of f(x).

0 1 -4 7 =2
0 0 0
1 -4 7 =2

Since the values in the last line alternate signs, 0 is a lower
bound for the zeros of f(x).

-4 3 -1 -5 -3
-12 5 188
3 -13 47 -191

Since the values in the last line alternate signs, —4 is a
lower bound for the zeros of f(x).

By the Upper and Lower Bound Tests, =5 is a lower

bound and 5 is an upper bound. No zeros outside window.
=5 6 -1 7 8§ 34
=30 205 990 4910
6 —41 198 -982 4876
5 6 -1 7 8§ 34
30 95 440 2240
6 19 88 448 2206

By the Upper and Lower Bound Tests, =5 is a lower
bound and 5 is an upper bound. No zeros outside window.

-5 1 -1 0 21 19 -3
-5 30 —150 645 —3320

1 -6 30 -129 664 —3323

5| 1 - 0 21 19 -3
5 20 100 605 3120

1 4 20 121 624 3117

Synthetic division shows that the Upper and Lower
Bound Tests were not met. There are zeros not shown
(approx. —11.002 and 12.003), because —5 and 5 are not
bounds for zeros of f(x).

-5 1 -4 -129 3% -8 3
—5 45 420 —4080 20,440
1 -9 -84 816 —4088 20443
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5 1 -4 —129 396 -8 3
5 5 —620 —1120 —5640
1 1 —124 224 —1128 —5637

Section 2.4 Real Zeros of Polynomial Functions

54. Rational: —1 and 2; irrational: j:\/g

48

by

Synthetic division shows that the lower/upper bounds
tests were not met. There are zeros not shown (approx.
—8.036 and 9.038), because —5 and 5 are not bounds for
zeros of f(x).

-5 2 -5 -141 216 -91 25
-10 75 330 —2730 14,105
2 —15  —66 546 —2821 14,130

5] 2 =5 -141 216 91 25
10 25 580 —1820 —9555
2 5 —116 364 —1911 -9530

For #49-56, determine the rational zeros using a grapher (and
the Rational Zeros Test as necessary). Use synthetic division

to reduce the function to a quadratic polynomial, which can

be solved with the quadratic formula (or otherwise). The first
two are done in detail; for the rest, we show only the synthetic

division step(s).
+1, 42, 43, +6

49. Possible rational zeros: ———————, or
+1, +£2

1 3 3
+1, £2, £3, £6, j:g, iE' The only rational zero is >
Synthetic division (below) leaves 2x* — 4, so the irra-

tional zeros are j:\/i.

321 2 3 4 6
3 0 -6
2 0 4 0

Possible rational zeros: +1, £3, +9. The only rational
zero is —3. Synthetic division (below) leaves x> — 3, so
the irrational zeros are +V 3.

=3 1 3 -3 -9

50

b

-3 0 9
1 0 -3 0
51. Rational: —3;irrational: 1 + \/5
—3| 1 1 -8 —6
-3 6 6
1 -2 -2 0
52. Rational: 4;irrational: 1 + \/5
4 1 —6 7 4
4 -8 —4
1 -2 -1 0
53. Rational: —1 and 4; irrational: j:\/i
—1] 1 -3 —6 6 8
-1 4 2 -8
1 —4 -2 8 0
4 1 —4 -2 8
4 0 -8
1 0 -2 0

-1 1 -1 —7 5 10
—1 2 5 -10
1 -2 =5 10 0
2| 1 -2 =5 10
2 0 —10
1 0 =5 0
55. Rational: — and 4; irrational: none
4 2 -7 -2 -7 —4
8 4 8 4
2 1 2 0

12| 2 1 2 1
-1 0 -1
2 0 2 0

56. Rational: %; irrational: about —0.6823

2/3 3 -2 3 1 -2

2 0 2 2
3 0 3 3 0

57. The supply and demand graphs are shown on the window

[0, 50] by [0, 100]. They intersect when p = $36.27, at
which point the supply and demand equal 54.

[0,50] by [0, 100]

58. The supply and demand graphs, shown on the window

[0, 150] by [0, 1600], intersect when p = $106.99. There
S(p) = D(p) = 1010.

[0, 150] by [0, 1600]

59. Using the Remainder Theorem, the remainder is

(-)* -3 =-2.

60. Using the Remainder Theorem, the remainder is

18 — 17 = —16.
61. (a) Lower bound:
=5 1 2 —11 -13 38
=5 15 =20 165
1 -3 4 33 203
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92 Chapter 2 Polynomial, Power, and Rational Functions

Upper bound:
4 1 2 —-11 -13 38
4 24 52 156
1 6 13 39 194

The Upper and Lower Bound Tests are met, so all

real zeros of f lie on the interval [—5, 4].
(b) Potential rational zeros:
Factors of 38 +£1, £2, +19, +38
Factorsof 1~ +1
A graph shows that 2 is most promising, so we verify
with synthetic division:

21 2 —11 -13 38
2 8 —6 —38
1 4 -3 -19 0
Use the Remainder Theorem:
f(=2)=20#0  f(—38) = 1,960,040
f(=1)=39#0 f(38) = 2,178,540
fH)y=17#0 f(—=19) = 112917

f(19) = 139,859
Since all possible rational roots besides 2 yield non-
zero function values, there are no other rational roots.

[=5,4] by [—1, 49]
© f(x) = (x—2)(x*+ 4x* — 3x — 19)

(d) From our graph, we find that one irrational zero of x
is x = 2.04.

(e) f(x) ~ (x — 2)(x — 2.04)(x* + 6.04x + 9.3216)
62. (a) D ~ 0.0669> — 0.7420¢> + 2.1759¢ + 0.8250

o
[ U

[1,8.25] by [0, 5]

(b) When ¢ = 0, D ~ 0.8250 m.

(¢) The graph changes direction at r ~ 2.02 and at
t ~ 5.38. Lewis is approximately 2.74 m from the
motion detector at ¢ = 2.02 and 1.47 m from the
motion detector at t = 5.38.

63. False. x — ais a factor if and only if f(a) = 0. So (x + 2)
is a factor if and only if f(—2) = 0.

64. True. By the Remainder Theorem, the remainder when
f(x) is divided by x — 1is f(1), which equals 3.

65. The statement f(3) = 0 means that x = 3 is a zero of f(x)
and that 3 is an x-intercept of the graph of f(x). And it fol-
lows that x — 3 is a factor of f(x) and thus that the
remainder when f(x) is divided by x — 3 is zero. So the
answer is A.

66. By the Rational Zeros Theorem, every rational root of

67. f(x)

68

69

70

by

.

b

1 3
f(x) must be among the numbers +1, +3, iz, iE'

The answer is E.

(x + 2)(x* + x — 1) — 3 yields a remainder

of —3 when divided by either x + 2 or x> + x — 1, from
which it follows that x + 2 is not a factor of f(x) and that
f(x) is not evenly divisible by x + 2. The answer is B.

Answers A through D can be verified to be true. And
because f(x) is a polynomial function of odd degree, its
graph must cross the x-axis somewhere. The answer is E.

4
(a) The volume of a sphereis V = §7Tr3. In this case, the

4
radius of the buoy is 1, so the buoy’s volume is 37

. weight
(b) Total weight = volume + ———
unit volume

volume - density. In this case, the density of the

1
buoy is 1 d, so, the weight W, of the buoy is
_Gm 1, _dr
3 4 37

(¢) The weight of the displaced water is
Wi,0 = volume - density. We know from geometry
that the volume of a spherical cap is

Wy

V= %(B'r2 + h?) h, so,
d
Who = %(B'r2 + ) x-d= 77-?)C(B'rz + x2).

(d) Setting the two weights equal, we have:
Wy = Wyo

d d
- % (3’r2 + x2)x

3
2=0C3r+ P)x

0= (6x —3x*+ x*)x — 2
0=-2x"+6x -2

0=0x —3x+ 1.

Solving graphically, we find that x ~ 0.6527 m,
the depth that the buoy will sink.

1
The weight of the buoy, W, with density 3 d, is
47 1 4d
=—'—d=—]—.
R T
Wy = Wno
dmd  wd 5
— = +
15 G (Bre + x)x
24
5 (3% + Xx

0=(6x—3'xz+xz)x—5

8
0=—-2x+6x> ——
5

4
0=0x =3¢+
X At
Solving graphically, we find that x ~ 0.57 m, the depth

the buoy would sink.
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71.

72

.

73

o

74.

75.

Section 2.5

(a) Shown is one possible view, on the window
[0, 600] by [0, 500].

[0, 600] by [0, 500]

(b) The maximum population, after 300 days, is 460 turkeys.
(¢) P = 0whent =~ 523.22 — about 523 days after release.

(d) Answers will vary. One possibility: After the popula-
tion increases to a certain point, they begin to com-
pete for food and eventually die of starvation.

(a) d is the independent variable.

(b) A good choice is [0, 172] by [0, 5].

(¢) s = 1.25 when d ~ 95.777 ft (found graphically).

(a) 2 sign changes in f(x), 1 sign change in
f(=x) = =x¥* + x> + x + 1;0 or 2 positive zeros,
1 negative zero.

(b) No positive zeros, 1 or 3 negative zeros.

(¢) 1 positive zero, no negative zeros.

(d) 1 positive zero, 1 negative zero.

[=5,5] by [-1,9]
The functions are not exactly the same, when x # 3, we
(x = 3)(2x* + 3x + 4)

(x = 3)
=2x + 3x + 4 = g(x)

have f(x) =

The domain of f is (=00, 3) U (3, o) while the domain of
g is (—00, 00). f is discontinuous at x = 3. g is continuous.

453 —5x* +3x + 1

2x — 1
5 3 1
28 == + x4+ =
_ o 2x 2x 2 Divide numerator and
N 1 denominator by 2.
X3
£ divi 1 ) 5 3 1 Write coefficients of
zero of divisor > > 3 73 dividend.
3 3
line for products 1 — =
4 8
. 3 3 7 . .
line for sums 2 > 1 3 Quotient, remainder

1
Copy 2 into the first quotient position. Multiply 2 - 5= 1

. 5 . 3.1 3 .
and add this to > Multiply 25~ "2 and add this to

= % and add this to % The last line tells

N |

2 Multiply > -
> Multiply

Complex Zeros and the Fundamental Theorem of Algebra

us( —l)(22—§ +§)+Z
YT\ TR TR

5 3 1
=20 - >+ Tx + o
2x 1~ X5

76. Use the zero or root finder feature to locate the zero near

x = —3.Then regraph the function in a smaller window,
such as [0, 2] by [—0.5, 0.5], and locate the other three
zeros of the function.

71. (a) g(x) = 3f(x), so the zeros of f and the zeros of g
are identical. If the coefficients of a polynomial are
rational, we may multiply that polynomial by the
least common multiple (LCM) of the denominators
of the coefficients to obtain a polynomial, with
integer coefficients, that has the same zeros as the
original.

(b) The zeros of f(x) are the same as the zeros of
6f(x) = 6x> — 7x*> — 40x + 21. Possible rational
+1, £3, £7, £21
+1, £2, 43, +6°
j:1 j:3' j:7 j:21 j:1 j:7 j:1 j:7
272 T2 T2y 66
The actual zeros are —7/3,1/2, and 3.
(¢) The zeros of f(x) are the same as the zeros of

12f(x) = 12x* — 30x% — 37x + 30.
Possible rational zeros:
+1, £2, £3, £5, +£6, £10, £15, £30

+1, £2, £3, +4, £6, £12

Zeros: or +1, +3, +7, £21,

, Oor

+1, £2, £3, £5, £6, £10, £15, £30, j:%, j%, j:%,
5 1 2 5 10 1 3 5 15 1

e B N S E it EL IRt B
2 373 3 3 4 4 4 4 6

5 1 5

e )

6 127 12

There are no rational zeros.
78. Let f(x) = x> —2=(x + \/E)(x - \/E) Notice that
V2 is a zero of f- By the Rational Zeros Theorem, the
only possible rational zeros of fare +1 and £2. Because
\/E is none of these, it must be irrational.
79. (a) Approximate zeros: —3.126, —1.075, 0.910, 2.291
(b) f(x) ~ g(x)
= (x + 3.126)(x + 1.075)(x — 0.910)(x — 2.291)

(¢) Graphically: Graph the original function and the
approximate factorization on a variety of windows
and observe their similarity. Numerically: Compute
f(c) and g(c) for several values of c.

B Section 2.5 Complex Zeros and the
Fundamental Theorem of Algebra

Exploration 1

L f2i) =) —iQi)+2=—-4+2+2=0
f(=i) = (=i)* —i(-i)+2=-1—-1+2=0;no.

2.6) =P —-i+(1+i)= -1—-i+1+i=0
gl—-H=0-iP-0-D+0+1i)=
—2i + 2i = 0; no.

Copyright © 2019 Pearson Education, Inc.
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3. The Complex Conjugate Zeros Theorem does not neces-
sarily hold true for a polynomial function with complex
coefficients.

Quick Review 2.5
L(3—2)+(-2+5)=B-2)+ (-2 +5)i
=1+3i
22.5-7)—-(3-2)=(5-3)+(-7-(-2)i
=2 -5
3. (1 +2)(3 — 2i) = 1(3 — 2i) + 2i(3 — 2i)
=3 -2+ 6i —4°
=7+ 4i
2430 1450
1—-5 1+5i
2 + 10i + 3i + 15
12 + 5%
—13 + 13i

26

1 1.
= —— + =
2 2

2+3i
1 -5

5 (2x = 3)(x + 1)
6. 3x + 1)(2x — 5)
. 54+ V25 4111 5+ V=19
L Xx = =
2 2
T2t 2!
-3+ V9 —42)(7) -3+ V47
8. x = =
4 4
3 V47
= —— x i
4 4
9ﬂ’jE2 i1, 42, 44 22
CTxL, 130 T F E3
+1, £3 1 3 1 3
10.m,01‘ +1, +£3, :|:2, :|:2, :|:4, :|:4

Section 2.5 Exercises
1. (x — 3i)(x + 3i) = x> — (3i)> = x* + 9.The factored
form shows the zeros to be x = £3i. The absence of real
zeros means that the graph has no x-intercepts.
2. (x +2)(x — V3i)(x + V3i) = (x +2)(x* + 3)
= x> + 2x% + 3x + 6.The factored form shows the zeros
tobex = 2and x = j:\/gi. The real zero x = —2 is the
x-intercept of the graph.
(x = D)(x = D)(x + 2i)(x — 2i)
= -2x+1)(x*+4)
= x* — 2x% + 5x* — 8x + 4.The factored form shows
the zeros to be x = 1 (multiplicity 2) and x = £2i.
The real zero x = 1 is the x-intercept of the graph.
4. x(x —D(x =1 -0)(x—1+1)
= (= x)x - (1 +)]x—(1-10)]
=X -)F-0-i+1+i)x+ (1+1)]
= (2 —x)(x* —2x + 2) = x* — 3% + 4x? — 2x.
The factored form shows the zerostobe x = 0, x = 1,
and x = 1 & i.The real zeros x = 0 and x = 1 are the
x-intercepts of the graph.

@

In #5-16, any constant multiple of the given polynomial is
also an answer.

S5.x—D(x+i)=x*+1
6. (x —1+2)(x—1—-2)=x*—2x+5
7. (x — D(x — 3i)(x + 3i) = (x — 1)(x¥* +9)
©—=xX*+9% -9
8. (x+4H)(x—-1+i)(x—1-1)
= x+HP-2x+2)=x>+2x* —6x+38
9. (x — 2)(x — 3)(x — i)(x + Q)
= (x=2)(x =3)(P*+1)
=x* -5 +7%-5x+6
10. (x + 1)(x = 2)(x = 1+ i)(x — 1 — i)
(x + 1)(x —2)(x* = 2x + 2)
=x*-37+2%2+2x — 4
11. (x — 5)(x — 3 — 2i)(x — 3 + 2i)
(x = 5)(x* — 6x + 13) = x> — 11x* + 43x — 65
12. (x + 2)(x — 1 — 2i)(x — 1 + 2i)
(x+2)(x*—2x+5)=x+x+10
— DX x+2 =X +4x* + X - 1087 —4x + 8
+1Px—-3)=x*-6x>-8x—3
15. (x = 2)*(x =3 —i)(x — 3 +1i)
(x — 2)*(x* — 6x + 10)
(x* — 4x + 4)(x* — 6x + 10)
x* — 10x* + 38x* — 64x + 40
+ 1 (x+2+i)(x+2-14)
(x + 1)*(x* + 4x + 5)
(> 4+ 2x + 1)(x2* + 4x + 5)
=x*+6x+ 14 + 14x + 5

—
Fali
—_— o~
= =

p—
a

—
=

In #17-20, note that the graph crosses the x-axis at odd-
multiplicity zeros, and “kisses” (touches but does not cross)
the x-axis where the multiplicity is even.

17. (b)

18. (c)

19. (d)

20. (a)

In #21-26, the number of complex zeros is the same as the
degree of the polynomial; the number of real zeros can be
determined from a graph. The latter always differs from the

former by an even number (when the coefficients of the
polynomial are real).

21. 2 complex zeros; none real.
22. 3 complex zeros; all 3 real.
23. 3 complex zeros; 1 real.
24. 4 complex zeros; 2 real.
25. 4 complex zeros; 2 real.
26. 5 complex zeros; 1 real.

In #27-32, look for real zeros using a graph (and perhaps the
Rational Zeros Test). Use synthetic division to factor the
polynomial into one or more linear factors and a quadratic
factor. Then use the quadratic formula to find complex zeros.

27. Inspection of the graph reveals that x = 1 is the only real
zero. Dividing f(x) by x — 1 leaves x* + x + 5 (below).
The quadratic formula gives the remaining zeros of f(x).
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= %(x +2)(3x — 1)2x + 1 + V3i)

5
1 1 0 @2x +1 - \V3i)
\/ 7 3
Zeros:x = 1, x = _% + 2191' 31. Zeros: x = 3 and x = 3 (graphically) and x = 1 £ 2i

a ing the quadratic formula to 6x° — 12x +
(applying the quadratic f la to 6x* — 12x + 30

f(x) = 6(x* — 2x + 5))
= (x — 1){;; - (—% - \/f,')Mx - (_% n \/f,ﬂ -3 6 -7 -1 67-105
1 —14 49 —112 105
=Z(x—1)(2x+1+\/Ei)(2x+1—\/ﬁi) 6 —21 48 —45 0
7 V43 32/ 6 —21 48 —45
. Zeros: x = 3 (graphically) and x = — + i (applyin —
(graphically) 5+ — i (applying 9 _18 45
the quadratic formula to x> — 7x + 23). 6 —12 30 0
3 1-10 4 -6 F(x) = Bx + 7)2x — 3)[x — (1 — 20)]
3 —21 69 [x — (1 +2i)]
=72 0 = (Gx+7)2x = 3)(x — 1+ 2))(x — 1 — 2i)
f(x) 3 B . 3
PN 7 Va3 - Z_,_ Va3 32. Zeros: x = —gandx—S(graphmally) andx—zil
A e I S S = (5x + 3)(x — 5)(2x — 3 + 2i)(2x — 3 — 2i)
1 . . (applying the quadratic formula to 20x> — 60x + 65
= Z(x -3)2x -7+ \/4_3[)(2)( -7- \/4_3[) = 5(4x> — 12x + 13)).
. 1 V23 5/ 20148 269 —106 —195
. Zeros: x = + 1(graphically) and x = ~3 + — i 100 —240 145 195
(applying the quadratic formula to x> + x + 6). 20 —48 29 39 0
y 1 1 5 -1 -6 =3/5/20 —48 29 39
1 2 7 6 —12 36 -39
r2z 7 6 0 20 =60 65 0
=1 1 2 7 6 f(x) = (5x +3)(x = 5)[2x — (3 — 2i)]
4 -1 -6 [2x — (3 + 2i)]
1 | P 0 = (5x +3)(x = 5)(2x — 3 + 2i)(2x — 3 — 2i)
VB In #33-36, since the polynomials’ coefficients are real, for the
f(x) = (x = D(x + 1){)( _ (_l _ V2 1)} given zero z = a + bi, the complex conjugate 7 = a — bi
2 2 must also be a zero. Divide f(x) by x — zand x — zZ to
{x - (_l n \/2_31)} reduce to a quadratic.
1 2 2 33. First divide f(x) by x — (1 + 7) (synthetically). Then
= —(x— D(x + D@x + 1+ V23i)(2x + 1 — V23i) divide the result, x* + (=1 + i)x* — 3x + (3 — 3i),by
4 x — (1 — i).This leaves the polynominal x* — 3.
1 Tx = = j
. Zeros: x = —2 and x = — (graphically) and Zeros: x i\/g’ x=1=%i
L V3 3 L+ 1 -2 -1 6 —6
x=— + Ti (applying the quadratic formula to 1+i -2 -3-—3i 6
38 4+ 3x +3=3(x"+ x + 1)). r —-1+i =3 3— 3
2] 3 8 6 3 -2 -4 1 _1“ _(3) z_z’
4 . 343
B T 0 5
3.2 2 -1 0 _
flx) = (x — \/g)(x + \/g)[x -1 =D][x—-1+ )]
m 3 2 2 -1 , ,
— L —(x— V3)(x+ V3)(x—1+i)x—1-1i)
3 3 3 0 34. First divide f(x) by x — 4i. Then divide the result,
x® + 4ix? — 3x — 12i, by x + 4i. This leaves the
1 V3 D :
fx) = (x +2)Bx — D|x — 5T polynomial x> — 3. Zeros: x = +\/3,x = +4i
1 3 . 4i 1 0 13 0 —48
*~\73 + > ! 4i —16 —12i 48
1 4i -3 —12i 0
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96 Chapter 2 Polynomial, Power, and Rational Functions

—4i 1 4i -3 —12i
—4i 0 12i
1 0 -3 0

F(x) = (x = V3)(x + V3)(x — 4i)(x + 4i)

First divide f(x) by x — (3 — 2i).Then divide the result,
X+ (-3 — 2i)x* — 2x + 6 + 4i,by x — (3 + 2i). This
leaves x> — 2. Zeros:x = +\V2,x =3 £ 2i

35.

3-2i|1 -6 11 12 -26
3-2 —13 —6+4 26
1 —3-2 -2 6+4 0
3421 -3-2 -2 6+4i
342 0 —6—4i
1 0 -2 0
F(x) = (x = V2)(x + V2)[x — 3 — 2i)]
[x — (3 + 2i)]

= (x — V2)(x + V2)(x — 3 + 2i)(x — 3 — 2i)

First divide f(x) by x — (1 + 3i). Then divide the result,
X+ (-1 + 3i)x*> — 5x + 5 — 15i,by x — (1 — 3i).
This leaves x> — 5. Zeros: x = +\V/5,x = 1 + 3i

36.

1+3i] 1 2 5 10 -50
1+3 —10 -5-15i 50
1 —1+3 -5 5-15 0
1-3| 1 -1+3 -5 5-15i
1-3i 0 —5+15i
1 0 -5 0
F(x) = (x — V5)(x + V5)[x — (1 - 3i)]
[x — (1 + 30)]

= (x — V3)(x + VS)(x — 1 + 3i)(x — 1 — 3i)
For #37-42, find real zeros graphically, then use synthetic divi-

sion to find the quadratic factors. Only the synthetic divison
step is shown.

3. f(x) = (x —2)(x*+x + 1)
ﬂ 1 -1 -1 =2
2 2 2
1 1 1 0
38. f(x) = (x —2)(x* + x + 3)
2l 1 -1 1 -6
2 2 6
1 1 3 0
39. f(x) = (x — 1)(2x* + x + 3)
1 2 -1 2 -3
2 1 3
2 1 3 0
40. f(x) = (x — 1)(3x* + x + 2)
3 2 1 -2
3 1 2
3 1 2 0

L f(x) = (x — D(x + H)(¥* + 1)
11 3 -3 3 —4
1 41 4
1 4 1 4 0
—4 1 41 4
—4 0 —4
1 01 o0
2. f(x) = (x = 3)(x + 1)(¥* + 4)
31 2 1 -8 -12
33 12 12
1 1 4 4 0
—1] 1 1 4 4
-1 0 —4
1 0 4 0
43. Solve for i %(15;;2 — B3)(62.5) = % (125)(20), so that

15h* — k* = 160. Of the three solutions (found graphically),
only 2 ~ 3.776 ft makes sense in this setting.

44. Solve for h: %(15;;2 — 1?)(62.5) = %T (125)(45), so that

15h* — k* = 360. Of the three solutions (found graphically),
only 2 ~ 6.513 ft makes sense in this setting.

Yes: (x + 2)(x*> + 1) = x* + 2x* + x + 2 is one such
polynomial. Another example is (x + 2)° = x* + 6x* +
2x + 8. Other examples can be obtained by multiplying
any other quadratic with no real zeros by (x + 2).

45.

46. No: by the Complex Conjugate Zeros Theorem, for such a
polynomial, if 2i is a zero, so is —2i.

47. No: if all coefficients are real, 1 — 2i and 1 + i must also
be zeros, giving 5 zeros for a degree 4 polynomial.
Yes:f(x) = (x —1—=3i)(x =1+ 3)(x—1—1)

(x =1 +1i) =x*— 4x* + 16x* — 24x + 20 is one such
polynomial; all other examples would be multiples of this

polynomial.

49. f(x) must have the form
a(x = 3)(x + 1)(x =2+ 1) (x =2 — i);since
f(0) = a(=3)(1)(=2 + i)(=2 — i) = —15a = 30,we
know that a = —2. Multiplied out, this gives
f(x) = —2x* + 12x° — 20x% — 4x + 30.
50. f(x) must have the form
alx =1 =2)(x =1 +2)(x —1—i)(x — 1+ i);since
£(0) = a(—1 — 2i) (=1 + 2i)(—1 — i)(—1 + i)
= a(5)(2) = 10a = 20, we know that a = 2. Multiplied
out, this gives f(x) = 2x* — 8x* + 22x*> — 28x + 20.
51. (a) The model is D ~ —0.0820¢> + 0.9162¢> — 2.5126¢
+ 3.3779.

\

48.

S

N\
: L
(0,5]

[~1,9] by [0,5

(b) Sally walks toward the detector, turns and walks away
(or walks backward), then walks toward the detector
again.
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Section 2.5 Complex Zeros and the Fundamental Theorem of Algebra

(¢) The model “changes direction” at t ~ 1.81 sec
(D ~ 135m) and t = 5.64 sec (when D ~ 3.65 m).

52. (a) D ~ 0.24341> — 1.7159¢ + 4.4241

l"'. +

+
+*
+

P
L

[~1,9] by [0,6]

(b) Jacob walks toward the detector, then turns and walks
away (or walks backward).

(¢) The model “changes direction” at t =~ 3.52 (when
D = 1.40m).

False. Complex, nonreal solutions always come in conju-
gate pairs, so that if 1 — 2i is a zero, then 1 + 2i must also
be a zero.

53

o

54

b

False. All three zeros could be real. For instance, the poly-
nomial f(x) = x(x — 1)(x — 2) = x> — 3x> + 2x has
degree 3, real coefficients, and no non-real zeros.

(The zeros are 0, 1, and 2.)

Both the sum and the product of two complex conjugates
are real numbers, and the absolute value of a complex
number is always real. The square of a complex number,
on the other hand, need not be real. The answer is E.

55

b

56. Allowing for multiplicities other than 1, then, the polyno-
mial can have anywhere from 1 to 5 distinct real zeros.

But it cannot have no real zeros at all. The answer is A.

b

57. Because the complex, non-real zeros of a real-coefficient
polynomial always come in conjugate pairs, a polynomial
of degree 5 can have either 0, 2, or 4 non-real zeros. The

answer is C.

B

58. A polynomial with real coefficients can never have an
odd number of non-real complex zeros. The answer is E.

59. (a) Power  Real Part  Imaginary Part

7 8 =8
8 16 0
9 16 16

10 0 32

b) (1+i)=8-8i

1+ i®=16

1+ i)’ =16 + 16i

(1+ ) =32

(¢) Reconcile as needed.

(@) (a + bi)(a + bi) = a* + 2abi + bi®
= @’ + 2abi — b*.

(b)a>—b>=0
2abi = i,s0 2ab = 1.

(¢) From (1), we have:

60

b

a—-b=0
(a+Db)(a—b)=0
a=—b,a=bh.

97

Substituting into (2), we find:

a=b:2ab =1 a=—b:2ab =1
20 =1 20 =1
1 1
b2__ b2:__
2 2
1 1
b=+ |= b=+,/—=
2 2

1
b=%iy|=.
l\/;

Since a and b must be real, we have

wn- {222

272 27 2
(d) Checking (? %) first
(% + ?i)z = (?)2(1 + i)
:%(1+2i+i2)=%(1—1+2i)=%=i,
Checking (—% _¥)
() - (B

1 1 2i
:5(1+2i+i2)=§(1—1+2i)=?l=i.

(e) The two square roots of i are:
—— + —i ) and

2 2 Ty Tt

6L f(i) = —i(i)>+2i({i)+2=—i+i—2+2=0.0ne
can also take the last number of the bottom row from
synthetic division.

62. f(—2i) = (—2i)* — (2 — i)(—2i)*> + (2 — 2i)(—-2i) — 4
=8+ (2—-i)(4) —(2—-2i)(2) —4=
8i +8—4i—4i—-—4—-4=0.
One can also take the last number of the bottom row
from synthetic division.

63. Synthetic division shows that f(i) = 0 (the remainder),
and at the same time gives
f(x) = (x —i) = ¥*+3x —i=h(x),s0
f(x) = (x —i)(x* + 3x — i).
ﬂ 1 3—-i -4 -1
i 3i 1
1 3 =i 0
64. Synthetic division shows that f(1 + i) = 0 (the
remainder), and at the same time gives
f(x)+(x—1-i)=x>+1=h(x),s0
f(x)=(x—1-(x*+1).

1+ 1 -1-i 1 —-1-1i
1+i O 1+
1 0 1 0
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65. From graphing (or the Rational Zeros Test), we expect
x = 2to be a zero of f(x) = x> — 8.Indeed, f(2) = 8 —
8 = 0.So,x = 2 is a zero of f(x). Using synthetic division

we obtain:
211 0 0 -8
2 4 8
1 2 4 0

f(x) = (x — 2)(x* + 2x + 4). We then apply the qua-
dratic formula to find that the cube roots of x> — 8 are
2, -1+ V3i,and -1 — V3.
66. From graphing (or the Rational Zeros Test), we expect
x = —4 to be a zero of f(x) = x* + 64. Indeed
f(=4) = —64 + 64 = 0,s0 x = —4is a zero of f(x).
Using synthetic division, we obtain:
—4] 1 0 0 64
-4 16 -64
1 -4 16 0
f(x) = (x + 4)(x* — 4x + 16). We then apply the qua-
dratic formula to find that the cube roots of x> + 64 are
~4,2 + 2V/3i,and 2 — 2V/3i.

B Section 2.6 Graphs of Rational Functions

Exploration 1

1. g(x) =

x—2

1
2. hx) = ———
(x) P
{
[-1,9] by [-5, 5]
. k(x) = -2
3. k(x) x +4
\
Hﬁ,l

[-8, 2] by [-5, 5]

Quick Review 2.6

1. f(x) = (2x — 1)(x + 3) =>x:—30rx=%

2. f(x)=Bx +4)(x—2)=>x = —%0rx=2
.gx)=(x+2)(x —2)= x = x2

4. gx)=(x+DHx—-1)= x= =1
5h(x)=x-DF*+x+1)=>x=1
6

7

. h(x) = (x — i)(x + i) = no real zeros

A 2
X — 3)2x + 1
2x — 6
7 Quotient: 2, Remainder: 7

2
2x — 1)4x +3
4x — 2
5 Quotient: 2, Remainder: 5
9. 3

x)3x — 5
3x
-5 Quotient: 3, Remainder: —5

10. 5

2
2x)5x -1
S5x 5
-1 Quotient: > Remainder: -1

Section 2.6 Exercises
1. The domain of f(x) = 1/(x + 3) is all real numbers
x # —3. The graph suggests that f(x) has a vertical
asymptote at x = —3.

[-4.7,4.7] by [4, 4]

As x approaches —3 from the left, the values of f(x)
decrease without bound. As x approaches —3 from the
right, the values of f(x) increase without bound. That is,
im f(x) = —coand lim f(x) = oo.

2. The domain of f(x) = —=3/(x — 1) is all real numbers
x # 1. The graph suggests that f(x) has a vertical
asymptote at x = 1.

i

B
|

[4.7,4.7] by [-12, 12]

—_—

As x approaches 1 from the left, the values of f(x)
increase without bound. As x approaches 1 from the right,
the values of f(x) decrease without bound. That is,

xli—>nll’ f(x) = o0 and xli_)r111+ f(x) = —oo0.
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3. The domain of f(x) = —1/(x*> — 4) is all real numbers 6. Translate left 5 units, reflect across x-axis, vertically
x # —2,2. The graph suggests that f(x) has vertical stretch by 2. Asymptotes: x = =5,y = 0.
asymptotes at x = —2 and x = 2. y

5

1)

—

VT :

[-4.7,4.7] by [-3, 3]

=

o

As x approaches —2 from the left, the values of f(x)
decrease without bound, and as x approaches —2 from the
right, the values of f(x) increase without bound. As x 7. Translate left 3 units, reflect across x-axis, vertically
approaches 2 from the left, the values of f(x) increase stretch by 7, translate up 2 units.
without bound, and as x approaches 2 from the right, the Asymptotes: x = =3,y = 2.
values of f(x) decrease without bound. That is, Y

lim_f(x) = —00, lim_f(x) = o0, lim f(x) = o0, and

Pl S i 10F

. 1 o

lim, f(x) = —oo. J :
1

The domain of f(x) = 2/(x* — 1) is all real numbers L
x # —1,1. The graph suggests that f(x) has vertical
asymptotes at x = —1 and x = 1.

te

Asymptotes: x = 1,y = 3.

[h 8. Translate right 1 unit, translate up 3 units.
I

<

[-4.7,4.7] by [-6, 6]
As x approaches —1 from the left, the values of f(x) or :\\
increase without bound, and as x approaches —1 fromthe | L N—
right, the values of f(x) decrease without bound. As x I
approaches 1 from the left, the values of f(x) decrease Ly %; Ly
without bound, and as x approaches 1 from the right, the
values of f(x) increase without bound. That is,
limf(x) =00, lim _f(x) = —co, lim f(x) = o0,

and linll+ f(x) = oo.

5. Translate right 3 units. Asymptotes: x = 3,y = 0.

) 9. Translate left 4 units, vertically stretch by 13, translate

down 2 units. Asymptotes: x = —4,y = —2.
5

=

U
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10. Translate right 5 units, vertically stretch by 11, reflect across The domain of f(x) is all real numbers, so there are
x-axis, translate down 3 units. Asymptotes: x = 5,y = —3. indeed no vertical asymptotes. Using polynomial long
y division, we find that
20 3 3
f(x)_x2+1 41

When the value of |x| is large, the denominator x> + 1 is
a large positive number, and 3/(x* + 1) is a small positive

——————— p---------40 number, getting closer to zero as |x| increases. Therefore,
[ lim f(x) = lim f(x) = 3,s0 y = 3isindeed a
H xX—>00 x—>—00
i ! horizontal asymptote.
- [}

21

.

The graph of f(x) = (2x + 1)/(x* — x) suggests that

11 lim f(x) = o there are vertical asymptotes at x = 0 and x = 1, with
x=>37 lin(}ff(x) = 00, lin&f(x) = —00, linllff(x) = —o00, and

12. x1_1)r£1+ flx) = =0 linll+ f(x) = o0, and that the horizontal asymptote is

13. xli_)ngo f(x)=0 y=0.

14. lim f(x) =0 J k

15. xgrg+ f(x) = o0

16, lim f(x) = —oc L\

17. lim f(x) =5
X [4.7,4.7] by [-12, 12]

18.

XILHC}O fx) =5 The domain of f(x) = (2x + 1)/(x* — x) =

(2x + 1)/[x(x — 1)] is all real numbers x # 0, 1, so there

19. The graph of f(x.) = (27 - /(" +3) suggests that are indeed vertical asymptotes at x = 0 and x = 1.
there are no vertical asymptotes and that the horizontal Rewriting one rational expression as two, we find that
asymptote is y = 2. x + 1 2x 1

= = +
f(x) x2 —x x27x x2*x
_ 2 1
T —— = +— .
ol x—1 x"—x
When the value of |x| is large, both terms get close to
zero. Therefore,

(4.7, 4.7] by [4, 4] lim f(x) = lim_f(x) =0,
so y = 0is indeed a horizontal asymptote.
The domain of f(x) is all real numbers, so there are 22. The graph of f(x) = (x — 3)/(x* + 3x) suggests that

indeed no vertical asymptotes. Using polynomial long

.

et a there are vertical asymptotes at x = —3 and x = 0, with
division, we find that lim f(x) = —co, lim f(x) = oo, lim f(x) = oo, and
X° — x> x—>— R 2
f(x) = 213 213 XILII& f(x) = —oo0, and that the horizontal asymptote
When the value of |x]| is large, the denominator x> + 3 is isy = 0.
a large positive number, and 7/(x* + 3) is a small positive
number, getting closer to zero as |x| increases. Therefore, L}
lim f(x) = lim f(x) =2,s0y = 2isindeed a
horizontal asymptote.
20. The graph of f(x) = 3x%/(x* + 1) suggests that there are
no vertical asymptotes and that the horizontal asymptote
isy=3. [-4.7,4.7] by [-4, 4]

The domain of f(x) = (x — 3)/(x* + 3x) =

—_h“n_'\ [//7— (x = 3)/[x(x + 3)]is all real numbers x # —3, 0, so there
kN

are indeed vertical asymptotes at x = =3 and x = 0.
Rewriting one rational expression as two, we find that
x—3 X 3
fx) =3 =2 T2
x*+3x x*+3x x*+3x
[-4.7,4.7] by [4, 4] 1 3

x+3 X2+ 3x
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When the value of |x| is large, both terms get close to
zero. Therefore,
lim f(x) = lim f(x) =0,

so y = 0is indeed a horizontal asymptote.
2
23. Intercepts: (0, g) and (2, 0). Asymptotes: x = —1,
x =3,and y = 0.

L

-

Rl

[4, 6] by [-5, 5]

2
24. Intercepts: (0, —g) and (=2, 0). Asymptotes: x = =3,
x=1,and y = 0.

N —

1

[-6, 4] by [-5, 5]

25. No intercepts. Asymptotes: x = —1,x = 0, x = 1, and

y=0. ,U,E

% En

—4.7,4.7] by [-10, 10]

26. No intercepts. Asymptotes: x = =2, x = 0, x = 2, and

HU |
1N

[-4, 4] by [-5, 5]

27. Intercepts: (0, 2), (—1.28,0), and (0.78, 0). Asymptotes:

x=1x=-1,and y = 2.
A
T

[-5, 5] by [4, 6]
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28. Intercepts: (0, —3), (—1.84,0), and (2.17, 0). Asymptotes:

x=-2,x=2andy = 3.
'. |
L

Bl)

[-5. 51 by [-8, 2]

3
29. Intercept: (0, 5) Asymptotes: x = =2,y = x — 4.

el

[-20, 20] by [-20, 20]

7
30. Intercepts: (0, —g), (—1.54,0), and (4.54, 0).

Asymptotes: x = =3,y = x — 6.

]

[-30, 30] by [40, 20]

|

31. (d); Xmin = =2, Xmax = 8, Xscl = 1, and Ymin = -3,

Ymax = 3, Yscl = 1.

32. (b); Xmin = —6, Xmax = 2, Xscl = 1, and Ymin = -3,

Ymax = 3, Yscl = 1.

33. (a); Xmin = =3, Xmax = 5, Xscl = 1, and Ymin = -5,

Ymax = 10, Yscl = 1.

34. (f); Xmin = —6, Xmax = 2, Xscl = 1, and Ymin = =5,

Ymax = 5, Yscl = 1.

35. (e); Xmin = =2, Xmax = 8, Xscl = 1, and Ymin = -3,

Ymax = 3, Yscl = 1.

36. (c); Xmin = —3, Xmax = 5, Xscl = 1, and Ymin = -3,

Ymax = 8, Yscl = 1.

37. For f(x) = 2/(2x* — x — 3), the numerator is never zero,

and so f(x) never equals zero and the graph has no x-
intercepts. Because f(0) = —2/3, the y-intercept is —2/3.
The denominator factors as 2x* — x — 3

= (2x — 3)(x + 1), so there are vertical asymptotes at
x = —1 and x = 3/2. And because the degree of the
numerator is less than the degree of the denominator, the
horizontal asymptote is y = 0. The graph supports this
information and allows us to conclude that

lim f(x) = oo, lim f(x) = o0, lm f(x)=

x—=(32)
and lim f(x) =
x=(3R)"
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38

&

The graph also shows a local maximum of —16/25 at

L
Qi

[-4.7,4.7] by [-3.1, 3.1]

2
Intercept: (0, —g)
. 3 3
Domain: (—oo, —1) U (—1,5) U (5, oo)

16
Range: (—OO, _E) U (0, 00)

3
Continuity: All x # —1, >

1
Increasing on (—oo, —1) and (—1, Z)

pesrangon (1.3 (5 )
ecreasimg on 42 an >

Not symmetric
Unbounded

P— R
OcCal maximmum a 4, 5

Horizontal asymptote: y = 0
Vertical asymptotes: x = —1 and x = 3/2
End behavior: lim f(x) = lim f(x) =0

For g(x) = 2/(x* + 4x + 3), the numerator is never zero,
and so g(x) never equals zero and the graph has no
x-intercepts. Because g(0) = 2/3, the y-intercept is 2/3. The
denominator factors as x> + 4x + 3 = (x + 1)(x + 3),
so there are vertical asymptotes at x = —3 and x = —1.
And because the degree of the numerator is less than

the degree of the denominator, the horizontal asymptote
is y = 0.The graph supports this information and allows
us to conclude that

lim_g(x) =00, lim g(x) = —o0, lim g(x) = —oo,
and limﬁ g(x) = oo.

The graph also shows a local maximum of —2 at x = —2.

J

N

[-6.7, 2.7] by [-5, 5]

2
Intercept: (0, g)

Domain: (—oo, =3) U (=3, -1) U (-1, c0)
Range: (—oo, —2] U (0, c0)

Continuity: All x # =3, —1

Increasing on (—oo, —3) and (=3, —2]
Decreasing on [—2, —1) and (-1, o0)
Symmetric about x = —2.

Unbounded

39

40

.

b

Local maximum at (-2, —2)

Horizontal asymptote: y = 0

Vertical asymptotes: x = —3 and x = —1
End behavior: Emoo glx) = li_r)rgo gx)=0

For h(x) = (x — 1)/(x* — x — 12), the numerator is zero
when x = 1, so the x-intercept of the graph is 1. Because
h(0) = 1/12, the y-intercept is 1/12.

The denominator factors as

X —x—12=(x+3)(x — 4),

so there are vertical asymptotes at x = —3 and x = 4.
And because the degree of the numerator is less than the
degree of the denominator, the horizontal asymptote is

y = 0.The graph supports this information and allows us
to conclude that

xl_i)r{ly h(x) = —o0, XI_iEI3+ h(x) = oo, xli_)r% h(x) = —o0,

and lim A(x) = oo.
x—4*

The graph shows no local extrema.

o
5

J L
)

[-5.875,5.875] by [-3.1, 3.1]

1
Int ts:( 0,— |, (1,0
nerceps(,lz),(, )

Domain: (—oo, =3) U (=3, 4) U (4, 00)
Range: (—o0, 00)

Continuity: All x # —3,4

Decreasing on (—oo, —3), (=3, 4), and (4, 00)
Not symmetric

Unbounded

No local extrema

Horizontal asymptote: y = 0

Vertical asymptotes: x = —3 and x = 4

End behavior: Emoo h(x) = ango h(x) =0

For k(x) = (x + 1)/(x¥* — 3x — 10), the numerator is
zero when x = —1, so the x-intercept of the graph is —1.
Because k(0) = —1/10, the y-intercept is —1/10. The
denominator factors as

x*—3x —10 = (x + 2)(x — 5),

so there are vertical asymptotes at x = —2 and x = 5.
And because the degree of the numerator is less than the
degree of the denominator, the horizontal asymptote is

y = 0.The graph supports this information and allows us
to conclude that

lirzlzik(x) = —00, 1ir121+ k(x) = 00,
lim k(x) = —o0, and lim k(x) = co.
x—5 x—5+

The graph shows no local extrema.

[-9.4,9.4] by [-1, 1]
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42

.

.

Intercepts: (—1, 0), (0, —0.1)

Domain: (—oo, =2) U (=2, 5) U (5, o)
Range: (—oo, 00)

Continuity: All x # —2,5

Decreasing on (—oo, —2), (=2, 5), and (5, c0)
Not symmetric

Unbounded

No local extrema

Horizontal asymptote: y = 0

Vertical asymptotes: x = —2and x = 5
End behavior: E)moo k(x) = h_)rrgO k(x) =0

For f(x) =
factors as
X H+x—2=(x+2)(x—1),

so the x-intercepts of the graph are —2 and 1. Because
f(0) = 2/9, the y-intercept is 2/9. The denominator
factors as

= 9= (x+3)(x—3),

so there are vertical asymptotes at x = —3 and x = 3. And
because the degree of the numerator equals the degree of
the denominator with a ratio of leading terms that equals
1, the horizontal asymptote is y = 1. The graph supports
this information and allows us to conclude that

lim_f(x) = o0, lim_f(x) = —0o, lim f(x) = oo,

and lirr31+ flx) =

(x* + x — 2)/(x¥* = 9), the numerator

The graph also shows a local maximum of about 0.260 at
about x = —0.675.

_

[-9.4,9.4] by [-3, 3]

2
Intercepts: (=2, 0), (1, 0) 0, 5)
U (

Domain: (—oo, —=3) U (=3, 3)
Range: (—oo, 0.260] U ( oo)
Continuity: All x # —3,3
Increasing on (—oo, —3) and (=3, —0.675]
Decreasing on [—0.675, 3) and (3, c0)
Not symmetric

Unbounded

Local maximum at about (—0.675, 0.260)
Horizontal asymptote: y = 1

Vertical asymptotes: x = =3 and x = 3

End behavior: lirzlOO flx) = lirrgo flx) =1

For g(x) = (x> — x — 2)/(x* — 2x — 8), the numerator
factors as

X¥-x—-2=(x+1)(x—2),

so the x-intercepts of the graph are —1 and 2. Because
g(0) = 1/4,the y-intercept is 1 /4. The denominator
factors as

X —2x — 8= (x+2)(x —4),

so there are vertical asymptotes at x = —2 and x = 4. And
because the degree of the numerator equals the degree of

the denominator with a ratio of leading terms that equals 1,

43

o
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the horizontal asymptote is y = 1.The graph supports this
information and allows us to conclude that
lim g(x) =00, lim g(x) = —oo, lim g(x) = —oo,

and hrr41+ g(x) =

The graph also shows a local maximum of about 0.260 at
about x = 0.324.

<
1

[-9.4, 9.4] by [-3, 3]

Intercepts: (-1, 0), (2, 0), (0, %)

Domain: (—oo, —=2) U (=2,4) U (4, 00)
Range: (—o0,0.260] U (1, co
Continuity: All x # =2, 4
Increasing on (—oo, —2) and (-2, 0.324]
Decreasing on [0.324, 4) and (4, o)

Not symmetric.

Unbounded.

Local maximum at about (0.324, 0.260)
Horizontal asymptote: y = 1

Vertical asymptotes: x = —2 and x = 4
End behavior: l_i)mOO glx) = 11_{{}0 glx) =1

vv

For h(x) = (x¥* + 2x — 3)/(x + 2), the numerator
factors as
X +2x—3=(x+3)(x—1),
so the x-intercepts of the graph are —3 and 1. Because
h(0) = =3/2, the y-intercept is —3 /2. The denominator is
zero when x = —2,so there is a vertical asymptote at
x = —2. Using long division, we rewrite 4(x) as
x4+ 2x -2 2

x+2 x+2
so the end-behavior asymptote of 4(x) is y = x.The graph
supports this information and allows us to conclude that
XEEIT h(x) = oo and xl—if?z* h(x) = —oo.

The graph shows no local extrema.

)
|

[-9.4,9.4] by [-15, 15]

h(x) =

3
Intercepts: (=3, 0), (1, 0), (0, ——)

2
Domain: (—oo, —2) U (=2, 00)
Range: (—oo, c0)
Continuity: All x # =2
Increasing on (—oo, —2) and (=2, c0)
Not symmetric.
Unbounded.
No local extrema.
Horizontal asymptote: None
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Vertical asymptote: x = -2 46. Divide 2x*> + 2x — 3 by x + 3 to show that
Slant asymptote: y = x 2x% +2x — 3 9
End behavior: lim h(x) = —oo and lim A(x) = oo, fx) = X +3 =2x -4+ X + 3

m The end-behavior asymptote of f(x)is y = 2x — 4.

b

For k(x) = (x> — x — 2)/(x — 3), the numerator factors as
x* —x —2 = (x + 1)(x — 2),so the x-intercepts of the (@)

graph are —1 and 2. Because k(0) = 2/3, the y-intercept l [ j,.»“'/
is 2/3. The denominator is zero when x = 3, so there is
a vertical asymptote at x = 3. Using long division,

we rewrite k(x) as
X —x-2 4 F‘ll|
h(x)=—"—"——=x+2+ ,
x—3 x—3 [-15, 10] by [-30, 20]
so the end-behavior asymptote of k(x) is y = x + 2. b
The graph supports this information and allows us to (b) J_..rf
conclude that linsl, k(x) = —oo and lirgl+ k(x) = oo. rd

The graph shows a local maximum of 1 at x = 1 and a
local minimum of 9 at x = 5. I

&
5
L"“_-. [-500, 500] by [-500, 500]

47. Divide x* — x> + 1 by x + 2 to show that

s o241 11
ff “I f(x):¥:x2—3x+6—

x+2 x + 2
[-9.4, 9.4] by [-10, 20] The end-behavior asymptote of f(x)is y = x* — 3x + 6.

2
Intercepts: (-1, 0), (2,0), | 0,= @) b JIIII
Domain: (—oo, 3) U (3, oo)( 3) \: M

Range: (—o0, 1] U [9, c0)
Continuity: All x # 3

Increasing on (—oo, 1] and [5, o)
Decreasing on [1,3) and (3, 5]
Not symmetric.

[-10, 10] by [-30, 60]

Unbounded. ®) I~ -

Local maximum at (1, 1); local minimum at (5, 9) \\ ¢

Horizontal asymptote: None \\ /

Vertical asymptote: x = 3 -

Slant asymptote: y = x + 2

End behavior: lim k(x) = —ocoand lim k(x) = co.
45. Divide x> — 2x — 3 by x — 5 to show that =50, 501 by [-1500, 25001

P-2x+3 18
f(x)=%=x+3+x = 48. Divide x> + 1 by x — 1 to show that
- - 3
+
The end-behavior asymptote of f(x)isy = x + 3. flx) = al 11 =x>+x+1+ T
X — X —
(a) |I i The end-behavior asymptote of f(x)isy = x* + x + 1.
N @ [ 7
—
—~
= ﬂ—[ | i
[-10, 20] by [-10, 30]
(b) //_, [-8, 81 by [-20, 40]
(b) K
&
|~ ™ T

[-500, 500] by [-500, 500]

[-50, 50] by [-1500, 2500]
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49. Divide x* — 2x + 1 by x — 2 to show that

50

51

b

.

13
x =2

-2 +1

fx) ===

X
The end-behavior asymptote of f(x) is
y=x+2x*+4x + 6.

L/
1

[-5. 51 by [-100, 200]
(b) /:
/ ]

[-20, 20] by [-5000, 5000]

=X +2x%+4x+ 6+

(@)

.'Hl'._

)

Divide x° + 1 by x*> + 1 to show that

¥+ 1 5 x + 1

= = f— + .

f(x) o+ 1 * * 2+ 1
The end-behavior asymptote of f(x)isy = x

3_)(.

(a) There are no vertical asymptotes, since the denomina-
tor x> + 1 is never zero.

(b)

fa’

[-20, 20] by [-5000, 5000]

For f(x) = (3x* — 2x + 4) /(x> — 4x + 5), the numerator
is never zero, and so f(x) never equals zero and the graph
has no x-intercepts. Because f(0) = 4/5, the y-intercept is
4/5.The denominator is never zero, and so there are no verti-
cal asymptotes. And because the degree of the numerator
equals the degree of the denominator with a ratio of leading
terms that equals 3, the horizontal asymptote is y = 3.The
graph supports this information. The graph also shows a
local maximum of about 14.227 at about x = 2.445 and a
local minimum of about 0.773 at about x = —0.245.

—

[-15, 15] by [-5, 15]

4
Intercept: (0, E)
Domain: (—o0, o)

Range: [0.773, 14.227 ]
Continuity: (—oco, o)
Increasing on [—0.245, 2.445]

52

53

.

b
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Decreasing on (—oo, —0.245], [2.445, o)

Not symmetric.

Bounded.

Local maximum at (2.445, 14.227); local minimum at
(—0.245,0.773)

Horizontal asymptote: y = 3

No vertical asymptotes.

End behavior: l_i)mOO flx) = 11_)113O f(x)=3

For g(x) = (4x* + 2x)/(x* — 4x + 8), the numerator
factors as

4x* + 2x = 2x(2x + 1),

so the x-intercepts of the graph are —1/2 and 0. Because
g(0) = 0, the y-intercept is 0. The denominator is never
zero, and so there are no vertical asymptotes. And
because the degree of the numerator equals the degree of
the denominator with a ratio of leading terms that equals
4, the horizontal asymptote is y = 4. The graph supports
this information. The graph also shows a local maximum
of about 9.028 at about x = 3.790 and a local minimum of
about —0.028 at about x = —0.235.

T
|

[-10, 15] by [-5, 10]

1
Intercepts: (—5, 0), (0,0)

Domain: (—o0, )

Range: [—0.028, 9.028]

Continuity: (—oo, 00)

Increasing on [—0.235, 3.790]

Decreasing on (—oo, —0.235], [3.790, c0).

Not symmetric.

Bounded.

Local maximum at (3.790, 9.028); local minimum
at (—0.235, —0.028)

Horizontal asymptote: y = 4

No vertical asymptotes.

End behavior: l_i)mOO g(x) = li_r)rgO g(x) =4

For h(x) = (x¥* — 1)/(x — 2), the numerator factors as

¥-1=(x-1E"+x+1),

so the x-intercept of the graph is 1. The y-intercept is

h(0) = 1/2. The denominator is zero when x = 2,so the

vertical asymptote is x = 2. Because we can rewrite /(x) as
-1

hix) = x—2 x =2

we know that the end-behavior asymptote is

y = x*> + 2x + 4.The graph supports this information

and allows us to conclude that

xli—>nzl* h(x) = —o0, xl_igh h(x) = oo.

=x+2x+4+

The graph also shows a local maximum of about 0.586 at
about x = 0.442, a local minimum of about 0.443 at about
x = —0.384, and another local minimum of about 25.970
at about x = 2.942.
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54

b

oY

N
‘|

[-10, 10] by [-20, 50]

1
Intercepts: (1, 0), (0, 5)

Domain: (—oo, 2) U (2,00)

Range: (—oo, c0)

Continuity: All real x # 2

Increasing on [—0.384, 0.442], [2.942, c0)

Decreasing on (—oo, —0.384], [0.442, 2), (2, 2.942]

Not symmetric.

Unbounded.

Local maximum at (0.442, 0.586); local minimum at
(—0.384, 0.443) and (2.942,25.970)

No horizontal asymptote. End-behavior asymptote:
y=x*+2x+4

Vertical asymptote: x = 2

End behavior: l_i)mOO h(x) = li_r)rgO h(x) = o0

For k(x) = (¥* — 2)/(x + 2), the numerator is zero

when x = \3/5, so the x-intercept of the graph is V2.

The y-intercept is k(0) = —1. The denominator is zero
when x = —2, so the vertical asymptote is x = —2.
Because we can rewrite k(x) as
3
X’ =2 10
k(x) = = -2x+4-——
(%) x+2 * x =2

we know that the end-behavior asymptote is
y = x> — 2x + 4.The graph supports this information
and allows us to conclude that

lirzlr k(x) = oo, 1ir£12+ k(x) = —o0.

The graph also shows a local minimum of about 28.901 at
about x = —3.104.

T

A
.

[-10, 10] by [-20, 50]

Intercepts: (%, 0), (0,—1)

Domain: (—oo, =2) U (=2, 00)

Range: (—oo, c0)

Continuity: All real x # —2

Increasing on [—3.104, —2), (=2, c0)

Decreasing on (—oo, —3.104 ]

Not symmetric.

Unbounded.

Local minimum at (—3.104, 28.901)

No horizontal asymptote. End-behavior asymptote:
y=x*—-2x+4

Vertical asymptote: x = —2
End behavior: lim k(x) = lim k(x) = oo

55. f(x) = (x> = 2x> + x — 1)/(2x — 1) has only one

x-intercept, and we can use the graph to show that it is

about 1.755. The y-intercept is £(0) = 1. The denominator

56.

is zero when x = 1/2, so the vertical asymptote is
x = 1/2. Because we can rewrite f(x) as
=22+ x-1

flx) = e — 1
1, 3 1 7
=X - —Xx+-—-——,
27 47 T8 16(2x — 1)

we know that the end-behavior asymptote is

3 1
y==x* —=x + 3 The graph supports this information

2 4
and allows us to conclude that

XEIII/IT f(X) oo xll}lI/lZJr f(X) -

The graph also shows a local minimum of about 0.920 at
about x = —0.184.

‘x\_ /,r
[

[-5, 5] by [-10, 10]

Intercepts: (1.755, 0), (0, 1)
Domain: All x # %

Range: (—oo, c0)
Continuity: All x # %

Increasing on [—0.184, 0.5), (0.5, 00)

Decreasing on (—oco, —0.184]

Not symmetric.

Unbounded.

Local minimum at (—0.184, 0.920)

No horizontal asymptote. End-behavior asymptote:
1, 3 1

=2 - Zx + =
YTY TN TR

Vertical asymptote: x = %
End behavior: Emoo flx) = li_r)rgo f(x) =
g(x) = (2x* = 2x*> — x + 5)/(x — 2) has only one
x-intercept, and we can use the graph to show that it is
about —1.189. The y-intercept is g(0) = —5/2.
The denominator is zero when x = 2, so the vertical
asymptote is x = 2. Because we can rewrite g(x) as

28 =2 —x + 5
g(x) = —

x—2

we know that the end-behavior asymptote is
y = 2x* + 2x + 3.The graph supports this information
and allows us to conclude that
xh—>nzl* g(x) = —o0, xli_)r121+ g(x) = oo

=2x>+2x +3 +

x =2

The graph also shows a local minimum of about 37.842 at
about x = 2.899.

v

-

[-10, 10] by [-20, 60]
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58

59

B

by

.

Intercepts: (—1.189, 0), (0, —2.5)

Domain: All x # 2

Range: (—oo, c0)

Continuity: All x # 2

Increasing on [2.899, c0)

Decreasing on (—oc0,2), (2,2.899]

Not symmetric.

Unbounded.

Local minimum at (2.899, 37.842)

No horizontal asymptote. End-behavior asymptote:
y=2x>+2x +3

Vertical asymptote: x = 2

End behavior: Emoo g(x) = lim g(x) = oo

xX—00

For h(x) = (x* + 1)/(x + 1), the numerator is never
zero, and so A(x) never equals zero and the graph has no
x-intercepts. Because 4(0) = 1, the y-intercept is 1. So the
one intercept is the point (0, 1). The denominator is zero

when x = —1,s0 x = —1 is a vertical asymptote. Divide
x* 4+ 1by x + 1 to show that

Y1
h(x):x =x¥-xX+x—-1+

x+1 x+1

The end-behavior asymptote of 4(x) is
y=x-x+x-1

L/

[-5. 5] by [-30, 30]

k(x) = (2x° + x> — x + 1)/(x* — 1) has only one
x-intercept, and we can use the graph to show that it is
about —1.108. Because k(0) = —1, the y-intercept is —1.
So the intercepts are (—1.108, 0) and (0, —1). The
denominator is zero when x = £1,sox = —land x = 1
are vertical asymptotes. Divide 2x° + x> — x + 1 by
¥ —1to S?OW that

20+ —x+1
k(x) x2 -1
The end-behavior asymptote of k(x) is
y=2x>+2x + 1.

x+2
-1

=2x>+2x + 1+

[ 1]

[-3, 3] by [-20, 40]

For f(x) = (x> — 1)/(x + 2), the numerator factors as
¥ —1=(x—1)(x*+x+ x>+ x + 1), and since the
second factor is never zero (as can be verified by
Descartes’ Rule of Signs or by graphing), the x-intercept
of the graph is 1. Because f(0) = —1/2, the y-intercept is
—1/2. So the intercepts are (1, 0) and (0, —1/2).

The denominator is zero when x = —2,so0 x = —21is a
vertical asymptote. Divide x> — 1 by x + 2 to show that
5
-1 33
f(x):x =x* =20 +4x* - 8x + 16 —

x+2 x+2°

60

61

62

b

.

.
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The end-behavior asymptote of f(x) is
y=x*—2x+ 4x* — 8x + 16.

>

[-5, 5] by [-200, 400]

For g(x) = (x¥° + 1)/(x — 1), the numerator factors as
¥4+ 1=(x+1)(x*—x*+ x> — x + 1),and since the
second factor is never zero (as can be verified by graph-
ing), the x-intercept of the graph is —1. Because g(0) = —1,
the y-intercept is —1. So the intercepts are (—1, 0) and
(0,—1). The denominator is zero when x = 1,sox = lisa
vertical asymptote. Divide x° + 1 by x — 1 to show that

5
x +1
8(x) =——7

The end-behavior asymptote of g(x) is
y=x*+++x+ 1L

=x*+ P+ P+ x+1+ .
x—1

[-5. 5] by [-25, 50]

h(x) = (2x* — 3x + 2)/(x* — 1) has only one
x-intercept, and we can use the graph to show that it is
about —1.476. Because /(0) = —2, the y-intercept is —2.
So the intercepts are (—1.476, 0) and (0, —2). The denomi-
nator is zero when x = 1,s0 x = 1 is a vertical asymptote.
Divide 2x* — 3x + 2 by x> — 1 to show that

20 = 3x +2 3x — 4
h(x) -1 -1
The end-behavior asymptote of /4(x) is y = 2, a horizontal
line.

M)

[-5, 5] by [-5, 5]

For k(x) = (3x* + x — 4)/(x* + 1), the numerator
factorsas 3x* + x — 4 = (x — 1)(3x* + 3x + 4),

and since the second factor is never zero (as can be verified
by Descartes’ Rule of Signs or by graphing), the x-intercept
of the graph is 1. Because k(0) = —4, the y-intercept is —4.
So the intercepts are (1, 0) and (0, —4). The denominator is

zero when x = —1,s0 x = —1 is a vertical asymptote. Divide
3x* + x — 4 by x* + 1 to show that
3+ x—4 x =7
k(x) = =3+ :
() 41 41
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108 Chapter 2 Polynomial, Power, and Rational Functions

The end-behavior asymptote of k(x) is y = 3, a horizontal

(¢) Most grapher viewing windows do not reveal that f is
undefined at 3.

line.
/

/

[-5. 5] by [-10, 10]

63. (a) |

(d) Almost—but not quite; they are equal for all x # 3.

x2+x—2=(x+2)(x—1)=

74. (a) f(x) = 7 1 x+2
= g(x) when x # 1
f 8
Asymptotes x=1 none
Intercepts (0,2) (=2,0) (0,2) (=2,0)
Domain (=00, 1) U (1,00) (=00, )

[0,2 X 107] by [0, 10]
(b) The graph does pass through (2.43 X 10, 3.61).

(¢) Horizontally stretch by 2.43 X 10°, vertically stretch
by 3.61.

The functions are identical at all points except x = 1,
where f has a discontinuity.

J/f

-
=
_-"

64.

@ [ [=5,5]by [5.5]

A 21 @EHDE -1
l' (b)f(x)=x+1= x+1 xod
""-\._____ = g(x) when x # —1
[0,2 X 107] by [0, 10] ! §
. Asymptotes x=-1 none
(b) The graph does pass through (6.07 X 10°, 8.83). Intercepts 0.-1) (1,0) 0.-1) (1,0)
(¢) Horizontally stretch by 6.07 X 10°, vertically stretch -
Domain (=00, —1) U (—1,00) (=00, )
by 8.83.

65. (a) dli_r)rgo g(d) =0 The functions are identical except at x = —1, where f

(b) The acceleration will approach 0 m/sec? as the has a discontinuity.

distance d from Earth approaches infinity.
66. (a) dlingo gd)=0

~

T

f’//[/
[ ] by [-5,5]

-5, 5] by [,

(b) The acceleration will approach 0 m/sec? as the
distance d from Mars approaches infinity.

67. False. If the denominator is never zero, there will be no
vertical asymptote. For example, f(x) = 1/(x* + 1)isa
rational function and has no vertical asymptotes.

-1 _ -1
-xX>-x+1 (@P-Dkx-1)

68. False. A rational function is the quotient of two polyno- © f(x)=—
mials, and V x?> + 4 is not a polynomial. 1 x

69. The excluded values are those for which x*> + 3x = 0, =<1 g(x) when x # —1
namely 0 and —3. The answer is E. *

70. g(x) results from f(x) by replacing x with x + 3, which f 8
represents a shift of 3 units to the left. The answer is A. Asymptotes | x =1,x = -1 x=1
71. Since x + 5 = 0 when x = —5, there is a vertical asymp- Intercepts (0,-1) (0,—1)
tote. And because x*/(x + 5) = x — 5 + 25/(x + 5), the Domain (=00, —1) U (=1,1){ (=00, 1) U (1, 0)
end behavior is characterized by the slant asymptote
- U (1, o)
y = x — 5.The answer is D.

72. The quotient of the leading terms is x*, so the answer is E.

73. (a) No: the domain of f is (—00, 3) U (3, ©0); the
domain of g is all real numbers.

(b) No: while it is not defined at 3, it does not tend
toward + 00 on either side.
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The functions are identical except at x = —1, where
f(x) has a discontinuity.

.-
)

[-5,5]by [-5,5]

-1 x—1 1
@)= " =D x+2
= g(x) when, x # —2

f 8
Asymptotes | x =1, x = =2 x=-2
1 1
Int t 0,=~ 0,~
ntercepts ( ,2) ( ,2)
Domain (—o0,—-2)U (=00, =2) U (=2,00)
(—2,1) U (1,00)

Except at x = 1, where f has a discontinuity, the func-
tions are identical.

—_—

N

[~5.7,3.7] by [-3.1,3.1]

75. (a) The volume is f(x) = k/x, where x is pressure and k
is a constant. f(x) is a quotient of polynomials and
hence is rational, but f(x) = k - x !, so it is a power
function with constant of variation k and pressure —1.

(b) If f(x) = kx“ where a is a negative integer, then the
power function f is also a rational function.

k
(© V =7 .s0k = (2.59)(0.866) = 2.24294.

224294
0.532

If P = 0532,thenV = ~ 422 L.

76. (a) [

+

[0.5,3.5] by [0,7]

(b) One method for determining k is to find the power
regression for the data points using a calculator,
discussed in previous sections. By this method, we
find that a good approximation of the data points is
given by the curve y ~ 5.81 - x 1%, Since —1.88 is
very close to —2, we graph the curve to see if k = 5.81
is reasonable.

Section 2.6 Graphs of Rational Functions

(C): 1,1

[0.5,3.5] by [0, 7]

(d) At 2.2 m, the light intensity is approximately

1.20 W/m?,

At 4.4 m, the light intensity is approximately

0.30 W/m?.

77. Horizontal asymptotes: y = —2 and y = 2.

Int ])t (0 ) ( 0)
ntercepts: - -
’ 2 ’ 27

2x — 3
x+2 x=0
X
h(x) =
2x — 3 <0
—-x + 2 .
[ _—

[-5,5]by [-5,5]

78. Horizontal asymptotes: y = £3.

5
Intercepts: (0, g), (—

i@
3

3x +5
3 =0
X
h =
(%) 3x +5
x <0
—x +3

[-5,5]by [-5,5]

79. Horizontal asymptotes: y = £3.

e (0.3, (2
ntercepts: YRGS

)

5-3
X
fx)=19:_
5 —3x
x <0
-x + 4

7

|

(10, 10] by [-S, 5]
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110 Chapter 2 Polynomial, Power, and Rational Functions

80. Horizontal asymptotes: y = +2. 6. x> —5x + 6= (x — 2)(x — 3) and
Intercepts: (0,2), (1,0) x> —x—6=(x+2)(x — 3),s0the LCD is
2 - 2x (x = 2)(x = 3)(x +2).
x=0
) xt1 x+1 o 3x+ 1
=19, x<0 ¥-5x+6 x*-x-6
B (x + D(x +2) Bx + 11)(x — 2)
S (x=2)(x -3 +2)  (x—2)(x —3)(x +2)
|II X+ 3x+2 -3 -5x+22
' (x —2)(x = 3)(x +2)
" —752 —
x,______ _ 2x 2x + 24
(x = 2)(x = 3)(x +2)

—2(x = 3)(x +4)
(x = 2)(x = 3)(x +2)

[~7,13] by [-3,3] -

. 1 . . —2x — 8
81. The graph of fis the graph of y = — shifted horizontall =————x#3
graph of f graphof y = — y TR TTE
—d/c units, stretched vertically by a factor of |bc — ad|/c?, 7.For2x* —3x—1=0:a=2,b=-3,and c = —1.
i . _ -
reﬂecte.d across 'Fhe x-axis if and only if bc — ad < 0, and b+ VB dac
then shifted vertically by a/c. X=—
a

82. Yes, domain = (—o0, —1) U (=1,0) U (0,1) U (1, o0);
range = (—00, 1) U (1, 00); continuous and decreasing =

—(=3) £ V(=3 — 4@)(-1)

on each interval within their common domain; 22)
x-intercepts = (—1 + \V/5)/2; no y-intercepts; hole at 3£V9—(-8) 3+\V17
(0,1); horizontal asymptote of y = 1; vertical asymptotes N 4 N 4
of x = £1; neither even nor odd; unbounded; no local 8. For2x? —5x —1=0:a=2,b=-5,andc = —1.
extrema; end behavior: | l‘i_r)noof(x) = ‘l‘i_r)noog(x) =1 —b + Vb — dac
x x x=—
M Section 2.7 Solving Equations C=(=5) = V(=5)7 — 402)(-1)
in One Variable - 2(2)
S+V25-(-8) 54133
Quick Review 2.7 = 1 = 1
1. The denominator is x> + x — 12 = (x — 3)(x + 4),s0 9. For3x> +2x —2=0:a=23b=2,and ¢ = —2.
the new numerator is 2x(x + 4) = 2x> + 8x. bt B~ dae
2. The numerator is x> — 1 = (x — 1)(x + 1), so the new X =57

2a

2+ V() - 43)(-2)

denominatoris (x + 1)(x + 1) = x* + 2x + 1.
3. The LCD is the LCM of 12, 18, and 6, namely 36. =

5,75 15 14 30 26)
2718 6 36 36 36 22 VA-(-24) 2+ V8
1 6 6
36 —2+2V7 -1+\V7
4. The LCD is x(x — 1). = G =
3 1 __3x x-1 10. Forx2 —3x —9=0:a = 1,b = —3,and ¢ = 9.
x—1 x x(x—-1) x(x-1)
_3x—x+1 _—b:t\/b2—4ac
x(x — 1) 2a
2x + 1 N )
== _ —(3) £ V(=3 — 41)(-9)
5. The LCD is (21 + 1)(x — 3) ) 20
x 2 x(x—3) 22x + 1) 3+£V9-(-360) 3+ V45
2x+1 x—-3 @x+1x-3) @x+1)(x—23) 2 2
_x2—3x—4x—2 3:|:3\/§
2x + 1)(x = 3) - 2
X =Tx -2

C@x + 1)(x - 3)
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Section 2.7 Exercises

x—2 x+5 1
+ —
3 3 3

(x—=2)+(x+5) =1

1. Algebraically:

2x +3 =1
2x = =2

Numerically: For x
x—2 x+5 —-1-2 —1+5
+ = +
3 3 3 3

wla

-3
=— +
3

W |~

15
Algebraically: x + 2 = —
X

1

X2 +2x =15 (x # 0)
¥ +2x—-15=0
(x=3)(x+5)=0

x—3=0o0or x+5=0

x =3 or x==5

Numerically: For x = 3,
x+2=3+2=>5and

15 15
x 3
For x = =5,
x+2=-5+2=-3and
15 15
x -5

= -3,

Algebraically: x + 5 = %
x4+ 5x =14 (x #0)
X +5x—-14=0
(x=2)(x+7)=0
x—2=0 or x+7=0
x =2 or x =7
Numerically: For x = 2,
x+5=2+5=7and
14 14
x 2
For x = -7,
x+5=-7+5=-2and
14 14

=— = -2
X -7

w

2 p—
x—3

te

1
Algebraically: i 4

(x =3) —2x =4x(x = 3) (x #0,3)

—x — 3 =4x* — 12x
-4 +1lx—3=0
=11 £ VI~ 4(—4)(-3)
- 2(—4)
11+ V73

-8

1+ V73 11

S S e

8

X

~ 2.443 =
or x 3

Numerically: Use a graphing calculator to support your

answers numerically.

- V73

*

¥+ 10="7x (x #0)
X*=7x+10=0
(x—=2)(x—=5)=0
x—2=0o0rx—-5=0
x=2 or x=15

Section 2.7 Solving Equations in One Variable 111
4x 12
. Algebraically: x + =
5. Algebraically: x T—3 1_3
x(x —3) +4x =12 (x # 3)
X —3x+4x =12
¥+x-12=0
(x+4)(x—=3)=0
x+4=0 or x—3=0
x=—-4 or x =3 — but x = 3 is extraneous.
Numerically: For x = —4,
4x 4(—4) 16
+ =—4+ =—4+—=
T3 —4-3 7
12 2 12
x—3 —-4-3 7
6. Algebraically: + 2 8
- A8 Yy o1 T
3x +2(x—1)=8x(x —1) (x#0,1)
5x — 2 =8x* — 8x
8>+ 13x —2=0
~ —13 £ VI3 — 4(=8)(-2)
o 2(-8)
_ —13 £ V105
—-16
+ \/ — \/
x = B+ VIS ~ 1453 orx = 13- VI ~ 0.172
16 16
Numerically: Use a graphing calculator to support your
answers numerically.
10
7. Algebraically: x + < 7

10
Graphically: The graph of f(x) = x + - 7 suggests

that the x-intercepts are 2 and 5.

o

—_
[-9.4,9.4] by [-15, 5]

Then the solutions are x = 2 and x = 5.
15
Algebraically: x + 2 = ~

¥ +2x=15 (x #0)

X*+2x—-15=0
(x+5)(x=-3)=0
x+5=0 or x—3=0

x=-5 or x=3

15
Graphically: The graph of f(x) = x + 2 — — suggests
X

that the x-intercepts are —5 and 3.
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/.
/

[-9.4,9.4] by [-15, 15]

Then the solutions are x = =5 and x = 3.
. 12
9. Algebraically: x + — =7
X

¥ +12=7x (x #0)
X=7x+12=0
(x=3)(x—4)=0
x—3=0 or x—4=0
x =3 or x=4

12. Algebraically:2 —

7
—

H

[-4.7,4.7] by [-4, 4]

1
Then the solution is x = >

31

x+4 X+ 4x

[and x> + 4x = x(x + 4)]

2(x* +4x) —3x =12 (x #0,—4)
2x* +5x —12=0

2x —=3)(x+4)=0

. R
Graphically: The graph of f(x) = x + . 7 suggests k=320 or x44=0

that the x-intercepts are 3 and 4.
X == or x=-4

2
E Il\ #_;,.e — but x = —4 is extraneous.

Graphically: The graph of f(x) =2 —

o
x+4 X+ 4x

. .3 .
suggests that the x-intercept is —. There is a hole at
2
i x =—4.

[-9.4,9.4] by [-15, 5] ._Hd____ [

Then the solutions are x = 3 and x = 4.

e

6
10. Algebraically: x + — = —7
X

x4+ 6=-7x (x #0)
X¥+7x+6=0

(x+6)(x+1)=0 (4.7, 4.7] by [4, 4]
x+6=0 or x+1=0

x=—6 or x=-1

3
Then the solution is x = >
6
Graphically: The graph of f(x) = x + — + 7 suggests 3 1 7
P y Srap 1) X 58 13. Algebraically: * 4 =
that the x-intercepts are —6 and —1. x+5 x—2 x*+3x—-10

[and x* + 3x — 10 = (x + 5)(x — 2)]

e 3x(x —2) + (x +5) =7 (x # —5,2)
3 —5x—2=0
Bx+1)(x—2)=0

o

Sy 3x+1=0 or x—2=0
lllt X = L or x=2
[-9.4, 9.4] by [5, 15] 3
] — but x = 2 is extraneous.
Then the solutions are x = —6 and x = —1.
) 1 1 Graphically: The graph of
11. Algebraically: 2 — 12+ 3y 1

by X by = + — ts that
f(x) s+5 77 -2 x2+3x_1osuggess a

[and x> + x = x(x + 1)]
2+ x)—x=1 (x#0,-1)
2> +x—-1=0

2x—-1D(x+1)=0
2x—1=0 or x+1=0

X == or x=-1

. 1 .
the x-intercept is 3 There is a hole at x = 2.

— but x = —1 is extraneous. ,-'/t

. — 1 1
Graphically: The graph of f(x) = 2 x+1l 2+ x

[-14.4,4.4] by [-3, 9]

1
suggests that the x-intercept is > There is a hole at Then the solution is x = _1.
3

x = —1.
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4 3 15 r . i b
14. Algebraically: x - suggests that the x-intercept is 3. The x-axis hides a hole
x+4 x—-1 xX*+3x-4 atx = 0.
[and x> + 3x — 4 = (x + 4)(x — 1)]
4x(x = 1) +3(x+4)=15(x#—-4,1)
4> —x—3=0

(4x +3)(x—1)=0 -
4x +3 =0 or x—1=0 l [
3

X =— or x=1
4 [-4.7,4.7] by [-5, 5]

— but x = 1 is extraneous.

Then the solution is x = 3.

Graphically: The graph of 17. Algebraically: > . 5 6 _3-x
4x 3 15 x+2 x4 X
flx) = 1 4 + P — 4suggests that [and X* + 2x = x(x + 2)]
3 3x+6=0CB-x)(x+2) (x#-2,0)
the x-intercept is — T There is a hole at x = 1. 3x+6=—x2+x+6
X+2x=0
E‘/ x(x+2)=0
x=0 or x+2=0
x=0 or x =2
—~ — but both solutions are extraneous.
;"Ir t No real solutions.
Graphically: The graph of
[-12.4,6.4] by [-5, 10] 3 6 3 — x
o ;3 flx) = T+ 2 + 2+ x suggests that there
Then the solution is x = — 4 are no x-intercepts. There is a hole at x = —2, and the
x-axis hides a “hole” at x = 0.
15. Algebraically: *—> — >3 _
- e Y: X x +1 X+ x

[and x> + x = x(x + 1)]
(x=3)(x+1)=-3x+3=0 (x#0,-1)

¥ =5x=0
x(x=5)=0
x=0 or x—=5=0 . [-4.7,4.7] by [-3, 3]
x=0 or ¥ =5 —butx = 0is extraneous. Then there are no real solutions.
Graphically: The graph of n
3 2 6
x—3 3 3 18. Algebraically: o — =
f(x) = - + = suggests that the X x+3 X"+ 3x
X x+l ¥ +tx [and x* + 3x = x(x + 3)]
x-intercept is 5. The x-axis hides a hole at x = 0. (x+32—2x=6 (x# —3,0)
df/' X +4x+3=0
(x+1D)(x+3)=0
x+1=0 or x+3=0
x=-1 or x=-3
— but x = —3 is extraneous.
Graphically: The graph of
[-6.4, 12.4] by [-10, 5] £(x) x+3 2 6
X) = _ _
Then the solution is x = 5. x x+3 X+ 3x
. X +2 4 2 suggests that the x-intercept is —1. There is a hole at
16. Algebraically: - + =0 x = -3
X x—1 x*—x
[and x> — x = x(x — 1)] \-\__—
(x+2)(x—=1)—4x+2=0 (x#0,1) _
¥ =-3x=0
x(x=3)=0
x=0 or x=-3=0
x=0 or x =3 — but x = 0 is extraneous. SISy
N y 1=,
Graphically: ghe grafh of 5 Then the solution is x = 3.
x +
= - +
f(x) P PR
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19. There is no x-intercept at x = —2.That is the extraneous

solution.

20. There is no x-intercept at x = 3. That is the extraneous

solution.
21

.

the graph. Both are extraneous.

22. There is no x-intercept at x = 3. That is the extraneous

solution.

23.

+x=5
x —1

2+x(x—=1)=5x-1) (x#1)
X—x+2=5x-5
X—6x+7=0

‘e —(=6) £ V(=6)’ — 4(H(7)

2(1)
x=6iT\/§=3:|:\/§

x=3+ V2~ 44ldor
x=3- V2=~ 158
24, x2—26x+5=3
x =2
X2 —6x +5=3(x*-2) (x#:l:\/i)
22 —6x+11 =0
GO V(—6)2 — 4(—2)(11)

2(-2)
6+ V124 -3+ V31
y = _
—4 2
-3+ V31
x=f\/_%1.2840r
= 2= V3L s
2
2
—2x +
g, X 201
x+5
¥ -2x+1=0 (x#5)
(x—1)2:0
x—1=0
x=1
26 X L2 _ >

x+2 x-1 xX*+x-2

[and x> + x — 2 = (x + 2)(x — 1)]

3x(x = 1) +2(x+2)=5 (x#-2,1)
3¢ —x—-1=0

Lo ZEhEV (=1)* — 43)(-1)

2(3)
1+V13
c =1t VI3
6
+
X = % ~ 0.768 or
x= # ~ —0.434

Neither possible solution corresponds to an x-intercept of

4x 5 15
T d Tyl TP T
[and x> + 3x — 4 = (x + 4)(x — 1)]
4x(x = 1) +5(x +4) =15 (x# —4,1)
A’ +x+5=0
The discriminant is b*> — 4ac = 1> — 4(4)(5) = =79 < 0.
There are no real solutions.
3x 5 15
28'x + 1 +x—2 =x2—x—2
[and x> — x — 2 = (x + 1)(x — 2)]
3x(x = 2)+5(x+1)=15 (x# —1,2)
32— x—-10=0
Bx+5)(x—-2)=0
3x+5=0 or x —2=0
5

X =—— or x=2
3
— but x = 2 is extraneous.
.. 5
The solution is x = 3

20,2 +2 =8
X
¥+ 5=8x (x#0)
Using a graphing calculator to find the x-intercepts of
f(x) = ¥* — 8x + 5 yields the solutions
x =~ —3.100, x = 0.661, and x =~ 2.439.
0.2 -2 =7
X

¥ =3="7x (x#0)

Using a graphing calculator to find the x-intercepts of

f(x) = ¥* = 7x — 3 yields the solutions

x ~ —2.398, x ~ —0.441, and x ~ 2.838.

(a) The total amount of solution is (125 + x) mL; of this,
the amount of acid is x plus 60% of the original
amount, or x + 0.6(125).

() y =083

_x+ 75 . .

(¢) C(x) = Py A 0.83. Multiply both sides by
x + 125, then rearrange to get 0.17x = 28.75, so that
x ~ 169.12 mL.

x + 0.35(100)  x + 35

2@ CO =0 x 100
(b) Graph C(x) along with y = 0.75; observe where

the first graph intersects the second.

31

.

J/,-f’”

[0,250] by [0, 1]

For x = 160, C(x) = 0.75. Use 160 mL.

. x + 35

(c¢) Starting from ~ + 100
and rearrange to get 0.25x = 40, so that x = 160 mL.

That is how much pure acid must be added.

= (.75, multiply by x + 100
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3000 + 2.12
33. (a) C(x) = ——==~
(b) A profit is realized if C(x) < 2.75, or
3000 + 2.12x < 2.75x. Then 3000 < 0.63x,
so that x > 4761.9—4762 hats per week.
(¢) They must have 2.75x — (3000 + 2.12x) > 1000 or
0.63x > 4000: 6350 hats per week.
34. (a) P(10) = 200, P(40) = 350, P(100) = 425
(b) Ast— 00, P(t) — 500. So, yes. The horizontal asymp-
tote is y = 500.
9000
t+20
population will never exceed 500.

35. (a) If x is the length, then 182 /x is the width.

182 364
P(x)=2x+2(—)=2x + —
x x

(¢) lim P(r) = lim (500 — ) = 500, so the bear
t—00 t—00

(b) The graph of P(x) = 2x + 364 /x has a minimum
when x ~ 13.49, so that the rectangle is square. Then
P(13.49) = 2(13.49) + 364/13.49 ~ 53.96 ft.

36. (a) 15 in.[

0.75 in. 40 in? 1in.

1 in.[

The height of the print material is 40 /x. The total
area is

A(x) = (x + 075 + 1) (% + 15 + 1)

= (x + 1.75) (% + 2.5).

(b) The graph of A(x) = (x + 1.75) (ﬂ + 2.5)
X

has a minimum when x = 5.29, so the dimensions
are about 529 + 1.75 = 7.04 in. wide by
40/5.29 + 2.5 ~ 10.06 in. high. And
A(5:29) ~ 70.8325 in’.
37. (a) Since V = rr’h, the height here is V /(7r?). And since
in general, S = 27r* + 27rh = 27r? + 2V /r,
here S(x) = 27x* + 1000/x
(0.5 L = 500 cm?®).

(b) Solving 27x* + 1000/x = 900 graphically by finding
the zeros of f(x) = 27x* + 1000/x — 900 yields two
solutions: either x ~ 1.12 cm, in which case
h ~ 126.88 cm, or x ~ 11.37 cm, in which case

h ~ 123 cm.
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38. (a) If x is the length, then 1000 /x is the width. The total
areais A(x) = (x + 4)(1000/x + 4).
(b) The least area comes when the pool is square, so
that x = V1000 ~ 31.62 ft. With dimensions
35.62 ft X 35.62 ft for the plot of land,
A(31.62) ~ 1268.98 ft*.

111
39, R
@ % % &
111
— = — 4 —
R 23 ' «x
23x = xR + 23R
2.3x
R e
@ =T33
(b) 23x = xR + 23R
23R
YT23-R

For R = 1.7, x = 6.52 ohms.

40. (a) If x is the length, then 200/x is the width.
200 400
P(x) = 2x + 2(—) = 2x +—
X X
400
(b)70 = 2x + —
X
70x = 2x* + 400
2x* — 70x + 400 = 0
The quadratic formula gives
x ~ 7.1922 or x = 27.8078.
When one of those values is considered as the
length, the other is the width. The dimensions are
7.1922 m X 27.8078 m.

41. (a) Drain A can drain 1/4.75 of the pool per hour, while
drain B can drain 1/¢ of the pool per hour. Together,
they can drain a fraction

1 1 t+ 475
Dit)y=-—2 +—= ———
© 475 ¢t 4.75t
of the pool in 1 hour.

(b) The information implies that D(¢) = 1/2.6,so we solve

111

2.6 4.75 t

Graphically: The function f(f) = Lot 1 has
26 475 ot

a zero att = 5.74 hr, so that is the solution.

4

r)

[0, 10] by [-0.25, 0.25]

1 1 1
Algebraically:% = 175 + 7
475t = 2.6t + 2.6(4.75)
B 2.6 (4.75)
475 - 26
~ 5.74
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116 Chapter 2 Polynomial, Power, and Rational Functions

42. (a) With x as the bike speed, x + 43 is the car speed.

Biking time = 17/x and driving time = 53/(x + 43),

46. True. For a fraction to equal zero, the numerator has to be

zero, and 1 is not zero.

SO 3x 6
S VA o T TY 2
X x + 43 x(x+2)=3x=6 (x# -2)
. . 17 53 X-x—6=0
(b) Graphically: The function f(x) = R —— (x =3)(x+2)=0
has a zero at x ~ 20.45. x =3orx =-2— but x = —2 is extraneous.
The answer is D.
3 6
48.1 -~ = ————[and " + 2x = x(x + 2)]
X x° + 2x
a ¥ 4+2x—3x+2) =6 (x#-2,0)
o~ ¥-x-12=0
e (x+3)(x—4)=0
s x=-3orx =4
[0, 25] by [-1, 1] The answer is C.
X 2 14
. . 2 5 49. + ==
Algebra1ca11y:1h40m1n:1§h:§h x+2 x-5 x*-3x-10

5 17 N 53
3 X x + 43

Sx(x + 43) = 51(x + 43) + 159x

5x% + 215x = 51x + 2193 + 159x
5x% + 5x — 2193 =0
Using the quadratic formula and selecting the positive
solution yields

[and x* — 3x — 10 = (x + 2)(x — 5)]
x(x =5)+2(x+2)=14 (x# —2,5)
¥ =-3x—-10=0
(x+2)(x—=5) =0
x = —2or x = 5 — but both solutions are extraneous.
The answer is E.
50. 0.2 X 10 or 2 = liters of pure acid in 20% solution
0.30 X 30 or 9 = liters of pure acid in 30% solution

-5 + V43,885 L of pure acid . .
x = —————— ~ 20.45. —————— = concentration of acid
10 L of mixture
The rate of the bike was about 20.45 mph. 2 +9 11
—— =—=0.275=275
43. (a) 10 + 30 40 %
The answer is D.
51. (a) The LCDis x* + 2x = x(x + 2).
x—3 3 6
= + +
f(x) X x + 2  xr+ 2
_(x=3)(x+2) 3x N 6
[60, 110] by [0, 50] x>+ 2x x>+ 2x X+ 2x
2 _
(b) When a = 74, E(74) = 170/(74 — 58) ~ 10.6. On SRS S B
average, a U.S. 74-year-old will live 10.6 more years. ) 2x + 2x
X X
44. (a) iy 2 1 or
e (b) All x # 0,2
i 1 x # 2,0
_B'“'-___u_ © f(x) = {undeﬁned x =—2o0rx =0
- (d) The graph appears to be the horizontal line y = 1

[2750,4750] by [20, 45]

238,300

(b) When x = 3200,y = 72(3200) 1 ~ 37.229 mpg.
238,300

When x = 3100,y = —2(3100) 1 ~ 38.429 mpg.

with holes at x = —2 and x = 0.

This leads to an increase of
38.429 mpg — 37.229 mpg = 1.2 mpg.

45, False. An extraneous solution is a value that, though
generated by the solution-finding process, does not work
in the original equation. In an equation containing
rational expressions, an extraneous solution is typically a
solution to the version of the equation that has been
cleared of fractions but not to the original version.

[-4.7,4.7] by [-3.1, 3.1]

This matches the definition in part (c).
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1

1+ x
yl+x)=(1+x)+1
yt+txy=x+2
Xy—x=2-—y

52.y =1 +

_2-y
x—y_1
1
3.y =1-—
Y 1—x
W1-x)=(1-x) -1
Yy — Xy =—x
y=Xxy —Xx
LY
y—1
1
S4y=1+
1 +—
X
X
=1
Y 1 + x

yl+x)=(1+x)+x
y+xy=2x+1
xy—2x=1-—y

1-y
x=—7
y—2
1
55.y=1 + 1
1 +
1—x
1—x
=1 + ————
Y T-x + 1
1—x
=1 +
Y 2 —x

y2-x)=2-x)+ (1 —-x)
2y —xy =3 —2x
2y =3 =xy — 2x

2y — 3

y—2

X =

M Section 2.8 Solving Inequalities
in One Variable

Exploration 1
L@ _ $Ho® , 0O  HE®
Negative ' Negative ' Positive X
-3 2

(b)

[-5, 5] by [-250, 50]

2. @) _0O®HO®H,0HEOH), OHE®EH)
Positive ' Positive ' Negative x
2 -1

Section 2.8 Solving Inequalities in One Variable

3.

®) [

N

[-3,1] by [-30, 20]

(@) _HHOO),HHHOE),HHEHE)
Positive ' Negative ' Negative X
-4 2

N

[-5, 5] by [~3000, 2000]

Quick Review 2.8

1.

2. lim f(x
3.
4

. lim g(x

II_)IIC}O f(x) = oo, lim f(x) = -0

—00, 11m f(x) = -0

x—>00

(x) =
lim g(x) = oo, mg() 00
(x) =

x—>00

00, 11m g(x) = -0

x—>00

X+5

x -3
X

x(x—3)—2Q2x+1) x*-3x—4x-2
2x + 1)(x = 3) 2x + )(x = 3)
¥ —T7x -2 _ Xt —T7x -2

=(2x+1)(x—3)_2x2—5x—3
xBx -4+ (x+Dx—1) 3¢ —dx +x* -1

(x = DBx —4) (x = 1DBx — 4
4 —4x -1 4 —4x -1
(x=1DBx—4) 3x>—Tx+4
+1, £3 1 3
9. (a) or 1, +—, +3, +—
+1, £2 2 2

117

3
(b) A graph suggests that —1 and 5 are good candidates

for zeros.

ﬂ 2 1 -4 -3
-2 1 3

3/2 2 -1 =3 0

28+ —4x—3=(x+1) x—%)(2x+2)
=(x+12x —3)(x +1)
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118 Chapter 2 Polynomial, Power, and Rational Functions

+1, £2, +4, £8
10. (@) ——————————

+1, £3
or =1 :I:l— +2 :|:2— +4 :|:4— +8 :I:S—
Y Y T3 T3
(b) A graph suggests that —2 and 1 are good candidates
for zeros.
=2 3 -1 -10 8
-6 14 -8
1] 3 -7 4 0
3 —4
3 —4 0

32— ¥ — 10x + 8= (x + 2)(x — 1)(3x — 4)

Section 2.8 Exercises
1. (a) f(x) =0 when x=-2,-1,5
() f(x) >0 when 2<x<-lorx>5
(¢) f(x) <0 when x<2or-1<x<5
OO, HOO, HHE), HEHE)

Negative ' Positive ' Negative ' Positive X

-2 -1 5
1
2. (@) f(x) =0 when x =7, 3 —4

1
(b) f(x) >0 when —4<x< —gorx>7

1
(¢) f(x) <0 when x<—40r—§<x<7

OO, 000, DBHE), HHE)
Negative ' Positive ' Negative ' Positive X
-4 _1 7
3
3. (@) f(x) =0 when x=-7,-4,6
() f(x) >0 when x<—-Tor4<x<6orx>6
(¢) f(x) <0 when —7<x<—4
OO HOOTHHE: HH
Positive ' Negative ' Positive = Positive  x
-7 -4 6

4 @) f(x) =0 when x= —>

1
57

3
(b) f(x) >0 when x < —Gorx > 1

(¢) f(x) <0 when —%<x<1

OHO) , HHE | HEHEH)
Positive ' Negative ' Positive X
1

([

5 (@) f(x) =0
() f(x) >0
(c) f(x) <0

HOO , O B

Negative ' Positive ' Positive X
-1 8

when x =8, -1
when —1 <x<8orx>38

when x < —1

6. (@) f(x) =0 when x=-2,9
() f(x) >0 when 2<x<9orx>9

10.

11.

1
. (2x + 1)(x — 2)(3x — 4) = Owhen x = > 2,

(© f(x) <0 when x< -2
O’'HO, HO D!

Negative ' Positive ' Positive X
-2 9

. (x+ 1)(x —3)>=0whenx = —1,3

O, W
Negative ' Positive ' Positive X
-1 3
By the sign chart, the solution of (x + 1)(x — 3)*> > 0'is
(=1,3) U (3, 0).

[SSEINN

OO, HOE, HEOE), HHE)
Negative ' Positive ' Negative ' Positive X
1 4 2
2 3

By the sign chart, the solution of

(2x + 1)(x — 2)(3x — 4) = 0is (—oo, —ﬂ U E,z}.

L(x+ D) -3x+2)=(x+D)x-1(x—-2)=0

when x = —1,1,2
OO, HEOE), HHE), (HEHE)

Negative ' Positive ' Negative = Positive X
-1 1 2

By the sign chart, the solution of
(x + 1)(x = 1)(x —2) < 0is (—o0, —1) U (1, 2).

(2x — ) (x* —4x + 4) = (2x — 7)(x — 2)?> = 0 when
X = > 2
O, O | O
Negative ' Negative ' Positive X

2 7
2

By the sign chart, the solution of (2x — 7)(x — 2)> > 0
(7

a(1o0)

By the Rational Zeros Theorem, the possible rational

1 3
zeros are +1, + > +£2, £3, + > +6. A graph

1
suggests that —2, > and 3 are good candidates to be zeros.

—2] 2 -3 11 6

—4 14 -6
3 2 -7 3 o0
6 -3
2 -1 0
28 =3 —1lx+6 = (x +2)(x —3)2x — 1) =0
1
hen x = —2,3,%
when x 3.3

OO, HOO, HOE), HHBHE)
Negative ' Positive ' Negative ' Positive X
-2 1 3
2

By the sign chart, the solution of
1
(x +2)(x=3)2x — 1) =0is {—2,5} U [3, c0).
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12. By the Rational Zeros Theorem, the possible rational

zeros are +1, £2, +£3, +6. A graph suggests that —1,2, and

3 are good candidates to be zeros.

—-1 1 -4 1 6

-1 5 -6
2 1 -5 6 0
2 -6
I 3 0

X4 +x+6=(x+1D)x-2)(x—-3)=0
when x = —1,2, 3.
OO, HEOE,HHE), HDHE)
Negative ' Positive ' Negative ' Positive X
-1 2 3

By the sign chart, the solution of
(x + D)(x = 2)(x —=3) = 0is (—o0, -1] U [2,3].

13. The zeros of f(x) = x* — x*> — 2x appear to be —1, 0, and
2. Substituting these values into f confirms this. The graph
shows that the solution of x> — x> — 2x = 0is [-1, 0] U

[2,00).

[=5.5]by [-5, 5]
14. The zeros of f(x) = 2x* — 5x* + 3x appear to be 0, 1,

3 _ . . .
and > Substituting these values into f confirms this.

The graph shows that the solution of 2x* — 5x* + 3x < 0

is (—o0, 0) U (1, %)
!

w

/

[-3,3] by [-5, 5]

15. The zeros of f(x) = 2x* — 5x* — x + 6 appear to be —1,

3
5 and 2. Substituting these values into f confirms this.
The graph shows that the solution of
3
28 = 5x* —x+6>0is (—1,5) U (2, ).

f;’ N/

|'

[-3,3] by [-7,7]
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16.

17.

18.

19.

20.

The zeros of f(x) = x* — 4x*> — x + 4 appear to be —1,
1, and 4. Substituting these values into f confirms this. The
graph shows that the solution of x> — 4x> — x + 4 = 0
is (o0, —1] U [1, 4].

[-3,7] by [-10, 10]

The only zero of f(x) = 3x> — 2x*> — x + 6 is found
graphically to be x ~ —1.15. The graph shows that the
solution of 3x* — 2x?> — x + 6 = 0 is approximately

[—1.15, 00).

F
1

2gFn II
n=-1.146272
[-3,3] by [-10, 10]

The only zero of f(x) = —x* — 3x* — 9x + 4 is found
graphically to be x = 0.39.The graph shows that the solu-
tion of —x* — 3x?> — 9x + 4 < 0 is approximately

(039, c0).

"

2eFn I
W= ZBPEZAEE [¥=0
[-5,5] by [~10, 10]

The zeros of f(x) = 2x* — 3x* — 6x* + 5x + 6 appear to

3
be —1, > and 2. Substituting these into f confirms this.

The graph shows that the solution of
3
2x* =3 —6x+ Sx + 6 <0is (5,2).

\/[M

L

[—5, 5] by [~10, 10]

The zeros of f(x) = 3x* — 5x* — 12x* + 12x + 16 appear
4
to be 3 ,—1, and 2. Substituting these into f

confirms this. The graph shows that the solution of
3x* = 5x° — 1227 + 12x + 16 = 0'is

(—oo, —ﬂ U[—-1, ).
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3
(d) f(x) < Owhen x < —Eorl <x<4

B B
& g
b5 5|
=] =)
O 5 0O 0 ®» 5 ®
; 00, WO, B0, ®®
[-3,3] by [-3, 23] Negative ' Positive ' Negative ' Positive  x
_3 1 4
21 f(x) = (& + 4)(2x* + 3) 2
(a) The solution is (—oo, 00), because both factors of f(x) 7
are always positive. 26. (a) f(x) = 0 when x = > -1
(b) The solution is (—oo, ), for the same reason as in (a). (b) f(x) is undefined when x = =5

(¢) There are no solutions, because both factors of f(x)

7
. (¢) f(x) >0when —-5<x<-1or x >—
are always positive. 2

(d) There are no solutions, for the same reason as in @) f(x) <Owhenx < —5 or -1 < x < 7
part (c). 2
2. f(x) = (2 + 1)(=2 — 3 p
(a) There are no solutions, because x*> + 1 is always posi- '°§
tive and —2 — 3x? is always negative. %:) = (7(1:) 0 (7():;) 0 (+()+()+)
(b) There are no solutions, for the same reason as in part Negative : Positive I Negative I Positive  x
(a). -5 -1 1
2
(¢) (—o0,00), because x> + 1 is always positive and —2 —
3x? is always negative. 27. (a) f(x) = Owhen x = 0,3
(d) (—o0, 00), for the same reason as in part (c). (b) f(x) is undefined when x < —3
23. f(x) = (2x* — 2x + 5)(3x — 4)? (¢) f(x) >0whenx >0
The first factor is always positive because the leading @) f(x) <Owhen-3<x<0
term has a positive coefficient and the discriminant
(=2)* — 4(2)(5) = —36 is negative. The only zero is 0 0
x = 4/3, with multiplicity two, since that is the solution G I G G
’ p y ’ Undefined ' Negative ' Positive X
for3x — 4 = 0. 3 0
4
(a) True for all x # 3 28. (a) f(x) = 0 when x = 0, _g

(b) (_007 OO)

© Th i (b) None. f(x) is never undefined.
¢) There are no solutions.

9
4 (¢) f(x) > O0when x# ——,0
@x =3 2
(d) None. f(x) is never negative.
24. f(x) = (¥* + 4)(3 — 2x)? 2 0 ) 0 ,.2
The first factor is always positive. The only zero is O H : O+ : (+) 1
x = 3/2, with multiplicity two, since that is the solution Positive . Positive ~ Positive .
for3 — 2x = 0. -5 0
3
(a) True for all x # 5 29. (a) f(x) = Owhenx = =5
1
(b) (—o0,00) (b) f(x) is undefined when x = 3= 1,x < -5
(¢) There are no solutions. 1
d 3 (© f(x) >0when—5<x<—§0rx>1
@x == :
25. (a) f(x) = 0Owhenx =1 (d) f(x) < 0when _5<x<1
3
(b) f(x) is undefined when x = > 4 'ag é
= =
;
(c)f(x)>0when—§<x<1orx>4 0 ® 5 ® 5 ©

L O, e, B
Undefined' Positive ' Negative ' Positive X
=5 1 1
2
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30. (a) f(x) = Owhenx =1 -1 (x+Dx-1 .
) i 35. f(x) == = 5 has points of
(b) f(x) is undefined when x = 4,x = =2 x+1 (x*+ 1)
() f(x) >Owhen—2<x<1lorx >4 potential sign change at x = —1, 1.
d) f(x) <Owhenl < x <4 GO 0 W 0 HH)
b= =) ™) \ (+) G
] g Positive ' Negative ' Positive X
5 0O 0 ®» 5 -1
L O O D By the sign chart, the solution of — =0is [-1,1].
Undefined' Positive ' Negative ' Positive X o+
-2 1 4 24 (x+2)(x—-2
36. f(x) = x2 = ( 2)( )has points of
31. (@) f(x) = Owhen x = 3 'f'+4h x*+4
(b) f(x) is undefined when x = 4,x < 3 potential sign change at x = =2, 2.
GO0 0 OO 0 e
© f(x) > Ovsfhen3 <x <.4 orx >4 ® W, ™
(d) None. f(x) is never negative. Positive ' Negative ' Positive x
) -2 2
Q
£ ) . xr—4 .
< By the sign chart, the solution of — > 0is
0 W®H 3 B® X+ 4
e T s (o0, —2) U (2, 00).
Undefined ' Positive ' Positive X 2
+x—12 x+4)(x—3
3 4 37. f(x) = = = ( X )has points of

¥t —dx + 4 (x — 2)?

32. (a) None. f(x) is never 0. potential sign change at x = —4, 2, 3.

(b) f(x) is undefined when x = 5

=
Q
=
(¢) f(x) >0when5 < x < © !::;
(d) None. f(x) is never negative. OO 0 WO 5 BO 0 B
- (G T o SR €0 AT o
2 Positive ' Negative ' Negative = Positive  x
5 4 2 3
5 ) x4+ x— 12
. (+)(+) By the sign chart, the solution of —————— > 0'is
Undefined ' Positive X X0 —dx + 4
5 (o0, —4) U (3, o).
x—1 x—1 38 f(X):xz+3x_10=(x+5)(x_2)has oints of
3. f(x) = = PR has points of ’ XX —6x+9 (x = 3)? P
. . N potential sign change at x = =5, 2, 3.
potential sign change at x = -2, 1, 2.
=
= =2 HE) 0 HDE) 0 B 5 )
= 5 6 0 H 5 &

- (G T o S S SRR €
(7)(7.) } (+).(T) } (+)(f) } (+).(f) Positive ' Negative ' Positive = Positive  x
Negative Positive = Negative Positive — x 5 5 3

-2 1 2

X2+ 3x - 10

_ By the sign chart, the solution of
1 y & XX —6x+9

By the sign chart, the solution of xz_ <O0is
Xt —4 (-5,2).
(=00, —2) U (1, 2). X ( " b
— + X —
+2 +2 _r-x _r¥

3. f(x) = x2 5" ( +x3)( 3) has points of 39. f(x) 2+1 2+1

x° = X X — L o
potential sign change at x = —3, =2, 3. potential sign change at x = -1, 0, 1.

< 0is

has points of

GOEE) 0 GOHE 0 HHE 0 HEHE)

[ I G I O T )
Negative' Positive 'NegativeI Positive  x

=N =0 & (+) -1 0 1

OGO | 6O, DO, D) 3 _
Negative ' Positive ' Negative ' Positive X By the sign chart, the solution of X X

-3 =) 3 ¥+

[-1,0] U [1, 00).

undefined
undefined

= (0is

+2
By the sign chart, the solution of xz—g <O0is
2 —

(—00, =3) U (<2, 3).
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¥ —4x  x(x +2)(x —2)

40. = =
S 2 +2 2 +2
potential sign change at x = —2, 0, 2.

has points of

GEE 0 GOHE 0 HHE) 0 (HHH)
(G NI .0 AT .0 M T 5.0
Negative ' Positive ' Negative ' Positive  x
-2 0 2

. . x> — 4x .
By the sign chart, the solution of ——— = 0is
X

(o0, 2] U [0, 2].
41. f(x) = x|x — 2| has points of potential sign change at

x=0,2.
0 0
O - B
Negative ' Positive ' Positive X
0 2

By the sign chart, the solution of x|x — 2| > 0 is
(0,2) U (2, ).

2. f(x) = |i T

x = -2,3.

has points of potential sign change at

undefined

o 0 0@
o, W W
Negative ' Negative ' Positive X
-2 3

x—3

By the sign chart, the solution of m

(=00, =2) U (-2, 3).

<0is

43. f(x) = (2x — 1)V x + 4 has a point of potential sign

1
change at x = > Note that the domain of f is [—4,00).

0 0

O &)
Undefined ' Negative ' Positive X

4

—

By the sign chart, the solution of 2x — 1)Vx + 4 < 0is
1
—4,—).
(-+3)

44. f(x) = (3x — 4)V2x + 1 has a point of potential sign
4 1
change at x = 3 Note that the domain of f is {—5, oo)_
0 0
L O HE)

Undefined ' Negative ' Positive X

1
2

IS

By the sign chart, the solution of 3x — 4)V2x + 1 =0

. {4 )
is|—, o0 |.
3

O =2 . i
45. f(x) = ———= has points of potential sign change at
(x +3)
x =-3,0,2.

=
=

=

3

PO B PO 0 @O 0 #PE)

(GO AT G2 T G2 S o
Positive ' Positive ' Negative ' Positive  x
-3 0 2

(x —2)

By the sign chart, the solution of T3 < 0is (0,2).

— 5)4
46. f(x) = % = 0 has points of potential sign change

atx = —3,0,5.

undefined
undefined

) * 0
O, O, B, )
Positive ' Negative ' Positive ' Positive  x
-3 0 5

x —5)*

By the sign chart, the solution of m = 0is
(=00, =3) U (0, o).

2 32
47.f(x):x2——=x
X

has points of potential sign

change at x = 0, V2.

undefined

o) 0 0 @
=) | +) . +)
Positive ' Negative ' Positive X

0 2

2
By the sign chart, the solution of x> — = > 0 is
X

(=00, 0) U (V/2, 00).

4 X +4
8. f(x) =2 +—=12
X

has points of potential sign

change at x = 0, ~V4.

undefined

0 0w )
=) | ) . +)
Positive ' Negative ' Positive X

Y 0

4
By the sign chart, the solution of x> + < = 0is

(—o0, —V/4] U (0, 00).
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1 1 2(x — 1)
49. = + =
9 f(x) x+1 x-3 (x+1)(x—-3)
potential sign change at x = —1, 1, 3.

has points of

undefined
undefined

() = 0 & (+)
OB, e, e, )
Negative ' Positive ' Negative ' Positive X

-1 1 3

By the sign chart, the solution of
(=00, —1) U[1, 3).
1 2 -x -5

50'f(x):x-i-2_x—1=(x-i-2)(x—1)
potential sign change at x = —5, =2, 1.

1
+
x +1 x—3

has points of

undefined
undefined

+H 0 O =) )
O, 060, ), )
Positive ' Negative ' Positive ' Negative x

-5 -2 1

By the sign chart, the soluti f
y the sign chart, the solution of —— — —

(—00, =5) U (=2, 1).

> 0is

51. f(x) = (x + 3)|x — 1] has points of potential sign change

atx = =3, 1.

0 0
OH
Negative ' Positive ' Positive X
-3 1

By the sign chart, the solution of (x + 3)|x — 1| = 0 is
[-3, ).

52. f(x) = (3x + 5)%x — 2| is always O or positive since
(3x + 5)? = Oforall real x and |x — 2| = 0 for all

real x. Thus the inequality (3x + 5)?|x — 2| < 0 has no
solution.

C(x - 5)x = 2|
S (1) =5

change at x = 2, 5. Note that the domain of f is (1, ©0).

has points of potential sign

undefined

OH 0 G0 (B

#H ,  H B

Undefined' Negative ' Negative = Positive  x
1 2 5

. . (x —5)x — 2|
By the sign chart, the solution of ————== 0

V2x — 2
is [5, 00).
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_ x(x — 4)°

54. f(x) Ve

x = 0, 4. Note that the domain of f is (=1, c0).

has points of potential sign change at

undefined

AP 0 AP 0 B+
P .0 B ) B )
Undefined' Negative ' Negative = Positive X

-1 0 4

By the sign chart, the solution of e < 01

y eSlgnC art, € solution of ——F————— 1S
Vx+1

(—=1,0) U (0, 4).

55. One way to solve the inequality is to graph
y=3(x —1) + 2and y = 5x + 6 together, then find the
interval along the x-axis where the first graph is below or
intersects the second graph. Another way is to solve for x
algebraically. The solution is [—3.5, o)

56. Let x be the number of hours worked. The repair charge
is 50 + 36x; this must be less than $200. Starting with
50 + 36x < 200, we have 36x < 150,s0 x < 4.17.
Therefore the electrician worked no more than 4 hours
and 10 minutes, which rounds to 4 billed hours.

57. Let x > 0 be the width of a rectangle; then the length is
2x — 2 and the perimeter is P = 2[x + (2x — 2)].
Solving P < 200 and 2x — 2 > 0 (below) gives
lin. < x < 34in.

2[x + (2x —2)] <200 and 2x —2>0

2(3x — 2) < 200 2x > 2
6x — 4 < 200 x> 1
6x < 204
x < 34.

58. Let x be the number of candy bars made. Then the costs
are C = 0.13x + 2000, and the income is / = 0.35x.
Solving C < I (below) gives x > 9090.91. The company
will need to make and sell 9091 candy bars to make a
profit.

0.13x + 2000 < 0.35x
2000 < 0.22x
x > 9090.91

59. The lengths of the sides of the box are x,12 — 2x, and
15 — 2x,s0 the volume is x(12 — 2x)(15 — 2x).To solve
x(12 — 2x)(15 — 2x) = 100, graph
f(x) = x(12 — 2x)(15 — 2x) — 100 and find the zeros:
x ~ 0.69 and x =~ 4.20.

N

[0,6] by [~100, 100]

From the graph, the solution of f(x) = 0 is approximately
[0, 0.69] U [4.20, 6]. The squares should be such that
either0in. = x = 0.69in.0or4.20in. = x = 61in.
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60. The circumference of the base of the cone is 87 — x,
X

2’

coc -2 o)
1SV = 3ﬂ' By - .

To solve v = 21, graph v — 21 and find the zeros:
x ~ 1.68in. or x ~ 9.10 in.

2
r=4— and h = 16—(4—i)."ﬂlevolume
2

o~

[

"

2&F 0
W= A0ENZEE: =0
[0,26] by [25,25]

From the graph, the solution of ¥ — 21 = 0 is approxi-
mately [1.68, 9.10]. The arc length should be in the range
of 1.68in. = x = 9.10in.

1
61. (a) EL = 500 cm®

500

V =axh=500=>h="
mX

500
S =2mxh + 2mwx* = 27Tx(—2) + 27x?
mX
1000 , 1000 + 27x°
=—+27x = ————
X X
1000 + 27rx’
(b) Solve S < 900 by graphing —— 900 and
X

finding its zeros:
x ~ 112 and x ~ 11.37

L e
Y -
""\-»_\_,_,_,-F""--
SRFn
w=1i.zgBz81 ¥=0
[0, 15] by [~1000, 1000]

From the graph, the solution of § — 900 < 0 is
approximately (1.12,11.37). So the radius is between
1.12 cm and 11.37 cm. The corresponding height must
be between 1.23 cm and 126.88 cm.

(¢) Graph S and find the minimum graphically.

S

o

Iﬁ"‘%—w/ |

Hinirun
WEhE0d 27y _V=EYA.PEN2Y L
[

0,15] by [0, 1000]

The minimum surface area is about 348.73 cm?.

1 1 1
62. (a) E = E + ;
23x = Rx + 23R = R(x + 2.3)
23
x +23

2.3x
= 1.7
x +23

2.3x
x + 23
23x — 1L.7(x + 2.3)
=0
x + 23
0.6x — 3.91
— =0
x + 23

0.6x — 391
The function f(x) = x+723
X .

b)R=17 =

-17=0

has a point of

391
potential sign change at x = % ~ 6.5. Note that the
domain of f is (—2.3, 00).

undefined

0 0 @
. (+) . (+)
Undefined ' Negative ' Positive X

23 91
60 63

By the sign chart, the solution of f(x) = 0 is about
[6.5, ). The resistance in the second resistor is at
least 6.5 ohms.

63. (a) The scatter plot suggests a linear relationship.

(6, 17] by [300, 325]
(b) y ~ 284.398 + 2.477x
(c) From the graph of y ~ 284.398 + 2.477x, we find that
y = 330 when x ~ 18.4. The population will exceed
330 million shortly before the end of 2018.
64. (a) y ~ 4.02x% — 77.84x> + 595.72

(b) From the graph of y ~ 4.02x?> — 77.84x + 595.72, we
find that y = 247,900 when x ~ 12.4. The median cost
of a new home will return to $247,900 during
November 2012.

65. False. Because the factor x* has an even power, it does not
change sign at x = 0.

66. True. Because the denominator factor (x + 2) has an odd
power (namely 1), it changes sign at x = —2.

67. x must be positive but less than 1. The answer is C.

68. The statement is true so long as the numerator does not
equal zero. The answer is B.

69. The statement is true so long as the denominator is nega-
tive and the numerator is nonzero. Thus x must be less
than 3 but nonzero. The answer is D.

70. The expression (x> — 1) cannot be negative for any real x,
and it can equal zero only for x = +1.The answer is A.
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71, fn) - LD e

(x =3)(x+1) ‘-n\__—_F)
Vertical asymptotes: x = —1, x = 3

x-intercepts: (=2, 0), (1, 0)

4
y-intercept: (0, g) [_I

E Fq‘é [-10, 10] by [-10, 10] [-20, 0] by [-1000, 1000]
= =
2 2 73. (@) |x = 3| <13=]3x -9 < 1=
OEP 0 O 5 QWP 0 WE? 5 2 Br =5 — 4| < 1=|f(x) — 4 < 1.
D6, 6, O O (D)
Negative ' Negative ' Positive ' Negative = Positive x For example:
2 -1 I 3 [f(x) =4l = 1GBx = 5) — 4] = 3x — 9|
By hand: =3 -3l < 3(1) _
y 3
30t (b) If x stays within the dashed vertical lines, f(x) will stay
L L within the dashed horizontal lines. For the example in
| part (a), the graph shows that for
I W 8 - <£tht'|—3’|<l h
— —bx 3 <X¥<3 at is, |x 3 ) We have
i 3 < f(x) < 5 (thatis, |f(x) — 4] < 1).
i (©) |x — 3] <001=[]3x — 9 <0.03=
= [3x =5 — 4] < 0.03=]f(x) — 4| < 0.03. The dashed
lines would be closer to x = 3 and y = 4.
Grapher: 5
74. When x> —4 =0,y = 1,and when x> — 4 20, y = 0.
I\ s 75. One possible answer: Given 0 < a < b, multiplying both
sides of a < b by a gives a*> < ab; multiplying by b gives
ab < b* Then, by the transitive property of inequality, we
have a* < b
76. One possible answer: Given 0 < a < b, multiplying both
[-5, 51 by [-5, 5] [0, 10] by [40, 40] 1 1 1
4 4 sides of a < b by — gives — < —, which is equivalent to
(x = 3) (x = 3) ab b a
72. g(x) = — = 1_1
X +4x  x(x+4) —>E.
Vertical asymptotes: x = —4, x = 0 a
x-intercept: (3, 0) .
J-intercept: None B Chapter 2 Review
3 3 For #1 and 2, first find the slope of the line. Then use algebra
% % to put into y = mx + b format.
=) =) -0 — (— _
* 5 * § 0 0 @ 1. m= 97(2) = -7 =—1,(y +9) = —1(x — 4),
00, OB, ®®H _ ®O® 4-(3) 7
Positive ' Negative' Positive ' Positive X y=—x—-15
—4 0 3 oy E
Sketch: =
y

J 600 e

| [-15,5] by [-15, 5]

|||||[|||__|__| x 2'mzl__z—(__g)=_78=—2,(y+2):—2(x—1),
10
ﬂ: y = —2x
i ™
™,
\J

N

[-5,5]by [-5,5]

Copyright © 2019 Pearson Education, Inc.



126 Chapter 2 Polynomial, Power, and Rational Functions

3. Starting from y = ¥, translate right 2 units and vertically
stretch by 3 (either order), then translate up 4 units.

y
10

L LA 1 1y

4. Starting from y = x?, translate left 3 units and reflect
across x-axis (either order), then translate up 1 unit.

y
10

L1 NN/ 1y

10

T 1 1 1

5. Vertex: (—3,5); axis: x = —3

6. Vertex: (5,—7);axis:x = 5

7. f(x) = —2(x* + 8x) — 31
=2(x*+8x+16) +32 - 31 = 2(x + 47+ 1;
Vertex: (—4, 1); axis: x = —4

8 g(x)=3x*—-2x)+2=3x"-2x+1)-3+2=
3(x — 1)® — 1; Vertex: (1, —1); axis: x = 1

9. Translate f(x) left 1, reflect over the x-axis, then stretch
vertically by a factor of 3, and translate up 5.

10. Translate f(x) right 3, stretch vertically by a factor of 2,
then translate down 17.

11. Translate f(x) right 6, and stretch vertically by a factor of 4.

12. Translate f(x) left 5, compress vertically by a factor of 2,
then translate up 3.

For #13-16, use the form y = a(x — h)? + k, where (h, k),

the vertex, is given.

13. h = —2 and k = —3 are given,so y = a(x + 2)*> — 3.
5
Using the point (1, 2), we have 2 = 9a — 3,s0a = 9
5
y:§(x+2)2—3.

14. h = —1and k = 1 are given,so y = a(x + 1)> + 1.
Using the point (3, —2), we have —2 = 16a + 1,so0

B T P
T 7167 T T 16 '

15. h = 3 and k = —2 are given,so y = a(x — 3)* — 2.
1
Using the point (5, 0), we have 0 = 4a — 2,50 a = >
1

—(x —3)? - 2.

)

16. h = —4 and k = 5 are given,so y = a(x + 4)> + 5.
Using the point (0, —3), we have =3 = 16a + 5,
1 1
=——;y=—=(x+4)?+5.
soa >3y 2(x )

17 “1 L
' /

[~10, 7] by [~50, 10]
18. |:

JRP—

/ -x

[~2, 4] by [-50, 10]
19. 7
1
s
~

[—4, 3] by [—30, 30]

20. ﬁ Hy

Y

21. S = kr? (—477)

—6,7] by [-50, 30]
_k _ —
22. F = 7 (k = gravitational constant)

23. The force F needed varies directly with the distance x
from its resting position, with constant of variation k.

24. The area of a circle A varies directly with the square of its
radius.

1
25. k=4,a = 3 In Quadrant I, f(x) is increasing and

concave down since 0 < a < 1.

L,ff

f"’i
[-10, 10] by [~10, 10]
f(=x) = 4(—=x)'3 = —4x'3 = —f(x),so f is odd.
26. k = —2,a

3
=7 In Quadrant IV, f(x) is decreasing and

concave up since 0 < a < 1. f is not defined for x < 0.
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[~1,9] by [~10, 10]

27. k = —2,a = —3.In Quadrant IV, f is increasing

and concave down. f(—x) = —2(—x)> = _23 - __23
) (—=x) —Xx
== 2x73 = —f(x),s0 f is odd.
X
[
J {
[-5,5]by [-5, 5]

2
28. k = 34 = —4.1In Quadrant I, f(x) is decreasing and

S22 1
concave up. f( x)—3( x) =3 -
2 2 )
= y = gx 4= f(x),so fis even.
PR
[=3,3] by [—1, 4]
20 —Ix* +4x - 5
29. = = a =22 —x+1-
x—3 x—3

22— x +1
x—3)2x3—7x2+4x—5

2x% — 6x?
— x> + 4x
— x2 + 3x
x—35
x—-3
-2
3,’0')644-3')(34-)(2—3')64-3'=x3+xz_x_1+
x + 2 x + 2
P+ - x -1
x+2)x4+3x3+ ¥ —=3x+3
x*t+ 253
X+ 22
X+ 252
—x* — 3x
—x* — 2x
—x +3
—x — 2

5
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2% — 3% + 9x% — 14x + 7

31 3
x°+ 4
=2x2—3x+1+y
x°+ 4
2x2 —3x + 1
X2+ 4)2x* — 380 + 9x% — 14x + 7
2x* + 8x?
38+ X - 14x +7
-3 - 12x
X2 =2x+7
x2 + 4
—2x + 3
-5 -2+ 3x -6
32. 1 =x3—2x2+1+3x+1
X = 2x? +1
3x+1)3x* =5 — 222 +3x — 6
3t + X3
—6x> —2x*+3x— 6
—6x> — 2x?
3x — 6
3x +1
-7

33. Remainder: f(-2) = —39
34. Remainder: f(3) = -2
35. Yes: 2 is a zero of the second polynomial.

36. No: x = —3 yields 1 from the second polynomial.

37.5] 1 -5 3 4
5 015
1 0 319

Yes, x = 5 is an upper bound for the zeros of f(x)
because all entries on the bottom row are nonnegative.

38. 4| 4 —16 8 16 -12
16 0 32 192

4 0 8 48 180
Yes, x = 4 is an upper bound for the zeros of f(x)
because all entries on the bottom row are nonnegative.

39.-3 4 4 -15 -17 =2
-12 24 27 132

4 -8 9 —44 130
Yes, x = =3 is a lower bound for the zeros of f(x)
because all entries on the bottom row alternate signs.

4.3 2 6 1 -6

—6 0 =3
2 0 1 -9
Yes, x = =3 is a lower bound for the zeros of f(x)

because all entries on the bottom row alternate signs
(remember that 0 = —0).
+1, 42, £3, £6

41. Possible rational zeros;: ————————,
+1, 42

or 1, 2, £3, +6, j:%, j:%; —% and 2 are zeros.
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+1, £7
+1, £2, 43, £6°
1T 7 1 7 1 77
or +£1, 7, +4—, +—, +—, +—, +—, +—; —is a zero.
2272737376763

3. (1+) =0 +2i+ ) +1i)=(2)(1 + i)
=-2+2

44, (1 + 201 =2 =[(1 +2)(1 —2)]? = (1 +2%)?
=125

45. % =i

46. \V/~16 = 4i

For #47 and 48, use the quadratic formula.

6+ V36 —52 64

42. Possible rational zeros:

47. x = > = > =342
2+V4-16 2+2V3i
48. x = 5 - 2\/_l=1j:\/§i

49. (c) f(x) = (x — 2)?is a quadratic polynomial that has
vertex (2, 0) and y-intercept (0, 4), so its graph must be
graph ().

50. (d) f(x) = (

through (2, 0)
51. (b) f(x) = (x — 2)*is a quartic polynomial that passes
through (2, 0) and (0, 16), so its graph must be graph (b).
52. (a) f(x) = (x — 2)’is a quintic polynomial that passes
through (2, 0) and (0, —32), so its graph must be graph (a).
In #53-56, use a graph and the Rational Zeros Test to deter-
mine zeros.

— 2)%is a cubic polynomial that passes

X
and (0, —8), so its graph must be graph (d).
X
a

v/\\,,\

53. Rational: 0 (multiplicity 2) — easily seen by inspection.
Irrational: 5 +1/2 (using the quadratic formula, after tak-
ing out a factor of x?). No nonreal zeros.

Rational: +2. Irrational: +\/3. No nonreal zeros. These
zeros may be estimated from a graph, or by dividing k(¢)
byt — 2 and ¢ + 2 then applying the quadratic formula,
or by using the quadratic formula on k(¢) to determine

7+ \/49—4

that # = —————— ie.,Pis3or 4.

54

b

55

b

Rational: none. Irrational: approximately —2.34, 0.57, 3.77.
No nonreal zeros.

56

b

Rational: none. Irrational: approximately —3.97, —0.19.
Two nonreal zeros.

3 3
57. The only rational zero is > Dividing by x + >

(below) leaves 2x*> — 12x + 20, which has zeros

12 £ V144 — 160

4
f(x)=(2x +3)[x = (3 —=iJ[x = (3 +i)]
=2x +3)(x =3+ i)(x —3 —1i).

=3/2] 2 -9 2 30
=3 18 =30
2 12 20 0

= 3 £ . Therefore

4 4
The only rational zero is 5 Dividing by x — 5

(below) leaves 5x*> — 20x — 15, which has zeros

20 £ V400 + 300

10

58

&

=2+ W.Therefore

fx)=(Gx—4)(x— 2+ V) (x - (2-V7)
(5x — 4)(x — 2 — V) (x — 2 + V7).
@ 5 —24 1 12
4 —-16 —12
5 —20 —-15 0

2 5
59. All zeros are rational: 1, —1, E and > Therefore

f(x) = (3x —2)(2x + 5)(x — 1)(x + 1); this can be
confirmed by multiplying out the terms or graphing the
original function and the factored form of the function.

60. Since all coefficients are real, 1 — 2i is also a zero.
Dividing synthetically twice leaves the quadratic
x> — 6x + 10, which has zeros 3 + i.

fl) =[x = (1 +2)][x = (1 = 2)][x - B +1)]
[x—GB-)]=(x—-1-2)(x—1+20)
(x =3 —-i)(x—3+1)
1+2i 1 -8 27 -50 50
1+2i —11—12 40 + 20i =50
1 -7+2 16 — 12i  —10 + 20i 0
1-2i 1 -7+2 16 — 12i  —10 + 20i
1 -2 —6 + 12i 10 — 20i
1 —6 10 0

In #61-64, determine rational zeros (graphically or otherwise)
and divide synthetically until a quadratic remains. If more real
zeros remain, use the quadratic formula.

61. The only real zero is 2; dividing by x — 2 leaves
the quadratic factor ¥* + x + 1,s0
f(x) =(x —2)(x*+ x + 1).
21 -1 -1 =2
2 2

1

62. The only rational zero is —1; dividing by x + 1

leaves the quadratic factor 9x* — 12x — 1, which has zeros

12 +£ V144 + 36

144 + 36 2 1 \/— 5 Then
TR
f(x) = (x + 1)(9x* — 12x - 1).
-11 9 -3 -13 -1
-9 12
9 —-12 -1 0

3
63. The two real zeros are 1 and > dividing by x — 1 and
3
x=3 leaves the quadratic factor 2x> — 4x + 10,s0
f(x) = (2x = 3)(x — 1)(x* — 2x + 5).

112 -9 23 =31 15 3212 =7 16 —15
2 =7 16 —15 3 6 15
2 =7 16 -15 0 2 -4 10 0

2
64. The two real zeros are —1 and 3 dividing by x + 1 and

2
x + 3 leaves the quadratic factor 3x> — 12x + 15, so

f(x) = (Bx + 2)(x + 1)(x* — 4x + 5).
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-3 -7 -3 17 10 -=2B[3 -10 7 10 \ //
=3 10 =7 -10 -2 8 —10 1
3 =10 7 10 0 3 —12 15 0 _
65. (x — V5)(x + V5)(x — 3) = x* — 322 — 5x + 1. /f1|
Other answers may be found by multiplying this [-25, 251 by [-30, 20]
polynomial by any real number.
66. (x + 3)> = x> + 6x + 9. (This may be multiplied by 76. End-behavior asymptote: y = x — 6.

any real number.) Vertical asymptote: x = —3. Intercepts: approx.

67. (x — 3)(x + 2)(3x — 1)(2x + 1) (—1.54.0). (4.54.0). and (07 _Z).
= 6x* — 5x* — 38x% — 5x + 6. (This may be multiplied 3
by any real number.)

68. The third zero must be 1 — i: \ //
(x—2)(x—1—-i)(x—14+i)=x—4x>+ 6x — 4. 1
(This may be multiplied by any real number.)

69. (x +2)%(x — 4)? = x* — 4x® — 12x% + 32x + 64. /"1|
(This may be multiplied by any real number.)

70. The third zero must be 2 + i, so

[-25, 25] by [-30, 20]

fx)=a(x+1)(x—2—=10)(x =2 +1i). 3 2
) + —2x + 5 .
Since f(2) = 6,a = 2: 77. f(x) = al al n 2x has only one x-intercept,
f(x)=2(x + D(x =2 —i)(x — 2 +i) * -
=25 — 62 + 2x + 10. and we can use the graph to show that it is about —2.552.
5 The y-intercept is f(0) = 5/2. The denominator is zero
71 f(x) = -1+ ; translate right 5 units and vertically when x = =2, so the vertical asymptote is x = —2.
x =35 Because we can rewrite f(x) as
stretch by 2 (either order), then translate down 1 unit. B+ 2—-2¢x + 5 5
Horizontal asymptote: y = —1; vertical asymptote: x = 5. flx) = T+ 2 =x—-x + T+ 2
. P
72. f(x) =3 — ; translate left 2 units and reflect we know that the end-.be.hawor asymplote Is y = x° = x.
x+2 The graph supports this information and allows us to
across x-axis (either order), then translate up 3 units. conclude that
Horizontal asymptote: y = 3;vertical asymptote: x = —2. 1i17n2 =00, 1i17n2+ = 00.
73. Asymptotes: y = 1,x = —1,and x = 1. The graph also shows a local minimum of about 1.63 at
Intercept: (0, —1). about x = 0.82.

) ( N H\ E\ f/
| .

[-5, 51 by [-5, 5]

[-5. 5] by [-10, 20]

74. Asymptotes: y = 2,x = —3,and x = 2.

5
7 y-intercept: (0, 5)
Intercept: (0, ——). .
6 x-intercept: (—2.55, 0)
|

Domain: All real x # —2
J t\_ Range: (—oo, c0)
— Continuity: All real x # —2

II/‘\ Increasing on [0.82, o)

Decreasing on (—oo, —2), (=2, 0.82]
Not symmetric

[-10, 10] by [-10, 10] Unbounded
Local minimum: (0.82, 1.63)
75. End-behavior asymptote: y = x — 7. No horizontal asymptote. End-behavior
) 5 asymptote: y = x> — x
Vertical asymptote: x = —3. Intercept: (0, g) Vertical asymptote: x = —2.

End behavior: lim f(x) = lim f(x) = oo
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130 Chapter 2 Polynomial, Power, and Rational Functions

-xt+ 41 . = (x —2)?
78. f(x) = X _xl has two x-intercepts, and we 82. f(x) = (x — 2) 1(x + 4)(3x + 1), so the zeros of f(x)
. are x = { 4, ——,2}.
can use the graph to show that they are about —1.27 and 3
1.27. The y-intercept is f(0) = —1.The dengminator is (HOE), HHE), HEE, HEE
zero when x = 1, so the vertical asymptote is x = 1. Positive ' Negative | Positive | Positive
Because we can rewrite f(x) as 4 1 2
3
-+ 2+ 1 3 )
f(x) = T —1 =X o+ T -1 As our sign chart indicates, f(x) = 0 on the interval
1
we know that the end-behavior asymptote is (o0, —4]JU {_g’ oo).
= —x* — x?. The graph supports this information and .
Y graph supp 83. Zeros of numerator and denominator: —3, =2, and 2.
allows us to conclude that linll, = —o0 and linll+ = oo0. 43 T
The graph shows no local extrema. x Choose —4, 2.5, 0, and 3; 24 is positive at —2.5 and
3, and equals 0 at —3, so the solution is [=3, —2) U (2, c0).
xr =17 x—1
84. — -1=— . Zeros of numerator and
xX*—x—6 xX*—x—6
denominator: =2, 1, and 3. Choose —3, 0, 2, and 4;
-1
3 al is negative at —3 and 2, so the solution
xX*—x—6
[-4.7,4.7] by [-10, 10] is (—o0, =2) U (1, 3).
85. Since the function is always positive, we need only worry
y-intercept: (0, 1) about the equality (2x — 1)%|x + 3| = 0. By inspection,
. . 1
x-intercepts: (—1.27,0), (127, 0) we see this holds true only when x = {—3, = }
. 2
Domain: All real x # 1
Range: (—o00, 00) 86. Vx + 3exists only when x = —3,so we are concerned
Continuity: All real x # 1 only with the interval (=3, o). Further |x — 4| is always 0
Never increasing or positive, so the only possible value for a sign change is
D i -0, 1), (1 x—1x —4
Necreasmg on (oo, 1), (1, 00) x=1For-3<x< 1,;||is negative, and
0 symmetry vV +3
Unbounded ( Dl + 4]
x — 1x
No locgl extrema ) forl < x <4or4 < x < oco,———=——is positive.
No horizontal asymptote. End-behavior asymptote: Vx+3
y= —x' - So the solution is (1,4) U (4,0).
giglgzil?li}i,(ri?t?;; x f_(); = o0; lim f(x) = —00 87. Synthetic division reveals that we cannot conclude that
Cx— o0 7 x—00 5 is an upper bound (since there are both positive and
) 3 negative numbers on the bottom row), while —5 is a
79. Multiply by x: 2x* — 11x + 12 = 0,50 x = Sorx = 4. lower bound (because all numbers on the bottom row
) alternate signs). Yes, there is another zero (at x ~ 10.0002).
80. Mu1t1p1y by (x + 2)(x - 3) = x2 —x —6: 5 ‘ 1 —-10 -3 28 20 -2
x(x —3) +5(x+2)=25o0rx*+2x —15=0, - 5 55 140 560 2700
so x = =5 or x = 3.The latter is extraneous; the only — — — —
solution is x = —5. 1 =5 —28 —-112 —540 2702
For #81-82, find the zeros of f(x) and then determine where =5/ 1 -10 -3 28 20 -2
the function is positive or negative by creating a sign chart. -5 75 =360 1660  —8400
8L f(x) = (x = 3)(2x + 5)(x + 2),s0 the zeros of f(x) 1 —15 72 -332 1680  —8402
5
are x = {—5, =2, 3}. 88. (a) h = —16£* + 170t + 6
OO, OHEO, OBHH, HEHE®) | -~
Negative ' Positive ' Negative = Positive /
_3 -2 3
2 \
As our sign chart indicates, f(x) < 0 on the interval ""-.I.
5
(—oo, —5) U (-2,3). [0,11] by [0, 500]

(b) When t =~ 5.3125, h = 457.5625.
(¢) The rock will hit the ground after about 10.66 sec.
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89. (a) V

(height)(width)(length)
x(30 — 2x)(70 — 2x) in®

(b) Either x = 4.57 in. or x ~ 8.63 in.
90. (a) and (b)

/N
LA

[0,255] by [0, 2.5]

(¢) Whend ~ 170 ft, s =~ 2.088 ft.

(d) One possibility: The beam may taper off (become thin-
ner) from west to east — e.g., perhaps it measures 8 in
by 8 in at the west end, but only 7 in by 7 in on the east
end. Then we would expect the beam to bend more eas-
ily closer to the east end (though not at the extreme
east end, since it is anchored to the piling there).
Another possibility: The two pilings are made of
different materials.

91. (a) The tank is made up of a cylinder, with volume
4
7x*(140 — 2x), and a sphere, with volume gfn-x3.

4
Thus, V = §7Tx3 + 7x*(140 — 2x).

/

-

g
T

[0,70] by [0, 1,500,000]

(b)

(c¢) The largest volume occurs when x = 70 (so it is
actually a sphere). This volume is

4
37(70)° = 1,436,755 ¢’

92. (a) y = 3.404x* — 13.495x + 1578.73

40] by [0, 6000]

[0,

(b) y = 0.0023x* — 0.0305x> — 0.4917x>
+ 70.456x + 1319.51

[0, 40] by [0, 6000]

(c) For x = 40, the quadratic model yields y =~ $6485 and
the quartic model yields y ~ $7374.

Chapter 2 Review 131

(d) The quadratic and quartic models, which both have a
positive leading coefficient, predict that the amount of
the Pell Grant will always increase.

93. (a) y = 57 + 0.01357x

~" o
go &ohf
.-.

[0, 70] by [57, 58]
(b)y= 0.0001616x% + 0.00323x + 57.11

[0, 70] by [57, 58]
(¢) The quadratic model is a better fit. The errors seem

smaller and more random; temperatures will continue
to increase.

94. (a) Each shinguard costs $4.32 plus a fraction of the over-
head: C = 4.32 + 4000/x.

(b) Solve x(5.25 — 4.32 — 4000/x) = 8000:
0.93x = 12,000, so x =~ 12,903.23 — round up to 12,904.

95. (a) P(15) = 325, P(70) = 600, P(100) = 648

640
b) y = — = 800
b) y =43
(¢) The deer population approaches (but never equals)
800.
1 1 1 1 1 1 x—-12
96. =t — 90— =— - — =
0@ =Y TR °) 12 x 1
1.2x
Then, R, = .
T YT
3.6 3.6
(b) Whenx = 3,R, = 10 13 2 ohms.
50
97. =
@ C(x) 50 + x

(b) Shown is the window [0, 50] by [0, 1], with the graphs
of y = C(x) and y = 0.6. The two graphs cross when
x ~ 33.33 ounces of distilled water.

[--.

T

[0,50] by [0,1]
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132 Chapter 2 Polynomial, Power, and Rational Functions

(¢) Algebraic solution of = 0.6 leads to

5
50 + x
50 = 0.6(50 + x), so that 0.6x = 20, or

100
X = =3 ~ 33.33.

98. (a) Let /4 be the height (in cm) of the can; we know the
1000
mx*

Then S = 27x* + 2wxh = 27x* + 2000 /x.

volume is 1 L = 1000 cm® = 7rx*h,s0 h =

(b) Solve 27x? + 2000/x = 900, or equivalently,
27x* — 900x + 2000 = 0. Graphically we find that
either x = 2.31 cm and & ~ 59.75 cm, or x = 10.65
and & ~ 2.81 cm.

(¢) Approximately 2.31 < x < 10.65 (graphically) and
281 < h < 59.75.

99. (a) Let y be the height of the tank; 1000 = x?y, so
y = 1000/x% The surface area equals the area of the
base plus 4 times the area of one side. Each side is a
rectangle with dimensions x x y,s0 S = x> + 4xy

= x% + 4000 /x.
(b) Solve x* + 4000/x = 600, or x* — 600x + 4000 = 0

(a graphical solution is easiest): Either x = 20, giving
dimensions 20 ft by 20 ft by 2.5 ft or x ~ 7.32, giving
approximate dimensions 7.32 by 7.32 by 18.66.

(¢) 7.32 < x < 20 (lower bound approximate), so y must

be between 2.5 ft and about 18.66 ft.

Chapter 2 Project
Answers are based on the sample data shown in the table.

1.

£

[0,1.6]by [-0.1,1]

2. We estimate the vertex to lie halfway between the two
data points with the greatest height, so that /4 is the
average of 1.075 and 1.118, or about 1.097. We estimate
k to be 0.830, which is slightly greater than the greatest
height in the data, 0.828.

Noting that y = 0 when x = 0.688, we solve

0 = a(0.688 — 1.097)* + 0.830 to find a ~ —4.962. So the
estimated quadratic model is

y = —4.962(x — 1.097)* + 0.830.

3. The sign of a affects the direction the parabola opens. The
magnitude of a affects the vertical stretch of the graph.
Changes to h cause horizontal shifts to the graph, while
changes to k cause vertical shifts.

4. y = —4.962x> + 10.887x — 5.141

5. y = —4.968x* + 10.913x — 5.160

—4.968x> + 10.913x — 5.160

—4.968 (x* — 2.1967x + 1.0386)

2.1967)2

6. y

~
~
~
~

—4.968| x> — 2.1967x + (

2
- (2'12967) + 1.0386}

r 2
= —4.968 (x - @) - 0.1678}

—4.968 (x — 1.098)2 + 0.833

X
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Chapter 3

Exponential, Logistic, and Logarithmic Functions

B Section 3.1 Exponential and LOgiStiC 2. The point (0, 1) is common to all four graphs, and all four
F . functions can be described as follows:
unctions o
Domain: (— 00, 00)
. Range: (0, 0)
Exploration 1 Continuous
1. The point (0, 1) is common to all four graphs, and all four Always decreasing
functions can be described as follows: Not symmetric
Domain: (—00, 00) No local extrema
Range: (0, o) Bounded below by y = 0, which is also the only
Continuous asymptote
Always increasing lim g(x) =0, lim g(x) = o0

Not symmetric

No local extrema
Bounded below by y = 0, which is also the only
asymptote
lim f(x) = o0, limxf(x) =0 B (l)x
-\_\_\_\_\_\_' Y1 = 2
[-2,2] by [-1,6]
/ = 2%
—
[-2,2] by [-1, 6] - (l),\
l-\_\_\_\_—_ Y2 = 3
x [-2,2] by [-1,6]
2 =3
[2.2]by[-1.6] \
1 X
e V3 = (Z)
Vs = 4 [-2.2] by [-1,6]
]
[-2,2] by [-1,6] \
1 X
e | o (5)
y, = 5* [—2.2]by [-1.6]

[-2,2] by [-1,6]

Copyright © 2019 Pearson Education, Inc.



134 Chapter 3 Exponential, Logistic, and Logarithmic Functions

Exploration 2

1.
flx) =2*
[—4,4] by [-2,8]
2.
flx) =27
—r g(x) = 60'4x

[—4,4] by [-2,8]

[—4,4] by [-2,8]

[—4,4]b

g(x) — e().7x

[—4,4]b

= =
| |
» »
= =
~
=
[
)
=

0.8x

st~ g(x) =¢

[—4,4] by [-2,8]
k = 0.7 most closely matches the graph of f(x).
3. k =~ 0.693

Quick Review 3.1
1. V/—216 = —6since (—6)° = —216
2.3 1—25 = EsinceS3 =125and2’ =8
8 2
32773 = (33 =3=9
4. 87 = (2P =2 =32

6.

1
38
1
7. —
e
8. b
9. —1.4, since (—1.4)° = —5.37824

10. 3.1, since (3.1)* = 923521

Section 3.1 Exercises

1. Not an exponential function because the base is variable
and the exponent is constant. It is a monomial function.

2. Exponential function, with an initial value of 1 and base of 3.

3. Exponential function, with an initial value of 1 and base
of 5.

4. Not an exponential function because the exponent is con-
stant. It is a constant function.

5. Not an exponential function because the base is variable.

6. Not an exponential function because the base is variable.
It is a power function.
7. f(0)=3-5"=3.-1=3
6 2

S.f(—2)=6‘372=§=§

1
9. f(g) =-2-3"=-2V3

3 8 8 8
10.f(—§)=8-4’3/2= =5-g-!

(22)3/2 23
11. f(x) = % (%)

12. g(x) = 12+ (%)x
13. f(x) = 3-(V2)* = 3.2

1 X
14. g(x) = 2- (;) =2e¢*

15. Translate f(x) = 2% by 3 units to the right. Alternatively,
1 1
glx)y =23 =27.2"= re 2% = 3 - f(x), so it can be

1
obtained from f(x) using a vertical shrink by a factor of 3

[-3,7] by [-2, 8]

16. Translate f(x) = 3" by 4 units to the left. Alternatively,
g(x) = 3" = 3*.3" = 81 -3" = 81 - f(x),s0 it can be
obtained by vertically stretching f(x) by a factor of 81.

"

|

[=7,3] by [-2,8]
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17. Reflect f(x) = 4* over the y-axis.

[

[-2,2] by [-1,9]

18. Reflect f(x) = 2% over the y-axis and then shift by 5 units
to the right.

(.

[-3,7] by [-5,45]

19. Vertically stretch f(x) = 0.5% by a factor of 3 and then
shift 4 units up.

r

[-5,5] by [-2,18]

20. Vertically stretch f(x) = 0.6" by a factor of 2 and then
horizontally shrink by a factor of 3.

r

[-2,3] by [1,4]

21. Reflect f(x) = e* across the y-axis and horizontally
shrink by a factor of 2.

©

[-2,2] by [-1, 5]

22. Reflect f(x) = e* across the x-axis and y-axis. Then,
horizontally shrink by a factor of 3.

&<

R
w
w
Pt
o
<
—
|
o
W
i’
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23. Reflect f(x) = e* across the y-axis, horizontally shrink by
a factor of 3, translate 1 unit to the right, and vertically
stretch by a factor of 2.

|

[-2,3] by [-1,4]

24. Horizontally shrink f(x) = e* by a factor of 2, vertically
stretch by a factor of 3, and shift down 1 unit.

— t

[-3,3] by [-2,8]

25. Graph (a) is the only graph shaped and positioned like
the graph of y = b*,b > 1.

26. Graph (d) is the reflection of y = 2* across the y-axis.
27. Graph (c) is the reflection of y = 2* across the x-axis.

28. Graph (e) is the reflection of y = 0.5* across the x-axis.
29. Graph (b) is the graph of y = 37 translated down 2 units.
30. Graph (f) is the graph of y = 1.5 translated down 2 units.
31. Exponential decay; lim f(x) = 0; lim f(x) = 00

32. Exponential decay; lim f(x) = 0; lim f(x) = oo

33. Exponential decay: linolo f(x) =0; limoof (x) = ©

34. Exponential growth: linolo f(x) = oo; limoof(x) =0

35, x <0

e

[-2,2] by [-0.2, 3]

36. x >0

™S

[-0.25, 0.25] by [0.5, 1.5]
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136 Chapter 3 Exponential, Logistic, and Logarithmic Functions

37. x <0

/

[-0.25, 0.25] by [0.75, 1.25]

38. x>0

/

[-0.25, 0.25] by [0.75, 1.25]

39, Vi = Vi since 32x+4 — 32(x+2) — (32)x+2 — 9x+2.

40. y, = ys,since 2 + 23¥2 = 21 23%2 = pl*3x2 = ¥

41. y-intercept: (0, 4). Horizontal asymptotes: y = 0, y = 12.

N

[-10, 20] by [-5, 15]

42. y-intercept: (0, 3). Horizontal asymptotes: y = 0, y = 18.

1

[-5, 10] by [-5, 20]

43. y-intercept: (0, 4). Horizontal asymptotes: y = 0, y = 16.

N

[-5, 10] by [-5, 20]

44. y-intercept: (0, 3). Horizontal asymptotes: y = 0,y = 9.

b

S

[-5, 10] by [-5, 10]

45.

46.

47.

|

[-3,3] by [-2,8]

Domain: (—00, 00)
Range: (0, 00)
Continuous
Always increasing
Not symmetric

Bounded below by y = 0, which is also the only asymptote

No local extrema
lim f(x) = oo, lim f(x) = 0

|
[-3,3] by [-2,18]

Domain: (—00, 00)

Range: (0, 00)

Continuous

Always decreasing

Not symmetric

Bounded below by y = 0, which is the only asymptote
No local extrema

lim f(x) = 0, lim f(x) = o0

L
[-2,2] by [-1,9]

Domain: (—00, 00)

Range: (0, 00)

Continuous

Always increasing

Not symmetric

Bounded below by y = 0, which is the only asymptote
No local extrema

lim f(x) = oo, lim f(x) = 0
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48.

49.

50.

L
[-2,2] by [-1,9]

Domain: (—00, 00)

Range: (0, 00)

Continuous

Always decreasing

Not symmetric

Bounded below by y = 0, which is also the only asymptote
No local extrema

lim f(x) = 0, lim f(x) = o0

[
[-3,4] by [-1,7]

Domain: (—00, 00)

Range: (0, 5)

Continuous

Always increasing

Symmetric about (0.69, 2.5)

Bounded below by y = 0 and above by y = 5; both are
asymptotes

No local extrema

lim f(x) = 5. lim f(x) = 0

|
[-3,7] by [-2, 8]
Domain: (—00, 00)
Range: (0, 6)
Continuous
Always increasing
Symmetric about (0.69, 3)
Bounded below by y = 0 and above by y = 6; both
are asymptotes
No local extrema

lim f(x) = 6, lim_f(x) =0

For #51 and 52, refer to Example 7 on page 254 in the text.

51

Let P(t) be Austin’s population ¢ years after 1990. Then with
exponential growth, P(t) = Py- b’ where Py = 465,643.

From Table 3.7, P(25) = 465,648 ¥ = 931,830. So,

b /931,830 10281
= 25 ~ 1.
465,648

Solving graphically, we find that the curve
y = 465,648(1.0281)" intersects the line y = 800,000 at
t =~ 19.5. Austin’s population will pass 800,000 in 2010.

Section 3.1 Exponential and Logistic Functions

52.

53.

54

b

55

b

56

b

57.

58.

59.

60

b

61.

62
63

.

b

64.

137

Let P(t) be Columbus’ population ¢ years after 1990.
Then with exponential growth, P(¢) = P,-b" where
P() = 632,945

From Table 3.7, P(25) = 632,945+ b = 850,106. So,

b /850,106 10119
= &/ ———=-~ 1.
632,945
Solving graphically, we find that the curve

y = 632,945(1.0119)" intersects the line y = 800,000 at
t =~ 19.8. Columbus’s population will pass 800,000 in 2010.

Using the results from Exercises 51 and 52, we represent
Austin’s population as y = 465,648(1.0281)" and
Columbus’s population as y = 632,945(1.0119)". Solving
graphically, we find that the curves intersect at t ~ 19.3.
The two populations were equal, at 795,530, in 2009.
Using the results from Exercise 52, we represent Columbus’s
population as y = 632,945(1.0119)". Solving graphically, we
find that the curve y = 632,945(1.0119)" intersects the line
y = 1,000,000 at ¢ ~ 38.8. Columbus’s population will pass
1,000,000 in 2029.

Solving graphically, we find that the curve
12.79

1+ 2.4026*().0309)(

t ~ 69.67. Ohio’s population stood at 10 million in 1969.

19.875

y = intersects the line y = 10 when

(a) P(SO) = 1+ 57.9936*().035()()5(50) ~ 1.794558
or 1,794,558 people.
19.875
(b) P(215) = 15 57993, 00505215) ~ 19.272737 or
19,272,737 people.

(c) xli_)ngo P(t) = 19.875 or 19,875,000 people.

(a) Whent = 0, B = 100.

(b) When t = 6, B = 6394.

(a) When ¢t = 0,C = 20 grams.

(b) When ¢t = 10,400, C ~ 5.647. After about 5700.22 years,
10 grams remain.

False.Ifa > 0and 0 < b < 1,orifa < Oand b > 1, then
f(x) = a- b*is decreasing.

True. For f(x) = — the horizontal asymptotes

c
1+a-b
are y = Oand y = ¢, where c is the limit of growth.

Only 8" has the form a - b* with a nonzero and b positive
but not equal to 1. The answer is E.

For b > 0, f(0) = b° = 1.The answer is C.

The growth factor of f(x) = a - b* is the base b. The
answer is A.

With x > 0,a" > b* requires a > b (regardless of
whether x < 1 or x > 1). The answer is B.
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65. (a)

l

[=5,5] by [-2,5]
Domain: (—00, 00)
Range: {—l, oo)

e

Intercept: (0, 0)

Decreasing on (—00, —1]. Increasing on [—1, c0)

Bounded below by y = —%

1
Local minimum at (—1, —;)
Asymptote: y = 0
lim f(x) = oo, lim f(x) =0

A
P

[-3,3] by [-7,5]

Domain: (=00, 0) U (0, 00)
Range: (=00, —e] U (0, 00)

No intercepts

Increasing on (—oo, —1];
Decreasing on [—1, 0) U (0, o)
Not bounded

Local maxima at (—1, —e)
Asymptotes:x = 0,y =0

li_r)rgO g(x) =0, Emoo g(x) = —o0

66. (a) 2° = (2%)% = 2% sox = 4.

(b) 3* =33, s0x = 3.

(C) 8x/2 — 4x+17 (22)x/2 — (22)x+1 . 37)( =2x + 2’
3x =4x + 4, x = —4.
d 9 =3, 3 =3" 2y =x+1,x=1

67. (a) You have 2* = 16 4" great grandparents and they are

in the 4" generation.

(b) y = 2% with domain 0, 1, 2, 3 etc.

(¢) You have 2° = 64 6™ great grandparents.

(d) You have 2% = 33,554,432 25" great grandparents.

(e) It would take about 25 X 30 = 750 years to span
25 generations. You would be directly related to about
33,554,432
400,000,000
population in 1250.

= 0.084 or 8.4% of the world’s

68. (a) y;—f(x) decreases less rapidly as x increases.

(b) y;—as x increases, g(x) decreases ever more rapidly.

69. ¢ = 2% To the graph of (29)* apply a vertical stretch by 2°,

since f(ax + b) = 29570 = 2P = (20)(29)*,

138 Chapter 3 Exponential, Logistic, and Logarithmic Functions

70. a # 0,c = 2.

71. a < 0,c = 1.

72.a > 0andb > 1l,ora < 0and 0 < b < 1.
73.a >0and0 < b <1l,ora<Oandb > 1.
74. Since 0 < b < 1, xl_i)moo (1 +a-b") =o0and

. g b = 1 . _
xllr)rgo(l a-b") 1Thus,x£r£1m71+a_bx 0 and

I <
im —=c¢
x—>001+a‘bx

M Section 3.2 Exponential and Logistic
Modeling

Quick Review 3.2
1. 0.15
2. 4%
3. (1.07)(23)
4. (0.96)(52)
160

5.b2=E=4,sob=j:\/Z=j:2.
6.b3=%,sob=\/%= 3 %=%
7.b = 6%%1.01

8.b= 5%%1.41

9.b= 4%%0.61

10. b = 7%%0.89

Section 3.2 Exercises
For #1-20, use the model P(t) = Py (1 + r)".
1. r = 0.09,s0 P(t) is an exponential growth function of 9%.

2. r = 0.018, so P(t) is an exponential growth function
of 1.8%.

3. r = —0.032,s0 f(x) is an exponential decay function
of 3.2%.

4. r = —0.0032, so f(x) is an exponential decay function
of 0.32%.

5. r = 1,s0 g(t) is an exponential growth function of 100%.
6. r = —0.95,s0 g(¢) is an exponential decay function of 95%.
7. f(x) =5-(1 +017)* = 5-1.17" (x = years)
8. f(x) = 52+ (1 + 0.023)* = 52 - 1.023* (x = days)
9. f(x) =16-(1 — 0.5)" = 16 - 0.5" (x = months)
10. f(x) = 5- (1 — 0.0059) = 5 - 0.9941* (x = weeks)
11. f(x) = 28,900 - (1 — 0.026)* = 28,900 - 0.974*
(x = years)
12. f(x) = 502,000 - (1 + 0.017)* = 502,000 - 1.017*
(x = years)
13. f(x) = 18- (1 + 0.052)* = 18 - 1.052* (x = weeks)
14. f(x) = 15 (1 — 0.046)* = 15 - 0.954* (x

days)
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Section 3.2 Exponential and Logistic Modeling 139

15. f(x) = 0.6 - 23 (x = days) 29. P(t) = 736,000(1.0149)"; P(¢) = 1,000,000 when
16. f(x) = 250 - 2¥75 = 250 - 22715 (x = hours) t = 20.73 years, or in the year 2020.
17. f(x) = 59227 (x = years) 30. P(r) = 478,000(1.0§28)’;P(t) = 1,000,000 when
18. f(x) = 1727 (x = hours) t =~ 12.12 years, or in the year 2012.
2.875 1. Th del is P(t) = 6250(1.0275)".
19. fo = 23,222 — 125 = r + 1,50 31. The model is P(1) ( )
23 (a) In 1915: about P(25) ~ 12,315. In 1940: about
f(x) = 2.3 - 1.25" (Growth Model). P(50) ~ 24265.
—4.64 (b) P(t) = 50,000 when ¢ ~ 76.65 years after 1890 — in
20. gg= —58,——==08=r+1 ’
0- & 58 T 1966.

g(x) = —5.8-0.8" (Decay Model). 32. The model is P(r) = 4200(1.0225)".
For #21 and 22, use f(x) = fo * b". (a) In 1930: about P(20) ~ 6554. In 1945: about P(35)
21. fo = 4,50 f(x) = 4 - b*. Since f(5) = 4+ b° = 8.03, ~ 9151.

8.05 8.05 b) P(t) = 20,000 when t = 70.14 years after 1910: about
b= 22 b= (o 2 LIS f(x) & 4+ 115Y, ®) 2 Y
4 4 :
- — 2. hY Qi _oalh 1\/14
22. fo = 3,50 f(x) = 3 - b" Since f(4) = 3-b" = 1.49 33. (a) y = 6.6(—) , where ¢ is time in days.
1.49 1.49 2
b= b=y 3 7084 f(x) ~3- 084" (b) After 38.11 days.
c 1/65
For #23-28, use the model f(x) = 1+ a-b" 34. (a) y = 3.5(5) , where ¢ is time in days.
40
23. ¢ = 40,a = 3,s0 f(1) = 113 20,20 + 60b = 40, (b) After 117.48 days.
40 35. One possible answer: Exponential and linear functions

1
60b = 20,b = 3 thus f(x) = Izt are similar in that they are always increasing or always
1+3 ( ) decreasing. However, the two functions vary in how

6 3 quickly they increase or decrease. While a linear function
24. ¢ = 60,a = 4,50 f(1) = 0 = 24,60 = 24 + 96b, will increase or decrease at a steady rate over a given
1 +4b interval, the rate at which exponential functions increase
9%6b = 36.b = 3 thus f(x) = 60 or decrease over a given interval will vary.
1+ 4( )x 36. One possible answer: Exponential functions and logistic
8 functions are similar in the sense that they are always
B B 128 increasing or always decreasing. They differ, however, in
25. ¢ =128,a="750f(5) = 1+ 755 32, the sense that logistic functions have both an upper and a
B B s_ 96 lower limit to their growth (or decay), while exponential
128 = 32 + 224b°,224b° = 96,b° = T ox functions generally have only a lower limit. (Exponential
96 128 functions just keep growing.)
b =157~ 0844 thus f(x) ® —————. . .
224 1+ 7-0.844* 37. One possible answer: From the graph we see that the
30 doubling time for this model is 4 years. This is the time
26. ¢ = 30,a = 5,s0 f(3) = ? = 15,30 = 15 + 7503, required to double from 50,000 to 100,000, from 100,000 to
L 200,000, or from any population size to twice that size.
755 = 15,b° — 15 1 b= \/E ~ 0585 Regardless of the population size, it takes 4 years for it to
75 57 y B double.
thus f(x) ~ 30 : 38. One possible answer: The number of atoms of a radioac-
1+ 5-0.585" tive substance that change to a nonradioactive state in a
2. ¢ = 20,a = 3,50 f(2) = 20 —10.20 = 10 + 30p2 given time is a fixed percentage of the number of radioac-
1 + 3p? ’ ’ tive atoms initially present. So the time it takes for half of
. , 1 1 the atoms to change state (the half-life) does not depend
306" = 10,5 = 3 b= |7~ 058 on the initial amount.
n 20 39. Whent = 1, B ~ 200 — the population doubles every hour.
t =
us f(x) 1+ 3-058" 40. The half-life is about 5700 years.
28. ¢ = 60,a = 3,50 f(8) = 60 30.60 = 30 + 90B° For #41 and 42, use the formula P(h) = 14.7 - 0.5"/>¢, where
’ ’ 1+ 38 ’ h is miles above sea level.
0B = 30.0° = +. p = \é/i ~ 0.87 41. P(10) = 147 - 0.5'°53¢ = 2.14 Ib/in?
3’ 3 o
60
thus () = 753 0870
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140 Chapter 3 Exponential, Logistic, and Logarithmic Functions

42. P(h) = 14.7 - 0.5"% intersects y = 2.5 when h ~ 9.20
miles above sea level.

Expseckion
9.e008zEz Y=z.B
[

~1,19] by [1,9]

E

I
"

43. The exponential regression model using 1950-2000 data
is P(t) = 1264.046785(1.01069)", where P(t) is measured
in thousands of people and ¢ is years since 1900. The
predicted population for Los Angeles for 2020 is
P(120) =~ 4530, or 4,530,000 people. Logistic regression
would fit the data better and yield a more accurate
prediction.

44. The exponential regression model using 1950-2000 data is
P(r) = 31.19681(1.03834)', where P(t) is measured in
thousands of people and ¢ is years since 1900. The predict-
ed population for Phoenix for 2020 is P(120) ~ 2851, or
2,851,000 people. Logistic regression would fit the data
better and yield a more accurate prediction.

The equations in #45 and 46 can be solved either algebraically
or graphically; the latter approach is generally faster.

45. (a) P(0) = 16 students.
(b) P(t) = 200 when t = 13.97 — about 14 days.
(¢c) P(t) = 300 when t = 16.90 — about 17 days.
46. (a) P(0) = 11.
(b) P(t) = 600 when t = 24.51 — after 24 or 25 years.

(¢) Ast— 00, P(t) — 1001 —the population never rises
above this level.

Q

47. The logistic regression model is
702.317
1+ 8.02576*().01667)(

number of years since 1900 and is measured in millions of
people. In the year 2020, x = 120, so the model predicts a
population of about 336.5 million people.

P(x) = , Where x is the

=02 1P EZ706EE 11+,

#=120 —=———y=335.C4ER4 ¢
[—10, 130] by [—20, 400]
702.317

1 + 80257 ¢ 0-01667°
Example 8 of section 3.1. Note that ¢ represents the num-

ber of years since 1990.

48. P(x) = which is the same model as in

[0, 120] by [0, 1500000]

19.875

1+ 57.9936*0.()35()()5)(
years after 1800 and P is measured in millions. Our model
is the same as the model in Exercise 56 of Section 3.1.

49. P(x) ~ where x is the number of

[0, 200] by [0, 20]
15.64

1 + 11799.36¢ 0-043241x
years since 1800 and P is measured in millions.

where x is the number of

50. P(x) ~

As x — 00, P(x) —> 15.64, or nearly 16 million, which is
significantly less than New York’s population limit of

20 million. The population of Arizona, according to our
models, will not surpass the population of New York. Our
graph confirms this.

[0, 500] by [0, 25]

51. False. This is true for logistic growth, not for exponential
growth.

52. False. When r < 0, the base of the function,1 + 7, is

merely less than 1.

The base is 1.049 = 1 + 0.049, so the constant percent-

age growth rate is 0.049 = 4.9%. The answer is C.

The base is 0.834 = 1 — 0.166, so the constant percent-

age decay rate is 0.166 = 16.6%.The answer is B.

The growth can be modeled as P(¢) = 1 - 2"/% Solve

P(t) = 1000 to find t ~ 39.86. The answer is D.

Check S(0), S(2), S(4), S(6),and S(8).The answer is E.
761.322
(a) P(x) ~ 1+ 8.7336*().()1625

years since 1900 and P is measured in millions.
P(116) ~ 327.2, or about 327,200,000 people.

(b) The logistic model overestimates the 2016 population
by about 327.2 — 323.1 = 4.1 million, an error of
around 0.1%.

(¢) The logistic model predicted a value closer to the
actual value than the exponential model, perhaps
indicating a better fit.

53

o

54

b

55

b

56
57

b

B

, where t is the number of

58. (a) Using the exponential growth model and the data
from Table 3.15, Mexico’s population can be repre-
sented by M(x) ~ 11.71315(1.02087)%, where x is the
number of years since 1900 and M is measured in mil-
lions. Using the data from Table 3.9 for the United
States, and the exponential growth model, the popula-
tion of the United States can be represented by
P(x) =~ 81.92104(1.01239)%, where x is the number of
years since 1900 and P is measured in millions. Since
Mexico’s rate of growth outpaces the United States’
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rate of growth, the model predicts that Mexico will
eventually have a larger population. Our graph indi-
cates that this will occur at x ~ 233.2, or 2133.

4

~

Intgrseckion
w=eEE AR Y=1i447 . 0Ee7

[—10,250] by [—200, 2000]

(b) Using logistic growth models and the same data,
160.252
M(x) ~ 1+ 42.9816*().04276)( and
N 702.317
P(x) = 1 + 8.026¢0016661x"

Using these models, Mexico’s population will not exceed
that of the United States, confirmed by our graph.

[—10, 500] by [—50, 800]

(¢) According to the logistic growth models, the maximum
sustainable populations are:
Mexico: 160.3 million people.
United States: 702.3 million people.

(d) Answers will vary. However, a logistic model acknowl-
edges that there is a limit to how much a country’s
population can grow.

X _ e*(*x) e —

2 2

59, sinh(—x) = <

55)

er 4+ ™ ettt et te”
2 2 2
cosh(x), so the function is even.

—sinh(x), so the function is odd.

60. cosh(—x) =

e —e”
sinh(x) 2
61. =
@) cosh(x) e +e*
2
e —e” 2 ef —e”
B 2 e tet Fter tanh(x).

T S B e

(b) tanh(—x) =

er+e™ et +e
er—e "
et +e "

—tanh(x), so the function is odd.

X —X

ef —e

et +e”

eft+et+et—et 2
e+ e e+ e

e_"( 2 )_ 2
e\l +ere™ 1+ e’

which is a logistic function of ¢ = 2,a = 1,and k = 2.

(©) f(x)

=1+ tanh(x) = 1 +

Section 3.3 Logarithmic Functions and Their Graphs

M Section 3.3 Logarithmic Functions
and Their Graphs

Exploration 1

141

L T BT Vit T BET Vet
R - AzE -3 FEE| -
-z -z ZE -z L -z
-1 -1 E -1 E -1
N A
P 1E |d { 8 ;
T=-3 i1=.125
[—6,6] by [—4,4]
2. Same graph as part 1.
Quick Review 3.3
1 1
1. —=0.04 2. —— = 0.001
25 1000
1 1
. — =02 4. — =05
3 5 2
233 5 326
s.ﬁ—2=32 6.@—32=9
7. 51/2 8 101/3

N (1)1/2 _
e

Section 3.3 Exercises
1 log,4 = 1 because 4' = 4
2. logg 1 = 0 because 6° = 1
3. log, 32 = 5 because 2°
4. log; 81 = 4 because 3*

32
81

2
5. logs V/25 = 3 because 5° = V25
1 2 1
. logs—— = —<b 620 =— =
6. log 36 5 because &
7. log 10° = 3

8. log 10,000 = log 10* = 4
9. log 100,000 = log 10° = 5
10. log 107* = —4

1
11. log V10 = log 10" = 3

3
12. log = log 1073/ = -3

1
V1000

13. Ine* =3
14. Ine*

= —4

1
15.In—=Ine!'= -1
e

16..In1=Ine"=0
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142 Chapter 3 Exponential, Logistic, and Logarithmic Functions

1
17.In Ve = ne'/* = 7

=Ine’? = -7

1
Vel 2
19. 3, because b'°%* = 3 forany b > 0
20. 8, because b'°%® = 8 forany b > 0
21. 100205 — 1glogn(03) — (5
22. 108 = q0loend = 14
23. &6 = oz — ¢
24, &M (U5) = Gog(15) — {5
25. log 9.43 ~ 0.9745 ~ 0.975 and 10°7* ~ 9.43
26. log 0.908 ~ —0.042 and 107°%? =~ 0.908
27. log (—14) is undefined because —14 < 0.
28. log (—5.14) is undefined because —5.14 < 0.
29. In 4.05 =~ 1.399 and ¢'*° =~ 4.05
30. In 0.733 ~ —0.311 and e >3 =~ 0.733
31. In (—0.49) is undefined because —0.49 < 0.
32. In (—3.3) is undefined because —3.3 < 0.

18. In

33 x = 102 = 100
34. x = 10* = 10,000
1
L x=10"=—=01
35. x 10
1
L x =103 = — = 0.001
36. x 1000

37. f(x) is undefined for x > 1.The answer is (d).
f(x) is undefined for x < —1. The answer is (b).

f(x) is undefined for x < 3.The answer is (a).

40. f( ) is undefined for x > 4. The answer is (c).

41. Starting from y = In x: translate left 3 units.

[-5, 5] by [-3, 3]

42. Starting from y = In x: translate up 2 units.

[-5. 5] by [-3. 4]

43. Starting from y = In x: reflect across the y-axis and
translate up 3 units.

[—4,1] by [-3,5]

44. Starting from y = In x: reflect across the y-axis and
translate down 2 units.

[

[—4,1] by [-5,1]

45. Starting from y = In x:reflect across the y-axis and
translate right 2 units.

R

[~7,3] by [3.3]

46. Starting from y = In x:reflect across the y-axis and
translate right 5 units.

—]
R

[-6,6] by [4,4]

47. Starting from y = log x: translate down 1 unit.

R

[=7,31by -3, 3]

48. Starting from y = log x: translate right 3 units.

l i

[-5, 15] by [-3, 3]

.

49. Starting from y = log x: reflect across both axes and
vertically stretch by 2.

[-8,1] by [-2,3]

Copyright © 2019 Pearson Education, Inc.



50. Starting from y = log x: reflect across both axes and
vertically stretch by 3.

)
_—

[-8,7] by [-3, 3]

51. Starting from y = log x: reflect across the y-axis,
translate right 3 units, vertically stretch by 2, translate
down 1 unit.

-5,5] by [4,2]

52. Starting from y = log x: reflect across both axes, translate
right 1 unit, vertically stretch by 3, translate up 1 unit.

"

[-6,2] by [-2, 3]

53.

k f

[-1,9] by [-3,3]

Domain: (2, o)
Range: (—o0, 00)
Continuous

Always increasing
Not symmetric

Not bounded

No local extrema
Asymptote at x = 2
lingo f(x) =

/

[-2,8] by [-3, 3]

Domain: (—1,00)
Range: (—o0, 00)
Continuous
Always increasing

Section 3.3 Logarithmic Functions and Their Graphs

55.

56.

57.

Not symmetric

Not bounded

No local extrema
Asymptote: x = —1
II_)IIC}O f(x) = o0

\
-

[-2,8] by [-3,3]

Domain: (1, 00)
Range: (—o0, 00)
Continuous
Always decreasing
Not symmetric
Not bounded

No local extrema
Asymptote: x = 1
lim £(x) = —

\

[-3,7] by [-2,2]
Domain: (=2, c0)
Range: (—o0, 00)
Continuous
Always decreasing
Not symmetric
Not bounded
No local extrema
Asymptote: x = —2

II_)IIC}O f(x) = —

/

[-3, 71 by [-3, 3]

Domain: (0, c0)

Range: (—o0, c0)
Continuous

Increasing on its domain
No symmetry

Not bounded

No local extrema
Asymptote at x = 0
lim f(x) = o0

f_/_ﬂ_w-”"
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144 Chapter 3 Exponential, Logistic, and Logarithmic Functions

58.

59,

B

60.
61

.

62.

[-7, 3, 1] by [-10, 10, 2]

Domain: (—o0,2)
Range: (—o0, o)
Continuous
Decreasing on its domain
No symmetry
Not bounded
No local extrema
Asymptote at x = 2

Emoo f(x) = o0

—11

10
(a) B = 101og (10,12) =10log 10 = 10(1) = 10 dB
107 .
(b) B = 10 log o) =10 log 107 = 10(7) = 70 dB
3

10
(¢) B=10log (W) = 10 log 10" = 10(15) = 150 dB

I=12-10"°% =~ 10.2019 lumens.

1000
(a) A magnitude 3 earthquake is 100

powerful than a magnitude 2 earthquake. A magni-
100,000

1000
erful than a magnitude 2 earthquake.

tude 5 earthquake is

(b)

+
H

[0, 6] by [0, 110000]

(¢) Ground motion =
the earthquake,so y = 10"

@y =

10%,s0 x = log y.

(e) Extremely large values can be represented by much

smaller values.
) Yes

(a) The exponential regression model is
M(t) = 722,231(0.9956)", where ¢ is the number of
years since 1960 and M is the population.

(b)

[0, 100] by [400,000, 800,000]
(¢) Solving graphically, we find that the curve

y = 722,231(0.9956)" intersects the line y = 500,000

at x ~ 83.9, or during 2043.

= 10 times more

= 100 times more pow-

10" where x is the magnitude of

63.
64.
65.
66.
67.

68.

69.

70.

I 4
Interseckion -
w=BZ.B77798 Y=EQQO0n |

[0, 100] by [400,000, 800,000]

(d) The exponential decay model is not an especially

good fit for these data point or for Milwaukee’s popu-

lation in general. By 2015, Milwaukee’s population
once again had surpassed 600,000. Thus, it is unlikely

that Milwaukee’s population will decrease to 500,000

by 2043, as predicted by the model.
True, by the definition of a logarithmic function.
True, by the definition of common logarithm.
log 2 ~ 0.30103. The answer is C.
log 5 = 0.699 but 2.5 log 2 ~ 0.753.The answer is A.

The graph of f(x) = In x lies entirely to the right of the
origin. The answer is B.

For f(x) = 2+ 3% f1(x) = logs(x/2)
because f1(f(x)) = logs(2 - 3*/2)
= log; 3*
= x
The answer is A.
f(x) 3* log; x
Domain (=00, 0) (0,00)
Range (0, 00) (=00, )
Intercepts (0,1) (1,0)
Asymptotes y=20 x=0
[-6,6] by [4,4]
f(x) St logs x
Domain (=00, 0) (0,00)
Range (0, 00) (=00, )
Intercepts (0,1) (1,0)
Asymptotes y=20 x=0

[-6,6] by [4,4]
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71. b = e. The point that is common to both graphs is (e, e).

Inkersgckion
W=Z.71BzBzE V=Z.71BzBzB

[3.7,5.7] by [2.1,4.1]
72. 0 is not in the domain of the logarithm functions because
0 is not in the range of exponential functions; that is, a* is
never equal to 0.

73. Reflect across the x-axis.
74. Reflect across the x-axis.

B Section 3.4 Properties of Logarithmic
Functions

Exploration 1
1. log (2 - 4) =~ 0.90309,

log2 + log 4 =~ 0.30103 + 0.60206 ~ 0.90309
8
2. log (5) ~ 0.60206, log 8 — log 2 ~ 0.90309 — 0.30103

~ 0.60206
3. log 2° ~ 0.90309, 3 log 2 ~ 3(0.30103) ~ 0.90309

10
4. log5 = log (7) = log 10 — log2 ~ 1 — 0.30103

= 0.69897

5.log 16 = log2* = 4log2 ~ 1.20412
log32 = log 2’ = 5log 2 ~ 1.50515
log 64 = log2°® = 6log 2 ~ 1.80618

10
6. log 25 = log 5* = 2log 5 = 2log (7)
= 2(log 10 — log2) ~ 1.39794
log 40 = log (4 - 10) = log 4 + log 10 ~ 1.60206
100
log 50 = log (T) = log 100 — log 2 ~ 1.69897

The list consists of 1,2,4, 5, 8,16, 20, 25, 32, 40, 50, 64,
and 80.

Exploration 2
1. False

. False; log; (7x) = log;7 + logz x
. True

True

. False; logg = log x — log 4
True

. False;logs x* = logsx + logsx = 2logsx

S =N T NV O

. True

Quick Review 3.4
1. log 10* =
2.Ine*=3
3.Ine?= -2

Section 3.4 Properties of Logarithmic Functions

4. log1073 = -3
5.2

Xy a2
5. 274=x52y2(4):x3y2
X%y
6u73v7_ ,U772 _,U_S
w7 u
6,,—2\1/2 6\1/2/,,-2\1/2 |x|3
7 (xy )= (x0)VA(y)Y =l

Iy’
—8.12\3/4 _ [ —8\3/4/ 12\3/4 _
B (v = (R = 2

0 (u2v*4)1/2 _ |u||v|72 _ L

T Q7ubv B 3uPv 3y
" (x72y3)72 B x4y76 B x_13
. (x3y72)73 x79y6 y12

Section 3.4 Exercises
1. In8& =In8+Inx=3n2+ Inx
22.In9y =In9+ Iny=2In3+Iny

3
3. log;— log3 — log x

2
.log;— log2 — log y

[N

5.log, y° = 5log, y

6. log, x > = —2log, x

7. log ¥*y? = log x* + log y> = 3logx + 2log y
8. logxy’ = logx + logy’ = logx + 3logy

2
9. ln%=lnx2— Iny’=2lnx—3Iny

10. log 1000x* = log 1000 + log x* = 3 + 4log x

11. log 4/ — =

%5

I

1 1
(logx — logy) = Zlogx - Zlogy

1 1 1
12. In —g(lnx—lny)—glnx—glny

&[S

13. log x + log y = log xy
14. log x + log 5 = log 5x
15.Iny — In3 = In(y/3)
16. Inx — Iny = In(x/y)

1
17. 3 log x = log x'3 = log Vx

1
5
19.2Inx + 3lny = Inx* + Iny’ = In (x%?%)

18. —log z = log 25 = log Vz

4

20. 4log y — log z = log y* — log z = log (y_)
z

21. 4log (xy) — 3log (yz) = log (x*y") — log (y'z))

oe () = s ()
=log|—==)=log|—
g e g 3

22. 31In (¥*y) + 21In (yz») = In (xy%) + In (y*z%)
= In (x°y°z%)
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146 Chapter 3 Exponential, Logistic, and Logarithmic Functions

In #23-28, natural logarithms are shown, but common (base-10)

logarithms would produce the same results.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

In7
— ~ 2.8074
In2
In 19
~ 1.8295
In5 o
DIP < oas3
m8 ~ 7
259 22362
In 12
In 12 In 12
05 2 - >80
In29  In29
moz s o 2092
lo _Inx
Es ¥ In3
log, x = X
Of7x = In7
| + by = In(a + b)
0g,(a ) = In2
| 7 = In(c — d)
OgS(C ) - In5
) ~ logx
08 % = log?2
) ~ logx
08X = log 4
| N ~ log(x +y) B log(x + y)
ogin(¥ + y) = log (12) log 2
loga(x — y) = log(x —y) _log(x —y)
Bus Y log(1/3) log 3

Let x = log, Rand y = log, S.
Then b* = R and b” = §, so that
R b*

~_Z _ pxy

S b b

R
logb(E) = log, b* Y = x — y = log, R — log, S.

Let x = log, R. Then b* = R, so that
R¢ = (bx)c = pcx

log, R = log, b * = c+x = clog, R
Starting from g(x) =
1/In4 ~ 0.72.

—

[-1,10] by [-2,2]

In x: vertically shrink by a factor

40.

41.

42.

43.

45.

47.

Starting from g(x) =
1/In7 ~ 0.51.

’ Peastuil

[

Starting from g(x) = In x: reflect across the x-axis, then
vertically shrink by a factor 1/In 3 = 0.91.

\
.

[-1, 10] by [-2, 2]

In x: vertically shrink by a factor

[-1, 10] by [-2, 2]

Starting from g(x) = In x: reflect across the x-axis, then
shrink vertically by a factor of 1/In 5 ~ 0.62.

\
D—

[-1, 10] by [-2, 2]

(b): [=5,5] by [—3, 3], with Xscl = 1 and Yscl =
(graph y = In(2 — x)/In 4).

. (¢):[—2,8] by [—3, 3], with Xscl = 1 and Yscl =
(graph y = In(x — 3)/In 6).
(d): [—2, 8] by [—3, 3], with Xscl = 1 and Yscl =
(graph y = In(x — 2)/In 0.5).

. (a): [—8, 4] by [—8, 8], with Xscl = 1 and Yscl =

(graph y = In(3 — x)/In 0.7).

[—1,9] by [-1,7]
Domain: (0, o0)
Range: (—o0, 00)
Continuous
Always increasing
Asymptote: x = 0
ango f(x) =

Fx) = In (8x)

In (2)

log, (8x) =

Copyright © 2019 Pearson Education, Inc.



48.

49.

50.

S1.

52.

(-1,9] by [-5, 2]
Domain: (0, o0)
Range: (—o0, 00)
Continuous
Always decreasing
Asymptote: x = 0
lingo f(x) = —o0

1 X
£(x) = logys (9x) = 2OV

1
1 —
! (3)
[~10,10] by [-2,3]
Domain: (—oo, 0) U (0, 00)
Range: (—o0, 00)
Discontinuous at x = 0
Decreasing on interval (—oo, 0); increasing on
interval (0, o)

Asymptote: x = 0
lingo f(x) = oo, limoo f(x) = oo,

L/

[-1.9] by [-2,8]

Domain: (0, o0)
Range: (—o0, 00)
Continuous
Always increasing
Asymptote: x = 0
ango f(x) =

In each case, take the exponent of 10, add 12, and
multiply the result by 10.

(@0 (b) 10

(c) 60 (d) 80

(e) 100 ® 120 (1 =10%

250
(a R = logT + 4.25 = log 125 + 4.25 = 6.3469

300
(b) R = logT + 3.5 =1log75 + 3.5 = 5.3751

Section 3.4 Properties of Logarithmic Functions 147

53.

54.

55.

56.

57.
58.

59.

60.

61.
62.

63.

64.

1og11—2 = —0.00235(40) = —0.094, so
I =12 -10%% ~ 96645 lumens.
logll—2 = —0.0125(10) = —0.125,s0
I =12 -107%1% ~ 89987 lumens.

From the change-of-base formula, we know that
In x 1
f(x) = 10g3x = E = E *Inx ~ 09102 In x.

f(x) can be obtained from g(x) = In x by vertically
stretching by a factor of approximately 0.9102.

From the change-of-base formula, we know that

log x 1
log0.8 log0.8
f(x) can be obtained from g(x) = log x by reflecting
across the x-axis and vertically stretching by a factor of
approximately 10.32.

f(x) = logygx = -log x ~ -10.32 log x.

True. This is the product rule for logarithms.

False. The logarithm of a positive number less than 1 is
negative. For example, log 0.01 = —2.

log 12 = log (3 - 4) = log 3 + log 4 by the product rule.
The answer is B.

logy 64 = (In 64)/(In 9) by the change-of-base formula.
The answer is C.

In x> = 5 In x by the power rule. The answer is A.
logyp x> = 2logy |x]
In|x|
" “n(1R)
In|x|
" “Inl-1n2
In|x|
n2
—2log, |x|.

The answer is E.

(@) f(x) = 275 x°

(b) f(7.1) = 49,616

(¢) In(x) |1.39 1.87 2.14 2.30
In(y) |7.94 1037  11.71 1253

[0,3] by [0, 15]
(d) In(y) = 5.001n x + 1.01

() a= 5,b= 1sof(x) = e'x’ = ex’ & 2.72x°. The two
equations are the same.

(@) f(x) = 8095 x 113
(b) £(9.2) = 8095 - (92) 113 ~ 6.30
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148 Chapter 3 Exponential, Logistic, and Logarithmic Functions

(¢) In(x)[0.69 1.10 1.57 2.04 log27 = log(3®) = 3log3
In(y) [2.01 197 192 186 log30 = log(10 X 3) = logl0 + log3 = 1 + log3
log32 = log(2’) = 5log2
. log36 = log4 + log9 = 2log2 + 2log3
L] logd0 = log(10 X 4) = logl0 + logd = 1 + 2log2
? log45 = log5 + log9 = 1 — log2 + 2log3
: logd8 = log3 + logl6 = log3 + 4log2
[0.5,2.5] by [1.8,2.1] log50 = log(%) = logl00 — log2 = 2 — log2
(@) In(y) = —0.1131n (x) + 2.091 log54 = log2 + log27 = log2 + 3log3
(e) a = —0.113,b = 2.1,s50 f(x) = &>+ x I8 log60 = log(10 X 6) = logl0 + log6 = 1 + log2 + log3
~ 8.09x . log64 = log(2°%) = 6log2
65. (a) log(w) F0.70-0.52 030 0.70 148 1.70 185 log72 = log8 + log9 = 3log2 + 2log3
log(r) | 262 248 231 208 193 185 1.86 100 x 3
log75 = log( ) =2 — 2log2 + log3
- 1080 = log(10 X 8) = logl0 + log8 = 1 + 3log2
* log81 = log(3*) = 4log3
’ + 1og90 = log(10 X 9) = logl0 + log9 = 1 + 2log3

1og96 = log3 + log32 = log3 + Slog2

[—1,2] by [1.6,2.8]
(b) log r = (—0.30) log w + 2.36
(©)

1
67. Since V4581 = 4581" and log (4581'/%) = glog 4581,

we need to find log 4581 =~ 3.66096 (using tables, before
3.66096
5

calculators were available) and then find ~
0.732192, so V4581 =~ 10 %7212 ~ 5 40.
* For #68 and 69, solve graphically.

68. 6.41 < x < 93.35

69. ~ 126 = x = 14.77

70. (a)

Q

[—1,2] by [1.6,2.8]
(d) log r = (—0.30) log (450) + 2.36 ~ 1.58,r = 37.69,
very close.

(e) One possible answer: Consider the power function
y = a- x".Then:

r

logy = log (a - x")
= loga + log x°
= 102 a+ b lgog X ) [-1,9]by [~2,8]
= b(log x) + log a Domain of f and g: (3, 00)
which is clearly a linear function of the form (b)
f(t) = mt + cwhere m = b,c = loga, f(t) = logy [ K‘
and t = log x. As a result, there is a linear relation-
ship between log y and log x.
66. logd = 2log2 l
log5 = log(10/2) = logl0 — log2 = 1 — log2
log6 = log2 + log3 [0,20] by [-2, 8]
log8 = log(2%) = 3log2 Domain of f and g: (5, )

log9 = log(3%) = 2log3 (©
logl2 = log3 + log4 = log3 + 2log2 !L-
10 x 3
logl5 = log( ) ) = logl0 — log2 + log3
=1 —log2 + log3 \l'!‘/ l

logl6 = log(2*) = 4log2
logl8 = log2 + log9 = log2 + 2log3 [-7,3] by [-5,5]

log20 = log(10 X 2) = logl0 + log2 = 1 + log2 Domain of f: (—o0, —3) U (=3, c0)
log24 = log(3 X 8) = 3log2 + log3 Domain of g: (=3, 00)

100 i
log25 = log(T) = logl00 — log4 = 2 — 2log2 Answers will vary.
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71. Recall that y = log, x can be written as x = a”.

Lety = log, b
a=b
log a” = log b
yloga = logb
log b
y = log a = log, b.
log x
72. Lety = e By the change-of-base formula,
log x loge
y = Tog x = log x - Tog = loge ~ 0.43.
log e

Thus, y is a constant function.

73.

o

[-1.9] by [-3,2]

Domain: (1, o)

Range: (—o0, 00)
Continuous

Increasing

Not symmetric

Vertical asymptote: x = 1
ango f(x) =

One-to one, hence invertible (f'(x) = €°)

B Section 3.5 Equation Solving and Modeling

Exploration 1

1. log (4 - 10) ~ 1.60206
log (4 - 10%) ~ 2.60206
log (4 - 10%) ~ 3.60206
log (4 - 10%) ~ 4.60206
log (4 - 10°) ~ 5.60206
log (4 - 10°) ~ 6.60206
log (4 - 107) ~ 7.60206
log (4 - 10%) ~ 8.60206
log (4 - 10°) =~ 9.60206
log (4 - 10'%) ~ 10.60206

2. The integers increase by 1 for every increase in a power

of 10.

3. The decimal parts are exactly equal.

4. 4 - 10 is nine orders of magnitude greater than 4 - 10.

Quick Review 3.5

In #1-4, graphical support (i.e., graphing both functions on a

square window) is also useful.

L f(g(x)) = &"¢) = "* = x and g(f(x)) = In(¢™)'"?

= In(e*) = x.

Section 3.5 Equation Solving and Modeling

2. f(g(x)) = 100022 = 1plog* = x and
g(f(x)) = log(10"%)* = log(10%) = x.

3 f(5() = 31(e") = 5 () = xand
g(f(x)) = S0Bmx) = gnx —
4. f(g(x)) = 31og(107%)* = 6 10g(10%) = 6(x/6) = x
and g(f(x)) = 1061086 — @log/6 — Jqlogx —
. 7.783 X 10° km
. 1 X105 m
. 602,000,000,000,000,000,000,000

. 0.000 000 000 000 000 000 000 000 001 66 (26 zeros
between the decimal point and the 1).

9. (1.86 X 10°)(3.1 X 107) = (1.86)(3.1) x 10°*7

== B Y|

= 5.766 x 10'?
8x 107 8

10. 222 2 %1070 = 16 x 107!
5x10° 5

Section 3.5 Exercises

For #1-18, take a logarithm of both sides of the equation,
when appropriate.

1 x/5
1L 36— =4
5)

4. 34" =96
47 =32
4x/2 — 45/2
X

2
x=25

5. 1073 = 10,s0 —x/3 = 1, and therefore x = —3.
6. 5%* = 5 s0 —x/4 = 1, and therefore x = —4.
7. x = 10* = 10,000

8. x=2=232

9. x —5=4"sox=5+4"1=525

N |
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1560 Chapter 3 Exponential, Logistic, and Logarithmic Functions

10. 1 — x = 4, sox = —3.

In 4.1
11. X = 11’1 106 = logl.()ﬁ 41 = 242151
In 1.6
12. x = =] 1.6 = —23.2644
T T noog ~ OB0

13. €%03* = 4,50 0.035x = In 4, and therefore

X In 4 =~ 39.6084.

1
0.035
14. "% = 3,50 0.045x = In 3, and therefore

In 3 =~ 24.4136.

1
T 0.045

3 3
15. ¢ = 5 so—x = In 5 and therefore

x = —ln% ~ —0.4055.

16. ¢ * = g, so—x = In g , and therefore

x = —lng ~ —0.5108.

1

17. In(x — 3) = 350X ~ 3 = ¢!, and therefore
x =3+ P ~ 43956.

18. log(x + 2) = —2,s0x + 2 = 1072, and therefore
x=-2+10"7%= -199.

19. We must have x(x + 1) > 0,s0x < =1l orx > 0.
Domain: (=00, —1) U (0, o0); graph (e).

20. We must have x > Oandx + 1 > 0,so x > 0.
Domain: (0, 00); graph (f).

21. We must have o 1 >0,s0x < —lorx > 0.

X
Domain: (—oo, —1) U (0, o0); graph (d).

22. We must have x > Oandx + 1 > 0,so x > 0.
Domain: (0, c0); graph (c).

23. We must have x > 0. Domain: (0, ©); graph (a).

24. We must have x> > 0,so x # 0.

Domain: (=00, 0) U (0, o); graph (b).
For #25-38, algebraic solutions are shown (and are generally
the only way to get exact answers). In many cases solving
graphically would be faster; graphical support is also useful.

25. Write both sides as powers of 10, leaving 10'°8 ¥ = 10°, or
x> = 1,000,000. Then x = 1000 or x = —1000.

26. Write both sides as powers of ¢, leaving e' ¥ = ¢ or

x> =e* Thenx = ¢* ~ 7.389 or x = —¢® ~ —7.389.
27. Write both sides as powers of 10, leavin 10%0ex* = 102, or
x* = 100.Then x*> = 10,and x = £V/10.
12

28. Write both sides as powers of ¢, leaving e' ¥ = o2 or
x0 = ¢'2. Then 2% = ¢*, and x = %

29. Multiply both sides by 3 - 2%, leaving (2*)* — 1 = 12 - 2%,
or (2¥)> — 12 - 2* — 1 = 0. This is quadratic in 2%,

12 £ V144 + 4
leading to 2* = — S - 6+ V37, Only
6+ \V37is positive, so the only answer is
In(6 + \V/37)
r=—*""

= logy(6 + V/37) = 3.5949.
n

30. Multiply both sides by 2 - 2%, leaving (2¥)> + 1 = 6 - 2*,
or (2¥)> — 6+ 2° + 1 = 0. This is quadratic in 2%, leading to

6+ V36 -4 In(3 +2V2

JEENI TS V2 Then x - R X2V

2 In2

= log, (3 £ 2V2) ~ +2.5431.

Multiply both sides by 2¢*, leaving (e¥)* + 1 = 8e*, or

(e%)? — 8¢* + 1 = 0. This is quadratic in e*, leading to

=8if64_4=4j: \/E.Then

2X

31

.

X

x = In(4 £ V15) ~ £2.0634.
This is quadratic in e*, leading to
5+ V25+24 -5+£7

4 4

32

.

ex

. Of these two

1. .
numbers, only = —is positive,so x = In—

4 2 2
~ —0.6931.
500 3
A R 03x 03 — 2 _ .
33 200 1 + 25¢"*,soe 30 0.06, and therefore

1
x = mln 0.06 = —9.3780.

400

34. 150

1
=1 + 95¢700% g0 ¢ 06 = 37 and therefore

11
- In— ~ 6.7384.
06 57

Multiply by 2, then combine the logarithms to obtain
x+3 x+3

In 2 = 0. Then 2

X

35

b

=’ =1,s0x +3 =x%

The solutions to this quadratic equation are
1+VvV1i+12 1 1

x=——— "=~ + V13~ 2308

2 2 2
Multiply by 2, then combine the logarithms to obtain

3 2

= 2. Then ——— = 10 = 100, 50
x +4 x +4
x? = 100(x + 4). The solutions to this quadratic equation

100 + V10000 + 1600
2

original equation requires that x > 0,s0 50 — 10V/29 is
extraneous; the only actual solution is
x =50 + 1029 ~ 103.8517.
In[(x = 3)(x + 4)] = 3In2,s0 (x — 3)(x + 4) = §,0r
x? 4+ x — 20 = 0. This factors to (x — 4)(x + 5) = 0,s0
x = 4 (an actual solution) or x = —5 (extraneous, since
x — 3 and x + 4 must be positive).
log[(x — 2)(x + 5)] = 2log3,s0 (x — 2)(x + 5) = 9,
orx* +3x — 19 = 0.

36

b

log

=50 + 10V/29. The

are x =

37

B

38

by

-3+ V9+76 3 1
Thenx = —F—— = —— + —\/Eg. The actual
2 272
solution is x = —% + =V 85 =~ 3.1098; since x — 2 must
be positive, the other algebraic solution,
- 2 LU isext
x=—>-3 , is extraneous.

39. A $100 bill has the value of 1000, or 10°, dimes so they
differ by an order of magnitude of 3.

Copyright © 2019 Pearson Education, Inc.



40.

41.
42.

43.

4.

45.

46.

47.

A 2-kg hen weighs 2000, or 2 - 103, grams while a 20-g
canary weighs 2 - 10 grams. They differ by an order of
magnitude of 2.

7 — 5.5 = 1.5.They differ by an order of magnitude of 1.5.

4.1 — 2.3 = 1.8. They differ by an order of magnitude
of 1.8.

Given
I
B1 =10log— =95
Iy
Il
B, = 10log— = 65,
Iy
we seek the logarithm of the ratio 7,/1,.
4l Il
10log— — 10log— = B; — B>
Iy I

4l F)
10( log— — log—) =95 — 65

Iy Iy

4l
10log— = 30

I
log 2 = 3

og A

The two intensities differ by 3 orders of magnitude.
Given

I
B1=10log— =70
Iy

I
B2, = 10log— = 10,
Iy
we seek the logarithm of the ratio 7,/1,.

I
e - B

1
1010g1—1—1010g1 = B
0 0

4l L\ _
10 logl——logl— =70 — 10
0 0

I
1010g1— =60
2

I
logl—2 =6
The two intensities differ by 6 orders of magnitude.
Assuming that 7 and B are the same for the two quakes,
we have 7.9 = loga; — log T + B and
6.6 = loga, — logT + B,s079 — 6.6 = 1.3
= log(a,/a,). Then a/a, = 10", 50 a; ~ 19.95a, — the
Mexico City amplitude was about 20 times greater.
If T and B were the same, we have
72 =loga; —logT + Band 6.6 = loga, — logT + B,
s072 — 6.6 = 0.6 = log(ai/a,). Then aj/a, = 10°°, so
a; ~ 3.98a, — Kobe’s amplitude was about 4 times greater.

(a) Carbonated water: —log [H*] = 3.9
log [H] = =39
[H] =10~ 126 x 107*
Household ammonia: —log [H*] = 11.9
log [H] = —11.9
[H] = 10" = 1.26 X 107"
[H™] of carbonated water 10739

=108

(b)

[H*] of household ammonia 107

(¢) They differ by an order of magnitude of 8.

Section 3.5 Equation Solving and Modeling 151

48. (a) Stomach acid: —log [H*] = 2.0
log [H] = —=2.0
[H] = 102" = 1 x 1072
Blood: —log [H*] = 7
log [H'] = —-74
[H] = 1074~ 398 x 10°®
[H*] of stomach acid 1072

[H]ofblood 1074
(¢) They differ by an order of magnitude of 5.4.

~ 251 X 10°

(b)

The equations in #49 and 50 can be solved either algebraically
or graphically; the latter approach is generally faster.

49. Substituting known information into
T(t) = T, + (Tyg — T,)e ¥ leaves T(r) = 22 + 70e .

2
Using T(12) = 50 = 22 + 70e ', we have ¢ 1% = 5950

1 2
k= T lng ~ 0.0764. Solving T'(¢) = 30 yields

t =~ 28.41 minutes.

50. Substituting known information into 7'(t)
=T, + (Ty— T,e* leaves T(t) = 65 + 285¢ .
Using T(20) = 120 = 65 + 285¢ 2 we have

11 1 11
ek = 5750 k = 30 In =~ 0.0823. Solving
T(t) = 90 yields t = 29.59 minutes.
51. (a)

[0,40] by [0, 80]

(b)

[0,40] by [0, 80]
T(x) ~ 79.47 - 0.93*

(¢) lim T(r) = 0°C
52. (a)

[0,35] by [0, 90]

(b)

[0,35] by [0, 90]
T(x) ~ 79.96 - 0.93*
(¢) lim T(r) = 0°C
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162 Chapter 3 Exponential, Logistic, and Logarithmic Functions

53. (a)

[0, 20] by [0, 15]

(b) The scatter plot is better because it accurately represents
the times between the measurements. The equal spacing
on the bar graph suggests that the measurements were
taken at equally spaced intervals, which distorts our per-
ceptions of how the consumption has changed over time.

54. Answers will vary.

55. Logarithmic seems best — the scatterplot of (x, y) looks
most logarithmic. (The data can be modeled by
y=3+2Inx.)

/

[0,5] by [0,7]

56. Exponential — the scatterplot of (x, y) is exactly
exponential. (The data can be modeled by y = 2 - 3%.)

/

[0, 5] by [0,200]

57. Exponential — the scatterplot of (x, y) is exactly

3
exponential. (The data can be modeled by y = 5 2%)

/

[0, 51 by [0, 30]

58. Linear — the scatterplot of (x, y) is exactly linear
(y=2x+ 3.)

V

[0,5] by [0, 13]

59. False. The order of magnitude of a positive number is its
common logarithm.

60. True. In the formula 7(¢) = T, + (Ty — T,,)e ', the

term (Ty — T ,,)e " goes to zero as t gets large, so that
T(t) approaches T ,,,.

61. 21 = 32
23x—1 — 25
3x—1=15
x=2
The answer is B.
62. Inx = —1

elnx — 6_1
1
X = —
e

The answer is B.
63. Given

ai
Ry = 10g7+ B =281

D
R, = 10g7 + B =06.1,

we seek the ratio of amplitudes (severities) a,/a,.

a a
(log?l + B) - (log?2 + B) =R — R,

logﬂ - logﬂ =81-6.1
T T

9~ 102 = 100
@
The answer is E.

64. As the second term on the right side of the formula
T(t)y=T,, + (Ty — T,)e " indicates, and as the graph
confirms, the model is exponential.

The answer is A.

65. The logistic regression model

933
flo) =~ —0.04795
1 + 58.484e 7>
data, and would provide a natural cap to the population
growth of approximately 933,000 people. (Note:
x = number of years since 1900.)

most closely matches the

2007
1+ 12.346¢ 0027
matches the data well and provides a natural cap of
approximately 2.0 million people. (Note: x = number of
years since 1900.)
67. (a)

66. The logistic regression model f(x) ~

[-3,3]by [0, 10]
As k increases, the bell curve stretches vertically. Its height
increases and the slope of the curve seems to steepen.

(b)

[-3,3] by [0,1]
As c increases, the bell curve compresses horizontally.
Its slope seems to steepen, increasing more rapidly to
(0,1) and decreasing more rapidly from (0, 1).
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68.

69.

(a) and (b) P
a
o
g
o
at
Pl
[
[—100, 500] by [—50, 345]
(©) [Fiovror g FEFOFY g
a a
g
o
o f o
P P
H=60 ¥=178.3 ¥=178.3 ¥=60
[—100, 500] by [—50, 345] [—100, 500] by [—50, 345]

(d) y; = 81.921(1.0124)* and y, = —355.36 + 80.717 In x

(e)

el

[
[—100,500] by [—50, 345]

(f) According to these models, the U.S. population

reached 300 million in 2005.
300 = 81.921(1.0124)*

300
81.921

. 300
In(1.0124%) = ln<81.921>

x1n 1.0124 = In 300 — In 81.921
~1n 300 — In81.921

= 1.0124*

* In1.0124
u
Let— = 10", u,v >0
v
u
log — = log 10"
g og
logu — logv = nlog 10
logu — logv = n(l) =n

~ 105

For the initial expression to be true, either u and v are
both powers of ten, or they are the same constant k multi-
plied by powers of 10 (i.e., either u = 10 and v = 10"
oru = a-10%and v = a - 10", where a, k, and m are
constants). As a result, u and v vary by an order of magni-
tude n. That is, u is n orders of magnitude greater than .

70. (a) r cannot be negative since it is a distance.

N

e _S—

f

[-10, 10] by [~10, 30]

(b) [0, 10] by [—5, 3] is a good choice. The maximum ener-

gy, approximately 2.3807, occurs when r ~ 1.729.

Section 3.5 Equation Solving and Modeling
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T

[0,10] by [-5, 3]
71. Since Ty =~ 66.156 and T',, = 4.5, we have

(66.156 — 4.5)e7F =
61.656¢ 7~ =

e—k[ —

e—k[ —
Ine™ =
—kt =
—kt =

k =

Q

61.656 X (0.92770)'

61.656 X (0.92770)'
61.656
61.656
1 % (0.92770)

In (1 - (0.92770)")

In (1) + In (0.92770)'
0 + ¢1n (0.92770)

— In (0.92770)
0.075.

X (0.92770)'

72. One possible answer: We “map” our data so that all points
(x, y) are plotted as (In x, y). If these “new” points are
linear — and thus can be represented by some standard

linear regression y =

ax + b — we make the same sub-

stitution (x —1In x) and find y = a In x + b, a logarith-

mic regression.
73

b

One possible answer: We “map” our data so that all points

(x, y) are plotted as (In x, In y). If these “new” points are
linear — and thus can be represented by some standard
linear regression y = ax + b — we make the same “map-
ping” (x —>Inx,y—Iny)andfindlny = alnx + b.
Using algebra and the properties of algorithms, we have:

Iny=alnx + b
elny:€a1n1c+h
yzealnx_eh
= ¥ b
= el x°

= cx“ wherec = ¢

b, exactly the power regression.

The equations and inequalities in #73—76 must be solved
graphically — they cannot be solved algebraically. For #77

and 78, algebraic solution
approach may be easier.

74. x ~ 1.3066

is possible, although a graphical

/

#z1.0BCCHE =T
[-1, 5] by [-1, 6]

75. x = 0.4073 or x = 0.9333

Interseckion=——"—""—

\
W

[0, 2] by [-1, 1]
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1564 Chapter 3 Exponential, Logistic, and Logarithmic Functions

76. 0 < x < 1.7115 (approx.)

_l—'_'_
Inkgrseckion

dzi.71382F  Y=C.CrPEE
[-1, 2] by [-2, 8]

77. x = —20.0855 (approx.)

—

e

Interseckion 'I
W= 20 0BEEY V=3

[-40, 10] by [-1, 4]

78. log x — 21log 3 > 0, s0 log(x/9) > 0. Then% >10° =1,

sox > 9.
+1
79. log(x + 1) — log 6 < 0, s0 log =—— < 0.
x +1 0
Then 6 <10"=1,s0x +1 < 6,0r x < 5.The

original equation also requires that x + 1 > 0, so the
solutionis —1 < x < 5.

H Section 3.6 Mathematics of Finance

Exploration 1
1.

k A

10 1104.6
20 1104.9
30 1105

40 1105

50 1105.1
60 1105.1
70 1105.1
80 1105.1
90 1105.1
100 1105.1

A approaches a limit of about 1105.1.

2. y = 1000¢*' ~ 1105.171 is an upper bound (and asymp-
tote) for A(x). A(x) approaches, but never equals, this
bound.

Quick Review 3.6
1. 200-0.035 = 7

2. 150+ 0.025 = 3.75
1
3. 1 7.25% = 1.8125%

1

4.
12

- 6.5% =~ 0.5417%

5.

6.

78

—— =0.65=65%
120

28

— =035 =35%
80

7. 0.32x = 48 gives x = 150

8.
9.
10.

0.84x = 176.4 gives x = 210
300 (1 + 0.05) = 315 dollars
500 (1 + 0.45) = 522.50 dollars

Section 3.6 Exercises

1.

13.

14.

15.

16.

17.

18.

Compound interest: A = 1500(1 + 0.07)% =~ $2251.10;
simple interest: A = 1500(1 + 0.07(6)) ~ $2130.

. Compound interest: A = 3200(1 + 0.08)* ~ $4353.56;

simple interest: A = 3200(1 + 0.08(4)) ~ $4224.

. Compound interest: A = 12,000(1 + 0.075)” ~ $19,908.59;

simple interest: A = 12,000(1 + 0.075(7)) ~ $18,300.

. Compound interest: A = 15,500(1 + 0.095)"? ~ $46,057.58;

simple interest: A = 15,500(1 + 0.095(12)) ~ $33,170.
0.07

20
A= 1500(1 + T) ~ $2122.17

0.05

40
. A= 3500(1 + T) ~ $5752.67

0.038

240
A= 40,500(1 + —) ~ $86,496.26

12

300
. A= 25,300(1 + —) ~ $77,765.69

12

. A = 1250e0596) ~ $1728.31
10.
11.
12.

A = 3350e002)6) ~ $5501.17
A = 21,000e%N010) ~ $30,402.43
A = 8875¢00%() ~ $26,661.97

(1 N 0.07)24 .
4

FV = 500 - oo ~ $14,755.51
4
0.06 \*®
1+ T -1
FV = 300 - 008 ~ $20,869.57
4
0.0525\1%0
1+ B -1
FV = 450 - 50535 ~ $70,819.63
12
0065 300
(1 * T) -1
FV = 610 - 506s ~ $456,790.28
12
1 (1 . 0.047)*6"0.047
12 12
PV = 81537 - ~ $43,52331
L (1 N 0.065)*3600.065
12 12
PV = 1856.82 - ~ $293,769.01
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0.054
PV i asom(*2*)
B-R=1"0 - )" oosa\ 2~ 224
- L
1- (1 + —)
12
0.072
, (154,000)(—)
20 R— — 2V 12 7 s140047
-+ 0.072\ 10 '
1—(1+222
12

In #21-24, the time must be rounded up to the end of the next

compounding period.

0.09\* 83
21. Solve 2300(1 + T) = 4150:(1.0225)% = —, so

46’

1 1n(83/46)
' 4In 10225
9 months (the next full compounding period).

0.09 '\
Solve 8000(1 + F) = 16,000:(1.0075)'* = 2, so0

~ 6.63 years — round to 6 years

22

.

1 In2

"~ 12T 10075
9 months (the next full compounding period).

0.08\!'*
Solve 15,000(1 + T) = 45,000:(1.0067)'* = 3, so

~ 7.73 years — round to 7 years

23

o

1 In3
T 12 10067
9 months (the next full compounding period). Note: A
graphical solution provides ¢ ~ 13.78 years — round to
13 years 10 months.

~ 13.71 years — round to 13 years

0.08\* "
24. Solve 15| 1 + ) - 3.75:(1.02)" = 2.5,s0
1 In25
=7 1;11 0 ~ 11.57 years — round to 11 years

9 months (the next full compounding period).

(365)(5)
25. Solve 22,000(1 + %) = 36.500:
73 1/1825

1+ % = (H) ,sor =~ 10.13%.

26

b

+ \(126)
Solve 8500 (1 + E) = 3+ 8500:

1+ é = 3160 5o ~ 2217%.

27

B

110 1/6
Solve 146 (1 + r)®=22: 14 r= (%) , S0
r = 707%.

118
28. Solve 18 (1 + r)8 =125 1+ r= (—) ,sor = 419%.

18

In #29 and 30, the time must be rounded up to the end of the
next compounding period.

0.0575)4' In2

1
41n 1.014375

29. Solve (1 +

round to 12 years 3 months.

30. Sol (1 | 00625 )m
. DOLVE =
12
1 In3
t=— ~ 17.62 — round to 17 8
121n (1 + 0.0625/12) round o fhyears

months.

~ 1214 —

Section 3.6 Mathematics of Finance 155

For #31-34, use the formula S = Pe".

31. Time to double: Solve 2 = "%, leading to

1
t = 0.09 In 2 =~ 7.7016 years. After 15 years:
S

12,500e0905) ~ $48.217.82.

32. Time to double: Solve 2 = ¢"* leading to

1
t = 0.08 In 2 =~ 8.6643 years. After 15 years:
S

32,500 13) =~ $107,903.80.

1
33. APR:Solve 2 = ¢*,leading to r = Zln 2 ~ 17.33%.

After 15 years: S = 9500e(*173305) ~ $127,816.26 (using
the “exact” value of r).
1
34. APR:Solve 2 = ¢, leading to r = gln 2 &~ 11.55%.
After 15 years: S = 16,800e*11519) ~ $95035.15 (using
the “exact” value of r).

In #35-41, the time must be rounded up to the end of the
next compounding period (except in the case of continuous
compounding).

0.04\*
35. Solve (1 + T) =2t =

rounds to 17 years 6 months.

l In2
4 1n1.01

~ 17.42, which

0.08\* 1 In2 .
3 +—-—) =21f=—""~ 8.
36. Solve (1 1 ) 2:t A1 102 8.751, which

rounds to 9 years (almost by 8 years 9 months).

37. Solve 1 + 0.07t = 2:t = L ~ 14.29, which rounds to

0.07
15 years.
In2
38. Solve 1.07" = 2: 1 = 1 ~ 10.24, which rounds
In 1.07
to 11 years.
0.07\* 1 In2 .
. +—=) =2t=—T—x0.

39. Solve (1 1 ) 2:t A1n L0175 9.99, which

rounds to 10 years.

0.07\'* 1 In2
40.Solve (1 +—+) =2ip=—— 10
ove ( 12 ) 12 In(1 + 0.07/12)

~ 9.93, which rounds to 10 years.

1
007t — H. ~ 9 ]
41. Solve ¢ 20t 007 In2 = 9.90 years

For #42-45, observe that the initial balance has no effect on
the APY.

0.06 \*
42. APY = 1+T - 1~6.14%
0.0575
365

365
43. APY = (1 + ) —1=592%

44. APY = "% — 1 =~ 6.50%
0.047\?
45. APY = 1+T — 1= 4.80%
0.05\"?
46. The APYsare | 1 + BTN — 1~ 51162% and

0.051\*
(1 + T) — 1 = 5.1984%. So, the better investment

is 5.1% compounded quarterly.
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166 Chapter 3 Exponential, Logistic, and Logarithmic Functions

1
47. The APYs are 5§% = 5.125% and ¢*® — 1 = 5.1271%.

So, the better investment is 5% compounded continuously.

T+ -1
For #48-51, use the formula S = R———.
i
0.0726
48. i = ———— = 0.00605 and R = 50,s0
(1.00605)123) — 1
S =50 ~ $42.211.46.

0.00605

49. i = %;5 = 0.0129... and R = 50,s0

o (1.0129)1PCY —

S 0.0129 ~ $80,367.73.
. 0124
50. i = B ; solve
(1 . M)(lzxw) -
12 .
250,000 = R 0124 to obtain
12

R ~ $239.42 per month (round up, since $239.41 will not
be adequate).

0.045

51.i = I = 0.00375; solve
(1.00375)(1260 — 1
120,000 = R to obtain R = $158.03
: 0.00375 0 obtain R~ §
per month (round up, since $158.02 will not be adequate).

1—(1+i™

L

For #52-55, use the formula A = R
. 0.0795

ol =

= 0.006625; solve

1 — (1.006625) 12®
9000 = R

to obtain R ~ $219.51

0.006625
per month.
. 0.1025
. [ = D = 0.0085417; solve

1 — (1.0085417)~0123)
0.0085417
per month (round up, since $145.73 will not be adequate).
. 0.0875
L=

4500 = R to obtain R ~ $145.74

= 0.0072917; solve

1 = (1.0072917) (120
0.0072917
per month (round up, since $676.56 will not be adequate).

00925

. I =

86,000 = R to obtain R ~ $676.57

= (0.0077083; solve 100,000 =

1 — (1.0077083) (129G

0.0077083
month (round up, since $856.38 will not be adequate).

to obtain R ~ $856.39 per

0.12
56. (a) Withi = —— = 0.01, solve

12
1-@aonm |
86,000 = 1050 ——————; this leads to
0.01
: T T 050 10570 T

months, or about 14.32 years. The mortgage will be
paid off after 172 months (14 years, 4 months). The

last payment will be less than $1050. A reasonable
estimate of the final payment can be found by taking
the fractional part of the computed value of n above,
0.81, and multiplying by $1050, giving about $850.50.
To figure the exact amount of the final payment,

1— (Lo
0.01
(the present value of the first 171 payments, plus the

present value of a payment of R dollars 172 months
from now). This gives a final payment of R = $846.57.

solve 86,000 = 1050 + R (1.01)"'7

(b) The total amount of the payments under the original
plan is 360 - $884.61 = $318,459.60. The total using
the higher payments is 172 - $1050 = $180,660 (or
171 - $1050 + $846.57 = $180,396.57 if we use the
correct amount of the final payment) — a difference
of $137,859.60 (or $138,063.03 using the correct final
payment).

57. (a) After 10 years, the remaining loan balance is

58

59

60

by

.

b

(1.01)!2° — 1

0.01
(this is the future value of the initial loan balance,

86,000(1.01)1%° — 884.61 ~ $80,338.75

minus the future value of the loan payments). With
$1050 payments, the time required is found by solving
1 - (Lo1)™
0.01
(1.01)™" = 0.23487,s0 n ~ 145.6 months, or about
12.13 (additional) years. The mortgage will be paid off
after a total of 22 years 2 months, with the final pay-
ment being less than $1050. A reasonable estimate of
the final payment is (0.6)($1050) ~ $630.00 (see the
previous problem); to figure the exact amount, solve
1 - (1.01)™'®
0.01
which gives a final payment of R ~ $626.93.

(b) The original plan calls for a total of $318,459.60 in
payments; this plan calls for 120 - $884.61 +
146 - $1050 = $259,453.20 (or 120 - $884.61 +
145 - $1050 + $626.93 = $259,030.13) — a savings
of $59,006.40 (or $59,429.47).

One possible answer: The APY is the percentage increase
from the initial balance S(0) to the end-of-year balance
S(1); specifically, it is S(1) /S(0) — 1. Multiplying the ini-
tial balance by P results in the end-of-year balance being
multiplied by the same amount, so that the ratio remains
unchanged. Whether we start with a $1 investment, or a

80,338.75 = 1050 ; this leads to

80,338.75 = 1050 + R(1.01)71%,

k
$1000 investment, APY = (1 + %) ~1.

One possible answer: The APR will be lower than the
APY (except under annual compounding), so the bank’s
offer looks more attractive when the APR is given.
Assuming monthly compounding, the APY is about
4.594%; quarterly and daily compounding give approxi-
mately 4.577% and 4.602%, respectively.

One possible answer: Some of these situations involve
counting things (e.g., populations), so that they can only
take on whole number values — exponential models which
predict, e.g., 439.72 fish, have to be interpreted in light of
this fact.
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61

.

62.

Technically, bacterial growth, radioactive decay, and com-
pounding interest also are “counting problems” — for exam-
ple, we cannot have fractional bacteria, or fractional atoms
of radioactive material, or fractions of pennies. However,
because these are generally very large numbers, it is easier to
ignore the fractional parts. (This might also apply when one
is talking about, e.g., the population of the whole world.)

Another distinction: while we often use an exponential
model for all these situations, it generally fits better (over
long periods of time) for radioactive decay than for most
of the others. Rates of growth in populations (esp. human
populations) tend to fluctuate more than exponential
models suggest. Of course, an exponential model also fits
well in compound interest situations where the interest
rate is held constant, but there are many cases where
interest rates change over time.

(a) Steve’s balance will always remain $1000, since
interest is not added to it. Every year he receives 6%
of that $1000 in interest: 6% in the first year, then
another 6% in the second year (for a total of
2+ 6% = 12%), then another 6% (totaling
3-6% = 18%), etc. After ¢ years, he has earned 6¢% of
the $1000 investment, meaning that altogether he has
1000 + 1000 - 0.06¢ = 1000(1 + 0.06¢).

(b) The table is shown below; the second column gives
values of 1000(1.06)". The effects of annual com-
pounding show up beginning in Year 2.

Not
Years Compounded Compounded

0 1000.00 1000.00
1 1060.00 1060.00
2 1120.00 1123.60
3 1180.00 1191.02
4 1240.00 1262.48
5 1300.00 1338.23
6 1360.00 1418.52
7 1420.00 1503.63
8 1480.00 1593.85
9 1540.00 1689.48

10 1600.00 1790.85

(a) }
--F-'-F-‘-
-'___—F-_-d-
.—-"FF--F-F-
|~

[-10, 100] by [-100, 1400]

(b) The slope is P- r since that is the coefficient on .

(c) The slope of the line increases as the interest rate
increases and decreases as the interest rate decreases.

(d) Pgimpic(0.5) = 300 + 300-0.03-0.5 = $304.50;

Pompound (0.5) = 300(1 + 0.03)"3 = $304.47.

S0 Pgimpie (0.5) is greater. In the first half of the year, com-
pound interest grows more slowly than simple interest, so
simple interest will earn more money. By the end of the
year, compound interest grows more quickly that simple
intereStv SO PCompound (1) = PSimple (1)

Section 3.6 Mathematics of Finance 157

63. False. The limit, with continuous compounding, is

A = Pe" =100 % ~ $105.13.

64. True. The calculation of interest paid involves compound-

65.

66.

67

B

68.

69.
70,

71

72

B

b

.

.

ing, and the compounding effect is greater for longer
repayment periods.
A = P(1 + rlk)* = 2250(1 + 0.07/4)*® ~ $3412.00. The
answer is B.
Let x = APY.Then1 + x = (1 + 0.06/12)" ~ 1.0617.
So x =~ 0.0617. The answer is C.
FVv=R((1+i)"—-1)/i=
300((1 + 0.00375)*° — 1)/0.00375 ~ $116,437.31.
The answer is E.
R=PVi/l-(1+1i)™")

= 120,000(0.0725/12)/(1 — (1 + 0.0725/12)"'%)

~ $1095.44.
The answer is A.

The last payment will be $364.38.

One possible answer:

The answer is (c). This graph shows the loan balance
decreasing at a fairly steady rate over time. By contrast,
the early payments on a 30-year mortgage go mostly
toward interest, while the late payments go mostly toward
paying down the debt. So the graph of loan balance
versus time for a 30-year mortgage at double the interest
rate would start off nearly horizontal and more steeply
decrease over time.

PV(10) = $81,109

PV(50) = $214,823
PV(100) = $254,050
PV(150) = $249,303
PV(200) = $249,902
PV(300) = $249,998

X=420.454s5 Y =249999.98
[0, 500] by [0, 300000]

Since nli)ngo(lﬂ) = nli)ngo 1+ =0,
tim R - DR
n— o L L
) . R 10,000
For the given annuity, T " o001 - $250,000.
T+ -1

(a) Matching up with the formula § = R

k)

where i = r/k, with r being the rate and k being the
number of payments per year, we find r = 8%.
(b) k£ = 12 payments per year.
(¢) Each paymentis R = $100.
(d) 20 years = 20 - 12 = 240, so
(1 + %)240 -1

0.08
12

F(240) = 100 ~ 58,902.04

(e)

X=2uo

Y =58902.042

[0, 240] by [0, 70000]
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1—(1+i™
i

where i = r/k, with r being the rate and k being
number of payments per year, we find r = 8%.

73. (a) Matching up with the formula A = R

k)

(b) k = 12 payments per year.
(¢) Each paymentis R = $200.
(d) 20 years = 20 - 12 = 240, so
1 - (1 + %)—240

0.08
12

PV(240) = 200 ~ $23,910.86

(e)

[0, 240] by [0, 70000]

(f) Since interest is earned on the annuity’s remaining
balance each month, less money is required to achieve
the future value of $48,000. Opinions will vary on
which option is better.

H Chapter 3 Review
R
5 6 2 2\V3
2. f[-2) =332 =2 £ ,=2¥V°2
f( 2) NV R

For #3 and 4, recall that exponential functions have the form

f(x)=a-b"
3.a=350f2)=3-b*=6b=2b=\2,

flx)=3-2%
1
4. a=2s0f3)=2-b=1,0 = E,b =273
flx)=2-27"

5. f(x) = 27 + 3 — starting from 2%, horizontally shrink

1 . .
by > reflect across the y-axis, and translate up 3 units.

[—4,6] by [0, 10]

1
6. f(x) = 272 — starting from 2*, horizontally shrink by >

reflect across the y-axis, reflect across x-axis.

|l—"

[-2,3] by [9,-1]

7. f(x) = =273 — 3 — starting from 2%, horizontally shrink
by % , reflect across the y-axis, reflect across the x-axis,
translate down 3 units.

[

[-2,3] by [9, 1]

8. f(x) = 27 + 3 — starting from 2%, horizontally shrink by 1,
reflect across the y-axis, translate up 3 units.

[-2,3] by [1,9]

9. Starting from e*, horizontally shrink by %, then translate
right % units — or translate right 3 units, then horizontally
shrink by %

[-1,3] by [0, 10]

1
10. Starting from e*, horizontally shrink by EY then
L4 . .
translate right 3 units — or translate right 4 units,

1
then horizontally shrink by 3

[-1,3] by [0,25]
100 . .
11. £(0) = 513 12,5, lim f(x) =0, lim f(x) =20

y-intercept: (0, 12.5).
Asymptotes: y = Oand y = 20
50 50
5+2 7’
50
y-intercept: (0, 7) ~ (0,7.14)
Asymptotes:y = 0,y = 10

12. £(0) = lim_f(x) =0, lim f(x) =10

13. It is an exponential decay function.
lingo flx) =2, li{nOO flx) =
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14.

15.

16.

17.

[—5, 10] by [, 15]

Exponential growth function
lim f(x) = 00, lim f(x) = 1

[-5,5] by [-5,15]

[-1, 4] by [-10, 30]

Domain: (—o0, c0)

Range: (1, o)

Continuous

Always decreasing

Not symmetric

Bounded below by y = 1, which is also the only
asymptote

No local extrema

lim f(x) = 1, lim_f(x) = o

|
[5, 5] by [~10, 50]
Domain: (—o0, c0)
Range: (=2, 00)
Continuous
Always increasing
Not symmetric
Bounded below by y = —2, which is also the only

asymptote
No local extrema
lim g(x) = oo, lim g(x) = -2

|

[-5, 10] by [-2, 8]

Chapter 3 Review

Domain: (—o0, )
Range: (0,6)

Continuous

Increasing

Symmetric about (1.20, 3)

159

Bounded above by y = 6 and below by y = 0, the two

asymptotes
No extrema

lim f(x) = 6. lm_f(x) = 0

18.

[~300, 500] by [0, 30]
Domain: (—o0, 00)
Range: (0, 25)
Continuous
Always increasing
Symmetric about (—69.31, 12.5)
Bounded above by y = 25 and below by y = 0, the
two asymptotes
No local extrema
11_)11(}O g(x) = 25, Emoo gx) =0

For #19-22, recall that exponential functions are of the form

fx)y=a-(1+ r)kx.

19. a = 24,r = 0.053, k = 1;s0 f(x) = 24 - 1.053*, where

x = days.
20. a = 67,000, r = 0.0167,k = 1, so
f(x) = 67,000 - 1.0167*, where x = years.

1
2l.a=18,r= 1,k = 5750 f(x) = 18 - 2*?! where
x = days.

1 1
22. a = 117,7‘ = _§7k_ @,SO
x/262

f(x)=117-= = 117 - 27282 where x = hours.

For #23-26, recall that logistic functions are expressed in
c

X)) = ———.
) 1+ ae ™
23. ¢ = 30 1.5, 50 f(2) 0 20
. C = ,a = 1.5, = = R
1+ 1.5¢72

1
30 = 20 + 30e ?,30e7% = 10, ® = 3

1
—2blne = In 3 ~ —1.0986, so b ~ 0.55.
30
1+ 15709
20

24. ¢ = 20,a =~ 233,50 f(3) = ———— = 15,
1G3) 1+ 2.33¢73

1
20 = 15 + 35¢ %, 35¢7% = 5 ¢ % = -

—3blne = ln% ~ —1.9459,s0 b =~ 0.65.

20
1+ 2.33¢7065

Thus, f(x) =

Thus, f(x) =
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160 Chapter 3 Exponential, Logistic, and Logarithmic Functions

20
5.0 = 0= 350 () = — = 10,
10 1
20:10+30—3b30—3h:10 -3 _ - _
¢ TS
1
—3blne = In 3 ~ —1.0986,s0 b ~ 0.37.
20
Thus, f(x) ~ T 307
44
2.0~ 40 =350 f(5) = — -
22 1
44 = 22 + 66 P, 66 = 22, ¢ = — = —,
66 3
1
—5bIne = In 3 ~ —1.0986,s0 b ~ 0.22.
44
Thus, f(x) ~ T30

27. log, 32 = log, 2° = 5log,2 = 5
28. log; 81 = log; 3* = 4log;3 = 4

1 1
29. log %log 10% = glog 10 = =

3
7 7
30. In =lne’?=—lne = —
B 2 2
3. x = 3= 243
32. x = 2
33, (f) =2
y
LY
o2
y = xé
a
4.(—-) =107
5)
b
1000
b = 1000a

35. Translate left 4 units.

/l/
a

[~6,7] by [6,5]

36. Reflect across y-axis and translate right 4 units — or
translate left 4 units, then reflect across the y-axis.

\[
A

[-6,7] by [—6,5]

37. Translate right 1 unit, reflect across the x-axis, and translate

up 2 units.

38.

39.

40.

41.

{ .

[0,10] by [-5,5]

Translate left 1 unit, reflect across the x-axis, and translate

up 4 units.

|

[~1.4,17.4] by [-42,82]

{ /

[-4.7,4.7] by [-3.1, 3.1]
Domain: (0, o0)

1
Range: {—E, oo) ~ [—0.37,00)

Continuous

Decreasing on (0, 0.37]; increasing on [0.37, o)
Not symmetric

Bounded below

1 1
Local minimum at | —, —

6 e
lim f(x) =

[-4.7,4.7] by [-3.1, 3.1]
Domain: (0, o0)
Range: [—0.18, 00)
Continuous
Decreasing on (0, 0.61]; increasing on [0.61, co)
Not symmetric
Bounded below
Local minimum at (0.61, —0.18)
No asymptotes

lim f(x) =

\v{ /

[-4.7,4.7] by [-3.1, 3.1]
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42.

Domain: (—oo, 0) U (0, 0o)
Range: [—0.18, 00)
Discontinuous at x = 0
Decreasing on (—oo, —0.61], (0, 0.61];
Increasing on [—0.61, 0), [0.61, co)
Symmetric across y-axis
Bounded below
Local minima at (—0.61, —0.18)
and (0.61,—0.18)
No asymptotes

lim f(x) = oo, lim f(x) = oo

[

[0,15] by [-4,1]

Domain: (0, o0)

1
Range: (—oo,;} ~ (—oo, 0.37]

Continuous

Increasing on (0, e] = (0,2.72],
Decreasing [e, 00) ~ [2.72, c0)
Not symmetric

Bounded above

1
Local maximum at (e, ;) ~ (2.72,0.37)

Asymptotes: y = Oand x = 0
lim f(x) = 0

43. x = log4 =~ 0.6021
44. x = In 0.25 = —1.3863
In3

45. x = 105~ 22.5171
46. x = &>* = 221.4064
47. x = 1077 = 0.0000001

In5
48. x = 3 + > ~ 44650

In3
49. log,x = 2,s0x = 22 = 4

7
50. logsx = —,sox = 377 = 27\/3 ~ 46.7654.
51. Multiply both sides by 2 « 3%, leaving (3*)* — 1 = 10 - 3%,

52

.

53

o

or (3*)> — 10 - 3* — 1 = 0.This is quadratic in 3*, leading
10 £ V100 + 4

3= ——————— =54 \V/26.0nly 5 + V26

is positive, so the only answer is x = log;(5 + \/2_6)

~ 2.1049.

Multiply both sides by 4 + €%, leaving 50 = 44 + 11e*,

1 6
so 11e** = 6.Then x = Elnﬁ ~ —0.3031.

log[(x + 2)(x — 1)] = 4,50 (x + 2)(x — 1) = 10*

The solutions to this quadratic equation are

1
x = 5(—1 + V40,009), but of these two numbers, only

Chapter 3 Review

1
the positive one, x = 5( V40,009 — 1) ~ 99.5112, works
in the original equation.
3x + 4
. = + 4 =¢(2x + 1)
54, 1n2x+1 5,s03x + 4 =¢(2x + 1)
4 — S
Then x = ~ —0.4915.
2¢° -3
In x
. 1 = —
55. log, x n2
56. logy6(6x) = logys 6 + logys x* = 10gy 6 + 2 10gylx]
- 2In x| 2In x| 2 1n |x|
- Inl/6 6! In 6
57. logs x = 2
. 10gs x = IOgS
58. 10g1/2(4x3) = 10g1/24 + 10g1/2 x3 =-2+3 10g1/2x
= —2 — 3logyx
- 3log x
B log 2

59. Increasing, intercept at (1, 0). The answer is (c).
60. Decreasing, intercept at (1, 0). The answer is (d).
61. Intercept at (—1, 0). The answer is (b).

62. Intercept at (0, 1). The answer is (a).

63. A = 450(1 + 0.046)° ~ $515.00

0.062\®07N
64. A = 4800(1 + T) ~ $13,660.81

65. A = Pe" Nk
1+—) -1
(%)
(%)
k
0.055 HZ)(S))
550(1 — (1 + —=
(- ()
(0.055)
12
0.0725 “26)(15))
53(1— (1 +
(1= (1-242)
(0.0725)
26

1
69. 20¢73* = 50,50 k = — gln

66. i = %,n: kt.so FV = R -

67. PV = ~ $28,794.06

68. PV =

~ $226,396.22

~ —0.3054.

Y

3
70. 20e % = 30,50 k = —lnz ~ —0.4055.

71. P(t) =~ 2.04239(1.01296)', where ¢ is the number of years
since 1900. In 2020, P(120) = 2.04239(1.01296)'* ~ 9.6

million.
14.4885
72. P (t) ~ 1 + 2.02835 e—().()24574r’

of years since 1900. In 2020,

14.4885
P (120) ~ 1 + 2.02835¢ 0-024574(120)

73. (a) f(0) = 90 units. (b) f(2) = 32.8722 units.
(©)

where ¢ is the number

~ 13.1 million.

[0,4] by [0,90]
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162 Chapter 3 Exponential, Logistic, and Logarithmic Functions

74.

75.

76.

717.

78.

79.

80.

81.

82.

(a) P(r) = 123,000(1 — 0.024)" = 123,000(0.976)'.
In(90/123)

(b) P(t) = 90,000 when t = 0976 ~ 12.86 years.

(a) P(1) = 89,000(1 — 0.018)" = 89,000(0.982)".
In(50/89)

(b) P(t) = 50,000 when ¢ = T 0982 ~ 31.74 years.

(a) P(0) = 5.3959 — 5 or 6 students.

(b) P(3) =~ 80.6824 — 80 or 81 students.

(

(¢) P(t) = 100 when 1 + ¢* ' = 3,ort =4 —In2
~ 3.3069 — sometime on the fourth day.

(d) As 1 — 00, P(1) — 300.

(a) P(t) = 20 -2, where ¢ is time in months. (Other
possible answers: 20 - 21! if ¢ is in years, or 20 « 23
if ¢ is in days).

(b) P(12) = 81,920 rabbits after 1 year.

P(60) ~ 2.3058 x 10" rabbits after 5 years.

(¢) Solve 20 - 2 = 10,000 to find ¢t = log, 500
~ 8.9658 months — 8 months and about 29 days.

(a) P(t) = 4-2' = 2'* 2 where t is time in days.

(b) P(4) = 64 guppies after 4 days. P(7) = 512 guppies
after 1 week.

(¢) Solve 4 - 2 = 2000 to find t = log, 500 = 8.9658
days — 8 days and about 23 hours.

1 /1.5
@ Si) = S, (E) , where ¢ is time in seconds.

(b) S(1.5) = Sy/2.5(3) = S,/4.
1\ 6015 1\40
() If1 g = S5(60) = S, (5) = S80- (E) , then

Sy = 2% = 1.0995 X 10" g = 1.0995 X 10° kg
= 1,099,500 metric tons.

1\#25
@ S@) = Sy (E) , where ¢ is time in seconds.

(b) S(2.5) = Sp/2. S(7.5) = S,/8.
1\602:5 1\24
() If1 g = S5(60) = S, (5) = S80- (E) , then

Sy = 2% = 16,777,216 g = 16,777.216 kg.

Let a; = the amplitude of the ground motion of the Feb 4
quake, and let a, = the amplitude of the ground motion
of the May 30 quake. Then:

a @
6.1 = 10g7 + B and 69 = 10g7 + B

| a [t _
og?-i-B - log?-i-B =69 —6.1
ay _

2 — 1008

a =~ 6.31 ay.
The ground amplitude of the deadlier quake was approxi-
mately 6.31 times stronger.

(a) Seawater:
—log [H] = 7.6

83.

84.

85.

86.

87.r

88.
89.

90.

91.

92.

93.

95.

log [H*] = =76
[H] = 1076 ~ 251 x 108
Milk of Magnesia:
—log [H*] = 10.5
log [H*] = —10.5
[H] = 107195 ~ 316 x 10!
[H*] of Seawater 10776

(b) _
[H'] of Milk of Magnesia 107193

(¢) They differ by an order of magnitude of 2.9.

~ 794.33

0.08\*
Solve 1500(1 + T) = 3750: (1.02)* = 2.5,

1 1In25
41n1.02
9 months (the next full compounding period).

Solve 12,500 = 37,500: " = 3,

sot = ~ 11.5678 years — round to 11 years

1
sot = 0.09 In 3 = 12.2068 years.

700
t = 13383 1n 350 ~ 137.7940 — about 11 years 6 months.

500
t = 13383 1n S0 ~ 308.1550 — about 25 years 9 months.

0.0825\ 2
1+—=) -1~ 857%
( 12 )

r=é 1~ 7.47%
I =12-100")) = 5384 lumens

0072 _

1
ln b . This is a vertical stretchif e < b < e
(so that [In b| < 1),and a shrink if 0 < b < ¢!
(There is also a reflectionif 0 < b < 1.)

log x

log b
1
(so that |log b| < 1), and a shrink if 0 < b < 0°"

log, x =

orb > e.

1
log, x = . This is a vertical stretch if 0 <b <10

b > 10. (There is also a reflection if 0 < b < 1.)
g(x)=In[a-b*] =Ina+ Inb* = Ina + xIn b. This
has a slope In b and y-intercept In a.

(a) P(0) = 16 students.

(b) P(t) = 800 when 1 + 99¢ ¥ = 2, or ™ = 99,

! 1
sot = 04 In 99 ~ 11.4878 — about 115 days.
(¢) P(t) = 400 when 1 + 99¢ %4 = 4, or " = 33,

sot = i In 33 =~ 8.7413 — about 8 or 9 days.

. (a) P(0) = 12 deer.
(b) P(t) = 1000 when 1 4+ 99¢ %% = 1.2,s0
0.2
t= —— IHE ~ 15.5114 — about 15— years.

(¢) Ast— oo, P(t) — 1200 (and the population never
rises above that level).

The modelis 7 = 20 + 76e ¥, and T(8) = 65
45 1. 45
= 20 + 76¢ % . Then ¢ % = IR sok = ——ln%
~ 0.0655. Finally, T = 25 when 25 = 20 + 76¢ X,
1
sot = s ln% ~ 41.54 minutes.
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96. The model is T = 75 + 145¢ %, and T'(35) = 150

75 1 15
= 75 + 145¢ 3k Then ¢ ¥ = E ,s0k = —g 1HE
~ 0.0188. Finally, T = 95 when 95 = 75 + 145¢™%,

1. 20
sot = —In——= = 105.17 minutes.
k145
T+ -1

97. (a) Matching up with the formula§ = R———,
i

where i = r/k, with r being the rate and k being the
number of payments per year, we find r = 9%.
(b) k = 4 payments per year.
(¢) Each payment is R = $100.
1-@Q+H"
i

where i = r/k, with r being the rate and k being the
number of payments per year, we find r = 11%.

98. (a) Matching up with the formula A = R

k)l

(b) k = 4 payments per year.
(¢) Each payment is R = $200.

99. (a) Grace’s balance will always remain $1000, since inter-
est is not added to it. Every year she receives 5% of
that $1000 in interest; after ¢ years, she has been paid
5t% of the $1000 investment, meaning that altogether
she has 1000 + 1000 - 0.05¢ = 1000(1 + 0.05¢).

(b) The table is shown below; the second column gives
values of 1000e"%", The effects of compounding con-
tinuously show up immediately.

Not
Years Compounded Compounded
0 1000.00 1000.00
1 1050.00 1051.27
2 1100.00 1105.17
3 1150.00 1161.83
4 1200.00 1221.40
5 1250.00 1284.03
6 1300.00 1349.86
7 1350.00 1419.07
8 1400.00 1491.82
9 1450.00 1568.31
10 1500.00 1648.72

Chapter 3 Project
Answers are based on the sample data shown in the table.

2. Writing each maximum height as a (rounded) percentage
of the previous maximum height produces the following
table.

Bounce Number Percentage Return
0 N/A
1 79%
2 77%
3 76%
4 78%
5 79%

The average is 77.8%

Chapter 3 Review 163

[-1, 6] by [0, 3]

4. Each successive height will be predicted by multiplying
the previous height by the same percentage of rebound.
The rebound height can therefore be predicted by the
equation y = HP* where x is the bounce number. From
the sample data, H = 2.7188 and P =~ 0.778.

5. y = HP*becomes y ~ 2.7188 - 0.778".

6. The regression equation is y ~ 2.733 - 0.776*. Both H and
P are close to, though not identical with, the values in the
earlier equation.

7. A different ball could be dropped from the same original
height, but subsequent maximum heights would in general
change because the rebound percentage changed. So P
would change in the equation.

8. H would be changed by varying the height from which the
ball was dropped. P would be changed by using a different
type of ball or a different bouncing surface.

9.y = HP”"

— H( 61" P)x
He(ln P)x
= 2.7188 ¢ PN

10. In y = In (HPY)

=InH+xlnP
This is a linear equation.

11

.

Bounce Number In (Height)
0 1.0002

1 0.76202
2 0.50471
3 0.23428
4
5

—0.01705
—0.25125

[-1, 6] by [-1.25, 1.25]

The linear regression produces Y = In

y ~ —0.253x + 1.005.Since Iny ~ (In P)x + In H, the
slope of the line is In P and the Y-intercept (that is, the In y-
intercept) is In H.
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164 Chapter 4 Trigonometric Functions

Chapter 4

Trigonometric Functions

M Section 4.1 Angles and Their Measures

Exploration 1
L 27r
2. 27 radians (27 lengths of thread)

3. No, not quite, since the distance 7rr would require a piece
of thread 7 times as long, and = > 3.

4. 7 radians

Quick Review 4.1
L. C=27+25= 57in.
2.C=2w+46=927rm

3.r=i-12=gm
2 T

4.r=i-8=i = ft
2 T

5. (a) s = 47.52 ft (b) s = 39.77 km

6. (a) v = 26.1 m/sec (b) v = 8.06 ft/sec
7. 601}?—;' 5280%' 361WS}:3_1;: = 88 ft/sec
8. 45?11—;- 5280%- 3,61%:;—2 = 66 ft/sec
: Si—tc ﬁ’?—;- 3600 = 6 mph
10. 1328%- ﬁ%- 3600% = 90 mph

Section 4.1 Exercises

1. 23°12" = (23 + 2)0 = 23.2°

60
2. 35°24" = (35 + %)O = 354°
3. 118°44'15" = (118 + % + %)O = 118.7375°
4. 48°30'36" = (48 + % + %)O = 48.51°

5.21.2° = 21°(60 - 0.2)" = 21°12’
6. 49.7° = 49°(60 - 0.7) = 49°42’
7. 118.32° = 118°(60 - 0.32)" = 118°19.2'
= 118°19'(60 - 0.2)" = 118°19'12"
99°(60 - 0.37) = 99°22.2'
= 99°22'(60 - 0.2)" = 99°22'12"

8. 99.37°

For #9-16, use the formula s = r6, and the equivalent forms
r=s/@and 0 = s/r.
a a

9. 60° - = —rad
180° 3

o, T__T
10. 90 130° > rad
T 21

s0c - 3

T S5
80~ 6 "

11. 120° -

12. 150° -

T
180°

w

180°

13. 71.72° -

~ 1.2518 rad

14. 11.83° -

~ 0.2065 rad

15. 61°24' = (61 + ﬁ) = 614°-

1.0716 rad

Q

60 180°

Q

30\ T
. 75°30" = + =] = 755°. .
16. 75°30 (75 60) 75.5 130° 1.3177 rad

17.

18.

19.

20.

21.
22, —-——=117°
T
23.2-— =~ 114.59°
T

24, 1.3 - — =~ 74.48°
T

25. s = 50 in.
26. s = 70 cm
27.r = 6/7 ft
28.r = 7.5/7 cm
29. 6 = 3 radians

4
30. 0 = 7 radians

360
3l.r = —ocm
a
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2.5=(5 ft)(18°)(%) =t

33.0 = sy/r; = % rad and s, = 7,0 = 36 cm

34. 0 = sy/r; = 45radand r, = 5,/0 = 16 km

= — rad so the curved side

. Th le is 10° -
35. The angle is 130° 13

117, . . .
measures — - in. The two straight sides measure 11 in.

each, so the perimeter is 11 + 11 + F ~ 24 in.

5
36. The angle is 100° + T _ —Wrad, S0

180° 9
5
7 = Tﬂ-r.
Then
r= ; ~ 4 cm.

37. Five pieces of track form a semicircle, so each arc has
a central angle of 7r/5 radians. The inside arc length is
ri(m/5) and the outside arc length is r,(7/5). Since
ro(m/5) — ri(/5) = 3.4 inches, we conclude that
ro — r;y = 3.4(5/7) =~ 5.4 inches.

38. Let the diameter of the inner (red) circle be d. The inner
circle’s perimeter is 37.7 inches, which equals 7rd. Then
the next-largest (yellow) circle has a perimeter of
7w(d + 6+ 6) = awd + 127 = 37.7 + 127 =~ 75.4 inches.

39. (a) NE is 45°. (b) NNE is 22.5°. (¢) WSW is 247.5°.

40. (a) SSW is 202.5°. (b) WNW is 292.5°. (¢) NNW is 337.5°.
41. ESE is closest at 112.5°.

42. SW is closest at 225°.

43. The angle between them is 6 = 9°42' =
radians, so the distance is about
s = rf = (25)(0.1693) =~ 4.23 statute miles.

44. Since C = md, a tire travels a distance 7d with each revo-
lution.

9.7° =~ 0.1693

(a) Each tire travels at a speed of 800 7rd in. per min, or

8007d in. \ / 60 min 1 mi .
( 1 min )( Thr )(63,360 in.) ~ 2.38d mi/hr.

Vehicle d Speed ~ 2.38d
Chevy Spark EV | 23.0 54.7 mph
Nissan Leaf SL 25.5 60.7 mph
Tesla S 27.7 65.9 mph

b (Wdin.)( 1 mi ) _ d ./ b mil
® T rev )\ 633601, ) = 63.360 m/reY, s cachmile
63360 _ 20,168

requires revolutions.

20,168

255
20,168

27.7
The Leaf must make almost 63 more revolutions.

Leaf:

~ 790.90 revolutions

Tesla:

~ 728.09 revolutions

Section 4.1 Angles and Their Measures 165

(¢) In each revolution, the tire would cover a distance of
7d e, Tather than 7d g, so that the car would travel
(decw)/(Wdold) = dncw/dold = 277/255 ~ 1.086
miles for every mile the car’s instruments would show.
Both the odometer and speedometer readings would
be low.

45. v = 24 ft/sec and r = 10 in., so
ft 1 ft d
w=vfr= (4— 60£) + (101n.-—.—-2wi)

sec min 12 in. rev
~ 275.02 rpm.
S R WR
(@) —=—=5=——mm
6. @) 3 =100 =5 = 100

WR 1 WR
254 mm = lin.,s0 § = Wm_25401

WR
(b)D + 25 =D + 2(2540) + 1270 in
21550 .
(¢) Leaf: D =17 + 1270 ~ 25.5in.
Spark EV: D = 15 + % ~ 23.0 in.
245 - 45
TeslaS: D =19 + 1270 ~ 27.7in.
265 + 65 .
Escalade: D = 18 + 1270 ~ 31.6 in.

47. w = 2000 rpm and r = 51in.,so
teeth
v=rw=|(5in.-12 o

) ~ 12,566.37 teeth per

39567 stat mi
10,800 naut mi

50. 257 naut mi - ~ 296 statute miles

10,800 naut mi

51. 895 stat mi - m

~ 778 nautical miles

52. (a) Lane 5 has inside radius 37 m, while the inside radius
of lane 6 is 38 m, so over the whole semicircle,
the difference is 387 — 377 = 7 = 3.142 m.
(This would be the answer for any two adjacent lanes.)
(b) 387 — 337 = 57 ~ 15.708 m.
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166 Chapter 4 Trigonometric Functions

53. (@) s = r = (4)(4w) = 167
~ 4.189 ft

50.265 in., or %’77

Q

(b)ro = 27 =~ 6.283 ft

T 13
54. s = rf = (52)(@) = EWN 0.908 ft
55, (@) = 1207 o Imin o)
@ o= min " rev 60 sec  rac/sec

(b)v = Ro = (7 cm)(4ﬂ- g) = 287 cm/sec

© w,=v/r= (2877%) + (4 cm) = 7 rad/sec

rev rad 1 min
56. (a) w = 135 H * 2#@ * @g = 457 rad/sec

d
®)v=ro= (12 m)(4.577' :“;) = 5.47 m/sec

1
(¢) The radius to this halfway point is r* = o= 0.6 m,
rad
sov = rfw = (0.6 m)| 457 —— | = 2.7 m/sec.
sec
57. True. In the amount of time it takes for the merry-go-
round to complete one revolution, horse B travels a
distance of 27rr, where r is B’s distance from the center.
In the same time, horse A travels a distance of
2@ (2r) = 2(27wr) — twice as far as B.

False. If all three radian measures were integers, their sum
would be an integer. But the sum must equal 7, which is
not an integer.

B

58

by

o of mrad _ X .
59. x° = x ( 180")_ 180.The answer is C.

60. If the perimeter is 4 times the radius, the arc is two radii
long, which implies an angle of 2 radians. The answer is A.

61. Let n be the number of revolutions per minute.

(267Tin.)(nrev)(60min)( 1 mi )
1rev 1 min 1 hr 63,360 in.
~ (0.07735 n mph.

Solving 0.07735 n = 10 yields n = 129.
The answer is B.

.

62. The size of the circle does not affect the size of the
angle. The radius and the subtended arc length both
double, so that their ratio stays the same.

The answer is C.

In #63-66, we need to “borrow” 1° and change it to 60" in
order to complete the subtraction.

63. 122°25" — 84°23" = 38°02'
64. 117°09" — 74°0" = 43°09’
65. 93°16' — 87°39" = 92°76" —
66. 122°20" — 80°12" = 42°08'

In #67-70, find the difference in the latitude. Convert this dif-
ference to minutes; this is the distance in nautical miles. The
Earth’s diameter is not needed.

67. The difference in latitude is 34°03" — 32°43" = 1°20’
= 80 minutes of arc, which is 80 naut mi.

87°39" = 5°37'

68. The difference in latitude is 47°36" — 37°47" = 9°49’
= 589 minutes of arc, which is 589 naut mi.

69. The difference in latitude is 44°59" — 29°57" = 15°02'
= 902 minutes of arc, which is 902 naut mi.

70. The difference in latitude is 42°20" — 33°45’
= 515 minutes of arc, which is 515 naut mi.

8°35’

71. The whole circle’s area is 7r2; the sector with central

1
angle § makes up 6/27 of that area, or 2i - prt = §0r2.
T
1 & )
72. (a) A = > (5.9) 3) " 3.4817 = 10.936 ft°.
1
(b) A= > (1.6)*(3.7) = 4.736 km™.
73 %{ !
I A
I A
I AR
I , v
| v
137°% v
/
I [
b

74. Bike wheels: w; = vy/r = (66 ft/sec * 12 in./ft) + (14 in.)
~ 56.5714 rad/sec. The wheel sprocket must have

the same angular velocity: w, = w; = 56.5714 rad/sec.

For the pedal sprocket, we first need the velocity of the

chain, using the wheel sprocket: v, ~ (% in.) (56.5714 rad/sec)
~ 84.8571 in./sec. Then the pedal sprocket’s angular

velocity is w3 = (84.8571 in./sec) + (4.5in.) =~ 18.9

rad/sec.

b

B Section 4.2 Trigonometric Functions of
Acute Angles

Exploration 1

1. sin and csc, cos and sec, and tan and cot
2. tan 6
3. secH
4. 1
5. sin 6 and cos 0
Exploration 2

1. Let 6 = 60°. Then

V3 2 2\V3

sin @ = T% 0.866 csch = —3= T% 1.155
1
COSGZE secH = 2
1 3
tanf = V3~ 1732  cotf = —= = Vs ~ 0.577

V3 3

2. The values are the same, but for different functions. For
example, sin 30° is the same as cos 60°, cot 30° is the same
as tan 60°, etc.

3. The value of a trig function at 6 is the same as the value
of its co-function at 90° — 6.
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Quick Review 4.2 8. The adjacent side length is/_ V13?7 - 92 = V88 = 222,
\/2 4 <2 2V22 13
Lx=V5+5= \/5_0 = 5\/5 So sin 0 = %,cos@ = T,tan@ = L\/_;CSCG = ?’
2. x = V& + 122 = V208 = 4V13 0 N 2V
3.x=V12 -8 =6 SeCGZT,COtGZT.
2V22
4. x = V4 -22=V12=2V3
* ) V2 V3 9. Using a right triangle with hypotenuse 7 and legs 3
5. 8.4 ft - 12% = 100.8 in. (opposite) and V72 — 32 = V40 = 21/10 (adjacent),
‘ : 3 2V10 3
1 mi 47 we havesin§ = —,cos ) = ———,tan = ——;
6. 940 ft - = = -~ 017803 mi 7 7 2V10
t CSCG*ZSQCG*LCOtG*@
7. a = (0.388)(20.4) = 7.9152 km 3 10 3
8. b= 239 ~ 13.895 ft 10. Using a right triangle with hypotenuse 3 and legs 2
L72 (opposite) and V32 — 22 = Vs (adjacent), we have
9. o = 24 . . 2 5 2 3
. a = 13.3 - —— = 1.0101 (no units) sinf = =,cos) = —,tan = —=;csc = —,
6 3 3 \/g 2
6.15
10. g = 59+ 5= ~ 4.18995 (no units) sec = % cot 6 = ?

11. Using a right triangle with hypotenuse 11 and legs 5

(adjacent) and V112 — 52 = V96 = 46 (opposite),

Section 4.2 Exercises

4 3 4 5 5
1.sin = —,cos = —,tanf = —,cscd = —,sech = —, Ve 5 MN\Ve
5 5 3 4 3 we have sin 6 = ,cos 0 = —,tanf = —;
3 11 11 5
COtG:Zl CSCG*LseCG*ECO'LG*L
3 7 3 e e 5’ Ve
2.sinf = ,Cos 6 = ,tan § = —;csc ) = ——, ; ; ; ;
13 Vi3 7 ) 12. Us1.ng a right tr1angzle w1';h hypotenuse 8 a.md legs 5
113 7 (adjacent) and V8 — 5° = V39 (opposite), we have
sec f = ,coth = <. ) \/3_9 5 \/@ 8
7 8 s1n0:T,cost9:§,tan0: 5 ;csc ) = ——,
sint = 2 conn = 3 mo = 2iseq 3 : ; v
-sinf = 77,0080 = 7. tanf = 5 oscf = o, sech = S cotf = .
5 V39
13 5
sec = —,cotf = —.
5 12 13. Using a right triangle with legs 5 (opposite) and
. 8 15 8 17
4. sin 6 = 177 €08 0= 17> tan 0= 157 s¢ 6 = R 9 (adjacent) and hypotenuse V5% + 9> = /106, we have
17 15 sin 0 = > (:0st9*Ltant9*é'csc@*;06
sec § = E’ cotf = ? \/R’ \/R’ 9 5
5. The hypotenuse length is V7% + 11> = V170, so0 sec = — 106 cot§ = 9
. 7 7 V170 9 ’ 5
sinf = ,C08) = ———,tanf§ = —;csc = ———, . . . . .
170 V170 11 7 14. Using a right triangle with legs 12 (opposite) and
secf = — 170 cot § = 1 13 (adjacent) and hypotenuse V122 + 132 = V313,
1’ 7 12 13 12
we have sin = ———,cos 6 = ,tan 0 = —;
6. The adjacent side length is V8% — 6% = V28 = 2\/5, S0 V313 V313 13
) 3 7 3 4 0 V313 0 V313 ‘0 13
== = 2= = = = — csch = sec) = ————,cotf = —.
sin 6 1 cos 0 1 tan 6 \/7 csc O 3 12 3 12
0 4 ‘o V7 15. Using a right triangle with legs 3 (opposite) and
sec = —=,coth = —.
7 3 11 (adjacent) and hypotenuse V32 + 112 = V130,
. . . 2 _ Q2 _ 3 11 3
7. The opposite side length is V11 8 \/ﬁ, S0 we have sin 0 = cosf = tanf = —
sin § = V57 cos § = 8 tan = 57'0500 S 130 130 H
1> iR 8’ /57 V130 V130 1
11 3 csc O = 3 ,sec O = 11 ,coth = —
sec = —,cotf = ——.
V57
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168 Chapter 4 Trigonometric Functions

16. Using a right triangle with hypotenuse 12 and legs
5 (opposite) and V12> — 5% = V119 (adjacent),
5 V119 5

we have sin § = E,COSG = T’tane = Tg;
cscl = 12 sech = 12 coth = M9
5 V119’ 5

17. Using a right triangle with hypotenuse 23 and legs

9 (opposite) and V23? — 92 = /448 = 8V7 (adjacent),

. 9 V7 9
we havesin = —,cos § = ——,tan § = ——;
2 2 i
23 23 8\V7
csch = —,secf = ——=,coth = ——.
9 8\V7 9

18. Using a right triangle with hypotenuse 17 and legs

5 (adjacent) and V17 — 5* = V264 = 266

2V66 5
. h . _ 2V 66 _ 3
(oppos1te)\,;vi ave sin 0 7 cos 6 7
66 17 17 5
tan 0 = ;esc) = ——,sec = —,cotd = ——
5 2V66 5 2V66
3
19. i 20. 1
2
21. \V/3 22.2
L N2 a2 _2V3

2 2 V33
25. sec 45° = 1/cos 45° ~ 1.4142. Squaring this result yields
2.0000, 50 sec 45° = /2.
26. sin 60° =~ 0.8660. Squaring this result yields
0.7500 = 3/4,s0sin 60° = \V/3/4 = \/3/2.
27. csc (w/3) = 1/sin (m/3) ~ 1.1547. Squaring this result
yields 1.3333 or essentially 4/3, so
csc (m/3) = V43 = 2/\V/3 = 2\V/313.

28. tan (7/3) =~ 1.73205. Squaring this result yields 3.0000, so
tan (7/3) = V3.

For #29-40, the answers marked with an asterisk (*) should
be found in DEGREE mode; the rest should be found in RADIAN
mode. Since most calculators do not have the secant, cosecant,
and cotangent functions built in, the reciprocal versions of
these functions are shown.

29. ~ 0.961% 30. ~ 0.141%
31~ 0.943% 32. ~ 0.439%
33. ~ 0.268 34. ~ 0208
1
L~ 1.524% ———— ~ 3.072%
3 cos 49° 36 sin 19°
1 1
37. ~ 0.810 38. ~ 3.079
tan 0.89 cos 1.24
1 1
9. — ~ 2414 40. —— ~ 3236
3 tan (7/8) 0 sin (7/10)
41.0:300:% 42.0:60°:§
43.0:60°:§ 44.0:450:%
45.0:60°:§ 46.0:45":%
au au
47.0 = 30° = = 48. 0 = 30° = =
9 . 8. 0 .

15

49. x = ~ 26.82 50. z = ~ 29.60

. sin 340 z cos 390

32 o

5L y= s " 20.78 52. x = 14sin 43° = 9.55
6

53.y == ~ 10.46 54. x = 50 cos 66 ° ~ 20.34

sin 35°

For #55-58, choose whichever of the following formulas is
appropriate:

. b
a=Vc®— b =csina=ccosp=hbtana =

tan o

. a

b=V —a*=ccosa=csin=atanp =
tan B

c=Va+p=—2_=-_2 b __ b

cosa  sin f3 ~sina cos B
If one angle is given, subtract from 90° to find the other angle.

a 12.3
. b= = ~ 33.7
5 tan 8 tan20° %
12.3
c=—2 =_ ~ 3596,a = 90° — B = 70°
sin 8 sin 20°
56. a = csin a = 10sin 41° = 6.56,
b= ccosa = 10cos41° = 7.55,8 = 90° — a = 49°
57. b = atan B = 15.58 tan 55° =~ 22.25,
15.58
c=—— = ~ 27.16,8 = 90° — a = 35°

cos B cos55°

58. b = atan B = 5tan 59° =~ 8.32,
a 5

cosa  cos59°

~97l,a=90°—- B=31°

59. 0. As 6 gets smaller and smaller, the side opposite 6 gets
smaller and smaller, so its ratio to the hypotenuse
approaches 0 as a limit.

60. 1. As 6 gets smaller and smaller, the side adjacent to 0
approaches the hypotenuse in length, so its ratio to the
hypotenuse approaches 1 as a limit.

61. & = 55 tan 75° ~ 205.26 ft
62. h = 5 + 120 tan 8° =~ 21.86 ft

63. A=12- ~ 74.16 ft?

sin 54°
64. h = 130 tan 82.9° ~ 1043.70 ft
65. AC = 100 tan 75°13’ =~ 379 ft

66. Connect the three points on the arc to the center of the
circle, forming three triangles, each with hypotenuse 10 ft.
The horizontal legs of the three triangles have lengths
10 cos 67.5° =~ 3.83, 10 cos 45° =~ 7.07, and
10 cos 22.5° = 9.24. The widths of the four strips are,
therefore:
3.83 — 0 = 3.83 ft (strip A)
7.07 — 3.83 = 3.24 ft (strip B)
9.24 — 7.071 = 2.17 ft (strip C)
10 — 9.239 = 0.76 ft (strip D)
Allen needs to correct his data for strips B and C.

b

67

B

False. This is only true if 6 is an acute angle in a right
triangle. (Then it is true by definition.)

68. False. The larger the angle of a triangle, the smaller its

cosine.

by
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Section 4.3 Trigonometry Extended: The Circular Functions 169

69. sec 90° = 1 = l is undefined. The answer is E.
cos90° 0
o
70. sinf = OPP _ E The answer is A.
hyp 5
71. If the unknown slope is m, then m sin § = —1,so0
m= — 1 = —csc 6. The answer is D.

sin
72. For all 6, —1 = cos 6 = 1. The answer is B.

73

.

For angles in the first quadrant, sine values will be
increasing, cosine values will be decreasing, and only
tangent values can be greater than 1. Therefore, the first
column is tangent, the second column is sine, and the
third column is cosine.

b

74. For angles in the first quadrant, secant values will be
increasing, and cosecant and cotangent values will be
decreasing. We recognize that csc (30°) = 2. Therefore,

the first column is secant, the second column is cotangent,

and the third column is cosecant.

75. The distance d 4, from A to the mirror is 5 cos 30°; the dis-
tance from B to the mirror is dy = d, — 2. Then

dg dy—2 5 2

PB = =5—-—
cos 30°

COS « cos 30°

_s5- % ~o6om

V3
76. Let P be the point at which we should aim; let & and 8 be
the angles as labeled in #73. Since « = B,tan @ = tan S.
P should be x inches to the right of C, where x is chosen
so that tan @ = % =tan B = 010 x.Then
10x = 15(30 — x),so 25x = 450, which gives x = 18.

Aim 18 in. to the right of C (or 12 in. to the left of D).
77. One possible proof:

(sin §)% + (cos 6) = (%)z + (é)z

= — 4+ —

= - (Pythagorean theorem: a® + b? = c%.)

Il
—

78. Let h be the length of the altitude to base b and denote
the area of the triangle by A. Then

h .
— =sinf
a

C.h = asin6.

1
Since A = ) bh,we can substitute & = a sin 0 to get

1
A =§absin0.

M Section 4.3 Trigonometry Extended:
The Circular Functions

Exploration 1

1. The side opposite 6 in the triangle has length y and the
hypotenuse has length » Therefore

. opp Yy
sinf = ——=—,
hyp r
di

2. cos O = o _x
hyp r

0
3. tanf = ﬂ =2
adj x

X r r
4. cotd = —;sech = —;csch = —
y X y

Exploration 2

1. The x-coordinates on the unit circle lie between —1 and 1,
and cos ¢ is always an x-coordinate on the unit circle.

2. The y-coordinates on the unit circle lie between —1 and 1,
and sin 7 is always a y-coordinate on the unit circle.

3. The points corresponding to t and —¢ on the number line
are wrapped to points above and below the x-axis with the
same x-coordinates. Therefore cos 7 and cos (—t) are equal.

4. The points corresponding to t and —¢ on the number line
are wrapped to points above and below the x-axis with
exactly opposite y-coordinates. Therefore sin ¢ and
sin (—t) are opposites.

5. Since 27 is the distance around the unit circle, both ¢ and
t + 27 get wrapped to the same point.

6. The points corresponding to rand ¢t + o get wrapped to
points on either end of a diameter on the unit circle.
These points are symmetric with respect to the origin and
therefore have coordinates (x, y) and (—x, —y).
Therefore sin 7 and sin (¢ + ) are opposites, as are cos ¢
and cos (¢ + ).

7. By the observation in (6), tan  and tan(t + ) are ratios
of the form 24 and _—y, which are either equal to each
x -x

other or both undefined.

8. The sum is always of the form x> + y? for some (x, y) on
the unit circle. Since the equation of the unit circle is
x* + y* = 1, the sum is always 1.

9. Answers will vary. For example, there are similar state-
ments that can be made about the functions cot, sec,
and csc.

Quick Review 4.3

1. —30°

2. —150°

3. 1125°

4. 960°
T 1

5. tan 6 3
a

6. cot i 1
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V2

a
7. csc— =

o
8. —=2
sec =

9. Using a right triangle with hypotenuse 13 and legs
5 (opposite) and V132 — 52 = 12 (adjacent), we have

. 5 12 5 13

sin 6 = B,COSGZ E,tan@z E;CSCGZ ?,
3 12

sec ) = E,cot@z ?

10. Using a right triangle with hypotenuse 17 and legs
15 (adjacent) and V172 — 15? = 8 (opposite), we have

. 8 15 8 17

sin 6 = E,COSGZ ﬁ,tanez E;CSCGZ ?’
7 15

sec ) = E,cot@z ?

Section 4.3 Exercises

1. The 450° angle lies on
(450° — 360° = 90°),

the positive y-axis
while the others are all

coterminal in Quadrant II.

5
2. The —?ﬂ- angle lies in

5
Quadrant I (—Tﬂ- + 27 =

while the others are all coterminal in Quadrant I'V.

In #3-12, recall that the distance from the origin is

r = \/x2+y2.

)4

3

)

2 1
3.sinf = —=,cos0 = — —=,tan O = —2;csch =
Vs V5
1
0 =—-V5coth =——.
sec co >
4'(9*—é G*Et 0*—2' 0,_§
L sin 6 = 5,cos =35 an = 4,csc =3
sect9*§cott9*—i
4 3
. 1 1
5.s1n0:——,cos0:——,tan0:1;0500:—\/5,
V2 2
secl) = —V2,coth = 1.
6sin0*—icost9*itan0*—§'
V34 34 3
V34 V34 3
csch = — ,secf = ,cotd = — —.
5 3 5
7sinG*icosefétan@*icscefé
. 57 57 37 47
sect9*—c0tt9*é
9 4'
8.sinf = — 3 COSG*—LtanG*E'
) V13 V13’ 2
0*—@ t9*—\/B tt9*2
csch = 3 ,sech = > , CO =3
9.sinf = 1,cos # = 0, tan 6 undefined;csc 6 = 1,

sec 6 undefined, cot 6

10. sinf = 0,cos 0 = —1

= 0.

,tan @ = 0; csc 0 undefined,

sec § = —1, cot 6 undefined.

11. sinf = — 2 cosefitanef—z'
V29 V29’ 5’
V29 V29 5
csc ) = — ,sech = ,cotfd = — —.
2 5 2
12 sinG*—LCOSG*LtanG*—l'
csch = — 2,5600:\/5,00'[0:—1.

For #13-16, determine the quadrant(s) of angles with the given
measures, and then use the fact that sin ¢ is positive when the
terminal side of the angle is above the x-axis (in Quadrants I
and IT) and cos ¢ is positive when the terminal side of the angle
is to the right of the y-axis (in quadrants I and IV). Note that
since tan ¢ = sin t/cos ¢, the sign of tan ¢ can be determined
from the signs of sin ¢ and cos ¢: If sin ¢ and cos ¢ have the same
sign, the answer to (c) will be “+7; otherwise it will be “—".
Thus tan ¢ is positive in Quadrants I and III.
13. These angles are in Quadrant I. (a) + (i.e.,sin¢ > 0).

(b) + (ie,cost > 0).(c) + (i.e.,tant > 0).
14. These angles are in Quadrant II. (a) +. (b) —. (¢) —.
15. These angles are in Quadrant III. (a) —. (b) —. (c) +.
16. These angles are in Quadrant IV. (a) —. (b) +. (¢) —.

For #17-20, use strategies similar to those for the previous
problem set.

17. 143° is in Quadrant II, so cos 143° is negative.

18. 192° is in Quadrant III, so tan 192° is positive.

7 7
19. % rad is in Quadrant II, so cos % is negative.

4 4
20. ?ﬂ- rad is in Quadrant II, so tan ?ﬂ- is negative.

y

21. (a) (2,2);tan 45° == =1=y = x.
X

Y _

2 2
22. (b) (-1, \/g), tan ?ﬂ- =< =-\3. Tﬂ- is in Quadrant II,
x

so x is negative.

T

23. (a) (—\V/3,-1); c

is in Quadrant III, so x and y are both

L

negative. tan Im _ .
6 3
24. (b) (1,— \/g), —60° is in Quadrant IV, so x is positive
while y is negative. tan (—60°) = -\/3.

For #25-36, recall that the reference angle is the acute angle

formed by the terminal side of the angle in standard position

and the x-axis.

25. The reference angle is 60°. A right triangle with a 60°
angle at the origin has the point P(—1, V' 3) as one vertex,

1
with hypotenuse length r = 2,s0 cos 120° = Z- >
r

26. The reference angle is 60°. A right triangle with a 60°

angle at the origin has the point P(1,—/3) as one vertex,

so tan 300° = Y- —\/g.
X
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27.

28.

29.

30.

31.

32.

33.

34.

3s.

36.

37.

38

by

39.

40.

Section 4.3 Trigonometry Extended: The Circular Functions

The reference angle is the given angle, % A right triangle

with a % radian angle at the origin has the point P(1, \/g)
as one vertex, with hypotenuse length » = 2, so
r

a
sec— = — =
3

The reference angle is % A right triangle with a % radian
angle at the origin has the point P(1, 1) as one vertex,

3
with hypotenuse length r = \/E, SO csc Tﬂ- -L-Va
y

The reference angle is % (in fact, the given angle is

coterminal with %) A right triangle with a % radian

angle at the origin has the point P(\/_ 3,1) as one vertex,
Br y 1

ith hypot length r = 2, — ===
with hypotenuse length r SO sin G =3

The reference angle is % (in fact, the given angle is

coterminal with g) A right triangle with a % radian

angle at the origin has the point P(1, \/g) as one vertex,
x_1
r

7
with hypotenuse length r = 2, so cos ?ﬂ- =7 5

The reference angle is % (in fact, the given angle is

coterminal with %) A right triangle with a T radian

angle at the origin has the point P(1,1) as one vertex,

-15
so tan T_Y_ 1.
4 X

The reference angle is % A right triangle with a T radian

angle at the origin has the point P(—1, —1) as one vertex,

13 X
socot— = — =
4 y
cos 237 cos 117 3
6 6 2
Un__a_ 3
cos 2 = co! 1- 2
17 . 5% V3
sin— = sin— = — —
3 3 2
cotlgTﬂ-:cot%T:\/g

—450° is coterminal with 270°, on the negative y-axis.
(a) —1 (b) 0 (¢) Undefined

—270° is coterminal with 90°, on the positive y-axis.

(a) 1 (b) 0 (¢) Undefined

77 radians is coterminal with 7 radians, on the negative
x-axis. (@) 0 (b) =1 (¢) O

11 3

Tﬂ- radians is coterminal with %T radians, on the

negative y-axis. (a) —1 (b) 0 (¢) Undefined

41.

42.

43.

44.

45.

46,

b

47

B

48

by

49

B

50

b

51

52.

53.

54

b

56.

57.

171

radians is coterminal with > radians, on the positive

y-axis. (a) 1 (b) 0 (¢) Undefined

—47r radians is coterminal with 0 radians, on the positive
x-axis. (@) 0 (b) 1 (¢) O

Since cot # > 0, sin 6 and cos 6 have the same sign, so

_ sinf Vs

5
sin = +V1 — cos? =%,andtan0—

cosf 2

Since tan 6 < 0, sin 6 and cos 6 have opposite signs,
15
socosf = —V1—sin20 = — \Z_,and
coth = - —\V1s.
sin 0
21 i
cosf = +V1 —sin?6 = \/_,sotane = sin 0
cos 6

-2 andsecG*L*L

Va2t cosf  \21

sec 6 has the same sign as cos 6, and since cot § > 0,
sin § must also be negative. With x = =3,y = —7,and
7
= V3 + 7= \/%,we have sin § = —
3 \/5_8
cosf = — ——

N

Since cos § < 0 and cot # < 0, sin § must be positive.
With x = —4,y = 3,andr = V4> + 32 = 5, we have

5
secf = —Zandcscez -

and

Since sin # > 0 and tan # < 0, cos # must be negative.

With x = =3,y = 4,andr = V4% + 32 = 5 _we have
3

5
cscd = —andcot § = 7

i (3+49000 )f i (3)—1
sin { 0007 ) = sin { =) =7

tan (1,234,5677) — tan (7,654,3217)
= tan (7) — tan (7) = 0

(5 ,555, 55577-) ( )
cos = cos

37 — 70,0007 37 .
tan — = tan - = undefined

The calculator’s value of the irrational number 7 is neces-
sarily an approximation. When multiplied by a very large
number, the slight error of the original approximation is
magnified sufficiently to throw the trigonometric func-
tions off.

sin ¢ is the y-coordinate of the point on the unit circle
after measuring counterclockwise ¢ units from (1, 0). This
will repeat every 27 units (and not before), since the
distance around the circle is 277.

sin 6, =

(@) Whent = 0,d = 0.4in.
(b) Whent = 3,d = 0.4e %6 cos 12 ~ 0.1852 in.
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58.

59. The difference in the elevations is 600 ft,so d = 600/sin 6.

60

b

61.

62.

63.

64

b

65

by

66.

67

B

68

&

69.

B

70,

b

71.

Whent = 0,0 = 0.25 (rad). When t = 2.5,
0 = 0.25 cos 2.5 ~ —0.2003 rad.

Then:
(a) d = 6002 ~ 84853 ft.
(b) d = 600 ft.

(¢)d ~ 93343 ft.

January (t = 1):72.4 + 61.7 sin% = 103.25.

2
April (1 = 4):72.4 + 61.7 sin?ﬂ- ~ 125.83.
June (¢t = 6):72.4 + 61.7sin 7 = 72.4.

5
October (¢ = 10): 72.4 + 61.7 sin?ﬂ- ~ 18.97.

December (¢t = 12):72.4 + 61.7 sin 27 = 72.4. June and
December are the same; perhaps by June most people
have suits for the summer, and by December they are
beginning to purchase them for next summer (or as
Christmas presents, or for mid-winter vacations).

True. Any angle in a triangle measures between 0° and
180°. Acute angles (<90°) determine reference triangles
in Quadrant I, where the cosine is positive, while obtuse
angles (>90°) determine reference triangles in
Quadrant II, where the cosine is negative.

True. The point determines a reference triangle in

Quadrant IV, with r = V82 + (—6)? = 10. Thus
sinf = y/x = —6/10 = —0.6.
1
If sin & = 0.4,thensin (—6) + csc = —sinf + ——
sin 6

= —-04 + 01—4 = 2.1. The answer is E.

If cos § = 0.4,thencos (6 + 7) = —cos § = —0.4. The
answer is B.

(sin £)* + (cos t)*> = 1 for all . The answer is A.

sin @ = —V1 — cos 2#, because tan 0

. . 25 12
= > 0. = 1- =2 =22
(sin §)/(cos 6) > 0. So sin 6 169 13

The answer is A.

Since sin # > 0 and tan 6 < 0, the terminal side

5
must be in Quadrant II,so 6 = %

Since cos # > 0 and sin 6 < 0, the terminal side must be
117
-

Since tan # < 0 and sin 6 < 0, the terminal side must be

in Quadrant IV, so 6 =

7
in Quadrant IV, so 6 = Tﬂ-

Since sin # < 0 and tan 6 > 0, the terminal side must be

5
in Quadrant III,so 0 = Tﬂ-

The two triangles are congruent: Both have hypotenuse 1,
and the corresponding angles are congruent — the smaller
acute angle has measure ¢ in both triangles, and the two
acute angles in a right triangle add up to /2.

72. These coordinates give the lengths of the legs of the trian-
gles from Exercise 71, and these triangles are congruent.
For example, the length of the horizontal leg of the trian-
gle with vertex P is given by the (absolute value of the) x-
coordinate of P; this must be the same as the (absolute
value of the) y-coordinate of Q.

y
0(-b, a)
t+ g P(a, b)
P t
t
X
1,0

73. One possible answer: Starting from the point (a, b) on the
unit circle — at an angle of ¢, so that cos t = a — then
measuring a quarter of the way around the circle (which
corresponds to adding 7/2 to the angle), we end at (—b, a),
so that sin(t + #/2) = a. For (a, b) in Quadrant I, this is
shown in the figure above; similar illustrations can be
drawn for the other quadrants.

74. One possible answer: Starting from the point (a, b) on the
unit circle — at an angle of ¢ so that sin t = b — then
measuring a quarter of the way around the circle (which
corresponds to adding 77/2 to the angle), we end at (—b, a),
so that cos(t + 7/2) = —b = —sin t. For (a, b) in Quadrant
I, this is shown in the figure above; similar illustrations can
be drawn for the other quadrants.

75. Starting from the point (a, b) on the unit circle — at an
angle of ¢, so that cos t = a — then measuring a quarter of
the way around the circle (which corresponds to adding
7/2 to the angle), we end at (—b, a),so that sin(t + 7/2) =
a. This holds true when (a, b) is in Quadrant II, just as it
did for Quadrant I.

y
P(a, b)
: t
H YR o
t+ZY
2
0-b, )z~

76. (a) Both triangles are right triangles with hypotenuse 1,
and the angles at the origin are both ¢ (for the triangle
on the left, the angle is the supplement of = — ).
Therefore the vertical legs are also congruent; their
lengths correspond to the sines of t and 7 — .

(b) The points P and Q are reflections of each other
across the y-axis, so they are the same distance (but
opposite directions) from the y-axis. Alternatively, use
the congruent triangles argument from (a).
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77. Seven decimal places are shown so that the slight differences )
can be seen. The magnitude of the relative error is less than 0 sin 0 sing — 0 sinf — 6 ‘
1% when |6] < 0.2441 (approximately). This can be seen by sin 6
tending the table to | \ f b hi
A R 6. or by graphing —0.03 | —0.0299955 0.0000045 | 0.0001500
e 0L —0.02 | —0.0199987 0.0000013 | 0.0000667
—0.01 | —0.0099998 0.0000002 | 0.0000167
0 0 0 —
0.01 0.0099998 —0.0000002 | 0.0000167
0.02 0.0199987 —0.0000013 | 0.0000667
0.03 0.0299955 —0.0000045 | 0.0001500
78. Let (x, y) be the coordinates of the point that corresponds to # under the wrapping. Then
s y\2 2ty 1 ) § . .
1+ (tant)* =1+ |=| = >— =— = (sect)’. (Note that x* + y* = 1 because (x, y) is on the unit circle.)
x X X
79. This Taylor polynomial is generally a very good approxi- 1 1
mation for sin § — in fact, the relative error (see Exercise 0 sin 0 0 — I3 0 sin 0 — (0 % 03)
77) is less than 1% for |0] < 1 (approx.). It is better for 6
close to 0; it is slightly larger than sin # when < 0 and -0.3 —0.2955202 —0.2955000 —0.0000202
slightly smaller when 6 > 0. —02 | —0.1986693 | —0.1986667 | —0.0000027
-0.1 —0.0998334 —0.0998333 —0.0000001
0 0 0 0
0.1 0.0998334 0.0998333 0.0000001
0.2 0.1986693 0.1986667 0.0000027
0.3 0.2955202 0.2955000 0.0000202
80. This Taylor polynomial is generally 1 1 1 1
a very good approximation for cos 0 0 cos 0 1-—=6+ =0 cos O — (1 - =6+ —)04
— in fact, the relative error (see #77) 2 24 2 24
is less than 1% for || < 1.2 (approx.). —0.3 | 0.9553365 0.9553375 —0.0000010
It is better for 6 close to 0; it is slightly _02 | 0.9800666 0.9800667 —0.0000001
larger than cos 6 when 6 # 0.
—0.1 | 0.9950042 0.9950042 —0.0000000
0 1 1 0
0.1 | 0.9950042 0.9950042 —0.0000000
0.2 | 0.9800666 0.9800667 —0.0000001
0.3 | 0.9553365 0.9553375 —0.0000010
B Section 4.4 Graphs of Sine and Cosine: Quick Review 4.4
Sinusoids 1. Inorder: + ,+ ,— , —
2. Inorder: + ,—,— , +
Exploration 1 3. Inorder: + ,— ,+ , —
1. /2 (at the point (0,1)) - 3
2. 37/2 (at the point (0, —1)) 4. 135 180° 4
3. Both graphs cross the x-axis when the y-coordinate on the 5 1500 —— = S
unit circle is 0. ’ 180° 6
4. (Calculator exploration) o, _m__ 5T
6. 450 R0° - 2

5. The sine function tracks the y-coordinate of the point as it
moves around the unit circle. After the point has gone
completely around the unit circle (a distance of 27), the
same pattern of y-coordinates starts over again.

7. Starting with the graph of y,, vertically stretch by 3 to
obtain the graph of y;.

8. Starting with the graph of y,, reflect across the y-axis to

6. Leave all the settings as they are shown at the start of the obtain the graph of y,.

exploration, except change Y, to cos(T). 9. Starting with the graph of y,, vertically shrink by 0.5 to

obtain the graph of y,.
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174 Chapter 4 Trigonometric Functions

10. Starting with the graph of y;, translate down 2 units to
obtain the graph of y,.

Section 4.4 Exercises
In #1-6, for y = a sin x, the amplitude is | a |. If |a| > 1, there
is a vertical stretch by a factor of | a |, and if | a | < 1, there is
a vertical shrink by a factor of | a |. When a < 0, there is also a
reflection across the x-axis.

1. Amplitude 2; vertical stretch by a factor of 2.

2. Amplitude 2/3; vertical shrink by a factor of 2/3.

3. Amplitude 4; vertical stretch by a factor of 4, reflection
across the x-axis.

4. Amplitude 7/4; vertical stretch by a factor of 7/4, reflec-
tion across the x-axis.
5. Amplitude 0.73; vertical shrink by a factor of 0.73.
6. Amplitude 2.34; vertical stretch by a factor of 2.34, reflec-
tion across the x-axis.
In #7-12, for y = cos bx, the period is 27 /|b|.If |b| > 1,
there is a horizontal shrink by a factor of 1/| b |, and if
| b| < 1, there is a horizontal stretch by a factor of 1/| b |.
When b < 0, there is also a reflection across the y-axis. For
y = a cos bx, a has the same effects as in #1-6.
7. Period 27 /3; horizontal shrink by a factor of 1/3.
8. Period 277 /(1/5) = 104; horizontal stretch by a factor of
1/(1/5) = 5.
9. Period 27 /7; horizontal shrink by a factor of 1/7, reflec-
tion across the y-axis.

10. Period 277/0.4 = 5ar; horizontal stretch by a factor of
1/0.4 = 2.5, reflection across the y-axis.

11. Period 277/2 = ar; horizontal shrink by a factor of 1/2.
Also a vertical stretch by a factor of 3.

12. Period 27r/(2/3) = 3; horizontal stretch by a factor of
1/(2/3) = 3/2. Also a vertical shrink by a factor of 1/4.

In #1316, the amplitudes of the graphs for y = a sin bx and
y = a cos bx are governed by a, while the period is governed
by b, just as in #1-12. The frequency is 1/period.

13. For y = 3 sin (x/2), the amplitude is 3, the period is
27/(1/2) = 4ar, and the frequency is 1/(47).

NEA
W/ I

[-3m, 3] by [-4, 4]

14. For y = 2 cos (x/3), the amplitude is 2, the period is
27/(1/3) = 67, and the frequency is 1/(67).

-

[-3m, 3] by [-4, 4]

15. For y = —(3/2) sin 2x, the amplitude is 3/2, the period is
27/2 = ar, and the frequency is 1/7.

[-3r, 3] by [4, 4]

16. For y = —4sin (2x/3), the amplitude is 4, the period is
27/(2/3) = 3w, and the frequency is 1/(3).

ANA
Vo

[-3r, 3] by [4, 4]

Note: The frequency for each graph in #17-22 is 1/(27r).
17. Period 27r, amplitude = 2 18. Period 27, amplitude = 2.5

19. Period 27r, amplitude = 3 20. Period 27, amplitude = 2

A7£ x X
- T —-m T
3 -

- -2

21. Period 27, amplitude = 0.5 22. Period 27, amplitude = 4
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23. Period 7,
amplitude = 5,
frequency = 1/7

5 -
-1.57
T5m

25. Period 27 /3,
amplitude = 0.5,
frequency = 3/2m

0.
)
=T ‘ ’ ‘77

-0.5

27. Period 8w,
amplitude = 4,
frequency = 1/(8m)

24, Period 4,
amplitude = 3,
frequency = 1/(4)

3
—67 \? ‘f ‘ewx
L3

26. Period /2,
amplitude = 20,
frequency =2/

20
-0.757
X
0.757

-20

28. Period 27/5,
amplitude = 8§,
frequency = 5/(2)

Section 4.4 Graphs of Sine and Cosine: Sinusoids 175

3
39. Maximum: 1 (at + %, + %T);minimum: —1 (at 0, +, + 27).

7z _iz 37 5w :|:7—7T
eros: i T oE

’7T

3 ;minimum: —2 | at — 3—77- T
202 2°2)
Zeros: 0, £, £27.

41. y = sin x has to be translated left or right by an odd mul-
tiple of 7. One possibility is y = sin (x + ).

40. Maximum: 2 (at

42. y = sin x has to be translated right by % plus an even

multiple of 7. One possibility is y = sin (x — 7/2).

1
43. Starting from y = sin x, horizontally shrink by 3 and
vertically shrink by 0.5. The period is 27/3.
. . 2w 2w 33
Possible w1nd0w[ 33 } by{ T 4]
44. Starting from y = cos x, horizontally shrink

1
by 1 and vertically stretch by 1.5. The period is 7 /2.

}by[ 2].

Possible window: {

/\%

N/

ULY

4_
—127
x
127

i/l ~

29. Period 7r; amplitude 1.5; [—2r, 27r] by [—2, 2].

2m 2

30. Period 27 /3; amplitude 2; { =3 }by [—4,4].

31. Period mr; amplitude 3; [—2r, 27] by [—4, 4].
32. Period 4r; amplitude 5; [—4, 47] by [—10, 10].
33. Period 6; amplitude 4;[—3, 3] by [-5, 5].

34. Period 2; amplitude 3;[—4, 4] by [-5,5].

35. Maximum: 2 (at — 37# and — > )

ini ._2 t_z d3_7T
minimum: at—— and —= |

Zeros: 0, £, £21r.

36. Maximum: 3 (at 0); minimum: —3 (at +27). Zeros: .

37. Maximum: 1 (at 0, £, +£27); minimum:

-1 (at igand + 37#) Zeros: + z, + 3—77-, + S—W, + 7—77-

4 4 4 4

. 1 3
38. Max1mum.2( at > and )

1
minimum: — — (at ~Zand —) Zeros: 0, £, £27r.
2 2 2

8
.67
X
—0.6m
| [ 227 27 Jby[0.75,0.75] [T
8 3 2

~0.75,0.75]

3
For #43 For #44
45. Starting from y = cos x, horizontally stretch by 3,

2
vertically shrink by 3 reflect across the x-axis. The period
is 6. Possible window: [— 67, 6] by [—1,1].
46. Starting from y = sin x, horizontally stretch by 5 and

3
vertically shrink by T The period is 104r. Possible

—6m, 67| by [— =107, 107 ] by [—
For #45 For #46

window: [—107r, 1077] by [—1

AAl

3
47. Starting from y = cos x, horizontally shrink by Py and
T

vertically stretch by 3. The period is 3. Possible window:
[-3,3] by [—3.5,3.5].
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4
48. Starting from y = sin x, horizontally stretch by —,
o

vertically stretch by 2, and reflect across the x-axis.
The period is 8. Possible window: [—8, 8] by [—3, 3].

A/ N
\/[\/\/N

[-3,3] by [-3.5,3.5] [-8,8] by [~

For Exercise 47

For Exercise 48

5
49. Starting with y;, vertically stretch by 3

50. Starting with y;, translate right % units and vertically
shrink b 1
Y5

1
51. Starting with y;, horizontally shrink by >

52. Starting with y;, horizontally stretch by 2 and vertically
2
shrink by 3

For #53-56, graph the functions or use facts about sine and
cosine learned to this point.

53. (a) and (b)
54. (a) and (b)
55. (a) and (b) — both functions equal cos x

56. (a) and (¢) — sin(2x + %)

- anf(2e-5) < 5] el )

In #57-60, for y = asin (b(x — h)), the amplitude is | a |, the
period is 27 /| b |, and the phase shift is A.

57. One possibility is y = 3 sin 2x.

58. One possibility is y = 2 sin (2x/3).

59. One possibility is y = 1.5sin 12(x — 1).

60. One possibility is y = 3.2 sin 14(x — 5).

61. Amplitude 2, period 21, phase shift %, vertical translation

1 unit up.
. . T
62. Rewrite as y = —3.5 s1n{2 (x - Z)} -1

Amplitude 3.5, period 7, phase shift %, vertical translation
1 unit down.

63. Rewrite as y = 5 005{3 (x - %)} + 0.5.

2
Amplitude 5, period Tﬂ-, phase shift %, vertical

o1
translation ) units up.

64. Amplitude 3, period 27, phase shift —3, vertical
translation 2 units down.

65. Amplitude 2, period 1, phase shift 0, vertical translation
1 unit up.

2
66. Amplitude 4, period 3 phase shift 0, vertical translation
2 units down.
7 5
67. Amplitude 3 period 24, phase shift > vertical transla-

tion 1 unit down.

68 Amphtude 3 period 8, phase shift 3, vertical translation

by

1 unit up.
69. y=2sin2x (a=2,b=2,h= 0,k =0).
70. y = 3sin[2(x + 05)] (a = 3,b=2,h= 05k = 0).
71. (a) There are two points of intersection in that interval.

(b) The coordinates are (0, 1) and (27, 1.37>7)
~ (6.28,0.19). In general, two functions intersect
where cos x = 1,i.e., x = 2nar, n an integer.
2w 4w
35 7°
The height of the rider is modeled by

B

.

72.a = 4and b =

73

b

2
h =30 — 25cos (4_7(1-[)’ where t = 0 corresponds
to the time when the rider is at the low point. 7 = 50

when_—4 = cos (2 ) Then —t ~ 2.498,s0t
5 40 40

~ 15.90 sec.
74. The length L must be the distance traveled in 30 min by
an object traveling at 540 ft/sec:

L = 1800 sec - 540 Sfé = 972,000 ft, or about 184 mi

75. (a) A model of the depth of the tide is
d=2 cos{%(t - 7.2)} + 9, where ¢ is hours since

midnight. The first low tide is at 1:00 A.m. (r = 1).

(b) At 4:00 A.M. (t = 4): about 8.90 ft. At 9:00 p.Mm.
(t = 21): about 10.52 ft.

(c) 4:06 AM. (t = 4.1 — halfway between 1:00 A.m. and
7:12 AM.).

76. (a) 1 second.

by

(b) Each peak corresponds to a heartbeat —there are
60 per minute.

(c)

[0,10] by [80, 160]
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77. (a) The maximum d is approximately 21.4. The amplitude
is (214 — 7.2)/2 = 7.1.
Scatterplot:

[0, 2.1] by [7, 22]

(b) The period appears to be slightly greater than 0.8, say
0.83.

(c) Since the function has a minimum at ¢t = 0, we use
an inverted cosine model:
d(t) = —7.1 cos (27t/0.83) + 14.3.

@

[0, 2.1] by [7, 22]
78. (a) The amplitude is 12.7, half the diameter of the
turntable.

(b) The period is 1.8, as can be seen by measuring from
minimum to minimum.

(c¢) Since the function has a minimum at ¢ = 0, we use
an inverted cosine model:
d(t) = —12.7 cos (2mt/1.8) + 72.7.

(d)

[0, 4.1] by [59, 86]

79.

B

One possible answer is T = 22.5 cos (%(x - 7)) + 56.5.

Start with the general form sinusoidal function

y = acos (b(x — h)) + k,and find the variables a, b, A,

and k as follows:

79 — 34
2

ly choose to use the positive value, so a = 22.5.

The amplitude is la| = = 22.5. We can arbitrari-

. 2 27
The period is 12 months. 12 = ) = |p| = o=
Again, we can arbitrarily choose to use the positive value,
b _ o
sob =+
The maximum is at month 7, so the phase shift # = 7.
The vertical shift k£ = BE3 56.5.
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[0, 13] by [20, 90]

80

b

One possible answer is y = 24.5 cos (% (x — 7)) + 44.5.

Start with the general form sinusoidal function
y = acos (b(x — h)) + k, and find the variables a, b, h,
and k as follows:

69 — 20

The amplitude is la| = = 24.5. We can arbitrarily

choose to use the positive value, so a = 24.5.

. 2 27w
The period is 12 months. 12 = ) = |p| = s
Again, we can arbitrarily choose to use the positive value,
b _ o
sob=—.
The maximum is at month 7, so the phase shift 7 = 7.
The vertical shift k = 69+20 _ 44.5.

[0, 13] by [10, 80]

81. False. Since y = sin 2x is a horizontal stretch of y = sin 4x
by a factor of 2, y = sin 2x has twice the period, not half.
Remember, the period of y = sin bx is 27 /| b |.

82. True. Any cosine curve can be converted to a sine curve of
the same amplitude and frequency by a phase shift, which
can be accomplished by an appropriate choice of C
(a multiple of 7/2).

83. The minimum and maximum values differ by twice the
amplitude. The answer is D.

84. Because the graph passes through (6, 0), f(6) = 0. And 6
plus exactly two periods equals 96, so f(96) = 0 also. But
f(0) depends on phase and amplitude, which are
unknown. The answer is D.

85. For f(x) = asin (bx + c), the period is 27/| b |, which
here equals 277 /420 = 7/210. The answer is C.

86. There are 2 solutions per cycle, and 2000 cycles in the
interval. The answer is C.

87. (a)

[—m,m]by [-1.1,1.1]
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(b) cos x ~ 0.0246x* + 0x* — 0.4410x* + Ox + 0.9703.The For #93-96, note that A and C are one period apart.
coefficients given as “0” here may show up as very small Meanwhile, B is located one-fourth of a period to the right of
numbers (e.g., 1.44 X 10~'%) on some calculators. Note A, and the y-coordinate of B is the amplitude of the sinusoid.
that cos x is an even function, and only the even powers 93. The period of this function is 7 and the amplitude is 3.

13 — ”  ~ ) T ) )
of x have nonzero (or a least “non-small”) coefficients. B and C are located (respectively) T units and o units to

(¢) The Taylor polynomial is
3
1 — lx2 + ix4 =1 — 0.5000x2 + 0.04167x* the the right of A.Therefore, B = (0,3) and C = (Tﬂ-, 0).

2 24 ’

coefficients are fairly similar. 94. The period of this function is 27r and the amplitude is 4.5.

88. (a) a . _— .
’ o “a B and C are located (respectively) 5 units and 27 units to

3
the right of A.Therefore B = (Tﬂ-, 4.5) and

e i C= (%TW’ o).

[, 7] by [-1.1,1.1]

2
95. The period of this function is Tﬂ-and the amplitude is 2.
(b) sin x & —0.0872x> + 0x*> + 0.8263x + 0.The

s~ 3 “wn» . . 2 .
coefficients given as “0” here may show up as very B and C are located (respectively) — units and — units to
small numbers (e.g.,3.56 X 10~ ') on some calcula- 6 3
tors. Note that sin x is an odd function, and only the the right of A. Therefore B = (27 2) and C = (3_777 0).
odd powers of x have nonzero (or a least “non-small”) 4 4
coefficients. 96. The first coordinate of A is the smallest positive x such

(¢) The Taylor polynomial is x — ng = x — 0.16667x; that 2x — 7 = nr, n and integer, so x = 1 77 must
the coefficients are somewhat similar. T ) ) L )
2 1 equal —. The period of this function is 7 and the ampli-
2

89. (a) p = —— = —=sec. . . T

524w 262 tude is 3. B and C are located (respectively) 7 units and

1
b) f = 262 — (“cycles per sec”), or 262 Hertz (Hz).
®) f sec (“ey P ) (Hz) 77 units to the right of A. Therefore A = (%, 0),
© 3 37
B = (T, 3), and C = (T,O).
97. (a) Since sin (—0) = —sin 0 (because sine is an odd func-
tion) asin [-B(x — h)] + k= —asin[B(x — h)] + k.
Then any expression with a negative value of b can be
— rewritten as an expression of the same general form
[0,0.025] by [2.2] but with a positive coefficient in place of b.

90. Since the cursor moves at a constant rate, its distance (b) A sine graph can be translated a quarter of a period
from the center must be made up of linear pieces as to the left to become a cosine graph of the same sinu-
shown (the slope of the line is the rate of motion). So, it . . { ( 1 2#)}

. = -h+--=]|+
is not sinusoidal. A graph of a sinusoid is included for soid. Thus y = assin | b\ (x = &) 4 b k
comparison. = asin {b(x - (h - ;—b))} + k has the same

I;,f{\ A graph as y = acos [b(x — h)] + k. We therefore
a
h H=h—-—.
choose b

(c) The angles # + 7 and 0 determine diametrically

opposite points on the unit circle, so they have point

[0, 27 by 15, 1.5] symmetry with respect to the origin. The y-coordi-
’ ’ nates are therefore opposites, so sin( + ) = —sin 6.
91 (a) a — b must equal . (d) By the identity in (c). y = asin [b(x — h) + 7] + k
(b) a — b must equal 2. = —asin [b(x — h)] + k. We therefore choose
(¢) a — b must equal k. H=h-— %

92. (a) a — b must equal 1.
(e) Part (b) shows how to convert

y =acos[b(x — h)] + kto
(¢) a — b must equal k. y = asin [b(x — H)] + k, and parts (a) and (d) show
how to ensure that a and b are positive.

(b) a — b must equal 2.
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Section 4.5

M Section 4.5 Graphs of Tangent, Cotangent,
Secant, and Cosecant

Exploration 1
1. The graphs do not seem to intersect.

2. Set the expressions equal and solve for x:

—kcosx = secx

—kcosx = 1/cos x
—k(cos x)> =1

(cos x)? = —1/k

Since k > 0, this requires that the square of cos x be
negative, which is impossible. This proves that there is
no value of x for which the two functions are equal, so
the graphs do not intersect.

Quick Review 4.5
1. Period 7

2. Period 2?#

3. Period 67
4. Period 4

For #5-8, recall that zeros of rational functions are zeros of
the numerator, and vertical asymptotes are found at zeros of
the denominator (provided the numerator and denominator
have no common zeros).

5. Zero: 3. Asymptote: x = —4

6. Zero: —5. Asymptote: x = 1

2andx = -2
Oandx = 3

For #9-10, examine graphs to suggest the answer. Confirm by
checking f(—x) = f(x) for even functions and

7. Zero: —1. Asymptotes: x =

8. Zero: —2. Asymptotes: x =

f(=x) = —f(x) for odd functions.
9. Even'(— Y+4=x"+4
10. Odd: ——~ = 1
(—X) X

Section 4.5 Exercises
1. The graph of y = 2 csc x must be vertically stretched by
2 compared to y = csc x,s0 y; = 2csc x and y, = csc X.

2. The graph of y = 5 tan x must be vertically stretched
by 10 compared to y = 0.5 tan x,so y; = 5 tan x and
y, = 0.5 tan x.

3. The graph of y = 3 csc 2x must be vertically stretched by
1
3 and horizontally shrunk by 5 compared to y = csc x, sO

y; = 3csc2x and y, = csc x.

4. The graph of y = cot(x — 0.5) + 3 must be translated
3 units up and 0.5 units right compared to y = cot x, so
y1 = cot(x — 0.5) + 3 and y, = cot x.

5. The graph of y = tan 2x results from shrinking the graph
1
of y = tan x horizontally by a factor of > There are

3

vertical asymptotes at x = ... R

_r=
4’ 4

Graphs of Tangent, Cotangent, Secant, and Cosecant 179

Py
T

6. The graph of y = —cot 3x results from shrinking the

2’2

1
graph of y = cot x horizontally by a factor of 3 and

reflecting it across the x-axis. There are vertical
20w o w

-5 0, ...
737

asymptotes at x = ... 33

J
[

7T7T
gg by [-6, 6]

7. The graph of y = sec 3x results from shrinking the graph

1
of y = sec x horizontally by a factor of 3 . There are

vertical asymptotes at odd multiples of %

JM L
AN

277277
?—}b -6, 6]

8. The graph of y = csc 2x results from shrinking the graph

1
of y = csc x horizontally by a factor of ) . There are

o o

vertical asymptotes at x = ... > 0, CIREE

SN
1

[—m, 7] by [

—r, —

[-6,6]
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180 Chapter 4 Trigonometric Functions

9. The graph of y = 2 cot 2x results from shrinking the
1
graph of y = cot x horizontally by a factor of ) and

stretching it vertically by a factor of 2. There are vertical
o o

asymptotes at x = ... —7, — > 0, DR

NN
YA

7T7T
_ffby —6,6]

10. The graph of y = 3 tan (%) results from stretching the

graph of y = tan x horizontally by a factor of 2 and

stretching it vertically by a factor of 3. There are vertical
asymptotes at x = ...

A
[

[—2r, 2] by [—15,15]

—ar,m, 3, ... .

11. The graph of y = csc (%) results from horizontally

stretching the graph of y = csc x by a factor of 2.
There are vertical asymptotes at
x = ... 4w, 2,0, 2m, ... .

SRS
N

[—4r, 4] by [—6,6]

12. The graph of y = 3 sec 4x results from horizontally
1
shrinking the graph of y = sec x by a factor of 1 and

stretching it vertically by a factor of 3. There are vertical

asymptotes at odd multiples of %

RV
AN

[~ 31by [-15,15]

13. Graph (a); Xmin = —7 and Xmax = 7
14. Graph (d); Xmin
15. Graph (c); Xmin = —7 and Xmax = 7

— and Xmax = 7

16. Graph (b); Xmin = —7 and Xmax = 7

17. Domain: All reals except integer multiples of 7
Range: (— 00, )
Continuous on its domain
Decreasing on each interval in its domain
Symmetric with respect to the origin (odd)
Not bounded above or below
No local extrema
No horizontal asymptotes

Vertical asymptotes x = ki for all integers k
End behavior: lim cot x and lim cot x do not exist.
x—00 x——00

18

by

Domain: All reals except odd multiples ofg

Range: (—oo0,—1] U [1, o0)

Continuous on its domain

On each interval centered at an even multiple of
decreasing on the left half of the interval and
increasing on the right half

On each interval centered at an odd multiple of 7
increasing on the left half of the interval and
decreasing on the right half

Symmetric with respect to the y-axis (even)

Not bounded above or below

Local minimum 1 at each even multiple of 7, local
maximum —1 at each odd multiple of 7

No horizontal asymptotes

Vertical asymptotes x = kar/2 for all odd integers k

End behavior: lim sec x and lim sec x do not exist.

x—00 x——00

19. Domain: All reals except integer multiples of 7
Range: (—o00,—1] U [1, )

Continuous on its domain

.

On each interval centered at x = % + 2k (k an integer):

decreasing on the left half of the interval and increas-
ing on the right half

. 3 . .
On each interval centered at Y + 2kar: increasing on the

left half of the interval and decreasing on the right half
Symmetric with respect to the origin (odd)
Not bounded above or below

Local minimum 1 at each x = % + 2k, local maximum —1

3 . . .
ateach x = - + 2k, where k is an even integer in

both cases
No horizontal asymptotes
Vertical asymptotes: x = kr for all integers k
End behavior: lim csc x and lim csc x do not exist.

xX—00 xX—>—00
20. Domain: All reals except odd multiples of 7
Range: (— 00, 00)
Continuous on its domain
Increasing on each interval in its domain
Symmetric with respect to the origin (odd)
Not bounded above or below
No local extrema
No horizontal asymptotes
Vertical asymptotes x = ka for all odd integers k
End behavior: 11_)113o tan (x/2) and l_i)mootan (x/2)
do not exist. )

B

Copyright © 2019 Pearson Education, Inc.



Section 4.5

21. Starting with y = tan x, vertically stretch by 3.

22. Starting with y = tan x, reflect across the x-axis.
23. Starting with y = csc x, vertically stretch by 3.
24. Starting with y = tan x, vertically stretch by 2.

25. Starting with y = cot x, horizontally stretch by 2,
vertically stretch by 3, and reflect across the x-axis.

26. Starting with y = sec x, horizontally stretch by 2,

vertically stretch by 2, and reflect across the x-axis.

by

2
27. Starting with y = tan x, horizontally shrink by — and
o

reflect across the x-axis and shift up by 2 units.

1
28. Starting with y = tan x, horizontally shrink by — and
o

by

vertically stretch by 2 and shift down by 2 units.
29. secx =2

1
cos X =3
_7T
=3
30. cscx =2
. 1
sin x =3
L
x=
31 cotx = —\V/3
tan x = —ﬁ
3
57
76
32. secx = —\V2
cos x = —ﬁ
2
57
=
3B.cscx =1
sinx =1
S5
=7
34. cotx =1
tanx = 1
3w
Sty
35. tanx = 1.3
x =~ 092
36. secx = 2.4
1
cos X =21
x ~ 114
37. cot x = —0.6
_ 1
tan x = —%
x~ —1.03 + 27
~ 525

Graphs of Tangent, Cotangent, Secant, and Cosecant

38.cscx = —1.5

. _ 1
sin x = s
x~a — (=0.73)
~ 3.87
39.cscx =2
. 1
sin x = )
x ~ 0.52 or
x~ a7 — 052
~ 2.62
40. tan x = 0.3
x ~ 0.29 or
x~ 7 + 029
~ 343

41

.

181

(a) One explanation: If O is the origin, the right triangles

with hypotenuses OP; and OP,, and one leg (each)
on the x-axis, are congruent, so the legs have the same

lengths. These lengths give the magnitudes of the

coordinates of P; and P,; therefore, these coordinates
differ only in sign. Another explanation: The reflec-

tion of point (a, b) across the origin is (—a, —b).

int b

(b) tans = L = 2,

COS ¢ a
sin(t—m) —b b

(c) tan(t — 7) = == tan ¢.

cos(t —m) —a

(d) Since points on opposite sides of the unit circle deter-
mine the same tangent ratio, tan(¢t + ) = tan ¢ for all
numbers ¢ in the domain. Other points on the unit cir-
cle yield triangles with different tangent ratios, so no

smaller period is possible.

(e) The tangent function repeats every 7 units; therefore,

so does its reciprocal, the cotangent (see also #43).

42. The terminal side passes through (0, 0) and (cos x, sin x);

sinx —0  sinx

the slope is therefore m = =
cosx —0 cosx

43

b

the smallest value that works for f.
44,

b

= tan x.

This is not true for any smaller value of p, since this is

(a), (b) The angles ¢ and ¢t + 7 determine points (cos ¢, sin f)

and (cos(t + ), sin(t + 7)), respectively. These points are
on opposite sides of the unit circle, so they are reflections of
each other about the origin. The reflection of any point (a, b)

about the origin is (—a, —b), so cos(t + 1) = —cos t and
sin(t + ) = —sin t.
sin (¢ + ) —sint  sint
(¢) tan(t + 7) = = = = tant.
cos(t + o) —cost cost

In order to determine that the period of tan ¢ is 7, we

would need to show that no p < 7 satisfies
tan(z + p) = tant for all 1.
350

COS x

45. (a) d = 350secx =

(b) d ~ 16,831 ft
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182 Chapter 4 Trigonometric Functions

800
tan x

46. (a) x = 800 cot y = ft

(b) x = 5,051 ft

© T80
)

90

w

For #47-50, the equations can be rewritten (as shown), but
generally are easiest to solve graphically.

47. sin2x = cos x; x ~ £0.905
48. cos>x = sin x; x ~ 0.666 or x ~ 2.475

8

1

g; x ~ +1.107 or x = +2.034

50. 4cos?x = sin x; x ~ 1.082 or x ~ 2.060

51. False. f(x) = tan x is increasing only over intervals on
which it is defined, that is, intervals bounded by consecu-
tive asymptotes.

49. cos’x =

52. True. Asymptotes of the secant function, sec x = 1/cos x,
occur at all odd multiples of 77/2 (where cos x = 0), and
these are exactly the zeros of the cotangent function,

cot x = cos x/sin x.

.

53. The cotangent curves are shaped like the tangent curves,
but they are mirror images. The reflection of tan x in the

x-axis is —tan x. The answer is A.

by

54. sec x “just barely” intersects its inverse, cos x, and when
cos x is shifted to produce sin x, that curve and the curve

of sec x do not intersect at all. The answer is E.

b

55. y = k/sin x and the range of sin x is [—1,1].
The answer is D.

56. y = csc x = 1/sin x has the same asymptotes as
y = cos x/sin x = cot x. The answer is C.

57. On the interval [, 7], f > g on about
(—0.44,0) U (0.44, ).

[—m, 7] by [—10,10]

58. On the interval [—, 7], f > g on about
(—m,—224) U (—% 0) U (% 2.24).

[—m, ] by [—10, 10]

59. cot x is not defined at 0; the definition of “increasing on
(a, b)” requires that the function be defined everywhere
in (a, b). Also, choosing a = —/4 and b = 7/4, we have
a<bbutf(a) =1> f(b) = —1.

[—m, ] by [—10, 10]

60. They look similar on this window, but they are noticeably
different at the edges (near 0 and 7). Also, if f were equal

1 1
to g, then it would follow that — = —cos x = — = x — ul
f 8 2

on this interval, which we know to be false.

[0, ] by [~10, 10]

61. csc x = sec (x - %)(or csc X = sec (x - (% + I’l’iT))

for any integer ») This is a translation to the right of

T (W + ) it
—Oor| — nir | units.
2 "\ 2

62. cot x = —tan(x - %) (orcot x =

o .
—tan (x - (E + I’l’iT)) for any integer n).

. . . T T .
This is a translation to the right of S or (— + I’l’iT) units,

2
and a reflection in the x-axis, in either order.
30
63. d = 30secx =
cos x

[-0.57, 0.57] by [0, 100]

64. (a) For any acute angle ¢, cos t = sin(% - t) — the sine

of the complement of ¢. This can be seen from the
right-triangle definition of sine and cosine: if one of
the acute angles is 0, then the other acute angle is

27 t, since all three angles in a triangle must add

to ar. The side opposite the angle ¢ is the side adjacent
to the other acute angle.

(b) (cos t,sin t)
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(¢) Using AODA ~ AOCB (recall “~
DA BC BC

” means “similar

to”), oD tant = oc- 1 so BC = tant.
oD _oc 1
(d) Using AODA ~ AOCB, OA cot t ~O0B" OB

1
soOB = — = sect.
cos t

(e) BC is a tangent segment (part of the tangent line);
OB is a secant segment (part of a secant line, which
crosses the circle at two points). The names “cotan-
gent” and “cosecant” arise in the same way as
“cosine” —they are the tangent and secant (respec-
tively) of the complement. That is, just as BC and OB
go with Z BOC (which has measure ¢), they also go
with LOBC (the complement of £ BOC, with
measure E —1).

N 1 kg m
65. 0.058 — = (L5 m)(OSO —) (9.8 —2)

sec
(4.7 X 10 m)sec ¢ ~ 0.03627 se(:(i)— so

sec ¢ ~ 1.5990, and ¢ =~ 0.8952 rad1ans ~ 51.29°.

1 1 1 1 1
66. () ; ~asec (bx) a sec (bx) ;cos(bx) -

1

;sin(bx + /2)
b)y= ozsin(l +1)

ye )
(©)a=1/02=5andb=1/6

dy=>5 sec(%). The scatter plot is shown below, and

the fit is very good — so good that you should realize
that we made the data up!

05.87] by [232.24)
B Section 4.6 Graphs of Composite
Trigonometric Functions

Exploration 1

y =3sinx + 2cos x y =2sinx — 3 cos x

) /
Y

[—2m,2m] by [-6, 6]

—2ar, 27| by [—

Sinusoid S1nus01d

y = 2sin3x — 4 cos 2x y=2sin(5x + 1) — 5cos 5x

[—2,2m] by [-6,6]
Not a Sinusoid

Tx — 2 . (Tx .
y = cos 5 + sin 5 y =3cos2x + 2sin7x

[—2,2m] by [-6,6]
Sinusoid

)

P
J‘u’l

[—27r, 2] by [—6, 6]

Sinusoid

[—2m,2m] by [-6, 6]
Not a Sinusoid

Quick Review 4.6
1. Domain: (—oo, c0); range: [—3, 3]

2. Domain: (— 00, 00), range: [—2,2]

3. Domain: 1, ) range: [0, 00)

4. Domain: [0, 00); range: [0, 0)

5. Domain: (— 00, 00); range: [—2, 00)

6. Domain: (— 00, 00); range: [1, 00)

7. As x — —Oo,f(x) — 00 as x — 09, f(x) = 0.

8. As x —> —o0, f(x) = —00; as x = 0, f(x) — 0.

9. ng( = (Vx)? = 4 = x — 4, domain: [0, c0).
of(x) = Vx* — 4,domain: (—o0, —2] U [2, o0).

10. ng(x) (cos x)? = cos? x, domain: (— 00, 00).
of(x) = cos(x?), domain: (— 00, ©0).

Section 4.6 Exercises
1. Periodic.

/\f\}/\f\

[-2mr, 2] by [-1.5, 1.5]
2. Periodic.

\/\/{\/\/

[-2mr, 2] by [-2.5, 2.5]
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3. Not periodic. 9. Since the period of cos x is 277, we have
cos? (x + 2m) = (cos(x + 2m))* = (cos x)? = cos? x.

The period is therefore an exact divisor of 27, and we see
graphically that it is 77. A graph for —7 = x = 7 is
shown:

[2m, 2] by [-5, 20] _\ /

4. Not periodic. |

[, @] by [-1, 2]
10

B

Since the period of cos x is 27, we have
cos® (x + 2m) = (cos(x + 2m))* = (cos x)* = cos® x.
The period is therefore an exact divisor of 27, and we see
graphically that it is 27r. A graph for —27 = x = 27 is
[-27r, 271] by [-5, 20] .

shown:

5. Not periodic. \.l\ A f
AT —

[-2m, 2m] by [-6. 6] 11. Since the period of cos x is 27, we have
6. Not periodic. \Vcos Yx +27) = \/(Cos (x + 2m))% = V(cos x)?
= V/cos 2 x. The period is therefore an exact divisor of
27, and we see graphically that it is 7. A graph for
—m = x = 7 is shown:

[-2r, 2] by [-12, 12] \ /_

7. Periodic.

/\ M [, ] by [-1, 2]
12. Since the period of cos x is 27, we have

lcos’(x + 27)| = |(cos(x + 2))’| = |(cos x)?|

= |cos® x|. The period is therefore an exact divisor of 27,
and we see graphically that it is 7. A graph for

[277, 27] by [-10, 10] —a =< x < 7 is shown:

[, @] by [-1, 2]

.

[-2m, 2] by [-40, 40] 13. Domain: (— 0, 00). Range: [0, 1].

[-2m, 27] by [-0.25, 1.25]
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14. Domain: (— 00, 00). Range: [0, 1].

2 2

15. Domain: all x # nar, n an integer. Range: [0, 00).

y

A

16. Domain: (— 00, o). Range: [—1, 1].

ViF

17. Domain: all x # % + n, n an integer. Range: (— oo, 0].

RS

18. Domain: (— 00, 00). Range: [—1, 0].

In #19-22, the linear equations are found by setting the cosine
term equal to +1.

19.y=2x—-1y=2x+1

[~10, 10] by [~20, 20]

20. y = —05x;y =2 — 0.5x

[~10, 10] by [~10, 10]

2l. y=1-03x;y =3 — 03x

l Tk

[~10,10] by [4, 8]

2. y=x;y=x+2

)%
|

[~10, 10] by [~10, 10]

For #23-28, the function y; + y, is a sinusoid if both y, and y,
are sine or cosine functions with the same period.

23. Yes (period 21r) 24. Yes (period 21r)
25. Yes (period 2) 26. No
27. No 28. No

For #29-34, graph the function. Estimate a as the amplitude of
the graph (i.e., the height of the maximum). Notice that the
value of b is always the coefficient of x in the original func-
tions. Finally, note that a sin[b(x — k)] = 0 when x = A, so
estimate /4 using a zero of f(x) where f(x) changes from neg-
ative to positive.

29. A = 3.61,b = 2,and h = 0.49, so f(x)
~ 3.61 sin[2(x — 0.49)].

30. A~ 224,b = 3,and h = —0.15,s0 f(x)
~ 224 sin[3(x + 0.15)].

3. A~ 224,b = ar,and h = 0.35,s0 f(x)
~ 224 sin[7(x — 0.35)].

32. A = 3.16,b = 2m,and h = —0.05, so f(x)
~ 3.16sin[27(x + 0.05)].

33. A= 224,b= 1,and h = —1.11,s0 f(x)
~ 224 sin(x + 1.11).

34. A = 3.16,b= 2,and h = 0.16,s0 f(x)
~ 3.16sin[2(x — 0.16)].
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35.

36.

37.

38.

39.
41.
43.

44.

45.
46.
47.

48.

49.

The period is 27r.

/N
/SN

[—m, 7] by [-3.5,3.5]

The period is 27r.

f\J\
Y

[—m, 7] by [3, 3]

The period is 27r.

/\{ /\
VoV

[—m, 7] by [-5, 5]

The period is 27r.

Lo

o W

[—m, 7] by [-5,5]

(a) 40. (d)
(0 42. (b)
The damping factor is e”*, which goes to zero as x gets

large. So damping occurs as x — 00.

The damping factor is x, which goes to zero as x goes to
zero (obviously). So damping occurs as x — 0.

The amplitude, \/g, is constant. So there is no damping.
The amplitude, 7%, is constant. So there is no damping.

The damping factor is x>, which goes to zero as x goes to
zero. So damping occurs as x — 0.

The damping factor is (2/3)*, which goes to zero as x gets
large. So damping occurs as x — 0.

f oscillates up and down between 1.2"* and —1.27*.
As x — 0, f(x) —0.

¥

[0,4m] by [-1,1]
50. f oscillates up and down between 2°* and —27*.
As x — 0, f(x) —0.

T

[0,27] by [-1,1]

1 1
51. f oscillates up and down between < and — o

As x — 0, f(x) —0.

[0,4m] by [-1.5,1.5]

52. f oscillates up and down between e * and —e ™ *.

As x — o0, f(x) — 0.

[0, 1.57] by [1, 1]

53. Period 27: sin[3(x + 2m)] + 2cos[2(x + 2m)] =
sin(3x + 6m) + 2 cos(2x + 4m) = sin3x + 2 cos 2x.
The graph shows that no p < 27 could be the period.

N\ i,

—3.4,2.8]

—2mr, 2] by [
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54. Period 27: 4 cos[2(x + 2m)] — 2cos[3(x + 2m) — 1] 58. Not periodic.
= 4 cos(2x + 4m) — 2cos(3x — 1 + 6m)
= 4 cos2x — 2 cos(3x — 1). The graph shows that no
p < 2 could be the period.

M\Mr
Y o

59. Not periodic.

T

[—2m,2m] by [~

55. Period 27

2sin[3(x + 27) + 1] — cos[5(x + 27) — 1] |
= 2sin(3x + 1 + 67) — cos(5x — 1 + 10m)
= 2sin(3x + 1) — cos(5x — 1). The graph shows that

no p < 2 could be the period.

\

[—4r, 4] by [—13,13]

60. Not periodic.

[—2m,27] by [-3,3]

ank

56. Period 27r:
3cos[2(x + 27) — 1] — 4sin[3(x + 27) — 2] [—4m, 4] by [~13, 13]
= 3cos(2x — 1 + 47) — 4sin(3x — 2 + 67)
= 3cos(2x — 1) — 4sin(3x — 2). The graph shows that

no p < 24 could be the period. J /\/\/\/

[, 4] by [-7,7]

61. Not periodic.

[—2m,2m] by [-8,7] 62. Not periodic.

57. Period 27

I

1 1 1
sin (Ex + w)} + 2= ‘—sinzx +2= sinEx + 2.
The graph shows that no p < 27 could be the period.
[—4mr, 4] by [—10, 15]
For #63-70, graphs may be useful to suggest the domain and
range.
63. There are no restrictions on the value of x, so the domain
is (—00, o). Range: (—00, 00).
[~4r, 4] by [1, 4] 64. There are no restrictions on the value of x, so the domain

is (—00, o). Range: (—00, 00).

65. There are no restrictions on the value of x, so the domain
is (—00, 00). Range: [1, 00).

66. There are no restrictions on the value of x, so the domain
is (—00, o). Range: (—00, 00).
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67. sin x must be nonnegative, so the domain is
U [27,—7]U[0,7] U [27,37] U ---; thatis, all x
with 2nr < x =< (2n + 1)7, n an integer. Range: [0, 1].
68. There are no restrictions on the value of x, so the domain
is (—oo, 00). Range: [—1, 1].
69. There are no restrictions on the value of x, since
|sin x| = 0, so the domain is (—00, 00). Range: [0, 1].

70. cos x must be nonnegative, so the domain is

57 3w T T 37 5w
'U[‘T‘ﬂu[‘?ﬂu[?’ﬂu

b

that is, all

4n — 1 dn + 1
xwith( )WSxS(n i
2 2
Range: [0, 1].

71. (a)

, 1 an integer.

[0,12] by [<0.5,0.5]
(b) For t > 0.51 (approximately).

72

.

t
(a) Using S(¢) = 105(1.04)" + 4 sin (%) to estimate sales
(in millions of dollars) ¢ years after 2012, we have
-0
S(0) = 105(1.04)° + 4sin (WT) = 105 million

dollars.

(b) The approximate annual growth rate is 4%.
(¢) In 2020, = 8 so the sales are predicted by

S(8) = 105(1.04)® + 4 sin (WTS) ~ 147.2 million
dollars.

(d) To find the number of years in each economic cycle,
find the period of s1n( 3 ) the trigonometric part of

the model. The period of sin (Wx) is 2—;; = 6, so there

are 6 years in each economic cycle for the company.

73. No. This is suggested by a graph of y = sin x*; there is no
other section of the graph that looks like the section
between —1 and 1. In particular, there is only one zero of
the function in that interval (at x = 0); nowhere else can
we find an interval this long with only one zero.

“ ”»

74. One explanation: The “v”-shaped section around x = 0 is
unique — it does not appear anywhere else on the graph,

so it is not periodic.

b

75. (a) This is obtained by adding x to all parts of the inequality
—1 = sin x = 1. In the second, after subtracting x from
both sides, we are left with —sin x =< sin x, which is
false when sin x is negative.

76. (b) The first is impossible (even ignoring the middle part)
if x < 0, since then —x % x.

77. Graph (d), shown on [—27, 2] by [—4, 4]

78. Graph (a), shown on [—2m, 27 ] by [—4, 4]

79. Graph (b), shown on [—27r, 27] by [—4, 4]

80. Graph (c), shown on [—27r, 27] by [—4, 4]

81. False. The behavior near zero, with a relative minimum
of 0 at x = 0, is not repeated anywhere else.

82. False. If two sinusoids have different periods, the sum of

the sinusoids is not a sinusoid. Example: sin x + sin 3x.

.

83. The negative portions of the graph of y = sin x are
reflected in the x-axis for y = [sin x|. This halves the
period. The answer is B.

84. f(—x) = (—x)sin (—
The answer is C.

85. f(—x) = —x + sin (—
The answer is D.

x) = xsinx = f(x).
x) = —x — sinx = —f(x).

86. The sum of two sinusoids is a sinusoid only when the two
sinusoids have the same period. The answer is D.

87. (a) Answers will vary — for example,

on a TI-81: —— = 0.0661 ... ~ 0.07:
475

on aTI-82:% = 0.0668 ... ~ 0.07:

on aTI-SS:% = 0.0498... ~ 0.05;

on a TI-92: —— = 0.0263... ~ 0.03.
119

(b) Period: p = 7 /125 = 0.0251.... For any of the
TI graphers, there are from 1 to 3 cycles between each
pair of pixels; the graphs produced are therefore inac-
curate, since so much detail is lost.

88. The amplitude is 3 hr 8 min, or 3.1 hr. The period is
2
365 days (one could also use 365.26 days),so b = %

The phase shift 4 is 79 days, so an answer is
3.1 sin {365 (x — 79)} + 12.15 hours of daylight, where x

is the day of the year.
89. Domain: (—oo, c0). Range: [—1, 1]. Horizontal asymptote:

o . .
y = 1. Zeros at In B + nw ), n a nonnegative integer.

AN
Y

[-3,3] by [-1.2,1.2]

90. Period: 7r. Domain: x # nw + % Range: (0, 00). Vertical

. . . ™
asympotes at missing points of domain: x = nw + .

-

—2.57,2.5m] by [-02, 5]
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91. Domain: [0, o). Range: (—00, 00). Zeros at nr, n a non-
negative integer.

A
l”\f

[-0.5, 4] by [—4, 4]

92. Domain: [—2, 2]. Range: [0, 2.94] (approximately). Zeros
at —2 and 2.

I
[~2.5,25] by [-0.5,3.5]

93. Domain: (—o0, 0) U (0, co). Range: approximately
[-0.22, 1). Horizontal asymptote: y = 0. Zeros at n, n a
nonzero integer.

L, LA

WL

[5, 5] by [—0.5,1.2]

94. Domain: (—00, 0) U (0, 00). Range: (—©00, 00). Horizontal
asymptote: y = 0. Vertical asymptote: x = 0. Zeros at nir,
n a nonzero integer.

L
|

[—4r, 4] by [—0.5,0.5]

95. Domain: (—00, 0) U (0, c0). Range: approximately

1
[—0.22, 1). Horizontal asymptote: y = 1. Zeros at—, n
nir

a nonzero integer.

[—m, 7] by [-0.3,1.2]

Section 4.7 Inverse Trigonometric Functions 189

96. Domain: (—00, 0) U (0, o). Range: (—00, 00). Zeros
1
at —, n a nonzero integer. Note: The graph also suggests
n

the end behavior asymptote y = x.

|
|

[-L1]by [-1,1]

M Section 4.7 Inverse Trigonometric Functions
Exploration 1

X
1. tanf = — =
an 1= *

2. tan ' x = tan™! (%) =0

3. V1 + x* (by the Pythagorean theorem)

X

V1 + x?

5. sec (tan"! (x)) = sec(8) = V1 + x?

6. The hypotenuse is positive in either quadrant. The ratios
in the six basic trig functions are the same in every quad-
rant, so the functions are still valid regardless of the sign
of x. (Also, the sign of the answer in (4) is negative, as it

should be, and the sign of the answer in (5) is negative, as
it should be.)

4. sin (tan"! (x)) = sin(9) =

Quick Review 4.7
1. sin x: positive; cos x: positive; tan x: positive
2. sin x: positive; cos x: negative; tan x: negative
3. sin x: negative; cos x: negative; tan x: positive
4. sin x: negative; cos x: positive; tan x: negative

T 1

. a
5.s1n€:§ 6.tanZ:1
7.(:052—77-:—l S.Sinz—ﬂ-:ﬁ

3 2 3 2

= 1 —ar 1

9.sm?:—§ 10.COST:§

Section 4.7 Exercises

For #1-12, keep in mind that the inverse sine and inverse

2°2
cosine function gives values in [0, 7]. A calculator may
also be useful to suggest the exact answer. (A useful trick
is to compute, e.g., sin”! (\/5/ 2)7 and observe that this is
~ 0.333, suggesting the answer 7 /3.)

\/g T 1 T
. 4 _ P R R
1. sin (—2 ) 3 2. sin ( 2) 6

3.tan'(0) =0 4.cos'(1) =0

. . T T .
tangent functions return values in {— -, —}, and the inverse
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190 Chapter 4 Trigonometric Functions

1 T T 34. Domain: [—1, 1]
-1 ) = == -1 _ )
5. cos (2) =3 6. tan™' (1) = 1 Range: [0, 7]
Continuous
7. tan ' (—1) = — % 8. cos™! (— ?) = 5% Decreasing
Neither odd nor even (but symmetric with respect to the
L 1 T _ ™ int (0, 7/2))
f_ Lt \Y__m i _ __m point (0,
9. sin ( 2) 1 10. tan ( V3 3 Bounded
- - Absolute maximum of 7, absolute minimum of 0
11. cos ' (0) = > 12. sin (1) = > No asymptotes
No end behavior (bounded domain)
13. approx. 21.22 14. approx. 42.07 35. Domain: (— 0, %)
15. approx. —85.43° 16. approx. 103.30° Range: (—/2, w/2)
17. approx. 1.172 18. approx. 1.527 Continuous
19. approx. —0.478 20. approx. 2.593 Increasmg . .
L o . o, Symmetric with respect to the origin (odd)
21. y = tan™ (x°) is equivalent to tan y = x°, Bounded

—7/2 <y < /2. For x* to get very large, y has to

. 2150 No local extrema
approach 7 /2. So 1111(}o tan ~ (x”) = 7/2 and

Horizontal asymptotes:y = 7/2and y = —/2

lim tan ~'(x?) = 7/2. End behavior: lim tan "'x = /2 and
X—>—00 X—>00
. 71 —

22. y = (tan"' x)2is equivalent to x = tan (+\/y), Jim tan "y = —w/2
0= y < 71.-2/4..For x to get very large, i2n the positive or 36. Domain: (—o0, o)
negative direction, y has to approach 7°/4. So .

; e A - 205 ) Range: (0, 7)
xli)n(}o(tan x)= = 7°/4 and X1_1)r5100(tan x)° = 7/4. Continuous
1 r V3 Decreasing
23. cos | sin " = | = cos 6 2 Neither odd nor even (but symmetric with respect to the
point (0, w/2))
2
24. sin (tan"' 1) = sin T i Bounded
2 No local extrema
- T - 2 T Horizontal asymptotes:y = wand y = 0
25. sin s )=sm \ =y End behavior: lim cot 'x = 0 and lim cot™'x = =
x—>00 xX—>—00
11

26. cos! (cos 7%) = cos ! %) = % 37. Domain: {—5,5} Range: {—%,%} Starting from
1

27. cos (2 sin -1 l) = cos (2 . Z) _1 y = sin"! x, horizontally shrink by >

2 6 2
. 11 .

28. sin [tan! (—1)] = sin (_%) - _ \gi 38. Domain: {—5, 5} Range: [0, 37r]. Starting from

1
- - y = cos ! x, horizontally shrink by > and vertically
29. i == in—-=—
arestt (COS 3 ) i stretch by 3 (either order).
57 5
30. arccos (tan %) = arccos 1 = 0 39. Domain: (—oo, 00). Range: (—%, %T) Starting from
. - 1 y = tan™! x, horizontally stretch by 2 and vertically
31. cos (tan ™ \/5) = cos (?) ) stretch by 5 (either order).
- 40. Domain: [—2,2]. Range: [0, 37r]. Starting from
32. tan ! (cos ) = tan"' (—1) = 7 y = arccos x = cos ! x, horizontally stretch by 2 and
[ | vertically stretch by 3 (either order).

33. Domain: [—1,1 . o s L
Range: [~ /2, /2] 41. First 7sTet 0 = sin” " x and solve sin § = 1, yielding
Continuous 6 = — + 2nm for integers n. Since § = sin~' x must be in
Increasing 2
Symmetric with respect to the origin (odd) {_27 1} wehavesin™' x = — sox = 1.

Bounded 2°2

Absolute maximum of 7 /2, absolute minimum of — /2 42. First set y = cos x and solve cos ! y = 1, yielding
No asymptotes y = cos 1. Then solve cos x = cos 1, which gives
No end behavior (bounded domain) x =1+ 2nmor x = —1 + 2nm, for all integers n.

43

b

Divide both sides of the equation by 2, leaving sin x = >

5
SO X = % + 27n and % + 2mn, for all integers n.
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44, If tan x = —1,then x = Tﬂ- + nar, for all integers n.

45, For any x in [0,

46. For any x in {

47

B

48.

49

50

51

.

B

.

-1

1
,cos (cos ' x), = x.Hence,x = —.

I . T .
—|,sin"! (sin x) = x. Since — is in
10
. Since sine is positive in the first and

{22 10

second quadrants, x = B + 2nm or 97/10 + 2nm,
for all integers n
Draw a right triangle with horizontal leg 1, vertical leg x
(if x > 0, draw the vertical leg “up”;if x < 0, draw it
down), and hypotenuse V1 + x2 The acute angle
adjacent to the leg of length 1 has measure § = tan™' x

X

1+ x

(take # < 0if x < 0),sosin # = sin (tan"! x) =

; x
1 NI

Use the same triangles as in Exercise 47: Draw a triangle

with horizontal leg 1, vertical leg x (up or down as x > 0

or x < 0), and hypotenuse V1 + x2. The acute angle adja-

cent to the leg of length 1 has measure § = tan™' x (take
1

Draw a right triangle with horizontal leg V1 — x2, verti-
cal leg x (if x > 0, draw the vertical leg “up”; if x < 0,
draw it down), and hypotenuse 1. The acute angle adja-
cent to the horizontal leg has measure § = arcsin x
(take 6 < 0if x < 0), so

0 < 0if x < 0),s0cos @ = cos (tan” ' x

. X
tan § = tan (arcsin x) = .
— 2
X
x>0 x<0
ll V1 —x2
N ||

Draw a right triangle with horizontal leg x (if x > 0, draw

the horizontal leg right; if x < 0, draw it left), vertical leg
\/1 — x%, and hypotenuse 1.If x > 0,let § be the acute
angle adjacent to the horizontal leg; if x < 0, let 6 be the
supplement of this angle. Then § = arccos x, so

X
cot § = cot (arccos x) = .
— 2
X
‘ [
g = .

Draw a right triangle with horizontal leg 1, vertical leg 2x
(up or down as x > 0 or x < 0), and hypotenuse
\/1 + 4x°. The acute angle adjacent to the leg of length 1
has measure § = arctan 2x (take § < 0if x < 0),so

1

V1 + 4x%

cos § = cos (arctan 2x) =

I\')-

Section 4.7 Inverse Trigonometric Functions 191

x>0 x<0

A1 +4x2 !
2x L
] 2x
1 1 +4x2

52. Draw a right triangle with horizontal leg 3x (if x > 0,
draw the horizontal leg right;if x < 0, draw it left),
vertical leg V1 — 9x% and hypotenuse 1. If x > 0, let 6
be the acute angle adjacent to the horizontal leg; if x < 0,
let 6 be the supplement of this angle. Then # = arccos 3x,

sosin § = sin (arccos 3x) = V1 — 9x°.

-X>O -x<0
1 J ‘E;L 1
| 0
(] — K\__-
3x 3x

53. (a) Call the smaller (unlabeled) angle in the lower left « ;

1

2 12 . .
thentan @ = —, or @ = tan ' — (since « is acute).
X X

Also, 6 + a is the measure of one acute angle in the
right triangle formed by a line parallel to the floor

14
and the wall; for this triangle tan (0 + «) = - Then
L 14 .
0 + a = tan"' — (since 6 + «a is acute), so
X

1

14 -1
6= tan  — —
X

14
a=tan'— — tan' =,
X X

(b) Graph is shown. The actual maximum occurs at
x ~5.29 ft, where 0 = 48.59°.

[0,25] by [0, 5]

(¢) Either x = 1.83 or x ~15.31 — these round to 2 ft
or 15 ft.

54. (a) 6 is one acute angle in the right triangle with leg

lengths x (opposite) and 3 (adjacent); thus tan 6 = %’

1

X . .
and 6§ = tan 3 (since 0 is acute).

(b) Graph is shown (using DEGREE mode). Negative val-
ues of x correspond to the point Q being “upshore”
from P (“into” the picture) instead of downshore (as
shown in the illustration). Positive angles are angles
that point downshore; negative angles point upshore.

V’
_

[20,20] [-90, 90]
(¢) 6 = tan'5 =~ 78.69°
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192 Chapter 4 Trigonometric Functions

55. (a) 6 = tan ' —.

56

57

b

B

58.

59.

60
61

62

63

64

B

b

.

.

by

b

500

(b) As s changes from 10 to 20 ft, 6 changes from about
1.1458° to 2.2906° — it almost exactly doubles (a
99.92% increase). As s changes from 200 to 210 ft, 6
changes from about 21.80° to 22.78° — an increase of
less than 1°, and a very small relative change (only
about 4.25%).

(¢) The x-axis represents the height and the y-axis repre-
sents the angle: The angle cannot grow past 90° (in
fact, it approaches but never exactly equals 90°).

(a) Sin (x) exists for all x, but sin”' (x) is restricted to
[—1,1]. The domain of f(x) is [—1, 1]. The range is
[-1,1].

(b) Since the domains of sin~' (x) and cos™' (x) are [—1, 1],

the domain of g(x) is [—1, 1]. The range is {g}

(¢) Since |sin (x)| = 1 for all x, 4(x) exists for all x and its

domain is (— 00, 00). The range is {—%, %}

(d) Sin (x) exists for all x, but cos™! (x) is restricted to
[—1,1]. The domain of k(x) is [—1, 1]. The range is
[0,1].

(e) Since Jsin (x)| = 1 for all x, g(x) exists for all x and its
domain is (— 00, 00). The range is [0, 77].

False. This is only true for —1 = x =< 1, the domain of the

sin"! function. For x < —1 and for x > 1,sin (sin”! x) is

undefined.

True. The end behavior of y = arctan x determines two
horizontal asymptotes, since lirzlooarctan x = —m/2 and
lim arctan x = /2.

X—>00

cos (57/6) = —V/312, 50 cos ! (= \/_/2) = 5m/6. The
answer is E.

sin”! (sin 7) = sin"' 0 = 0. The answer is C.

sec (tan' x) = V1 + tan*(tan 'x) = V1 + x&
The answer is C.

The range of f(x) = arcsin x = sin™!

[=m/2, w/2]. The answer is E.
The cotangent function restricted to the interval (0, ) is
one-to-one and has an inverse. The unique angle y
between 0 and 7 (noninclusive) such that cot y =

x is called the inverse cotangent (or arccotangent) of x,
denoted cot™! x or arccot x. The domain of y = cot™! x is
(— 00, ) and the range is (0, 7).

1

X is, by definition,

In the triangle below, A = sin"' x and B = cos ' x. Since

A and B are complementary angles, A + B = /2. The
left-hand side of the equation is only defined for
-1l=x=1

P

65. (a) Domain all reals, range [

[—2m, 27] by [—0.57, 0.57]

—r /2, /2], period 27r.

=

(b) Domain all reals, range [0, 7], period 2.

A

=2, 2] by [~

(¢) Domain all reals except /2 + nr (n an integer),
range (— /2,7 /2), period 7. Discontinuity is not
removable.

i

=2, 27 ] by [—7, 7]

66. (a) Let = sin"! (2x). Then the adjacent side of the right
triangle is V12 - (2x)* = V1 - 4k

V1 — 4x?

cos (0) = 1 =V1 - 4x?
2x
[
1 —4x2
(b) Let 0 = tan"! (x). Then the hypotenuse is V'1 + x2.

=1+ x

2 (6) = (E)

(c) Let§ = cos™! (\/)_c) Then the opposite side of the
right triangle is V12 — (Vx)? = V1 — x.

\/1—x - Vi_=x

sin (0) =
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(d) Let & = cot™' (x). Then the hypotenuse is

V12 + 2= V1 + x—csé? () = —(1—4_)(2)2

1
=—(1+x)=-x¥x-1

1

X

(e) Let & = sec™' (x*). Then the opposite leg of the right
triangle is V(22 — 12 = Vx* — 1.

tan () = $= Vit — 1.

1
e
]
1

67. y = % — tan ! x.

1

(Note that y = tan™! (—) does not have the correct
x

range for negative values of x.)

(a) cos (sin"! x) or sin (cos ! x)

L"
-2

(b) sin (tan"! x) or cos (cot ! x)

V1 +x2

68

by

2

1

(¢) tan (sin"! x) or cot (cos ! x)

4"
N

In order to transform the arctangent function to a func-
tion that has horizontal asymptotes at y = 24 and y = 42,
we need to find a and d that will satisfy the equation

y = atan” ' x + d.In other words, we are shifting the

69

.

1

horizontal asymptotes of y = tan™ " x from y = —% and

y = %to the new asymptotes y = 24 and y = 42.

Solvingy = atan™! x + d and y = 24 for tan"! x in terms

24 — d 1
= tan ‘"x.

of a and d yields 24 = atan™' x + d; so,

a
We know that y = 24 is the lower horizontal asymptote

and thus it corresponds to y = ——Z.
24 —d 4 T 24 —d T .
= = —-— s — = ——
So, P tan "~ x > P > Solving

this for d in terms of a yields d = 24 + (%)a.

Solvingy = atan™! x + dand y = 42 for tan™! x in
terms of a and d yields 42 = a tan"' x + d; so,

Section 4.7 Inverse Trigonometric Functions 193

42 —-d

a o
horizontal asymptote and thus it corresponds to y = >
42 —d 1 £2-d_ =«

tan ~ 7T=>
=tan " x = — =—
2 a 2

= tan ' x. We know that y = 42 is the upper

So, Solving this

a

for d in terms of a yields d = 42 — (%)a.

Ifd =24 + (%)a andd = 42 — (%)a, then

24 + (%)a =4 - (%)a So.18 — ma,and a = -2,

w

Substitute this value for a into either of the two equations

18
for d to get:d = 24 + (%)(—) =24+ 9=330r
o

d=42—(1)(§):42—9:33.
2 T

The arctangent function with horizontal asymptotes at
18

y =24andy = 42 will be y = — tan “'x + 33.
o

70. (a) Asin Example 5, 6 can only be in Quadrant I or
Quadrant IV, so the horizontal side of the triangle can
only be positive.

(b) tan (sin -1 (l)) =X __*
X S x4 _ x2

T _ 2

(¢) sin (cos -1 (%)) = % - %

(See figure below.)

71. (a) The horizontal asymptote of the graph on the left is

y=7
(b) The two horizontal asymptotes of the graph on the
3

right are y = %and y==-

1
(¢) The graph of y = cos ™ (—) will look like the graph on
x

the left.
(d) The graph on the left is increasing on both connected
intervals.
Y Y
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194 Chapter 4 Trigonometric Functions

72. (a) The horizontal asymptote of the graph on the left is
y=0.
(b) The two horizontal asymptotes of the graph on the
rightarey = Oandy = 7.

1
(¢) The graphof y = sinfl(—) will look like the graph
x

on the left.
(d) The graph on the left is decreasing on both connected
intervals.
Y Y
B (-1, 3m/2)
4 4
(1, m2) (1, w2)
T \1\1——4—4— T Kr\r—4—o—
(I I I [P T I N
11 -1 1
(-1, -m2)2 | ol

M Section 4.8 Solving Problems with
Trigonometry

Exploration 1
1. The parametrization should produce the unit circle.

2. The grapher is actually graphing the unit circle, but the
y-window is so large that the point never seems to get
above or below the x-axis. It is flattened vertically.

3. Since the grapher is plotting points along the unit circle,
it covers the circle at a constant speed. Toward the
extremes its motion is mostly vertical, so not much hori-
zontal progress (which is all that we see) occurs. Toward
the middle, the motion is mostly horizontal, so it moves
faster.

b

The directed distance of the point from the origin at any
T is exactly cos 7, and d = cos ¢t models simple harmonic
motion.

Quick Review 4.8
1. b = 15 cot 31°
2. a = 25 cos 68°
3. b = 28 cot 28°

24.964,c = 15csc31° = 29.124
9.365, b = 25 sin 68° ~ 23.180

28 cot 44° = 23.665,
¢ = 28 csc28° =~ 59.642,a = 28 csc 44° ~ 40.308

4. b = 21 cot 31° — 21 cot 48° =~ 16.041,
c = 21 csc31° = 40.774,a = 21 csc 48°

5. complement: 58°, supplement: 148°

Il
a1 on 2

28.258

Q

6. complement: 17°, supplement: 107°
7. 45°
8. 202.5°
9. Amplitude: 3; period: 7
10. Amplitude: 4; period: /2

Section 4.8 Exercises
All triangles in the supplied figures are right triangles.

o h — o
L tan 60° = —-— s0 h = 300 tan 60° = 300\/3

~ 519.62 ft.

2. tan 34°13'12" =
~ 68.01 ft.

,s0 h = 100 tan 34°13'12"
100 ft

h 3401312

100 ft

3. Let d be the length of the horizontal leg. Then tan 10°

_ 1208t d = 129 120 cot 10° ~ 68055 f.
d tan 10°

0 ft 0
2 ,s0d = 2 = 90 cot 14° =~ 361 ft.
tan 14°

90 ft 14°

5. Let ¢ be the wire length (the hypotenuse); then

5ft
cos 80° = P sof = = S5sec80° ~ 28.79 ft.

cos 80°
Let & be the tower height (the vertical leg); then
tan 80° = wE so h = 5tan 80° ~ 28.36 ft.

51t
6. cos 62° = m, sof = 16 = 16 sec 62° ~ 34.08 ft.
4 cos 62°
tan 62° = L, so h = 16 tan 62° ~ 30.09 ft.
16 ft
h l
16 ft
7. tan 80°1'12" = N h = 185 tan 80°1'12" =~
. tan = 185 ft,so = an ~
1051 ft.
h
80°1'12”
185 ft

8. Let & be the height of the smokestack; then

tan 38° = h .80 h = 1580 tan 38° ~ 1234 ft.
1580 ft
o [A— h — o !~
9. tan 83°12" = 100 ft’SOh = 100 tan 83°12" ~ 839 ft.
h
83°12’
100 ft
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by

B

by

32 ft
10. = sin ! —— ~ 3.9°
0 1
#32 ft
]
tan 55° = ,soh = 10tan 55° =~ 14.3 m.
h
10 m
tan 29°48' = L so h = 125 tan 29°48" ~ 71.6 ft
125 ft’ T
A 29°48’
125 ft
tan 35° = L., so LP = 4.25tan 35° =~ 2.98 mi.
4.25 mi
h
tan 35° = — and tan 30° = ————, so x = h cot 35°
X x + 1000
and x + 1000 = A cot 30°. Then /& cot 35° =
1000

h cot 30° — 1000,s0 h =

h
3

——x—
1000 ft

—— =~ 3290.5 ft.
cot 30° — cot 35° ?

Let x be the elevation of the bottom of the deck, and /4 be
X

and
200 ft

the height of the deck. Then tan 30° =

x+h

200 ft
200 tan 40° ft. Therefore A = 200(tan 40° — tan 30°) ~

52.35 ft.
Let d be the distance traveled, and let x be car’s ending
distance from the base of the building. Then

tan 15° = ;O—Oﬁ and tan 33° = 100 it
X

tan 40° = ,sox = 200 tan 30°ftand x + h =

.sod + x =

100 cot 15° ft and x = 100 cot 33° ft. Therefore
d = 100(cot 15° — cot 33°) ~ 219 ft.

The two legs of the right triangle are the same length
(30 knots- - -2 hr = 60 naut mi), so both acute angles are
45°. The length of the hypotenuse is the distance:

60\V/2 ~ 84.85 naut mi. The bearing is 95° + 45° = 140°.
The two legs of the right triangle are 40 knots- -2 hr =
80 naut mi and 40 knots---4 hr = 160 naut mi. The
distance can be found with the Pythagorean Theorem:

d = 80\/5 ~ 178.885 naut mi. The acute angle at Fort

Lauderdale has measure tan"! 2, so the bearing is
65° + tan ! 2 &~ 128.435° (see figure below).

| ! o
165° 155
Fort

Lauderdale h 160

Section 4.8 Solving Problems with Trigonometry

19.

20.

21.

22.

23.

24.

25.

26

by

27.

28.

195

The difference in elevations is 1097 ft. If the width of the
. 1097 ft
canyon is w, then tan 19° = w SO

w = 1097 cot 19° ~ 3186 ft.

1097 ft

w

The distance from the base of the tower d satisfies
73 ft

tan 1°20" = .sod = 73 cot 1°20" ~ 3136 ft.

The acute angle in the triangle has measure

180° — 113° = 67°,s0 tan 67° =

375 f'[.Then

€ = 375 tan 67° ~ 883 ft.

tan 17° = soh = 12 tan 17° = 3.67 mi.

h

12 mi’
h

36560

If & is the height of the vertical span, tan 15° =

h = 36.5 tan 15° = 9.8 ft.

760 ft
d

The distance d satisfies tan 5.25° =

d = 760 cot 5.25° = 8271 ft.
5.25°

, SO

760 ft e
d

Let d be the distance from the boat to the shore, and let x
be the short leg of the smaller triangle. For the two trian-
gles, the larger acute angles are 70° and 80°. Then

x = d cot 80°

Ofd o d
tan 80° = xandtan70 =17 550,or

and x + 550 = d cot 70°. Therefore
d= S ~ 2931 ft.

cot 70° — cot 80°
If ¢ is the time until the boats collide, the law enforcement
boat travels 23¢ naut mi. During that same time, the smug-
glers’ craft travels x¢ naut mi, where x is that craft’s speed.

These two distances are the legs of a right triangle

t
(shown); then tan 15° = % = 2x_37 so x = 23 tan 15°
~ 6.2 knots.
I 15° I
x,
23t
16

(a) Frequency: 2i = 2—77- = 8 cycles/sec.

T T

(b) d = 6 cos 164t inches.
(¢c) Whent = 2.85,d =~ 1.854;this is about 4.1 in left of
the starting position (whent = 0,d = 6).
1
(a) Frequency:% = % = 5 cycle/sec.
(b) d = 18 cos #t cm.

(¢) Since 1 cycle takes 2 sec, there are 30 cycles/min.
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196 Chapter 4 Trigonometric Functions

29. The frequency is 2 cycles/sec,so w = 2 * 27
= 47 radians/sec. Assuming the initial position is
d = 3cm:d = 3 cos 4.

30. 2i = 528,50 w = 10567 radians/sec.
T

31. (a) The amplitude is a = 25 ft, the radius of the wheel.
(b) k = 33 ft, the height of the center of the wheel.

1
(c) 2 rotations/sec,so w = /10 radian/sec.
20 20

1
32. (a) % = 3rpm = %rotations/sec, sow = 7/10.

t
One possibility is # = —8 cos 717-—0 + 9.
(b)

[0,30] by [1,20]

(¢) h(4) = 6.5m; h(10) = 17 m.

2
33. (a) Given a period of 12, we have 12 = |?ﬂ|-
2
12|p| = 27 so |b| = % = % We select the positive

a
value,so b = —.

(b) Using the high temperature of 81.5 and a low tempera-
815 —492 323

) =— %o
la] = 16.15 and we will select the positive value.

=L T492 s

ture of 49.2, we find |a| =

(¢) his halfway between the times of the minimum and
maximum. Using the maximum at time ¢t = 7 and the

2

minimum at time ¢t = 1, we have
h=1+3=4

= 3. So,

(d) The fit is very good for
y = 16.15 sin (%(t - 4)) + 65.35.

[0, 13] by [40, 90]

(e) There are several ways to find when the mean tem-
perature will be 70°. Graphical solution: Graph the
line ¢t = 70 with the curve shown above, and find the
intersection of the two curves. The two intersections
are att ~ 4.56 andt ~ 9.44.

R, L
£ E o ﬂ‘*’u
rad o N
.-"- 'q\:‘ "‘ll q"'-.
- N B!
o o "
Inkgrseckion L Inkterseckion -
HEUEEFFEIF W=P0 HONYZEORE W=7

[0, 13] by [42, 88] [0, 13] by [42, 88]

Algebraic solution: Solve

16.15 sin (%(t - 4)) + 6535 = 70 for 1.

16.15 sin (%(t - 4)) + 6535 =170

. T 4.65
sin (60 4)) ~ 1615

oA = wn L ﬂ)
glt =4 = sin (16.15

%(r — 4) ~ 0292,2.85
Note:sin § = sin (7 — 0).
t = 4.56,944.
Using either method to find ¢, find the day of the year

4.56 9.44
as follows: BT 365 =~ 139 and B 365 ~ 287.
These represent May 19 and October 14.

34. (d) All have the correct period, but the others are incor-
rect in various ways. Equation (a) oscillates between
—25 and +25, while equation (b) oscillates between —17
and +33. Equation (c) is the closest among the incorrect
formulas: it has the right maximum and minimum val-
ues, but it does not have the property that 4(0) = 8.
This is accomplished by the horizontal shift in (d).

35. (a) Solve this graphically by finding the zero of the function
t
P =2t — 7sin (% . The zero occurs at approximately

2.3. The function is positive to the right of the zero. So,
the shop began to make a profit in March.

2k

[Ezz.z11zz41 =0
[0, 13] by [-20, 50]

(b) Solve this graphically by finding the maximum of the
t
function P = 2t — 7 sin (%) The maximum occurs

at approximately 10.76, so the shop enjoyed its great-
est profit in November.

/\_/!‘\H

w=in/eZAA:  YW=ZB.2E2194
[0, 13] by [-20, 50]
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t
36. (a) Using the function W = 220 — 1.5¢ + 9.81 sin (%),

where ¢ is measured in months after January 1 of the
first year and W is measured in pounds, we have t = 0
at the beginning. This gives

-0
W =220 — 1.5(0) + 9.81 sin (WT) = 220 pounds.

At the end of two years,t = 24, which gives
24

W = 220 — 1.5(24) + 9.81 sin (T) = 184 pounds.

(b) Solve this graphically by finding the maximum of the
t
function W = 220 — 1.5t + 9.81 sin (%).The max-

imum occurs at ¢t = 1.75, where W =~ 227.

n=l.7E0EEE W=EeE. 0965 .

[0, 24] by [150, 250]
(¢) Solve this graphically by finding the minimum of the
t
function W = 220 — 1.5t + 9.81 sin (%).The mini-

mum occurs at ¢t = 22.2, where W ~ 177.

Hinirun
H=ge. eHAYPE WSiPF 003

[0, 24] by [150, 250]

37. True. The frequency and the period are reciprocals:

f = 1/T. So the higher the frequency, the shorter the
period.

38. False. One nautical mile equals about 1.15 statute miles,

and one knot is one nautical mile per hour. So, in the time
that the car travels 1 statute mile, the ship travels about
1.15 statute miles. Therefore the ship is traveling faster.

39. If the building height in feet is x, then tan 58° = x/50. So

x = 50 tan 58° ~ 80.The answer is D.

40. By the Law of Cosines, the distance is

c = Va + b? — 2abcos 0

= V402 + 202 + 2(40)(20)cos 60° ~ 53 naut mi.
The answer is B.

41. Model the tide level as a sinusoidal function of time, z.

6 hr, 12 min = 372 min is a half-period, and the amplitude
is half of 13 — 9 = 4. So use the model

f(t) = 2cos (wt/372) — 11 with t = 0 at 8:15 p.M. This
takes on a value of —10 at t = 124. The answer is D.

42. The answer is A.

Section 4.8 Solving Problems with Trigonometry

43.

44.

45.

46.

47

B

48.

49.

50.

197

(a)

[0,0.0062] by [-0.5,1]

(b) The first is the best. This can be confirmed by graph-
ing all three equations.

2464 1232

(¢) About > ~ 392 oscillations/sec.
ar

w

(a) Newborn: about 6 hours. Four-year-old: about 24
hours. Adult: about 24 hours.

(b) The adult sleep cycle is perhaps most like a sinusoid,
though one might also pick the newborn cycle. At
least one can perhaps say that the four-year-old’s
sleep cycle is least like a sinusoid.

The 7-gon can be split into 14 congruent right triangles
with a common vertex at the center. The legs of these tri-
angles measure a and 2.5. The angle at the center is
20w

a
1= 7,s0a = 2.500'[7 ~ 5.2 cm.

The 7-gon can be split into 14 congruent right triangles
with a common vertex at the center. The legs of these
triangles measure a and 2.5, while the hypotenuse has
20w

= —,s0

length r. The angle at the center is =7

r=25 cscg ~ 5.8 cm.

Choosing point E in the center of the rhombus, we have
AAEB with right angle at E,and m/EAB = 21°.Then
AE = 18 cos 21°in, BE = 18 sin 21° in., so that

AC = 2AE =~ 336inand BD = 2 BE = 12.9in.

(a) BE = 20 tan 50° =~ 23.8 ft.

(b) CD = BE + 45tan 20° ~ 40.2 ft.

(¢) AE + ED = 20 sec 50° + 45sec20° ~ 79 ft, so the
total distance across the top of the roof is about 158 ft.

6 = tan"'0.06 ~ 3.4
4
[ (0.06)(7)
7 mi =0.42 mi

Observe that there are two (congruent) right triangles
with hypotenuse 4100-mi (see figure below). The acute

4000
1

angle adjacent to the 4000-mi leg has measure cos™ 1100
40 40

= cos '—,500 = 2cos ' — = 25.361° ~ 0.4426 radians.
41 41

The arc length is s = r§ = (4000 mi) (0.4426) =~ 1771 mi.
100 mi

4000 mi
4
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51. (a)

5. Quadrant I;78° -

6. Quadrant II; 112° -

8. Quadrant II; —

198 Chapter 4 Trigonometric Functions

rmnﬂmﬂ

[0,0.0092] by [~1.6, 1.6]

(b) One pretty good match is
y = 1.51971 sin[2467(t — 0.0002)] (that is,
a = 1.51971,b = 2467, h = 0.0002). Answers will vary
but should be close to these values. A good estimate
of a can be found by noting the highest and lowest
values of “Pressure” from the data. For the value of b,
note the time between maxima (approx. 0.0033728 —
0.0008256 = 0.0025472 sec); this is the period, so
2

b~ —

0.0025472
location of the first peak after ¢t = 0, choose # so that

~ 2467. Finally, since 0.0008256 is the

2467(0.0008256 — h) ~ % This gives & ~ 0.0002.

©F oy 2467 1
O Frequeney: about o T 0.0025472

It appears to be a G.

~ 393 Hz.

(d) Exercise 41 had b ~ 2464, so the frequency is again
about 392 Hz; it also appears to be a G.

H Chapter 4 Review

1. On the positive y-axis (between Quadrants I and II);
5 o
w180 _

2 T

37 180°
2. Quadrant II; Tﬂ- .

= 135°.

w

T 3

3. Quadrant III; —135° - = ——,

180° 4

o o

4. Quadrant I'V; —45° - = ——.

180° 4
T 137
180° 30
28w
=S5

180°

a
7. drant I; — -
Quadran B

7w 180°

. = 126°.
10

9. 270° or 37# radians

10. 900° or 57 radians

L)
&

For #11-16, it may be useful to plot the given points and draw
the terminal side to determine the angle. Be sure to make
your sketch on a “square viewing window.”

11. = tan! (L) = 30° = %radian

V3

12. 6 = 135°

3 .
— radians

13. 6 = 120° = 2Tﬂ-radians

14. 6 = 225°

S5 .
—— radians

15. 6 = 360° + tan ' (—2) = 296.565 ~ 5.176 radians
2

16. = tan™
1
17. sin 30° = —
sin >

19. tan (—135°) = 1
S 1

21. sin— =
sin —

2
23 (”) 2
. SE€C - =
3

25. csc 270° = —1
27. cot (=90°) = 0

29. Reference angle:

sin(—z) = —l
6 2

18.

20.

22.

24.

26.
28.

~ 63.435° =~ 1.107 radians

cos 330° = ﬁ
2

sec (—135°) = -V2
csc o2

3 3

2

tan (— 3 = \/5
sec 180° = —1
tan 360° = 0

= 30°; use a 30-60 right triangle with
side lengths \/g, (—)1,and 2 (hypotenuse).

(3)-

csc(—%) = —2,sec(—%) =

30

B

V3 ™ 1
Bl 9
%;cot(—%) = —\/g.

Reference angle:% = 45°; use a 4545 right triangle with

side lengths (—)1, 1, and V2 (hypotenuse).

. 197 1
sin— =

LY

19 19
csc—ﬂ- = \/E,secTﬂ- = —

4
31

.

sin (—135°) = —

cot(—135°) = 1.
32

.

V2

tan (—135°) = 1;csc(—135°) =

,cos (—135°) = —

197 1 197 1
COST - %, anT — 13
197
2; cotT = -1

Reference angle: 45°; use a 45-45 right triangle with side

lengths (—)1, ()1, and V2 (hypotenuse).

1
5
\/E,sec (—135°) = —\/5,

Reference angle: 60°; use a 30-60 right triangle with side

lengths 1, \/g, and 2 (hypotenuse).

sin 420° = 73, cos 420°

2
csc 420° = —=, sec 420° =

V3

Copyright © 2019 Pearson Education, Inc.
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> tan 420° = \/g;

1
2,cot 420° = —.
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5 - - ~
33. The hypotenuse length is 13 cm, so sin a = I 44.c= Va* + P2 =V25 + 7.325— \/59.54 ~ 7.716. For
2.
12 3 13 13 the angles, we know tan ¢ = ——; using a calculator, we
cosa = —,tana = —_,csCa = —,seca = -, 1.3
13 12 5 12 find & ~ 18.90°,so that B = 90° — a ~ 71.10°.
cota = 15—2 45. sin x = 0 and cos x = 0: Quadrant III
1
For #34-35, since we are using a right triangle, we assume that 6 46. cos x = 0 and it Quadrant I1
is acute.

i = =0
34. Draw a right triangle with legs 5 (adjacent) and 47. sin x = 0 and cos x = 0: Quadrant II

V72— 52 = V24 = 2\/6, and hypotenuse 7. 48. = 0 and — = 0: Quadrant II
in 0 —2\/6 cos 6 > tan 6 2\/6 csc 6 —7 o o 2 1
sin § = s == = > = >
7 7 5 2\/6 49. The distance OP = 3\/5, sosinf = —=,cos ) = — ——,
; 7 ; 3 Vs Vs Vs
sec = _,cotf = —~—. 5 1
5 2V6 tanGI—2;CSC0:T,SEC0:—\/g,COtGI—E.

35. Draw a right triangle with legs 8 (adjacent) and 15, and

7 12
hypotenuse V8% + 152 = V289 = 17. 50. OP = V193,s0sin § = ,CO08 0 = ——,
17 V193 V193

. 15 8 15
sinf = ——,co80 = —,tanh = —;csch =

17 17’ 8 15’ 1 V193 V193 12
072 tefﬁ tan g = 12,<:s<:¢9— 7 ,Sec g = B ,cot g = -
sec = 8,CO = 15 3

51. OP = \/3'_4,sosin0 = —

36. 6 ~ 64.623° V34
37. x ~ 4.075 radians 3 V34 V34 5
. tan @ = —;csc = — ,Secf = — ,cotg = —.
38. x ~ 0.220 or x = 2.922 radians 5 3 5 3
. . . . 4
For #39 .44,-ch00se whichever of the following formulas is 52. OP = \/9—7’ s0sin g = 9 cos 6 = 7
appropriate: V97 V97
. b 9 Vo7 Vo7 4
= 2 —pr= = =bt = = = = — = = —
a C csina = ccos f3 an o tan 8 tan 6 4,0500 9 ,sec 1 , cot 0 9
3 3 . a 53. Starting from y = sin x, translate left 7 units.
b= V¢ —a"=ccosa=csinf=atanfB =
tan
_ 5 s _a _ a b b
c=Va +b = = — = — =
cosB sina sin f cos «
If one angle is given, subtract from 90° to find the other angle.
If neither @ nor B is given, find the value of one of the trigono-
metric functions, then use a calculator to approximate the
value of one angle, then subtract from 90° to find the other. [~2m, 27 ] by [-1.2,12]
39.a=csina = 15sin35° = 8.604,b = ccos « ) _ )
= 15c0835° ~ 12.287,8 = 90° — a = 55° 54. Starting from y = cos x, vertically stretch by 2, then

translate up 3 units.

40. ¢ = V& — b* = V102 — 8 = 6. For the angles, we

8 4 .
know cos a = — ; using a calculator, we find

105
a ~ 36.87°,s0 that B = 90° — a = 53.13°.
41. b= atan B = 7tan 48° ~ 7.774,¢ = CO’:B l
7
_ ~ 10. = 90° — B = 42° —2m, 2] by [-1, 6
o5 43° 10.461,a = 90 B =42 [2m,27] by [ ] _
42. 0= csina = 8sin28° ~ 3.756,b = c cos a 55. Starting from y = cos x, translate left > units, reflect

~ 8 cos28° = 7.064,8 = 90° — a = 62°
43.0=\V - =V7 -5 =V24=2V6 ~ 490. For

5 . .
the angles, we know cos a = 7; using a calculator, we find

across the x-axis, and translate up 4 units.

a ~ 44.42° so that B = 90° — a ~ 45.58°.

[

[—2, 2] by [—1, 6]
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56. Starting from y = sin x, translate right 7 units, vertically
stretch by 3, reflect across the x-axis, and translate down
2 units.

) [ﬁ

/

[—2r, 2] by [—6, 2]

1
57. Starting from y = tan x, horizontally shrink by >

AU
i

—0.57, 0.57] by [-5, 5]

1
58. Starting from y = cot x, horizontally shrink by 3 vertical-

ly stretch by 2, and reflect across the x-axis (in any order).

[*73—7, 73—7} by [-10, 10]

59. Starting from y = sec x, horizontally stretch by 2, vertically
stretch by 2, and reflect across the x-axis (in any order).

Vs
(0N

[—4r, 4] by [-8, 8]

1
60. Starting from y = csc 7rx, horizontally shrink by —.
o

U U
[

[-2,2] by [-5, 5]

For #61-66, recall that for y = a sin[b(x — h)] or

y = acos[b(x — h)], the amplitude is

and the phase shift is 4. The domain is always (— 00, o0 ), and

the range is [—

2
61. f(x) = 2 sin 3x. Amplitude: 2; period:?ﬂ-; phase shift: 0;
domain: (— 00, co0); range: [—2,2].
62. g(x) = 3 cos 4x. Amplitude: 3; period: %; phase shift: 0;
domain: (— 00, o0); range: [—3, 3].

63. f(x) = 1.5 sin{ (x - g)} Amplitude: 1.5; period:

7r; phase shift: %; domain: (— 00, 00); range: [—1.5,1.5].

64. g(x) = —2sin {3()( - 3)} Amplitude: 2; per10d -

phase shift: — 9’ ; domain: (— 00, 00); range: [—2,2].

1
65. y = 4 cos {2()( - 5)}.Amplitude: 4; period: ;

1
phase shift: E; domain: (— 00, c0); range: [—4, 4].

1 2
66. g(x) = —2cos {3()( + g)]Amplitude: 2; period: ?ﬂ-,

1
phase shift: — 3 domain: (— o0, 00); range: [—2,2].

For #67 and 68, graph the function. Estimate a as the amplitude
of the graph (i.e., the height of the maximum). Notice that the
value of b is always the coefficient of x in the original func-
tions. Finally, note that a sin[b(x — k)] = 0 when x = A, so
estimate 4 using a zero of f(x) where f(x) changes from neg-
ative to positive.

67. a = 447,b = 1l,and h = 1.11,s0 f(x) = 447sin(x — 1.11).

68. a =~ 3.61,b = 2,and h = —1.08,s0 f(x) =~
3.61sin [2(x + 1.08)].

09. ~ 49.996° ~ 0.873 radians
70. ~ 61.380° ~ 1.071 radians

71. 45° z radians

72. 60° z radians

1

1
73. Starting from y = sin "x, horizontally shrink by —.

11 T
Domam{ 3 3} Range{ 5 2}

1

1
74. Starting from y = tan™ x, horizontally shrink by >

Domain: (— 00, 00). Range: (_g 7%)

Iy, translate right 1 unit, horizontally

75. Starting from y = sin~

1 2
shrink by 3 translate up 2 units. Domain: {0, 3|

Range:{2 - 1,2 + z}.
2 2

76. Starting from y = cos ™!

1
hrink by —
shrink by =,

Range: [-3,7 — 3].

x, translate left 1 unit, horizontally

translate down 3 units. Domain: [—1, 0].
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71.

79.

81.

83.

84.

85

b

86.

87

B

88

by

89

.

90

B

91

.

92

.

93.

94

b

95.

T
= — 78. x = —
T % 7%
37 S5
X = T 80. ?
37 S5
- 2. -
2 8 6
As |x] > 00, 22X 0.
X

3
As x — 00, ge"x/u sin (2x — 3) — 0; as x — —o0, the

function oscillates from positive to negative, and tends
to o0 in absolute value.

tan (tan"'1) = tan% =1

1
cos ™! (cos Z) =coslo=2
3 2 3
au

3 .
tan (sinf1 —) _ b , where 0 is an angle in {— z —}

5 cos 6 2°2
3
with sin § = 5 Then cos 0 = V1 — sin?6 = V0.64

= 0.80 and tan 6 = 0.75.

oo 5) -3

L . . ™ .
Periodic; period 7. Domain x # B + nar, n an integer.

Range: [1, ).

Not periodic. Domain: (— 00, c0). Range: [—1, 1].

- . ™ .
Not periodic. Domain: x # 5 + nw, n an integer.
Range: [— 00, 00).

Periodic; period 277. Domain: (— 00, 00). Range:
approximately [—5,4.65].

s=rf = (2)(2%) =4T7T

Draw a right triangle with horizontal leg x (if x = 0, draw
the horizontal leg right; if x < 0, draw it left), vertically

leg V1 — x%, and hypotenuse 1. If x = 0, let 6 be the

acute angle adjacent to the horizontal leg; if x = 0, let 0

be the supplement of this angle. Then = cos™'x, so

1 V1 — x?
tan§ = tan(cos ' x) = EE—
1 E \
| o
C 0 =0 O
X X
tan 78° = h so h = 100 tan 78° = 470 m
100 m’ ~ '
h
78°
100 m

101. tan 72°24' =

Chapter 4 Review 201

h .80 h = 51 tan 25° ~ 23.8 ft.

96. tan 25° =
an 51 ft
h
51 ft
150 ft 150 ft
97. tan 42° = and tan 18° = , SO
d+ x
x = 150 cot 42° and d + x = 150 cot 18°. Then
d = 150 cot 18° — 150 cot 42° ~ 295 ft.
150 ft

42° 18°
—x———d—

PQ .
98. tan 22° = o so PQ = 4tan22° = 1.62 mi.

99. See figure below.

e north tower
/

e south tower

+
100. tan 25° = % and tan 33° = XTSSS, so x = d tan 25°
and x + 855 = d tan 33°.Then d tan 25° + 855 =
855

dtan 33°,sod = ~ 4670 ft.

tan 33° — tan 25°

25°
\ d

WEE i
X

855 ft
4L

h
62 ft

,S0 h = 62 tan 72°24' =~ 195.4 ft.

h
72°24

62 ft
. . h
102. Let 0 be the angle of elevation. Note that sin § = S
soh = 75sin 6.
(a) If @ = 22° then h = 75 sin 22° ~ 28 ft.
(b) If 6 = 27°,then h = 75sin 27° =~ 34 ft.

75 ft
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103, 5 — 16 — (44 in.)(6°- T ) 27 e Chapter 4 Project

180° 15 Solutions are based on the sample data shown in the table.

110 11 (Solutions and solution methods will vary.)
104. The blade sweeps out ——— = — of a circle; take this

360 36 1. - .
fraction of (the area of a 20 in-radius circle minus u"u u“u uﬂ"
the area of a 4 in.-radius circle): n“u, e
A= %[ﬂ-@o)z - w(4)?] = 352m ~ 368.6 in’
105. Solve algebraically: Set T(x) = 32 and solve for x.
2 [-0.1,2.1] by [0, 1]
31.2sin {—(x - 106)} + 204 = 32
365 2. The peak value seems to occur between x = 0.4 and
sin {2_77()( _ 106)} _ &6 x = 0.5,s0let h = 0.45.The difference of the two
365 31.2 extreme values is 0.931 — 0.495 = 0.436, so let
2—7T(x — 106) = sin ! (&6) a ~ 0.436/2 ~ 0.22.The average of the two extreme
365 31.2 values is (0.931 + 0.495)/2 = 0.713,so0 let k = 0.71.

The time interval from x = 0.5 to x = 1.3, which
(x — 106) ~ 0.381,2.76 equals 0.8, is right around a half-period, so let

(Note: sin 6 = sin(w — 6).) b = /0.8 = 3.93. Then the equation is
y ~ 0.22cos (3.93(x — 045)) + 0.71.
The constant a represents half the distance the pendulum
Solve graphically: Graph T(x) = 32 and bob swings as it moves from its highest point to its lowest
point. And k represents the distance from the detector to
the pendulum bob when it is in mid-swing.

2m

365

x = 128,266

w

2
T(x) = 31.2sin {%(x — 106)} + 20.4 on the same set

of axes, and then determine the intersections. 4. Since the sine and cosine functions differ only by a phase

shift, only # would change.

5. The regression yields y ~ 0.22sin (3.87 x — 0.16) + 0.71.
ﬁ f”ﬁ\ Most calculator/computer regression models are

b

. I ., expressed in the form y = asin (bx + f) + k, where
— —f/b = hinthe equation y = asin (b(x — h)) + k.
ég;ggfgggigg — Both Ty veze Here, the regression equation can be rewritten as .
[0, 365] by [-50, 100] [0, 365] by [-50, 100] y ~ 0.22sin (3.87 (x — 0.04).) + 0.71:The d1ffer§nce in
the two values of / for the cosine and sine models is 0.41,
Using either method, we would expect the average which is right around a quarter-period, as it should be.

temperature to be 32°F for about 139 days, from day 128
(May 8) through day 266 (September 23).

106. Set 4(x) = 0 and solve for x.
0 = 35 cos (i) +17
35

X ETRTANS
35 cos (35) 2.078 rad

x = (35)(2.078)
~ 727 ft.

=
0
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H Section 5.1 Fundamental Identities

Exploration 1
1. cos 6 = 1/sec 6,sec § = 1/cos 0, and tan 6 = sin 6/cos 6
2.sin @ = 1/csc § and tan 6 = 1/cot
3. csc§ = 1/sin 6, cot § = 1/tan 0, and cot & = cos 6/sin 6

Quick Review 5.1
For #1-4, use a calculator.
1. 1.1760 rad = 67.380°

2. 0.9273 rad = 53.130°
3. 2.4981 rad = 143.130°
4. —0.3948 rad = —22.620°
5. a*> — 2ab + b* = (a — b)*
6. 4’ +4u+1=Qu+ 1)
7. 2x% — 3xy — 2y* = (2x + y)(x — 2y)
8.20P =50 —3=2v+ D - 3)
o Ly 2 x_y-
Xy y x Xy
1080 b ox_aytbx
Xy y x Xy
2 =(x+y)-( al )= y
1 4 1 x +
x )y
X x+y y X =y X2+ y2
12. . - . =

xX—y x+y X+y x—y xz_yz

Section 5.1 Exercises

1. sec’d = 1 + tan’g = 1 + (3/4)* = 25/16, so sec § = +5/4.

Then cos § = 1/sec 6 = £4/5. But sin 0, tan § > 0 implies
cos 0 > 0,s0 cos § = 4/5. Finally,

tan0=§
4
sinf 3
cos 6 _Z
. 3 _3(4)_3
SIHG_ZCOSG_Z g —g.

2.sec? =1+ tan’0 = 1 + 32 = 10,s0sec§ = i\/ﬁ.
But cos # > 0 implies sec § > 0, so sec § = V0. Finally,
tanf = 3
sec 0

csc

V10 =

s

W | =

1
9 =— 0 =
csc 3'sec

. tan’0 = sec’d — 1 = 4> — 1 = 15,so tanf = j:\/B.

But sec§ > 0,sin § < 0 implies tan § < 0, so

tang = —\/15. Finally cot§ = 1/tan 6 = —1/V15 =
~\V/15/15.

L sin’0 = 1 — cos’0 = 1 — (0.8)* = 0.36,s0sin § = +0.6.

But cos # > 0, tan < 0 implies sin 6 < 0,
so sin # = —0.6. Finally, tan 6 = sin §/cos § = —0.6/0.8 =
—0.75.

. cos(m/2 — 0) = sinf = 045

6. cot § = tan(w/2 — 6) = —5.32
7. cos(—60) = cos O = sin(7/2 — 0)
= —sin(@ — 7/2) = —0.73
8. cot(—0) = —cot§ = —tan(w/2 — 6)
= tan(@ — 7/2) = 7.89
sin x .
9. tan x cos x = ©COS X = sin x
COoS X
10. cot x tan x = 09sx L
sin x oS x
11. sec sin(z— )— ! ccosy =1
- SCY 2 Y cos y Y
. cosu .
12. cotusinu = ssinu = cosu
inu
1 + tan® x sec? x 1/cos® x sin® x )
13. 5 = > = 5 = >— = tan” x
csc” x csc” x 1/sin” x cos” x
14, 1 —.cos20 _ si.nzO —ino
sin 6 sin 6

15.

16.

17.

18.

19.

20.

21.
22,

23.

cos x — cos® x = cos x(1 — cos® x) = cos x sin” x

sin?u + tan®u + cos’ u 1 + tan®u secu

= = = secu
secu secu secu
. . 1
sinxcsc(—x) = sinx-———— =
sin (—x)
_ )= —. —x) =1
sec(—x) cos(—x) cos (=) cos (—x)
cos (Z - )
T cos (—x) 2 "
cot(—x)cot| — — x | = — .
2 sin (—x) . (77' )
sin{ — — x
2
_cos(—x) sin(x)
~ sin(—x) cos(x)
cos (—x) sin(—x
cot(—x) tan(—x) = — ( ) ) =1
sin (—x) cos (—x)
sin’(—x) + cos’(—x) = 1
sec’(—x) — tan’ x = sec’x — tan’x = 1
K
tan (— - x) CSC X .
2 cotx cosx sinx
= = . = cos x

csc? x cscx sinx 1
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i i in? sin x sin x . .
] 1+ tan x . s¥n X COSXx _ SIn X COSX + sm” x 35. = - — = (sin x)(tan2 x) — (sin x)(secz x)
1+ cotx sinxcosx sin x cos x + cos? x cot"x  cos )zc R
sin x(cos x + sin x) = (sinx)(tan” x — sec”x) = (sin x)(—1) = —sinx
= - = tan x 1 1 secx +1 —secx +1
cos x(sin x + cos x) 36. T = >
25. (sec?x + csc? x) — (tan® x + cot® x) sec x ; secx + seccx — 1
= (sec?x —tan’x) + (csc?x —cot?x) =1+ 1=2 = ——=2cot’x

sec’u — tanu 1
26. Q> . 2 .- 7= 1 37
cos” v + sin“ v 1 .

tan® x
secx sinx secxcosx —sinx 1 — sin®x

) sinx  cosx sin x cos x sin x cos x
. . sinx  cosx 2
27. (sin x)(tan x + cot x) = (sin x)( —) - oS X _COSX _ oix
. 5 cosx  smx sinxcosx  sinx
= sin x(sm x <fos x) = 1 = sec x 38 sin x 4 1—cosx sin® x + (1 — cos x)2
(cos x)(sin x) cos ¥ "1 —cosx sin x sin x(1 — cos x)
28. sin @ — tan 6 cos 0 + cos | — — u sin?x + cos x> + 1 — 2 cos x 2(1 — cos x)
2 = -
. sin x(1 — cos x) sin x(1 — cos x)
) sin u . .
=sinfh — ——-cosu + sinf = sin g = 2cscx
29, (sin x)( C;(Stu Y ) ) 39. cos’x + 2cosx + 1 = (cos x + 1)
. (sin x)(cos an x)(sec x)(csc . . .
o o ) y N . 40. 1 — 2sin x + sin®x = (1 — sin x)?
. sin x 1 1 sin x . > . .2
= (sin x)(cos x) - = 41. 1 — 2sinx + (1 —cos"x) =1 — 2sinx + sin“ x
cos x /\ cos x /\sin x coSs X _ .9
— tan x = (1 — sin x)
42. sin x — cos’x — 1 = sin x + sin> x — 2
30 (secy — tan y)(secy + tan y) = (sinx — 1)(sin x + 2)
secy 43. cosx —2sinx +1 =cosx — 2+ 2cos’x + 1
1 sin y 1 sin y =2cos’x + cosx — 1= (2cosx — 1)(cos x + 1
+
- . 2 . .
_ NS08y COSY/NCOSY COSY 44, sin® x + + 1 =sinx + 2sinx + 1
1 cscx
cos y = (sin x + 1)
4
. . . . 2" i
:1+s1ny—s1ny—s1n2y-cosy:1—s1n2y 45. 4 tan” x oLy [ Smxcscx
2
cos 1 cos y )
Y = 4tan’x — 4tan x + sin x * —
cos? y sin x
= o5 y = cos y =4tan’x — 4tanx + 1 = 2tanx — 1)
tan x tan x 46. sec’ x — sec x + tan’x = sec?x — secx + sec’x — 1
3. —— +— = 2sec’x —secx — 1 = (2secx + 1)(secx — 1)
csc”x  sectx . 2 . .
. . 1 —sin*x (1 —sinx)(1 + sin x) .
sinx\, ., sin x 2 47. = =1-—sinx
- COS X (Sln x) + COS X *CosTx 1+ sinx 1+ sinx
48 tana — 1 (tana — 1)(tana + 1) . L
sinx ) . sin x . = =tana —
= ( )(s1n2x + cos’x) = = tan x 1+ tanea 1+ tan «
cos x cos x 1 six 1 —cos’x (1 —cosx)(l + cosx)
( 1 . 1 ) "1+ cosx 1+ cos x 1+ cos x
sec?xcscx cos>x sinx =1-— cosx
“sec?x + csctx 1 1 50 tan’x  sec’x —1 (secx — 1)(secx + 1)
cos? x sin2 x “secx +1 secx +1 secx + 1
1 cos? x sin® x sinx . = secx 1 )
= 2 T3 = = sin x 51. (cos x)(2sin x — 1) = 0, so either cos x = 0 or
cos“x +sinx sin“x + cos” x 1 1
. K a
1 sec? x 5 1 sinx = —.Then x = — + nmorx = — + 2n7 or
3. — 7= CsCx + ——————— 2 2 6
siffx  tan’x , (sm x) Sar
cos”™ x — : ; .
cos? x X G + 2nr, n an integer. On the interval:
1
= csc? x + — =2csc?x ={£15_7T3_7T}
sm”x 6’2672
1 1
34. — + -
1—-sinx 1+sinx
_ 1+ sinx + 1 —sinx
(1 =sinx)(1 +sinx) (1 — sin x)(1 + sin x)
2 2
= = =2sec’x

1 —sin’x  cos’x
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Section 5.1 Fundamental Identities 205

52. (tan x)(\/i cos x — 1) = 0,so either tan x = 0 or 63. cos™10.37 ~ 1.1918, so the solution set is
1 - T, {£1.1918 + 2nm|n = 0, £1, £2, . . . }.
cosx = V2 en X = mory = iZ + onm, i an 64. cos10.75 = 0.7227, so the solution set is
. . T Iw {£0.7227 + 2nm|n = 0, £1, £2, . . . }.
integer. On the interval: x = {0, —, 7,— .4
4 4 65. sin"'0.30 = 0.3047 and 7 — 0.3047 ~ 2.8369, so the solu-
53. (tan x)(sin’x — 1) = 0, so either tan x = 0 or tion set is {0.3047 + 2n or 2.8369 + 2nw| n = 0,
+1,£2, ...}

in2x = = - i
sin”x = 1. Then x = n or x 2 . i an nteger. 66. tan™'5 ~ 1.3734, so the solution set is {1.3734 + na|
n=0,+1, 42, ...}

However, tan x excludes x = KU nar, so we have only »
2 67. V0.4 = 0.63246, and cos™ 0.63246 ~ 0.8861, so the solu-

tion set is {£0.8861 + nw|n = 0, £1, £2, ... }.
x = nm, nan integer. On the interval: x = {07 ”} 68. /0.4 ~ 0.63246 and sin"10.63246 ~ 0.6847, 50 the solu-
54. (sin x)(tan? x — 1) = 0, so either sin x = 0 or tan® x = 1. tion set is {+£0.6847 + nmw|n = 0, £1, £2, .. . }.

69. V1 — cos? = [sin 6]
- T 3 70. Vtan? 9 + 1 = [sec 0]
way, all multiples of — except for +—, +——, etc.
4 272 71. V9sec?§ — 9 = 3|tan 0
. 7w 3w Sw Tmw
On the interval: x = {0, T T’T} 72. V36 — 36sin* 6 = 6|cos 6
73. V81 tan?# + 81 = 9|sec 4|
74. V100 sec* § — 100 = 10|tan 6|

T T .
Then x = nmorx = 7 + no,nan integer. Put another

.

T .
55.tanx = £+ V3,s0x = j:g + nar, n an integer.

. m 27 47 Sw ] o ) )
On the interval: x = 37 T’ ?, T 75. True. Since cosine is an even function, so is secant, and
thus sec (x — 7/2) = sec (7/2 — x),which equals csc x
56. sin x = j:L sox =24+, san integer. by one of the cofunction identities.
V2 4 3 2 S 7 76. False. The domain of validity does not include values of 0
On the interval: x = { 27 _7T7 _7T7 _W} for which cos § = 0 and tan 6 = sin 6/cos 6 is undefined,
47444 namely all odd integer multiples of /2.
57. (2 cos x — 1)2 = 0.50 COS x = L therefore 77. tan x sec x = tan x/cos x = sin x/cos’> x # sin x. The
' 2’ answer is D.
Y= +Z 4 2nm, n an integer. 78. sine, tangent, cosecant, and cotangent are odd, while
cosine and secant are even. The answer is A.
58. (2sin x + 1)(sinx + 1) = 0,50 sin x = 1 or 79. (sec 6 + 1)(sec® — 1) = sec®d — 1 = tan® 0. The
2 answer is C.
sinx = —1.Then x = —Z 4+ 2nm, x = L + 2nar or 80. By the quadratic formula, 3 cos?x + cosx — 2 = 0
implies
x = —% + 2n7, n an integer. 1 £ V1 -43)(-2)
cosx =
. . . . 2(3)
59. (sinu)(sinu — 2) = 0,s0sinu = 0 orsinu = 2.Then
u = ni, n an integer. =—lor 3
60. 3sin¢ =2 — 2sin’ £, 0r 2sin® ¢ + 3sin¢ — 2 = 0.This There are three solutions on the interval (0, 27r). The

1 .
factorsto (2sin¢ — 1)(sinz + 2) = 0,sosint = ) or answer is D.

. - sin x
. T S 81. sin x,cos x = +V1 —sin’x,tanx = +——n—— |
s1nt:—2.'Ihent=€+2mrort=?+2mr, V1 — sin? x
. 1 1
n an integer. cscx = ——,secx = +———————
61. cos(sin x) = lifsinx = nw.Only n = 0 gives a value Sin x V1 — sin® x
between —1 and +1,sosin x = 0,0r x = nw, n an \/72
. 1 —sin“x
integer. cotx = +—————.
. . . . sin x
62. This can be rewritten as (2 sin x — 1)(sin x + 2) = 0,so0
. . T . 5 1 — cos® x
s1nx:50rs1nx=—2.Thenx=—+2mTor 82. sinx = £V 1 — cos x,cosx,tanx=j:7(:osx ,
S . . 1 1
X = + 2nm, n an integer. See also Exercise 60. cSCX = +————— secx = ,
V1 — cos? x cos x

COS x

+—
V1 — cos?

cot x
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83. The two functions are parallel to each other, separated by
1 unit for every x. At any x, the distance between the two
graphs is sin? x — (—cos® x) = sin® x + cos® x = 1.

ﬂﬂ[ﬂﬂ

[—2, 2] by [—4, 4]

84. The two functions are parallel to each other, separated by
1 unit for every x. At any x, the distance between the two
graphs is sec? x — tan® x = 1.

NHUU&

[—2, 2] by [—4, 4]

85. (a)

[—6, 60] by [350, 410]
(b) The equation is y = 21.36 sin(0.277x + 1.89) + 385.

[—6, 60] by [350, 410]
(¢) The period is approximately 27/0.227452 =~ 27.62 days.
This is very close to 27.3, the number of days that it

takes the Moon to make one complete orbit of Earth
(known as the sidereal period).

(d) About 363,700 km using the curve, but 363,500 km
using the closest actual data point.

(e) There are two perigees that can be seen. The perigee
on the left is very close to the data point 363.5 on
March 31, and the fit through the nearby points does
not suggest that the perigee could be much lower. The
fit near the points around the perigee on the right
suggests that the curve could be steeper on each side
of a lower perigee between day 36 and day 42. The
actual perigee occurred on day 40, which was April
28. You can get good support for a minimum on day
40 by finding the sine regression based on the last five
data points:

Hinirurm
HTW0.082033 ¥IIE0.60401 .
[—6, 60] by [350, 410]

86. Answers will vary.
87. Factor the left-hand side:
sin* @ — cos® 6 = (sin® # — cos” 0)(sin” 6 + cos” )
(sin” @ — cos®6) - 1
= sin? 0 — cos’ 0
88. Any k satisfying k = 2 or k = —2.
89. Use the hint:

sin (7 — x) =

sin (7/2 — (x — 7/2))
= cos (x — m/2)
cos (/2 — x)
sin x Cofunction identity

Cofunction identity
Since cosine is even

90. Use the hint:
cos (m — x)

cos (/2 — (x — m/2))

= sin (x — 7/2) Cofunction identity
= —sin (7/2 — x) Since sine is odd
= —cos x Cofunction identity

91. Since A, B, and C are angles of a triangle, A + B =
7 — C.So:sin (A + B) = sin (m — C)
= sin C

92. Using the identities from Exercises 89 and 90, we have:

sin (7 — x)

tan(7m — x) = wos (7 —x) (7 =)
sin x
—CoS X
= —tan x

M Section 5.2 Proving Trigonometric
Identities

Exploration 1
1. The graphs lead us to conclude that this is not an identity.

[—2, 2] by [—4, 4]

2. For example, cos(2 - 0) = 1, whereas 2 cos(0) = 2.
3. Yes.
4. The graphs lead us to conclude that this is an identity.

ﬂ/Lﬂ

! £
UU[UU

[—2, 2] by [-3, 3]
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5. No. The graph window cannot show the full graphs, so sin?x + cosZx 1 )
they could differ outside the viewing window. Also, the 5. I T escx  mx Yes.
function values could be so close that the graphs appear

tan x sin x CoS X

to coincide. 6. = = sin x. Yes.
sec x cos X 1
. . 2
Quick Review 5.2 COSX COsX _ cos”x
= ) 7. cos x - cot x = . — = — . No.
1 1 sin x + cos x 1 s x s x
1. cscx + secx = — + = — - -
Smx - Cos X Si X Cos x 8. cos (x - 5) = cos (3 - x) = sin x. Yes.
sinx  cosXx sin? x + cos? x
2. tan x + cot x = + — = - 5 ) 3 ) sin’x
cosx  smx Sm x Cos x 9. (sin’x)(1 + cot’x) = (sin’x)(csc’x) = ——— = sin x. Yes.
1 sin“x
Sin x COS x 10. No. Confirm graphically.
. 1 cos? x + sin® x 11. (cos x)(tan.x + sin x cot x)
3. cos x *— + sin x * = - sin x . COS X . )
sin x COSs x Sin x COs x = COSXx*—— + COS X SIn X * — = sin x + COS“x
1 cos X sin x
== 12. (sin x)(cot x + cos x tan x)
sin x cos x .
. cos X + s sin x + sin?
) cos 6 sin ) = sin x * — sin x cos x * = cos x + sin” x
4. sinf-—— — cosf+—— = cosf — sinf s x €os x
sin 6 cos 6

13. (1 — tanx)> = 1 — 2tan x + tan® x

. 1s/ir.1x 1‘/:05)‘ — sin’x + cosx = 1 = (1 + tan’x) — 2tanx = sec’ x — 2tan x
Sin X cos x 14. (cos x — sin x)? = cos” x — 2sin x cos x + sin® x
leosa _ sina 1  sin'a = (cos®> x + sin® x) — 2sin xcos x = 1 — 2sin x cos x
cos a cos’alsina cos’a  cos’a 15. One possible proof:
_1- sin’a _1 (I —cosu)(1 +cosu) 1 —cos’u
cos’a cos®u cos’u
7. No. (Any negative x.) _ sin®u
8. Yes. cos?u
L _ = tan’u
9. No. (Any x for which sin x < 0,e.g., x = —/2.) . .
10. No. (Any x for which tan x < 0, e.g., x = —7/4.) 16. tan x + sec x = St X + 1 _ Smx 1
11 Y. COSX  COSX cos x
- 16 cosx(sinx +1) cosx(sinx + 1) cos x
12. Yes. = 2 = ) = -
cos” x 1 — sin“x 1 —sinx
Section 5.2 Exercises cos’x — 1  —sin’x sinx .
. . 17. = = - +sin x = —tan x sin x
1. One possible proof: R cos X cos X COS X
3.2 —
X - X —(x—l)(x+1)=u—(x2—1) 18 sec’f — 1 _tan’6 1 ‘(sine)zz sin 60
* 5 x © sing sind  sinf \cos@ cos® 6
=X -x - (-1 sin 6
=—x+1 = —
1 — sin“6
=1-x .
2. One possible proof: 19. (1 = sin B)(1 + csc )
1 1 1(2) 1(x) =1+ cscB — sin B — (sin B)(csc B)
e (et I i .
x_é_xi2 2\x :1+CSCB_S%HB_(SinB)(SinB)
x 2x :1+CSCB.—Slnﬁ—1
22—« =cscf3— sinf3
T2 20 1 1 ~ (I +cosx)+ (1 —cosx)
3. One possible proof: "1—cosx 1+cosx (1 —cosx)(l+ cosx)
¥—4 xX*-9 2 2 o
— = = = 2csc
x =2 x+3 1—cos’x sin’x *
_x+)-2) (+3x—3) 21. (cost — sint)> + (cost + sint)?

x =2 x+3 = cos’t — 2costsint + sin’t + cos’t
=x+2-(x-3) + 2costsint + sin’t = 2cos’t + 2sin’t = 2
=3 . 22. sin’a — cos’a = (1 — cos’@) — cos’a = 1 — 2 cos’a

4. One possible proof: 2 2
(¥ = D(x +2) = (x + D(x - 2) 23 _LHfALX _SeCx _ oy
=2 +x-2-(2—-x-2) sin“x + cos”x 1

XHx—-2-x*+x+2
= 2x

Copyright © 2019 Pearson Education, Inc.
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1 cos B sinb  cos’B + sin’g
24, — + tan B = — = -
tan B sin 3 cos b cos B sin 3
1
= “osBeng 5 sin B =secfcscf3
cos B cos? B 1 —sin’B

.

26.

27

28,

29.

30.

31.

32.

33.

“cotv+1 cotwv+1

1+ sin B ~ Cos B(1 + sin B) ~ Cos B(1 + sin B)
(L —sinB)(1l +sinB) 1-sinpf
~ cospB(l +sinB)

One possible proof:
seccx +1  (secx +1)(secx — 1)

cos B

tan x tan x (secx — 1)

sec’x — 1

tan x(sec x — 1)

sin x

_ tan® x _ cosx  cosx

~tanx(secx —1) 1 cos x
COS X

B sin x

" 1-—cosx

tan® x sec?x — 1 1
s = =secx — 1= -
secx + 1 secx + 1 COS X
1 —cosx

T cosx

cotvtanv — tan v
cotvtanv + tan v

cotv —1 cotv—1 tanw
tan v

1 —tanwv cosv sinw
= —— (Note:cotvtanv = —— - = 1)
1+ tanwv sinv CoS v
) N cos x \? )
cot“x — cos“x = " — COS“Xx
sin x
cos? x(1 — sin’x) ,  cos’x
=————>5 ——— =cosx*—
sin” x sin” x

= cos’x cot’ x

SN2
. sin 6 .
tan’@ — sin’6 = ( ) — sin’0
cos 0
sin?f(1 — cos?6)
cos? 6
. 2
sin” 6 tan~ 6
cos*x — sin*x = (cos® x + sin® x)(cos® x — sin® x)
= 1(cos* x — sin® x) = cos’> x — sin’ x
tan*t + tan’t = tan’t(tan’t + 1) = (sec*t — 1)(sec’t)
= sec't — sec’t

- sin% 6
51 T2,
cos- 6

(xsina + ycosa)® + (xcosa — ysin a)?
= (x*sin’ a + 2xy sin a cos @ + y*cos® @)

+ (x*cos’ @ — 2xy cos asin a + y*sin® &)
= x’sin a + y?*cos’a + x*cos’a + y*sin®a
= (2* + y)(sin*a + cos?a) = x> + y?

34 1 —cosf 1 — cos?6 B sin®6
© sing sinf(1 + cos @)  sin O(1 + cos h)
_ sin@
1+ cosf
tanx  tanx(secx + 1) tanx(secx + 1)
“secx — 1 sec’x — 1 tan® x
+1
= &. See also Exercise 26.
tan x

36.

sin x + cos x

38.

39.

sin ¢ 1+cost sin’t+ (1 + cost)’

1 + cost sin ¢ (sin £)(1 + cost)
sin?ft + 1 + 2cost+coszt7 2 4+ 2cost

(sin7)(1 + cost) ~ (sint)(1 + cost)

2
—— = 2csct
sin ¢

sinx — cosx _ (sinx — cos x)(sin x + cos x)

(sin x + cos x)?

2 2

. : ;2
sin® x — cos® x sin“x — (1 — sin”x)

sin®x + 2 sin x cos x + cos® x

2sin’x — 1

1 + 2sin x cos x

" 1 + 2sinxcos x

1+cosx 1+4+cosx secx secx + cosxsecx
1 — cosx 1 —cosx secx SeC X — COS X SeC X
secx + 1 1
= ——— (Note: cos x sec x = COS X * =1)
secx — 1 COS X
sin ¢ 14 cost sint + (1 + cost)(1 — cost)
1 — cost sin ¢ (sint)(1 — cost)

sint + 1 —cos’t 1 —cos’t+ 1 — cos’t

(sint)(1 — cost) N (sint) (1 — cost)
2(1 — cos?t) 2(1 + cost)

N (sint)(1 — cost) N

sin A cos B + cos A sin B

sin ¢

cos A cos B — sin A sin B

41.

42.

43.

4.

45.

1
cos Acos B sin A cos B + cos A sin B
1 " cos Acos B — sin Asin B

cos Acos B
sin A
cos A

sin B

_ tan A + tan B
1 — tan Atan B

cos B

sin A sin B

cos A cos B

sin® x cos® x = sin® x cos? x cos x

= sin® x(1 — sin® x)cos x = (sin* x — sin* x)cos x
sin® x cos® x = sin* x cos® x sin x

= (sin? x)? cos®> x sin x = (1 — cos® x)?cos® x sin x
(1 — 2 cos® x + cos* x)cos® x sin x

= (cos’x — 2cos* x + cos® x)sin x
cos’ x = cos* x cos x = (cos® x)?cos x

= (1 — sin®x)*cos x = (1 — 2sin’x + sin* x) cos x
sin® x cos® x = sin® x cos? x cos x

= sin® x (1 — sin? x)cos x = (sin® x — sin’ x)cos x

tan x cot x
1 — cotx 1 —tanx
_ tanx ‘sinx cotx  cosx
" 1 —cotx sinx 1 —tanx cosx

cos” x/sin x \sin x cos x

sin” x/cos x
sin x — cos x cosx—sinx/sinxcosx
3 3

sin”x — cos” x

sin x cos x(sin x — cos x)

sin?x + sin x cos x + cos®x

sin x cos x
1 + sin x cos x 1
= - = — + 1=-cscxsecx + 1
sin x cos x sin x cos x

This involves rewriting a® — b* as

(a — b)(a* + ab + b?), where a = sin x and b = cos x.
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46. cos .x cos .x
1+ sinx 1 —sinx
~ (cos)[(1 —sinx) + (1 +sinx)]  2cosx
B (1 + sin x )(1 — sin x) 1 —sin?x
2 cos x
= >— = 2secx
Ccos” x
2t 1
47, % .
1 — tan“x 2cosx — 1
2tanx  cos’x 1

1 — tan’x cos’x cos?x — sin’x

2 sin X COS x cos’x + sin’x

cos?x — sin’x cos’x — sin’x

2sin x cos x + cos’x + sin’x

(cos x — sin x)(cos x + sin x)

. 2 .
(cos x + sin x) _cosx +sinx

(cos x — sin x)(cos x + sinx)  cosx — sin x

1 —3cosx —4cos’x (1 + cosx)(l —4cosx)

48. - =

sin“x 1 — cos’x

(I +cosx)(1 —4cosx) 1 —4cosx

N (1 + cos x)(1 — cos x) T 1—cosx
49. cos’x = (cos®x)(cos x) = (1 — sin®x)(cos x)
50. sec*x = (sec’x)(sec’x) = (1 + tan’x)(sec’x)

51. sin’x = (sin*x)(sin x) = (sinx)?(sin x)

= (1 — cos®x)?(sin x)

= (1 — 2cos’x + cos*x)(sin x)

.. 1+ sinx
52. (b) divide through by cos x: o5 x

1 sin x
= + = sec x + tan x.
COS X COS X

53. (d) multiply out: (1 + sec x)(1 — cos x)
=1 — cosx + secx — secx cos x

1 1
=1-—cosx + - © COS X
COS X  COS X
1 1 —cos’x  sin’x
=1-—cosx + - 1= =
CoS X COS X COS X
sinx . .
= *Sln x = tan x sin x.
COoS X

54. (a) put over a common denominator:

2 2
2 s 1 1
sec“x + cscx = + -
COS X sin x

sin?x + cos®x _ 1 _ 1 1
2y -

cos? x sin® x cos? x sin

= sec?xcsc’ x.

cos X sin x

55. (¢) put over a common denominator:

1 N 1 _1—sinx+1+sinx
1+sinx 1-—sinx 1 — sin’x
2
= ——=2seC’ x.
Ccos” x
. .. . 1
56. (e) — multiply and divide by sin x cos xi ————
tan x + cot x
_ sin x cos x _ sinxcosx
sinx cosx), . sin?x + cos®x
— - (sin x cos x)
cosx  sinx
sin x cos x .
== - sin x cos x.

Section 5.2 Proving Trigonometric Identities 209

57. (b) — multiply and divide by sec x + tan x:
1 secx + tan x secx + tan x

secx —tanx secx + tan x sec’x — tan®x

secx + tanx
1

58. False. There are numbers in the domain of both sides of

the equation for which equality does not hold, namely all

negative real numbers. For example, \/(—3)? = 3, not —

59. True. If x is in the domain of both sides of the equation
then x = 0.The equation (\/;)2 = x holds for all x =
so it is an identity.

60. By the definition of identity, all three must be true. The
answer is E.

61. A proofis

sin x sin x 1 + cosx

1—cosx 1—cosx 1+cosx
sin x (1 + cos x)

1 — cos® x

sin x (1 + cos x)
sin’ x
1+ cosx

sin x
The answer is E.

62. One possible proof:

sin 6 1
tan 6 + sec = +
cos 6 cos 6
_sinf +1
cos 6

sinf +1 sinf — 1

cos 6 ’ sinf — 1
sin’f — 1
cosf (sinf — 1)
—cos?0

cosf (sinf — 1)
—cos 0

sinf — 1
cos 6

1 —sinf

The answer is C.

63. k must equal 1,s0 f(x) # 0.The answer is B.

. . COoS X
64. cos x;sin x cot x = sin x * — = CcOos X
sin x
. sin x .
65. sin x;cos x tan x = cos x * = sin x
COS X
sinx  cosx sin x COS X
66. 1; = -
cscx  secx 1/sin x 1/cos x
=sin’x + cos?x = 1
7. 1 cscx cotxcscx  1/sinx cos x/sin? x
’sin x sec x sin x 1/cos x
1 cos?x 1 — cos®x sin® x
sin® x sin? x sin’ x sin® x
sin x sin x
68. cos x; = = COS X

tan x sin x/cos x

Copyright © 2019 Pearson Education, Inc.
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1
cos X

2

69. 1; (sec® x)(1 — sin® x) = ( ) (cos>x) = 1

70. Since the sum of the logarithms is the logarithm of the
product, and since the product of the absolute values of
all six basic trig functions is 1, the logarithms sum to In 1,
which is 0.

If A and B are complementary angles, then
sin®A + sin’B = sin’A + sin’(7/2 — A)
sin?A + cos’A

71

.

=1
72. Check Exercises 11-51 for correct identities.
73. Multiply and divide by 1 — sin ¢ under the radical:
\/1—sint 1—sint  [(1=sing)?
1+sint 1—sint 1 — sin’¢

(1 —sine)? |1 —sing -
= 5 = since Va® = |al.
cos“t |cos |
Now, since 1 — sin ¢ = 0, we can dispense with the
absolute value in the numerator, but it must stay in the
denominator.

74. Multiply and divide by 1 + cos ¢ under the radical:
\/1+cost-1+cost (1 + cos 1)?
1 —cost 1+ cost 1 — cos’t

(1 +cosr)> |1+ cost .
= — = , since Va* = |al.
sin*¢ |sin ¢]

Now, since 1 + cost = 0, we can dispense with the
absolute value in the numerator, but it must stay in the
denominator.
75. sin®x + cos®x = (sin’x)? + cos®x
= (1 — cos’x)® + cos®x
= (1 — 3cos’x + 3cos*x — cos®x) + cos®x
=1 — 3cos’x(1 — cos’x) = 1 — 3 cos? x sin® x.
Note that @® — b* = (a — b)(a®> + ab + b*). Also
note thata® + ab + b* = @ + 2ab + b* — ab
= (a + b)* — ab. Taking a = cos’x and b = sin’x,
we have cos®x — sin®x
= (cos’x — sin’x)(cos*x + cos®x sin’x + sin*x)
= (cos’x — sin’x)[(cos®x + sin’x)* — cos’ x sin® x]
= (cos’x — sin*x)(1 — cos®x sin’x).

76,

b

. |sin x|
77. One possible proof: In|tan x| = In ——
|cos x|

= In|sin x| — In|cos x|.
78. One possible proof:
Injsec # + tan 0| + In|sec 6§ — tan 6

In|sec’ — tan’0)|
In1l
= 0.
79. (a) They are not equal. Shown is the window
[—2m, 2ar,] by [—2, 2]; graphing on nearly any viewing
window does not show any apparent difference —
but using TRACE, one finds that the y-coordinates
are not identical. Likewise, a table of values will

show slight differences; for example, when x = 1,
y; = 0.53988 while y, = 0.54030.

> /{\ s
NS \ N
[~2m, 27] by [2,2]

(b) One choice for 4 is 0.001 (shown). The function y;
is a combination of three sinusoidal functions
(1000 sin(x + 0.001), 1000 sin x, and cos x), all with
period 27r.

A
7

[~2a, 2] by [~0.001, 0.001]

1 1
80. (a) cosh’x — sinh?x = Z(e]‘ + e)? — Z(e" — e)?

1
=—[e¥+ 2+ e — (¥ -2+ )]

4
1
= —(4) =1
@)
() 1 — tanh’ 1 sinh®x cosh?x — sinh’x
— tanh*x = 1 — =
cosh?x cosh?x

1
= oshr using the result from (a). This equals sech® x.
cosh”x
(©) coth? 1 cosh?x cosh?x — sinh’x
x— 1= - >

sinh’x sinh%x

1
= ———, using the result from (a). This equals csch? x.

sinh?x’

81. In the decimal window, the x-coordinates used to plot the
graph on the calculator are (e.g.) 0, 0.1, 0.2, 0.3, etc. — that
is, x = n/10, where n is an integer. Then 10 wx = #n, and
the sine of integer multiples of 7 is 0; therefore,
cos x + sin 10 mx = cos x + sin7n = cos x + 0

. 1
= cos x. However, for other choices of x, such as x = —,
a

we have cos x + sin 10 mx = cos x + sin 10 # cos x.

H Section 5.3 Sum and Difference Identities

Exploration 1
1. sin (u + v) = —1,sinu + sinv = 1. No.
2. cos (u + v) = 1,cosu + cos v = 2. No.

3. tan (7/3 + 7/3) = —\/3,tan w/3 + tan w/3 = 2\/3.
(Many other answers are possible.)

Quick Review 5.3
1. 15° = 45° — 30°
2. 75° = 45° + 30°
3. 165° = 180° — 15° = 180° + 30° —
a a

45=27

45° = 210° — 45°
_r_Tz._m
43 4
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S T 7T 2 7
— =4 ——=—— —
5 12 6 4 3 4

Tom 47 3w w T
6. ——=—+—F=—+—

12 12 12 3 4

7. No. (f(x) + f(y) =Inx + Iny = In (xy)
—f(xy) # f(x +y))

8. No. (f(x + y) = & = &%’
=) () # f(x +y)

9. Yes. (f(x + y) = 32(x + y) = 32x + 32y
=f(x) + 1)

10. No. (f(x + y) =x+y + 10

=f(x) +y#fx)+ )

Section 5.3 Exercises
1. sin 15° = sin(45° — 30°)
= sin 45° cos 30° — cos 45° sin 30°

V2 V3 V2 1 Ve-V2

2 2 2 2 4

tan 45° — tan 30°

2. tan 15° = tan(45° — 30°) =
an an( ) 1 + tan 45° tan 30°
_ 1=V _3-V3 BV
1+V33 3+V3  9-3
3. sin 75° = sin (45° + 30°)

= sin 45° cos 30° + cos 45° sin 30°
_V2 V3 V21 N6+ Vo
22 2 2 4

4. cos 75° = cos (45° + 30°)
= cos 45° cos 30° — sin 45° sin 30°

ViV Vi1 Ve\a

3

°I5,

22 2 2 4
a a a a a .o, T
5. cos—=cos(———)=cos—cos—+s1n—s1n—
12 3 4 3 4 3 4
_1. V2 VB V2 V2+ Ve
2 2 2 2 4
6 sin7—w—s1n(z+z) = sin = cos — + oS — sin —
12 3 4 374 374
_V3 V2 1 V2 VerV2
2 2 2 2 4
S (277 77') tan (27/3) — tan (w/4)
T.tan—=tan|— — — | =
12 3 4 1 + tan (27/3) tan (w/4)
~V3-1_ V3+1 (V3+1)
_ _ _ PN
1-V3 V-1 3-1
8. t 117T_t (27T+7T)_ tan (27/3) + tan (w/4)
ST THIET T 4) T 1 = tan (2a/3) tan (/)
\V3+1 1-V3_ (1-V3)
= = = =\V3-2
1+V3 1+V3 1-3
9. cos 17 = (E_z)
- cos o = cos | — 2
—COSS—Wcosz-i-sinS—ﬂ-sinz— —ﬁ-ﬁ+l-
6 ‘% 6 4 2 2 2
_Va- Ve

4
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. a . a a
10. s1n( 12) —s1n(6 4)
i T eosT e T T oL V2 V3 VL
—sm6cos4 COS6SII’14—2 ) ) )
_V2-V6
4

In #11-22, match the given expression with the sum and
difference identities.

11. sin (42° — 17°) = sin 25°

12. cos (94° — 18°) = cos 76°

. T T I
—+— | =sin—
13. sin (5 2) sin 10

b

14. sin (Z - —) = sin4—7T
3 7 21
15. tan (19° + 47°) = tan 66°
a

16

-

o

=}
/N
3 w3y

[

W |
N——

I

17.

18.

cos( + ﬂ-)
X+ =
7

19. sin (3x — x) = sin2x
20
21

22

cos (7y + 3y) = cos 10y
tan (2y + 3x)
tan (3a — 2B)

b

.

.

. sin{ x —— ) = sin x cos— — ¢cos x sin —
2 2 2
=sinx+0—cosx+1 = —cosx
24. Using the difference identity for the tangent function, we
encounter tan > which is undefined. However, we can

w

compute tan (x = E) =

23, sin (x — Z) =
2

T T .
even,cos | x — E = COS E — x | = sin x (see

Example 2, or Exercise 25). Therefore this simplifies to
—cos X

sin (x — 7/2) .
——  From Exercise
cos (x — 7/2)

—cos x. Since the cosine function is

- = —cot x.
sin x

K K + s . T
cos ( x — — ] = cos x cos — + sin x sin —
2 2 2

=cosx*0+sinx-1=sinx

The simplest way is to note that
(z_ =T
2 )TV T2

s (2 4) -] = [T 5 0 o

x—y =%_ (x + y),so that

Example 2 to conclude that cos {% - (x + y)}

= sin (x + y).
. T . T LT
27. sin (x + g) = s1nxcos€ + cosxsmg
=gsnx-—+ (:osx-l
2 2
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28.

29.

30.

31.
32.
33.
34.
35.

36.

37.

38.

39.

40

b

41.

42

.

43.

K o . . T
cos | x —— ] = cos x cos — + sin x sin—
4 4 4

Vi V3
2

= cosx* —— +sinx- = —
2 2

(cos x + sin x)

( 77) tan § + tan (w/4) tan@ + 1
tan{ 0 +— ) = =

4 1—tanftan (7/4) 1—tan6-1
1+ tan6

1—tan6

(0+”)— 0 cos — — sin 0 sin —

cos 5 ) = cos@cos— — sinfsin-

=cosf+0—sinf+1= —sinf

Equations (b) and (f).

Equations (c) and (e).

Equations (d) and (h).

Equations (a) and (g).

Rewrite as sin 2x cos x — cos 2x sin x = 0; the left side

equals sin(2x — x) = sin x,so x = nw, n an integer.

Rewrite as cos 3x cos x — sin 3x sin x = 0; the left side

equals cos(3x + x) = cos 4x, so 4x = % + nar; then
K K

x = — + n—, n an integer.
s "4 g

(T ) . T .
sin| — — u | =sin—cosu — cos—sinu
2 2 2
=1l-cosu — 0-sinu = cosu.
Using the difference identity for the tangent function, we

encounter tan > which is undefined. However, we can

a
tetan| — — u | = =
comptte an( 2 u) cos(m/2 — u) sin u

Or, use exercise 24, and the fact that the tangent function

is odd.
cotl — —u ) =— =

2 sin (7w/2 —u) cosu
first two cofunction identities.

( T ) 1 1

sec| ——u | = =—-=
2 cos (/2 —u) sinu
first cofunction identity.

(77 ) 1 1
cscl — —u | = =

2 sin (w/2 —u) cosu
second cofunction identity.

cos + T cos ) —i in(Z
X > X COS > sin x sin >

=cosx+0—sinx-1
= —sinx
To write y = 3 sin x + 4 cos x in the form
y = asin (bx + ¢), rewrite the formula using the formula
for the sine of a sum:
y = a((sin bx cos c¢) + (cos bx sin c))
= asin bx cos ¢ + a cos bx sin ¢
(a cos c)sin bx + (a sin c)cos bx.
Then compare the coefficients:acosc = 3,b = 1,
asinc = 4.

sin (7/2 —u) _ cosu

= cot u.

cos (m/2 —u)  sinu

= tan u using the

csc u using the

= sec u using the

44

45

46

b

b

b

Solve for a as follows:
(acosc)? + (asinc)? = 3% + 4
a’cos’c + a’sin’c = 25
a*(cos’c + sin’c) = 25
a? =25
a= 45
If we choose a to be positive, then cos ¢ = 3/5 and
sin ¢ = 4/5.¢ = cos '(3/5) = sin”!(4/5). So the sinusoid is
y = Ssin(x + cos'(3/5)) & Ssin (x + 0.9273).
Follow the steps shown in Exercise 43 (using the formula
for the sine of a difference) to compare the coefficients in
y = (acos ¢)sin bx — (a sin c)cos bx to the coefficients in
y=5sinx —12cosx:acosc =5,b = 1,asinc = 12.
Solve for a as follows:
(acosc)® + (asinc)? = 52 + 122
a?(cos’c + sin’c) = 169
a= %13
If we choose a to be positive, then cos ¢ = 5/13 and
sin ¢ = 12/13. So the sinusoid is
y = 13sin (x — cos (5/13)) ~ 13 sin (x — 1.176).
Follow the steps shown in Exercise 43 to compare the
coefficients in y = (a cos c)sin bx + (a sin c)cos bx to the
coefficients in y = cos 3x + 2sin3x:a cosc = 2,
b= 3,asinc = 1.
Solve for a as follows:
(acosc)® + (asinc)? =12 + 22
a*(cos’c + sin’c) =5

a=:|:\/§

If we choose a to be positive, then cos ¢ = 2/ V/5 and
sin ¢ = 1/V/5. So the sinusoid is
y = V5sin 3x — cos{(2/V/5))
~ 2.236 sin (3x — 0.4636).
Follow the steps shown in Exercise 43 to compare the
coefficients in y = (a cos c)sin bx + (a sin c)cos bx to the
coefficients in y = 3 cos2x — 2sin2x = —2sin2x +
3cos2x:acosc = —2,b = 2 asinc = 3.
Solve for a as follows:
(acosc)® + (asinc)? = (=2)* + 32

a*(cos’c + sin’c) = 13

a=:|:\/E

If we choose a to be negative, then cos ¢ = 2/ V13 and
sin ¢ = —3/V13. So the sinusoid is
y=-V13sin (2x — 00571(2/\/5))

~ —3.606 sin (2x — 0.9828).

47. sin(x — y) + sin(x + y)

= (sin x cos y — cos x sin y) + (sin x cos y + cos x sin y)
= 2ssin x cos y

48. cos(x — y) + cos(x + y)

49. cos 3x =

= (cos x cos y + sin xsin y) + (cos x cos y — sin x sin y)
= 2¢0S X cos y

cos[(x + x) + x]

cos(x + x)cos x — sin(x + x)sinx
(cos x cos x — sin x sin x) cos x

— (sin x cos x + cos x sin x) sin x
cos® x — sin® x cos x — 2 cos x sin’ x
cos® x — 3sin’ x cos x
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50. sin 3u = sin[(u + u) + u] = sin(u + u) cosu +
cos(u + u)sinu = (sinu cosu + cosusinu) cosu +
(cosu cosu — sinusinu) sinu = 2 cos® u sin u +
cos? usinu — sin*u = 3 cos? usinu — sin’u
51. cos 3x + cos x = cos(2x + x) + cos(2x — x);use
Exercise 48 with x replaced with 2x and y replaced with x.
52. sin 4x + sin 2x = sin(3x + x) + sin(3x — x);use
Exercise 47 with x replaced with 3x and y replaced with x.
tan(x + y) tan(x — y)

(tanx +tany) (tanx —tany)
B 1 —tanx tan y 1 + tan x tan y
tan® x — tan’

= ———————— since both the numerator and
1 — tan” x tan” y

53

o

denominator are factored forms for differences of squares.

54

b

tan 5u tan 3u = tan(4u + u) tan(4u — u);use Exercise
53 withx = 4uand y = u.

sin (x + y)

sin (x — y)
sin x cos y + cos x sin y

55.

sin x cos y — €Os x sin y
sinx cos y + cos xsiny 1/(cos x cosy)

sin X cos y — €os x sin y ’ 1/(cos x cos y)
(sin x cos y)/(cos x cos y) + (cos x sin y)/(cos x cos y)

(sin x cos y)/(cos x cos y) — (cos x sin y)/(cos x cos y)
(sin x/cos x) + (sin y/cos y)

(sin x/cos x) — (sin y/cos y)
tanx + tany
tanx — tany

56. True. If B = w — A, thencos A + cos B

= cos A + cos (m — A)

= cos A + cos 7 cos A + sin 7 sin A

=cosA + (=1)cos A + (0)sin A = 0.

False. For example, cos 37 + cos 47 = 0,but 37 and 47
are not supplementary. And even though
cos (37 /2) + cos (3w/2) = 0,37/2 is not supplementary
with itself.
58. If cos A cos B = sin A sin B, then cos (A + B) =

cos A cos B — sin A sin B = 0.The answer is A.

57

B

59. y = sin x cos 2x + cos x sin 2x = sin (x + 2x) = sin 3x.
The answer is A.

60. sin 15° = sin (45° — 30°)
= sin 45° cos 30° — cos 45° sin 30°
V2(V3)  V2(1
S -2
Ve- V3
4
The answer is D.

tanu + tan v .
61. For all u, v, tan (u + v) = . The answer is B.

1 — tanu tan v
sin (u + v)
62. tan(u + v) = m

sin u cos v + cos u Sin v

COS 1 COS ¥ — Sin u Sin v

Section 5.3 Sum and Difference Identities 213

sin u cos v + COS u Sin v
_ COSWLCOSD  COSUCOSD
" cosucosv sin u sin v
COSU COSV  COS U COSV

sin u sin v
+

cosu  CoSV
sin u sin v

COS U COS v
tan u + tan v

1 — tanutano

sin (u — v)

63. tan(u — v) = ————
cos (u — v)

sin u cos v — cos u sin v

COS 1 COS ¥ + sin u sin v

sin u cos v COS u Sin v
_ COSWLCOSD  COSUCOSD
" cosucosv + sin u sin v
COSUCOSV  COS U COSV

sin u sin v

cosu  CoSv
sin u sin v
COS 1L COS ¥
_ tanu — tano
"1+ tanu tan

64. The identity would involve tan(%), which does not exist.

. a
sin| x + —
T 2
tan{ x + —

7 n(x43)
COS | X )

. T LT
s1nxcos; + cosxsm?

K . . T
COS X COS = — sin x sin =~
2 2

sinx+0+ cosx-1

cosx-0—sinx-1
= —cotx

3
65. The identity would involve tan(%), which does not exist.
sin ( 377-)
P
( 3 ) 2
tan =

x—— =
cos( 377-)

=22

2

2
. T . T
sin X cOs ——— — COS X sin ——
2 2

37 . . 37
COS X COS 7 + sin x sin ——

sinx+0 — cosx-(-1)

cosx +0 + sinx - (-1)
= —cotx

sin (x + h) — sin x sin x cos & + cos x sin & — sin x

0

h h
sin x(cos & — 1) + cos xsin &
B h
= sin x(icos h - 1) + cos x sin f
h h
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214 Chapter 5 Analytic Trigonometry

cos (x + h) —cosx  cosxcosh — sinxsinh — cos x

. =

h h
_ cosx(cosh — 1) — sinxsin h
N h
B (cosh—l)_ . sinh
= cosx| — —— sin x—

68. The coordinates of all 24 points must be

kw\ . (k= _
(005(12) s1n(12)) fork = 0,1, 2,...,23. We only

need to find the coordinates of those points in Quadrant I,
because the remaining points are symmetric. We already
know the coordinates for the cases when k = 0,2,3,4,6
since these correspond to the special angles.

b= teos(F) = (5 -F) = o (F) e )
n(E)an(5) 35T
_ V2t

I

1]

=]
/N
O8]

S|

N~

(@]

o]

2]
7N

4
V2 1 \@( \/5)_\/5+\/6
2 2
Coordinates in the first quadrant are (1, 0),

(\/§+\/6 \/_—\/5)(@ 1)(\/5 \/5)
4 b 4 b 2 72 b b
(1 ﬁ)(\f—\/i \/§+\/6)(01)

27 2 b 4 b 4 b b
69. sin (A + B) = sin (7 — C)
= sina cos C — cos 7 sin C
=0-cosC — (=1)sinC
=sinC
70. cos C = cos(m — (A + B))
= cos cos(A + B) + sin 7 sin(A + B)
= (=1)(cos A cos B — sin A sin B)
+ 0-sin (A + B)
sin A sin B — cos A cos B

i A i B )
7. tan A + tan B + tan C = 22 4 30 sin C
cosA cosB cosC

sin A(cos B cos C) + sin B(cos A cos C)

cos A cos B cos C
sin C(cos A cos B)

cos A cos Bcos C

cos C(sin A cos B + cos Asin B) + sin C(cos A cos B)
cos A cos B cos C

cos Csin (A + B) + sin C(cos (A + B) + sin Asin B)
cos A cos B cos C

cos Csin (m — C) + sin C(cos (7 — C) + sin A sin B)
cos A cos B cos C

cos Csin C + sin C(—cos C) + sin C sin Asin B

cos A cos B cos C
sin A sin B sin C

cos A cos B cos C
= tan A tan B tan C

72. cos A cos B cos C — sin A sin B cos C
— sin A cos Bsin C — cos A sin B sin C
= cos A(cos Bcos C — sin Bsin C)
— sin A(sin B cos C + cos Bsin C)
= cos Acos (B + C) — sin Asin(B + C)
=cos(A+ B+ C)
= cos T
-1
73. This equation is easier to deal with after rewriting it as
cos 5x cos 4x + sin Sx sin 4x = 0.The left side of this
equation is the expanded form of cos(5x — 4x), which of
course equals cos x; the graph shown is simply y = cos x.
The equation cos x = 0 is easily solved on the interval

[27,27]: x = j:%

crowded that one cannot see where crossings occur.

\ AN/
VARV,

[—2m,2m] by [-1.1,1.1]

3
orx = j:?ﬂ-. The original graph is so

2wt
74. x = —+ 6
X = acos ( T )

2t . (2wt .
alcos| —— |cosd —sin| —— | sin b

T T
(a.cos 5) (@) + (—asind) si (@3)
a cos 8) cos T asin 8) sin T
75. B = Bin + Brcf

E() wX E() wX
= —cos|wt —— | + —cos| wt +—
c c c c

E, wX . . WX
= — | cosS wt cos— + sin wt sin —
c c c

wXx . . WX
+ CcosS wt cOS— — SIn wf sin —
c c

E() wX E() wX
— | 2coswtcos— | = 2— cos wtcos —
c c c c
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M Section 5.4 Multiple-Angle Identities

Exploration 1
,m 1 —cos(m/4)

1.s1n8 )
1-(V2) 2
-T2 2
2-\V2
-0
LT 2-V2 V2 - V2
2.s1n§=j: 1 = ) .

. T
We take the positive square root because — is a first-
quadrant angle.

297 _ 1 — cos (97/4)

3. sin“—
8 2
1-(V2p) 2
B 2 2
2-\V2
4
. 97 2-\V2 V2 —-V2
4.s1n?=j: 1 = > .

. . .
We take the negative square root because — is a third-

quadrant angle.

Quick Review 5.4

K .
1. tan x = 1 when x = 7 + nar, n an integer.

K .
2. tanx = —1whenx = 7 + nm,n an integer.

3. Either cos x = 0 or sin x = 1.The latter implies the

™ .
former,so x = E + n, n an integer.

4. Either sin x = 0 or cos x = —1.The latter implies the
former, so x = nr, n an integer.

. ™ .
5. sinx = —cos x when x = 1 + nm,n an integer.

. ™ .
6. sin x = cos x when x = n + nm,n an integer.

1 1
7. Either sin x = 5 Or Cos X = > Then x = % + 2nmw or
S T .
X = ? +2nmorx = + —3 + 2nr, n an integer.

. . 2 3
8. Eithersin x = —1 orcos x = - Then x = By + 2nm

K .
orx = =+ T + 2n, n an integer.

9. The trapezoid can be viewed as a rectangle and two trian-

gles; the area is then A = (2)(3) + %(1)(3) + %(2)(3)

= 10.5 square units.

10.

Section 5.4 Multiple-Angle Identities 215

View the triangle as two right triangles with hypotenuse
3, one leg 1, and the other leg — the height — equal to

VFE -1 =V8=2V2.

Section 5.4 Exercises

1.

2.

@

10.

cos2u = cos(u + u) = cosucosu — sinusin u

= cos’u — sin’u

Starting with the result of Exercise 1: cos 2u =

cos’u — sin*u = cos’u — (1 — cos’u) = 2cos’u — 1
Starting with the result of Exercise 1:

cos 2u = cos’u — sinu = (1 — sin’u) — sin*u =

1 — 2sin’u

tanu + tanu 2tanu

tan2u = tan(u + u) = 1 —tanutanu - 1 — tanu

2sin x cos x — 2sin x = 0,s02sin x(cos x — 1) = 0;
sinx = Qorcosx = 1 whenx = Qorx = 7.

2sinxcosx — sinx = 0
sinx(2cosx — 1) = 0,

1
Sosinx = Oorcos x = >

5
when x = 0, %, T, orTﬂ-.
2sin®x + sinx — 1 = 0,50 (2sinx — 1)(sin x + 1)
1
:O;Sinxzaorsinx:—1whenx:%,
Sﬂ-or 37
X=—orx = —
6 2
2cos’x — cosx — 1 = 0,50 (2cos x + 1)(cos x — 1)
1
:0;cosx:—Eorcoslewhenxzo,
2 4
=—orx=—.
TR

. sin x sin
2 sin X cos x — =
COoS X

X
, SO (2cos’x — 1) = 0,0r
cos x

sin x cos 2x .
——— = 0.Thensinx = Qorcos2x = 0

cos x
T 37
(butcosx #0),sox = 0, x = Z,x = T,x =,
S T
X=—orx=—
4 4
2cos?x + cosx = 2cos’x — 1,socosx = —1;
cos x = —1 when x = 7.

For #11-14, any one of the last several expressions given is an
answer to the question. In some cases, other answers are pos-
sible as well.

11.

12.

13.

sin 20 + cos @ = 2sin 6 cos 0 + cos 0
= (cos0)(2sinf + 1)

sin 20 + cos 20 = 2sinfcos @ + cos’h — sin’6
= 2sinfcosfh + 2cos’ O — 1
= 2sinfcosf + 1 — 2sin’ 6

sin 260 + cos 360

= 2sin 6 cos 0 + cos 26 cos  — sin 26 sin 0

= 2sinfcosf + (cos*O — sin* @) cos § — 2 sin* O cos O
= 2sinfHcos O + cos’ @ — 3sin’ 6 cos

= 2sinfcos @ + 4cos’H — 3cos b
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14.

15.

16.

17.

18

&

19.

20.

21.

22

.

23.

24.

25.

26,

b

27.

sin 30 + cos 20

sin 20 cos @ + cos 26 sin 6 + cos®> 6 — sin® 6

= 2sinfcos’ 0 + (cos*@ — sin’)sin @ + cos’O — sin’ 6
= 3sin H cos’ 0 — sin®> O + cos’>O — sin’ 6

sin 4x = sin 2(2x) = 2 sin 2x cos 2x

cos 6x = cos 2(3x) = 2 cos*3x — 1

2 2
2csc2x = — = -
sin2x  2sin X cos x
1 sin x )
=—=" = CSC” x tan x
sin“x COS X
2 2(1 — tan’x 1
2 cot2x = = ( )= — tan x
tan 2x 2 tan x tan x
= cotx — tan x
sin 3x = sin 2x cos x + cos 2x sin x = 2 sin x cos® x

+ (2cos’ x — 1) sinx = (sin x)(4 cos’ x — 1)

sin 3x = sin 2x cos x + cos 2x sin x

= 2sin x cos’ x + (1 — 2sin® x) sin x
(sin x)(2 cos* x + 1 — 2sin® x)
= (sin x)(3 — 4sin®x)

cos 4x = cos2(2x) = 1 — 2sin? 2x
=1 — 2(2sin xcos x)> = 1 — 8sin® x cos® x

sin 4x = sin 2(2x) = 2 sin 2x cos 2x
= 2(2sin x cos x)(2 cos?> x — 1)
= (4 sin x cos x)(2 cos’> x — 1)

1
2cos’x + cosx — 1= 0,s0cos x = —1 or cos x = >

T L
X = g,x— T or x = ?
cos2x + sinx =1 — 2sin’x + sinx = 0, so
. B . I 1=
sinx = lorsin x = —E,x = 5,x = ?,orx =
cos 3x = cos 2x cos x — sin 2x sin x
= (1 — 2sin® x)cos x
— (2 sin x cos x)sin x
= cos x — 2sin® x cos x
— 2sin® x cos x
= cos x — 4 sin® x cos x
Thus the left side can be written as 2(cos x)(1 — 2 sin? x)
= 2 cos x cos 2x. This equals 0 in [0, 277) when
T . T 37 5’7T 37 T

Using Exercise 19, this become 4 sin x cos> x = 0, so

T T
X = O,XZE,)C=7T,OI')C=7.

sin 2x + sin 4x = sin 2x + 2 sin 2x cos 2x
= (sin 2x)(1 + 2 cos 2x) = 0.Then sin 2x = 0 or

1
cos 2x = > the solutions in [0, 277) are
K K
—0x=—a y=2=
X ==
LA AV NN
X=hX=mx=—mx=—nory =

28. With u = 2x, this becomes cos u + cos 2u = 0, the same

. . T S
as Exercise 23. This means u = 3 u=pu= 3 etc. —
2 5
ie,2x = % + n?ﬂ-.Thenx = %,x = %,x = %,
7’7T 3 1177
X=—x= - X P

29.

/\m
AVIRAY

[0,2n] by [-60,60]

The solutions are {0.314, 1.57, 2.83, 4.08, 4.71, 5.34} which
correspond to {0.17, 0.5, 0.97, 1.3, 1.57, 1.77}.

AN
‘VUU

[0,27] by [-60,60]

30.

The solutions are {0.94, 2.20, 3.46, 4.71, 5.97} which
correspond to {0.37, 0.77, 1.17r, 1.57r, 1.97}.

s1n15°—j:\/1_COS30 w/ 1——

=+ 5 V2 — V3 . Since sin 15° > 0, take the positive

31

.

square root.

V3

o 1 —cos390° 2
32 tan 195 = — o = —— = =2 \/3.Note
that tan 195° = tan 15°.

. 1 + cos 150° 1 V3
33. cos 75 —j:\/ > —i\/2(1 2)

o

1
=+ ) V2 — /3. Since cos 75° > 0, take the positive

square root.

S 1 — cos (57/6) \/1 ( \/5)
— _—_—mnmm — + —_—
34. sin B j:\/ > + > 1 >

1 5
=+ > V2 + V/3. Since sin % > 0, take the positive

b

square root.

7w 1 —cos(7m/6) 1+ \/_/2
R Y =75 S 2- V3

T i\/1+cos(77/4) B j:\/l(l-i- \/5)
coSg T 2 - V2 2

1
=+ > V' 2 + V2. Since cos % > (), take the positive

36

b

square root.

1
37. (a) Starting from the right side: 5(1 — cos 2u)

1 1
= 5[1 — (1 = 2sin*u)] = 3 (2sin® u) = sin*u.
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38.

39.

40.

41.

42.

43.

4.

1
(b) Starting from the right side: 5(1 + cos 2u)
1 2 1 2 2
= 5[1 + (2cos”u — 1)] = 5(2 COS” u) = cos”u.
sinu (1 —cos2u)2 1 — cos2u
cos’u (1 + cos2u)/2 1+ cos2u

(a) tanu =

(b) The equation is false when tan u is a negative number.

It would be an identity if it were written as
1 — cosu
[tan u| = [ ———.
1+ cosu
1 2
sin* x = (sin® x)? = {5 (1 — cos 2x)}

1
= —(1 — 2cos2x + cos’2x
4

1 1
Z{l — 2cos2x +5(1 + cos4x)}

1
§(2—4cos2x+ 1 + cos 4x)

(3 — 4cos2x + cos4x)

0| =

3. 2 1
COS” X = COS X COS™ X = cosx-E(l + cos 2x)
1
=3 (cos x)(1 + cos 2x)
1
sin® 2x = sin 2x sin®2x = sin 2x - 5 (1 — cos 4x)
1 .
=3 (sin 2x)(1 — cos 4x)
2 _

sin® x = (sin x)(sin® x)? = (sin x) {% (1 — cos 2)()}2

1
—(sin x)(1 — 2 cos 2x + cos? 2x
4

1 1
" (sin x) [1 — 2 cos2x + ) (1 + cos 4x)]

1
3 (sin x)(2 — 4 cos2x + 1 + cos 4x)

1
= —(sin x)(3 — 4 cos 2x + cos 4x).
8

Alternatively, take sin’ x = sin x sin* x and apply the
result of Exercise 39.

1 —cosx
cos? x = f,so2coszx + cosx — 1 = 0.Then
1 . T
cosx = —lorcosx = > In the interval [0,27), x = 3
S . T
X = m,0orx = 3 General solution: x = i? + 2nmw or

X = 7 + 2n, n an integer.

) 1+ cosx )
1 — cos”"x = f,so2cos X+ cosx —1=0.
1 .
Then cos x = —lorcosx = 5> In the interval [0, 27),
T S .
X = 3 X = m,0rx = 3 General solution:
a .
X ==+ 3 + 2nmor x = w + 2nm,n an integer.

45.

46.

47.

48.

49.

50

b

51

52.

53.
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The right side equals tan?(x/2); the only way that
tan(x/2) = tan?(x/2) is if either tan(x/2) = 0 or
tan(x/2) = 1.1In [0, 27), this happens when x = 0 or

K . .
x=- The general solution is x = 2nw or
K .
=7 + 2nr, n an integer.
1 —cosx .
s = cosx — 1,s0 cos x = 1.In the interval

[0,27), x = 0. General solution: x = 2n7r, n an integer.

False. For example, f(x) = 2 sin x has period 27 and
g(x) = cos x has period 27, but the product
f(x)g(x) = 2sin x cos x = sin 2x has period 7.

True. cos’x = M
2
= E + 5 cos 2x

The last expression is in the form for a sinusoid.

f(2x) = sin2x = 2sin x cos x = 2 f(x)g(x). The
answer is D.

sin 22.5° = sin (45 )
2
1 — cos 45
\\ 2
1 - 2
2

2

4
NCERY
2

S

S

The answer is E.

sin 2x = coSs x
2 sin X COS X = COS X
2sinx =1 or cosx =0
. 1
sinx == or cosx =0
2
T S T 3
X=—0r— X =—0r—
6 6 2 2

The answer is E.

sinx — cos’x = 1 — 2 cos’x, which has the same period

as the function cos®x, namely 7. The answer is C.

(a) In the figure, the triangle with side lengths x/2 and R
is a right triangle, since R is given as the perpendicular
distance. Then the tangent of the angle 6/2 is the ratio

. . 0 x2 .
“opposite over adjacent”: tan >R Solving for x

gives the desired equation. The central angle 0 is 27 /n
since one full revolution of 27 radians is divided
evenly into n sections.
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(b) 5.87 ~ 2R tan%,where 0 = 27 /11,50
R~ 5.87/(2tan %) ~ 9.9957. R = 10.

54. (a) i)

Call the center of the rhombus E. Consider right AABE,
with legs d,/2 and d,/2, and hypotenuse length x. Z ABE

o
has measure 6/2, and using “sine equals g” and “cosine
ypP

adj 0 do2 4,
equals —=,” we have cos — = ——

=2 andsin— =
hyp’ 2 X 2% sin 2
42 d
x  2x

(b) Use the double angle formula for the sine function:
d, d dd
sin = sin2(g) = 2singcosg = 22—;2—; = ﬁ

55.
11t \o o/ 1ft

1ft
The volume is 10 ft times the area of the end. The end
is made up of two identical triangles, with area

> (sin 0) (cos @) each, and a rectangle with area

(1) (cos ). The total volume is then

10 - (sin 6 cos  + cos §) = 10 (cos 0)(1 + sin 6).

Considering only —% =60= %, the maximum value

occurs when 6 ~ 0.52 (in fact, it happens exactly at
0= z). The maximum value is about 12.99 ft’.

56 (@) X2+ y2 = 400

. y)

0
2x

The height of the tunnel is y, and the width is 2x,
so the area is 2xy. The x- and y-coordinates of the
vertex are 20 cos 6 and 20 sin 6, so the area is

2(20 cos 0)(20 sin #) = 400(2 cos 6 sin ) =

(b) Considering 0 = 6 = %’ the maximum area occurs
when 0 = %, or about 0.79. This gives

x = 20 cos % = 10\/5, or about 14.14, for a width of
about 28.28, and a height of y = 10V2 ~ 14.14.

400 sin 26.

1 1 1 1 1
57. csc2u = — = — =—.—.
sin2u  2sinucosu 2 sinu cosu
1
= > csc usec u
1 1 — tan’u
58. cot 2u = =
tan 2u 2tanu
B (1 - tanzu) (cotzu) _cotfu —1
2tanu cot>u 2cotu
1 1
59. sec 2u = = —
cos 2u 1 —2sin“u
B ( 1 )(csczu) _csctu
1 — 2sinu/\csc?u csc?u — 2
1 1
60. sec 2u = = 3
cos2u  2coscu — 1
B ( 1 )(seczu) _ sectu
2cos?u — 1/\sec’u 2 —sec’u
1 1
61. sec2u = =

cos2u  cos?u — sin*u

B ( 1 )(seczucsczu)
cos?u — sin®u/ \sec? u csc® u
2 2

secTucsc  u

CSC2 u — SEC2 u

62. The second equation cannot work for any values of x for
which sin x < 0, since the square root cannot be negative.
The first is correct since a double angle identity for the
cosine gives cos 2x = 1 — 2 sin® x; solving for sin x gives

1
sin®x = 3 (1 — cos 2x), so that

1
sin x = =+, /5 (1 — cos 2x). The absolute value of both

sides removes the“+.”

63. (a) The following is a scatter plot of the days past January 1
as x-coordinates (L1) and the time (in 24-hour mode) as
y-coordinates (L2) for the time of day that the sunset
occurred in Honolulu in 2009.

[—30,370] by [—60, 60]

(b) The sine regression curve through the points defined by
LlandL2is y = 43.83 sin(0.015x — 0.87) — 0.19.
This is a fairly good fit, but not really as good as one
might expect from data generated by a sinusoidal
physical model.

T
RN

—30, 370] by [—60, 60]
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(c) Using the formula L2 = Y1(L1) (where Y1 is the sine 5 7sin48° 13314
regression curve), the residual list is {4.16,7.39, 3.05, ° sin23° )
-5.66,~10.20,—4.34, 5.85, 10.04, 4.85, 4.30, ~8.45, ~2.69) 9 sin 121°

(d) The following is a scatter plot of the days past 6. sin 14° ~ 31.888
January 1 as x-coordinates (L1) and the residuals (the 7 ¢ = sin"! 03 ~ 17.458°

differences between the actual number of minutes

(L2) and the number of minutes predicted by the 8. x = 180° — sin"' 0.3 ~ 162.542°

regression line (Y1)) as y-coordinates (LL3) for the 9. x = 180° — sin '(—0.7) ~ 224.427°
g y
time of day that the sunset occurred in Honolulu 10. x = 360° + sin"'(—0.7) ~ 315.573°
in 2009. The sine regression curve is
y = 8.945in(0.034x + 0.60) — 0.04. (Note: Round L3 Section 5.5 Exercises
to 2 decimal places to obtain this answer.) This is 1. Given:h = 37.B = 45°. A = 60° — an AAS case.
another fairly good fit, which indicates that the resid- C = 180° — (A + B) = 75%
uals are not due to chance. There is a periodic varia- a b bsin A 3.7 sin 60°
tion that is most probably due to physical causes. Sn A snB =a= sn B sinds° ~ 4.5,
b c bsinC  3.7sin 75°
o - = — = ¢ = - = - S ~ 51
;"\\ jf sinB sinC sin B sin 45
7 2. Given: ¢ = 17, B = 15°,C = 120° — an AAS case.
v U A =180° — (B + C) = 45%
.a _ .c - = cs.mA _ 1751n45 ~ 13.9;
simA sinC sin C sin 120°

[—30,370] by [—15,15]

(e) The first regression indicates that the data are period-
ic and nearly sinusoidal. The second regression indi-
cates that the variation of the data around the pre- . .
dicted values is also periodic and nearly sinusoidal. B = 1SQ —(A+ C) :O 45%

Periodic variation around periodic models is a pre- p = 45m B _ 22sin45 ~ 15.8;
dictable consequence of bodies orbiting bodies, but Sifl A sig 100°
ancient astronomers had a difficult time reconciling o= asn C _ 225sin 35° ~ 128
the data with their simpler models of the universe. sin A sin 100°
4. Given: A = 81°,B = 40°,b = 92 — an AAS case.
C =180° - (A + B) = 59%
. bsin A 92sin 81°

b c csinB  17sin 15°
= = h = =
sinB  sinC sin C sin 120°
3. Given: A = 100°,C = 35° a = 22 — an AAS case.

~ 5.1

H Section 5.5 The Law of Sines

: =— ~ 141.4;
Exploration 1 sin B sin 40° .
1. If BC = AB, the segment will not reach from point B to c= b .Sm €_ 92.s1n 509 ~ 122.7
the dotted line. On the other hand, if BC > AB,then a sin B sin 40
circle of radius BC will intersect the dotted line in a unique 5. Given: A = 40°, B = 30°,b = 10 — an AAS case.
point. (Note that the line only extends to the left of point C = 180° - (A + B) = 110%
A) _bsin A 10sin40° )
a=— =— ~ 12.9;
2. A circle of radius BC will be tangent to the dotted line at s B sin 30°
C if BC = h, thus determining a unique triangle. It will c = bsinC _ 10sin 110° 18.8
miss the dotted line entirely if BC < h, thus determining sin B sin 30°
zero triangles. 6. Given: A = 50°, B = 62°,a = 4 — an AAS case.
3. The second point (C,) is the reflection of the first point C =180° - (A + B) = 68%
(C,) on the other side of the altitude. p=2 sin B _ 4sin 62° ~ 46

4. sin C, = sin (7 — C;) = sin 7 cos C; — cos 7 sin C; sin A sin 50°
asinC  4sin 68°

= sin Cl' c = — ~ 4.8
5. If BC = AB, then BC can only extend to the right of the sin A sin 50

altitude, thus determining a unique triangle. 7. Given: A = 33°, B = 70° b = 7 — an AAS case.
C=180°—- (A + B) =77%

_bsin A 7sin33°

Quick Review 5.5 - =— ~ 4.1;
1.a = be/d sin B sin 70°
: _bsinC_7sin77°~73
2.b=adfc €T GnB sin 70° )
3.¢c=ad/b
4. d = bc/a
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8. Given: B = 16°,C = 103°,¢ = 12 — an AAS case.
A=180°—- (B + C) = 61%
_csinA _ 12sin61° 10.8:
T %inC " sin103° 0%
_csinB _ 12sin16° 14
" sinC  sin103° 7
9. Given: A = 32°,a = 17,b = 11 — an SSA case.
h = bsin A=~ 5.8, h <b < a,so there is one triangle.

bsin A
B= sin*l(&) = sin"1(0342...) ~ 20.1°
a
C=180° — (A + B) ~ 127.9°
inC  17sin 127.9°
¢ = a Sin _ Sin ~ 253

sin A sin 32°
10. Given: A = 49°,a = 32,b = 28 — an SSA case.

h = bsin A~ 21.1;h < b < a,so there is one triangle.
B = sin*l(bSiTnA) = sin"1(0.660...) ~ 41.3°
C =180° - (A + B) = 89.7%

e Ry
11. Given: B = 70°,b = 14,¢ = 9 — an SSA case.

h = csin B = 85;h < ¢ < b,so there is one triangle.
C= sin’l(c Sigl B) = sin"'(0.604...) ~ 37.2°
A=180° - (B + C) = 72.8°

bsin A 145sin 72.8°
“T76nB  sin70° ~ 142
12. Given: C = 103°,b = 46,c = 61 — an SSA case.

h = bsinC =~ 44.8;h < b < c,so there is one triangle.

Lo
B= sin’l(%c) = sin1(0.734...) ~ 47.3°

A=180° - (B + C) = 29.7%
_csinA  61sin29.7° 110
7 %inC T sin103°
13. Given: A = 36°,a= 2,b=7.h = bsin A = 4.1;
a < h,so no triangle is formed.
14. Given: B = 82°,b = 17,¢c = 15.h = c¢sin B = 14.9;
h < ¢ < b, so there is one triangle.
15. Given: C = 36°,a = 17,¢ = 16.h = asin C =~ 10.0;
h < ¢ < a,so there are two triangles.
16. Given: A = 73°,a = 24,b = 28. h = bsin A = 26.8;
a < h,so no triangle is formed.
17. Given: C = 30°%a = 18,¢c = 9. h = asinC = 9;
h = c,so there is one triangle.
18. Given: B = 88°,b = 14,¢c = 62.h = c¢sin B = 62.0;
b < h,so no triangle is formed.
19. Given: A = 64°,a = 16,b = 17.h = bsin A ~ 15.3;
h < a < b, so there are two triangles.

bsin A
B, = sin’l(i) = sin"1(0.954...) ~ 72.7°
a

C, = 180° — (A + By) =~ 43.3%
asinC;  16sin 43.3°
= = ~ 122
@ sin A sin 64°

Or (with B obtuse):
B, = 180° — B, ~ 107.3%

C,= 180° — (A + B)) ~ 87°
_asinC2~27
2= 5na 7

20. Given: B = 38°,b = 21,c = 25.h = csin B = 154,
h < b < c, so there are two triangles.

in B
(o sin’l(%) =sin"1(0.732...) ~ 47.1°

A; = 180° — (B + C;) = 94.9°%
bsin A 21 sin 94.9°

g = 23 AL_ ZLsin 997

sin B sin 38°
Or (with C obtuse):

C, = 180° — C, = 132.9°

A, = 180° — (B + C,) = 9.1%
bsin A,

a, =

~ 54
sin B

21. Given:C = 68°,a = 19,¢c = 18. h = asinC = 17.6;
h < ¢ < a, so there are two triangles.

A= sin’l(asi1 C) =sin"1(0.978...) ~ 78.2°;

B, = 180° — (A + C) ~ 33.8°%
csin By 18sin 33.8°
b = = ~ 10.8

sin C sin 68°

Or (with A obtuse):

A, = 180° — A, ~ 101.8%

B, = 180° — (A, + C) =~ 10.2%

b csin B, ~ 34

27 sinCc 7
22. Given: B = 57°,a = 11,b = 10. h = asin B = 9.2;

h < b < a, so there are two triangles.

A = sirrl(‘”g1 B ) = sin71(0.922...) ~ 67.3%
C, = 180° — (A, + B) ~ 55.7°
_ bsin Cy _ 10sin 55.7° 9.9
" sinB  sin57°
Or (with A obtuse):

A, = 180° — A, ~ 1127

€1

C, = 180° — (A, + B) ~ 10.3%
_bsinC2~21
"~ sinB 7

23. h = 10sin 42° = 6.69, so:
(a) 6.69 < b < 10.
(b) b = 6.690or b = 10.
(¢) b < 6.69.

24. h = 12sin 53° = 9.58, so:
(@) 9.58 < ¢ < 12.
(b) c = 958 orc = 12.
(c) ¢ < 9.58.

25. (a) No:This is an SAS case.

(b) No: Only two pieces of information given.
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26. (a) Yes: This is an AAS case.
B =180° - (A + C) = 32°
b= a.smB _ 81.s1n 32 ~ 88.5;
sin A sin 29°
asinC  81sin119°
sinA  sin29°
(b) No: This is an SAS case.

~ 146.1

27. Given: A = 61°,a = 8,b = 21 — an SSA case.

h = bsin A = 184;a < h,so no triangle is formed.

28. Given: B = 47°,a = 8,b = 21 — an SSA case.
h = asin B = 59;h < a < b,so there is one triangle.
in B
A= sin’l(%) = sin"'(0.278...) ~ 16.2°;

C = 180° — (A + B) = 116.8%
_bsinC  21sin 116.8°
sin B sin 47°

~ 25.6

29. Given: A = 136°,a = 15,b = 28 — an SSA case.
h = bsin A = 19.5;a < h,so no triangle is formed.

30. Given: C = 115°,b = 12,¢c = 7 — an SSA case.
h = bsin C = 10.9; ¢ < h,so no triangle is formed.

31. Given: B = 42°,¢ = 18,C = 39° — an AAS case.
A =180°—- (B + C) = 99°;
csin A 18 sin 99°

= = ~ 28.3;
a sin C sin 39° ’
b= csin B 18sin 42° ~ 191

" sinC  sin39°

32. Given: A = 19°,b = 22, B = 47° — an AAS case.
C = 180° — (A + B) = 114°,
_bsinA _ 22sin19°

= = ~ 9.8;
a sin B sin 47° ?
bsinC  22sin 114°
= = ~ 275
¢ sin B sin 47°

33. Given: C = 75°,b = 49,¢c = 48. — an SSA case.
h=bsinC = 473; h < ¢ < b, so there are two
triangles.

B, = sin’l( ) = sin"1(0.986...) ~ 80.4°;

A; = 180° — (B + C) ~ 24.6%
csin Ay 48sin 24.6°
= = ~ 20.7
@ sin C sin 75°
Or (with B obtuse):
B, = 180° — B; = 99.6°%
A, = 180° — (B, + C) = 54
csin A,
a=—"=4]7
sin C

34. Given: A = 54°,a = 13,b = 15. — an SSA case.

bsin C

h=bsin A~ 12.1; h < a < b, so there are two triangles.

By

bsin A
sin’l(%) = sin"1(0.933...) ~ 69.0°

C, = 180° — (A + B)) ~ 57.0%

asinC; 13 sin 57.0° ~ 135

T SinA T sins4°
Or (with B obtuse):
B, = 180° — B, =~ 111.0%

Section 5.5 The Law of Sines

C, = 180° — (A + B,) ~ 15.0°%
_asinC2~42
2= 5na "

35. Cannot be solved by law of sines (an SAS case).
36. Cannot be solved by law of sines (an SAS case).

37. Given:c = AB = 56, A = 72°, B = 53° — an ASA case,

soC = 180° — (A + B) = 55°
csin B 56sin 53°
sin C sin 55°
(b) h = bsin A = asin B~ 519 ft.
38. Given:c = 25, A = 90° — 38° = 52°,
B = 90° — 53° = 37° — an ASA case, so
C = 180° — (A + B) = 91° and
csin A 255sin 52°

(a) AC=b = ~ 54.6 ft.

4= %§nC ~ sin9lI° ~ 197 mi.
csin B 25sin 37° .
b= sinC  sin91° 15.0 mi,

and finally s = bsin A = asin B = 11.9 mi.

39. Given:c = 16,C = 90° — 62 = 28°,
B = 90° + 15° = 105° — an AAS case.
A =180° - (B + C) = 47°s0

4= c§1nA _ 16.s1n47 ~ 240 ft.
sin C sin 28°

40. Given:c = 2.32, A = 28°, B = 37° — an ASA case.
C = 180° — (A + B) = 115%
_csinA _ 232sin28° 12 mi
T %inC ~ “sim11se oo™
csin B 2.32sin 37° .
b= sinC  sinl115° 1.5 mi.
Therefore, the altitude is 4 = bsin A ~ (1.5) sin 28°

~ 0.7mi — or asin B ~ (1.2) sin 37° mi = 0.7 mi.

41.

4 ft

= 10°
The length of the brace is the leg of the larger triangle.

sin 28° = %, sox = 1.9 ft.

42.

78.75°

=] B
25.5&

The center of the wheel (A) and two adjacent chairs
360°

16
= 22.5°,and B = C = 78.75°. This is an ASA case, so
asin B 15.5sin 78.75°
sin A sin 22.5°

(B and C) form a triangle with a = 15.5, A =

the radiusis b = ¢ =

Copyright © 2019 Pearson Education, Inc.
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Alternatively, let D be the midpoint of BC, and consider
right AABD, with m/ BAD = 11.25° and BD = 7.75 ft;
then r is the hypotenuse of this triangle, so

__ B a7
" sn112se T

Consider the triangle with vertices at the top of the flag-
pole (A) and the two observers (B and C).Then a = 600,
B = 19°,and C = 21° (an ASA case), so
A=180° — (B + C) = 140°%
asin B 600 sin 19°

b= sin A sin 140° ~ 303.5;
asinC 600 sin 21°
" sinA  sin140° 3345;

and finally 4~ = bsin C = csin B = 108.9 ft.

Consider the triangle with vertices at the top of the tree
(A) and the two observers (B and C). Then a = 400,
B = 15°,and C = 20° (an ASA case), so
A=180° - (B + C) = 145%
asin B 400sin 15°

b= sinA  sin 145° ~ 180.5;
_ a.smC _ 409 sin 20 ~ 238.5:
sin A sin 145°

and finally 4 = bsin C = csin B =~ 61.7 ft.
Given: ¢ = 20, B = 52°,C = 33° — an AAS case.
A =180° - (B + C) = 95°so0
csin A 20sin 95°

= = ~ 36. i d
a4 sin C sin 33° 36.6 mi, an
_csin B 20sin 52° ~ 28.9 mi
sinC  sin33° -

We use the mean (average) measurements for A, B, and
AB, which are 79.7°,83.9°, and 25.9 feet, respectively. This
gives 16.4° for angle C. By the law of sines,

AC = 25.9 sin 83.9°

sin 16.4° ~oL2 1t

sin A sin B

True. By the law of sines,

b b
which is equivalent to sind_ a (since sin A, sin B # 0)
d sinB b ’ '
False. By the law of sines, the third side of the triangle

10 sin 100°
measures sisrlflw’ which is about 15.32 inches. That

makes the perimeter about 10 + 10 + 15.32 = 35.32,
which is less than 36 inches.
The third angle is 32°. By the law of sines,
in 32° in 53°
= =1 , which can be solved for x.
12.0 X

The answer is C.

With SSA, the known side opposite the known angle some-
times has two different possible positions. The answer is D.

The longest side is opposite the largest angle, while the

shortest side is opposite the smallest angle. By the law of
. sin 50°  sin 70°

sines, —g 0 =

The answer is A.

, which can be solved for x.

Because BC > AB, only one triangle is possible. The
answer is B.

53. (a) Given any triangle with side lengths a, b, and c, the

sinA _sinB _ sinC

b
But we can also find another triangle (using ASA)
with two angles the same as the first (in which case
the third angle is also the same) and a different side
length — say, a. Suppose that a’ = ka for some con-
stant k. Then for this new triangle, we have

law of sines says that

sinA sinB sinC . sinA sin A
= = . Since = =
a’ b’ c’ a’ ka
l sin A thtsinB_l sin B
X ,we can see tha b % P

so that b’ = kb and similarly, ¢’ = kc. So for any
choice of a positive constant k, we can create a
triangle with angles A, B, and C.

(b) Possible answers:a = 1,b = \/g, ¢ = 2 (or any set of
three numbers proportional to these).

(c) Any set of three identical numbers.

54. In each proof, assume that sides a, b, and c are opposite

angles A, B, and C, and that c is the hypotenuse.

sin A sin 90°

@ a c
sin A l
a c
0
sin A = a_opp
¢ hyp
sin B sin 90°
(b) =— =
c
cos(m2 — B) 1
b ¢
adj
COSA=—=—
¢ hyp
sinA sin B
(©) =
a b
sinA a
sinB b
sinA a
cosA b
a _opp
tan A = — = ——
T

55.(a) h = ABsin A

(b) BC < ABsin A
(¢c) BC = ABor BC = ABsin A
(d) ABsin A < BC < AB

56. Drawing the line suggested in the hint, and extending BC

to meet that line at, say, D, gives right AADC and right
AADB.
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Then AD = 8sin 22° = 3.0 and DC = 8 cos 22° =~ 7.4,
so DB= DC — 5andc = AB= \V AD?>+ DB* ~ 3.9.

Finally,
DB
— o __ o0\ _ ain— 1l Z— ~ o
A= (90 22°) — sin (AB) 29.1° and
B =180° — A — C =~ 128.9°

57. Given:c = 4.1, B = 25°,C = 36.5° —
AAS case: A = 180° — (B + C) = 143.5°s0

csin B 4.1sin25° .
AC=1b= sinC  sinll5° 8.7 mi, and
BC = a = csin A 4.1sin143.5 ~ 122 mi.

sin C - sin 11.5°

The heightis 7 = a sin 25° = b sin 36.5° = 5.2 mi.

H Section 5.6 The Law of Cosines

Exploration 1
1. The semiperimeters are 154 and 150.
A = \V154(154 — 115)(154 — 81)(154 — 112)

+ V150(150 — 112)(150 — 102)(150 — 86)
= 8475.742818 paces>

2. 41,022.59524 square feet
3. 0.0014714831 square miles
4. 0.94175 acres

5. The estimate of “a little over an acre” seems questionable,
but the roughness of their measurement system does not

provide firm evidence that it is incorrect. If Jim and

Barbara wish to make an issue of it with the owner, they
would be well advised to get some more reliable data.

6. Yes. In fact, any polygonal region can be subdivided into

triangles.

Quick Review 5.6
1. A = cos"l( ) 53.130°

2. C = cos '(—0.23) ~ 103.297°
3. A= cos_l(—0.68) ~ 132.844°
1.92
4. C = cos"l(Tg) ~ 50.208°
81 —x* =y x>+ y -8l
5. (@) cos A = a > _ )
—2xy 2xy
X+ y =81
(b) A = cos_l(yi)
2xy
p A_yz—x2—25_x2—y2+25
. (@) cos A= 10 = 10

25° = 11.5°. An

Section 5.6 The Law of Cosines

) A = _1(x2—y2+25)

(b) A = cos 10

7. One answer: (x — 1)(x — 2) = x - 3x + 2.
Generally: (x — a)(x — b) = x> — (a + b)x + ab
for any two positive numbers @ and b.

8. One answer: (x — 1)(x + 1) = x> — 1.
Generally: (x — a)(x + b) = x> — (a — b)x — ab
for any two positive numbers @ and b.

9. One answer: (x — i)(x + i) = x> + 1.

10. One answer: (x — 1)> = x> — 2x + 1.
Generally: (x — a)?> = x* — 2ax + &

for any positive number a.

Section 5.6 Exercises

1. Given: B = 131°,¢ = 8,a = 13 — an SAS case.

b= \Va*+ & — 2accos B ~ \V/369.460 ~ 19.2;

C= *1<7a2 i 62) ~ cos™!(0.949) ~ 183
= cos ab ~ cos (0.949) ~ 18.3%
A =180° = (B + C) ~ 30.7°.

2. Given: C = 42°,b = 12,a = 14 — an SAS case.
¢ =\Va* + b — 2abcos C ~ \V/90.303 ~ 9.5;

b2 + 2 _ 2
A= cosﬁ(#) ~ cos™1(0.167) ~ 80.3°;
B =180° — (A + C) ~ 57.7°.

3. Given:a = 27,b = 19 ¢ = 24 — an SSS case.

b*+ - a2)
A= -z - 7
cos ( he
B = 00571(7112 te- bz)

2ac
C =180° — (A + B) = 60°.

4. Given:a = 28,b = 35,¢ = 17 — an SSS case.

Q

Q

cos1(0.228) ~ 76.8°;

cos 1(0.728) =~ 43.2°

223

P+ — 2
A= cosfl(#) ~ cos 1(0.613) ~ 52.2°
242 - B2
B = cosfl(L) ~ cos 1(-0.159) ~ 99.2°;
2ac
C = 180° — (A + B) ~ 286°.

5. Given: A = 55°,b = 12,c = 7 — an SAS case.
a=Vb + 2 —2bccos A ~ \V96.639 ~ 9.8;

2 + 2 _ b2
B = cosﬁ(L) ~ cos 1(0.011) ~ 89.3%
2ac
C =180° — (A + B) ~ 35.7°.

6. Given: B = 35°,a = 43,c = 19 — an SAS case.
b=\Va + ¢ — 2accos B~ \V/871.505 ~ 29.5;

C= *1<7a2 i 62) ~ cos™(0.929) ~ 21.7°;
= cos ab ~ cos (0.929) ~ 21.7°%
A =180° — (B + C) ~ 1233°.

7. Given:a = 12,b = 21,C = 95° — an SAS case.
¢ =V + b~ 2abcosC ~ V628926 ~ 25.1;

b2 + 2 _ 2
A= cosﬁ(#) ~ cos(0.879) ~ 28.5%
B =180° — (A + C) ~ 56.5°.
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8. Given:b = 22,c¢ = 31, A = 82° — an SAS case.

a= Vb + & —2bccos A ~ V1255167 ~ 35.4;

4 &+ - b
B=cos |———
2ac

C =180° — (A + B) =~ 60.1°.
9. No triangles possible (a + ¢ = b).
10. No triangles possible (a + b < ¢).
11. Given:a = 32,b = 7.6,c = 6.4 — an SSS case.

Pt —
A= cosfl(#) ~ cos 1(0.909) ~ 24.6°

) ~ cos 1(0.788) ~ 37.9°

2bc

242 - B2
B = cosfl(L) ~ cos (—0.160) ~ 99.2°;
2ac
C =180° — (A + B) ~ 562°.
12. No triangles possible (a + b < ¢).

Exercises #13-16 are SSA cases, and can be solved with either
the law of sines or the law of cosines. The law of cosines
solution is shown.

13. Given: A = 42°,a = 7,b = 10 — an SSA case. Solve
the quadratic equation 7> = 10*> + ¢ — 2(10)c cos 42°,
or ¢ — (14.862...)c + 51 = 0;there are two positive

. . @+t - b
solutions: ~9.487 or 5.376. Since cos B = T:
¢ = 95, B, = cos (0.294) = 72.9°, and
C, = 180° — (A + B;) = 65.1°,
or
¢, ® 54, B, = cos !(—0.294) ~ 107.1°, and
C, = 180° — (A + B,) =~ 30.9°.

14. Given: A = 57°,a = 11, b = 10 — an SSA case. Solve
the quadratic equation 112> = 10> + ¢ — 2(10)C cos 57°,
or ¢* — (10.893)c — 21 = 0; there is one positive

@+ - b
solution ¢ = 12.6. Since cos B = ————,
2ac
B =~ cos(0.647) ~ 49.7° and C = 180° — (A + B)
~ T73.3°.

15. Given: A = 63°,a = 8.6,b = 11.1 — an SSA case. Solve
the quadratic equation
8.6% = 11.17 + ¢* — 2(11.1)c cos 63°, or
c? — (10.079)c + 49.25 = 0; there are no real solutions,
so there is no triangle.

Given: A = 71°,a = 9.3,b = 8.5 — an SSA case. Solve
the quadratic equation
9.3 = 852 + ¢* — 2(8.5)c cos 71°, or
c? — (5.535)c — 14.24 = 0; there is one positive

242
solution: ¢ = 7.4.Since cos B = L,

2ac

B ~ cos !(0.503) ~ 59.8°and C = 180° — (A + B)
~ 49.2°.
17. Given: A = 47°,b = 32,c¢ = 19 — an SAS case.
a= Vb + ¢ = 2bccos A~ \V/555.689 ~ 23.573,

so Area = V49431.307 ~ 222.33 ft.” (using Heron’s

16

b

1 1
formula). Or, use Area = Ebc sin A = 5(32)(19)
sin 47° ~ 22233 ft.

18. Given: A = 52°,b = 14,¢ = 21 — an SAS case.
a="\Vb + & —2bccos A~ V274991 ~ 16583,
so Area ~ V13418345 ~ 115.84 m.? (using Heron’s

1 1
formula). Or, use Area = Ebc sin A = 5(14)(21)

sin 52° =~ 115.84 m>.

19. Given: B = 101°,a = 10,c = 22 — an SAS case.
b=\Vd + ¢ - 2accos B ~ V667.955 ~ 25.845,
so Area & V11659.462 ~ 107.98 cm.? (using Heron’s
formula). Or, use Area = %ac sin B = %(10)(22)
sin 101° ~ 107.98 cm™.

20. Given: C = 112°,a = 1.8,b = 5.1 — an SAS case.
¢ =Va + b — 2abcos C ~ V36.128 ~ 6.011,
so Area ~ V18.111 ~ 4.26 in.? (using Heron’s

1 1
formula). Or, use Area = Eab sin C = 5(1.8) (5.1)
sin 112° ~ 4.26 in”.
For #21-28, a triangle can be formed ifa + b < c,a + ¢ < b,
and b + ¢ < a.
17
21. s = T;Area = V66.9375 ~ 8.18.

21
22. s = —;Area = V303.1875 =~ 17.41.

2
23. No triangle is formed (a + b = ¢).
24. s = 27; Area = V12,960 = 36V10 ~ 113.84.
25. a = 36.4;Area = V46,720.3464 =~ 216.15.
26. No triangle is formed (a + b < ¢).
27. s = 42.1; Area = V98,629.1856 =~ 314.05.
28. s = 23.8; AreaVV10,269.224 ~ 101.34.

29. Leta = 4,b = 5,and ¢ = 6. The largest angle is
opposite the largest side, so we call it C. Since
a+b -7 (1 N .
T, C = cos (g) ~ 82.819
~ 1.445 radians.
The shorter diagonal splits the parallelogram into two
(congruent) triangles with @ = 26, B = 39°,and ¢ = 18.

The diagonal has length b = Va® + ¢ — 2ac cos B

~ V272591 =~ 16.5 ft.

Following the method of Example 3, divide the hexagon into
six triangles. Each has two 12-inch sides that form a 60°
angle.

1
6 X 5(12)(12)Sin 60° = 216\V/3 ~ 374.1 square inches.

Q

o

b

cosC =

30

b

31

.

32. Following the method of Example 3, divide the nonagon
into nine triangles. Each has two 10-inch sides that form a

40° angle.

.

1
9 X E(lO)(lO)sin 40° ~ 289.3 square inches.
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33.

In the figure,a = 12 andso s = 12sec30° = 8V3.
The area of the hexagon is

6 x %(8\/5)(8\/5) sin 60° = 2881/3

~ 498.8 square inches.

In the figure,a = 10 and so s = 10 sec 20°. The area of
the nonagon is

1
9 X > (10 sec 20°)(10 sec 20°) sin 40° =~ 327.6 square inches.

35. Given: C = 54°, BC = a = 160, AC = b = 110 — an
SAS case. AB = ¢ = Va* + b* — 2ab cos C

~ V17,009.959 =~ 130.42 ft.

36. (a) The home-to-second segment is the hypotenuse of
a right triangle, so the distance from the pitcher’s
rubber to second base is 90V2 — 60.5 ~ 66.8 ft. This
is a bit more than

¢ = V60.5% + 90> — 2(60.5)(90) cos 45°

~ \V/4059.857 ~ 63.7 ft.
o
(b) B = 00571(7
2ac
~ 92.8°.
37. (a) ¢ = V402 + 602 — 2(40)(60) cos 45°
~ \V1805.887 ~ 42.5 ft.

(b) The home-to-second segment is the hypotenuse of a
right triangle, so the distance from the pitcher’s
rubber to second base is 60\/2 — 40 ~ 44.9 ft.

@+t - b

2ac

) ~ cos 1(—0.049)

() B= cosfl( ) ~ cos 1(—0.057)
~ 93.3°.
38. Given:a = 175,b = 860,and C = 78°. An SAS case, so

AB = ¢ = Va® + b* — 2ab cos C ~ \/707,643.581
~ 841.2 ft.

6
39. (a) Using right AACE, m/CAE = tanfl(ﬁ)
1
= tan”'| 7 | ~ 18.4°.
()

(b) Using A =~ 18.435°, we have an SAS case, so
DF = V9% + 122 — 2(9)(12) cos A ~ 1/20.084
~ 4.5 ft.

(¢) EF = V18 + 122 — 2(18)(12) cos A ~ \/58.168
~ 7.6 ft.

Section 5.6 The Law of Cosines 225

40. After two hours, the planes have traveled 700 and 760
miles, and the angle between them is 22.5°, so the

distance is /7002 + 7602 — 2(700)(760) cos 22.5°
~ V84,592.177 ~ 290.8 mi.
41. AB = V73% + 65° — 2(73)(65) cos &°
~ V156.356 ~ 12.5 yd.

42. m/ HAB = 135°,s0
HB = V20 + 20> — 2(20)(20) cos 135°

~ V1365.685 ~ 37.0 ft.

Note that AB is the hypotenuse of an equilateral right
20 -
triangle with leg length —= = 10\/5, and HC is the

V2

hypotenuse of an equilateral right triangle with leg length

20 + 10V2,50 HC = V220 + 10V/2)? ~ 483 ft.
Finally, using right AHAD with leg lengths
HA =20 ftand AD = HC = 48.3 ft, we have

HD = VHA? + AD* = 52.3 ft.
3. AB=c=V2+32=V13,AC=b=\V1?+ 3
= \/E,andBC =a=V1*+22= \/g,so

P+ 2— 2
m/CAB = A = cosfl(#)

2bc
9
= cosfl(—) ~ 37.9°
V130
44. AABC is a right triangle (C = 90°), with BC = a
V22 +22=2V2and AC = b = 1,50 AB = ¢
1

= Va’ + b =3and B= m,ABC = sin_l(g)

~ 19.5°.
45. True. By the law of cosines, b* + ¢*> — 2bc cos A = @,

which is a positive number. Since b* + ¢* — 2bc cos A > 0,
it follows that b> + ¢? > 2bc cos A.

46. True. The diagonal opposite angle 6 splits the parallelogram

. . . 1 .
into two congruent triangles, each with area 5 ab sin 6.

47. Following the method of Example 3, divide the
dodecagon into 12 triangles. Each has two 12-inch sides
that form a 30° angle.

1
12 X 2 (12)(12) sin 30° = 432

The answer is B.
48. The semiperimeteris s = (7 + 8 + 9)/2 = 12.Then by
Heron’s formula, A = \/12(12 - 7)(12 - 8)(12 - 9)
= 12'V/5. The answer is B.
49. After 30 minutes, the first boat has traveled 12 miles and the
second has traveled 16 miles. By the law of cosines, the

two boats are V122 + 162 — 2(12)(16) cos 110° ~ 23.05
miles apart. The answer is C.
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226 Chapter 5 Analytic Trigonometry

50.

51

.

52.

53.

54.

55.

By the law of cosines, 122 = 17% + 25% — 2(17)(25)
17 + 25% — 12

2(7)25) ) ~ 25.06°.

cos 0,50 0 = cos™! (

The answer is E.

Consider that an n-sided regular polygon inscribed within
a circle can divide into n equilateral triangles, each with

o

2
equal area of % sin (The two equal sides of the

o
equilateral triangle are of length r, the radius of the
circle.) Then, the area of the polygon is exactly

n_r2 sin 360°
2

b2+ —a b+ 2= (b* + ¢ — 2bccos A)
2abc B 2abc
_ 2bccos A
" 2abc
cos A

(a)

a

(b) The identity in (a) has two other equivalent forms:
cos B a* + ¢* — b?

b 2abc
cosC @+ b= 2
c 2abc
We use them all in the proof:
cosA cosB cosC
a b c

I e e R e N i
2abc 2abc 2abc
P+ —-d+ad+F - +a*+b -

2abc
_ad+ b+
- 2abc
(a) Ship A: W = 15.1 knots;
Ship B: % = 12.4 knots
(b) cos A = M
2bc
_(15.1) + (12.4)° = (8.7)
- 2(15.1)(12.4)
A = 35.18°

(¢) = a*>+ b*>— 2abcos C

= (49.6) + (60.4)> — 2(49.6)(60.4) cos (35.18°)
1211.04, so the boats are 34.8 nautical miles
apart at noon.

Q

Use the area formula and the law of sines:

1
Ap = EabsinC

1 [asinB) . i
= —a( - )SlnC law of sines = b = a.smB
2 sin A sin A
a*sin Bsin C

2 sina
Let P be the center of the circle. Then,

3+ 5 -7
29)(5)

cos P = = 0.02 ,s0 P =~ 88.9°. The arca

10

11

13

, 88.9°

360°

of the segment is 7r ~ 257+ (0.247) ~ 19.39 in’,

1
The area of the triangle, however, is 5(5)(5) sin (88.9)

~ 12.50 in?, so the area of the shaded region is approxi-
mately 6.9 in>.

H Chapter 5 Review

1. 2 sin 100° cos 100° = sin 200°

2 tan 40°
2. 0~ an80°
1 — tan” 40°
3. 1; the expression simplifies to (cos 26)* + (2 sin 6 cos )?
= (cos 26)* + (sin260)* = 1.
4. cos® 2x; the expression can be rewritten
1 — (2sinxcos x)> = 1 — (sin 2x)?> = cos®2x.
5. cos 3x = cos(2x + x) = cos 2x cos x — sin 2x sin x
= (cos? x — sin® x) cos x — (2 sin x cos x) sin x
= cos® x — 3sin® x cos x
= cos’ x — 3(1 — cos® x)cos x
= cos’x — 3cos x + 3cos’ x
= 4 cos’ x — 3 cos x
6. cos>2x — cos® x = (1 — sin?2x) — (1 — sin® x)
= sin® x — sin®2x

. . 1 — cos® x
7. tan’> x — sin’> x = sin® x (—2
COs” x
. sin® x . )
= sin“x - 2 = sin” x tan” x
cos” x

2 sin 6 cos®  + 2 sin’ 6 cos O
= (2sin 0 cos 0)(cos> § + sin” 0)
= (2sin 6 cos 6)(1) = sin 26.

o

COoS X
9.cscx — cosxcotx = —— — COS X * —;
sin x
1 —cos’?x sin’x .
= - = — = sin x
sin x sin x
tan0+sin0_1+cos0_( 1+COSg)2
‘' 2tané 2 2
0
_ 2
= cos”—
2
1+ tanf 1+ coté
. Recall that tan 6 cot 6 = 1.
1—tan® 1 — cotd

(1 + tan 6)(1 — cot 0) + (1 + cot O)(1 — tan 6)
(1 — tan 6)(1 — cot 0)
(1+tanh —cotf® — 1) + (1 + cotf —tanf — 1)
(1 — tan 6)(1 — cot 0)

0
=0
(1 — tan 6)(1 — cot 0)

12. sin 36 = sin(20 + 6) = sin 26 cos § + cos 26 sin 0

= 2sin @ cos’ § + (cos®>H — sin’ ) sin O
= 3sinf cos* 0 — sin® 0

cos? & = {11 ll(l + cos t)}2 = l(1 + cost)
2 2 2

B (1 + cost) (sect) 1+ sect
2 sect 2sect

o
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14 tan3'y - cot3'y
) tanz'y + cscz'y

(tany — coty)(tan’y + tany coty + cot®y)

tanz'y + cscz'y
tany — coty)(tan’>y + 1 + cot?
Y Y Y Y

B tanz'y + csc? Y
(tany — cot y)(tan®y + csc?y)

N tanz'y + cscz'y = fany = coty
15, cos ¢ sin ¢
1—tan¢p 1 — cot¢
B ( cos ¢ )(cos¢>) N ( sin ¢ )(sin¢>)
1 —tan¢ /\cos ¢ 1 — cot¢/\sin ¢
cos? ¢ sin® ¢ cos’¢p — sin’ @
=cos¢>—sin¢> sin¢>—cos¢>= cos ¢ — sin ¢
= cos ¢ + sin ¢
cos(—z) cos(z)
16. sec(—z) + tan(—z) N [1 + sin(—z)]/cos(z)
_ (:os.2 (z) _ 1- s1.nzz — 1+ sinz
1 +sin(-z) 1 —sinz
1. \/1 —cosy _ (1 — cos y)?
1+ cosy (1 + cos y)(1 — cos y)
/(1 = cos y)? (@ = cos y)?
B 1 —cos’y Bl sin® y

|1—cosy| _1—cosy

- = - ;since 1 — cos y = 0,
[sin y| [sin y|
we can drop that absolute value.

18 \/1 —siny \/(1 — siny)(1 + sinvy)

1 + sinvy (1 + siny)?
7 \/1—sin2'y _\/ cos?y
(1 + siny)? (1 + sin y)?
|cos y| |cos y|

= : = ——; since 1 + siny = 0,
[1 +siny] 1 +siny

we can drop that absolute value.

( 377-) tan u + tan (37/4)
tan|\u +—) =
4 1 — tan u tan (37/4)

_tanu+(=1)  tanu—1
1 —tanu(=1) 1+ tanu

19

.

1 1 1
20. 1 sin 4y = 1 sin 2(2y) = 1 (2 sin 27y cos 2vy)

1
3 (2 sin y cos y)(cos> y — sin’ y)

sin y cos® y — cos y sin® y

1 1 — cos 1 cos
2l. tan— B = - P == - = P
2 sin B sin 8 sin

22. Let # = arctan t,so that tan § = t. Then

2tan u 2t
tan 20 = 7 =
1 —tan“u 1—1t

5 - Note also that since

a a a a
-1 <r<1, 7 <u< T and therefore — <2u < —.

=cscB —cotf

23.

24.

25.

26.

27.

28.

Chapter 5 Review 227

That means that 26 is in the range of the arctan function,

and so 20 = arctan or equivalently

1 -

1 2t
0 = Earctan ﬁ — and of course, § = arctan r.

1 sin? x

Yes:sec x — sin x tan x =
COSX  COS X

1= sinx  cos® x

cos x cos x

Yes: (sin* & — cos® a)(tan’ @ + 1)

= (sin* @ — cos’ a)(sec? a)
sina — cos’a _ sin’a

COS2 a COS2 a

= COS x.

—1=tan’a — 1.

Many answers are possible, for example,

sin 3x + cos 3x

= (3sinx — 4sin® x) + (4 cos® x — 3 cos x)

3(sin x — cos x) — 4(sin® x — cos® x)

(sin x — cos x)[3 — 4(sin® x + sin x cos x + cos® x)]
= (sinx — cosx) (3 — 4 — 4sin x cos x)

= (cos x — sin x)(1 + 4 sin x cos x). Check

other answers with a grapher.

Many answers are possible, for example,
sin 2x + cos 3x = 2sin x cos x + 4 cos® x — 3 cos x
= cos x(2sin x + 4 cos’ x — 3)
= cos x(2sin x + 1 — 4sin? x). Check other answers
with a grapher.

Many answers are possible, for example,
cos’ 2x — sin2x = 1 — sin?2x — sin 2x

= 1 — 4sin® x cos’ x — 2 sin x cos x. Check other
answers with a grapher.

Many answers are possible, for example (using Review
Exercise 12), sin 3x — 3 sin 2x

= 3 cos® x sin — sin® x — 6 sin x cos x

= sin x(3 cos’ x — sin®> x — 6 cos x)

= sin x(4 cos’ x — 1 — 6 cos x). Check other answers
with a grapher.

In #29-33, n represents any integer.

29.

30.

31.

32.

33.
34.

sin 2x = 0.5 when 2x = % + 2nm or 2x = %T + 2nr,

T S
SsOx =—+ nmorx = —— + nmw.

12 12
= Y3 henx = 7 4 2
cos x = —=when x = + nr
tanx:—lwhenx=—%+nﬂ'
2 V2
Ifsin!x = T,thenx: sinT.

Iftan' x = 1, then x = tan 1.

2cos2x =1
) 1
cos = —
T2
1
2cos’x — 1 ==
COS“Xx )
3
cos’x = =
4
V3
cosx:j:T

5
Sox = % + 2nmor x = %T + 2nm for n any integer.
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35. x~ 1120r x  5.16 43. sin(cos x) = 1 only if cos x = % + 2nm. No choice of
n gives a value in [—1, 1], so there are no solutions.
44. cos(2x) + S5cosx — 2 = 2cos’x — 1 + 5cosx — 2
/ \\_ =2cos’x + 5cosx — 3 =0.(2cos x — 1)(cos x + 3)
1
= 0,s0 cos(x) = 5 and cos(x) = —3.The latter is
T S
[0, 27] by [-4, 4] extraneous so x = Forx = =4
36. x ~ 0.14 or x ~ 3.79 For #45-48, use graphs to suggest the intervals. To find the

endpoints of the intervals, treat the inequalities as equations,

J.'/—‘_H\ and solve.

1
45, cos 2x = 5 has solutions x =

S T
X =X =,

6’ 6

NE]

11
and x = Tﬂ- in interval [0, 277).

~

The solution
a

[0, 27] by [-3,2] set for the inequality is0 = x < —

6
37. x = 1.15 S T 117
Or?<x<—oT<x<2ﬂ'

/ 6
. T S7 T 117
that is, |:0, E) U (?, ?) U (T, 27T).

/ 46. 2 sin x cos x = 2 cos x is equivalent to
(cos x)(sinx — 1) = 0, so the solutions in (0, 27 ] are

3
x = Zand x = == The solution set for the inequality

[0, 27r] by [-3, 2] 2
3 m 37
38. x =~ 1.850rx =~ 3.59 Tex< X
is 7 <X > ; that is (2 2 )
1 . T 57 .
47. cos x = 5 has solutions x = 3 and x = 3 in the
l\_/ interval [0, 277). The solution set for the inequality is
Tox<Z o ; that is, ( Sﬂ-)
3-S50 33
[0, 2771 by [-3, 2] 48. tan x = sin x is equivalent to (sin x)(cos x — 1) = 0,
T S so the only solution in (—z, T )is x = 0.The solution
39. cosxzzsox—gorx:?. 2°2
. .. m . T
40. sin 3x = (sin x)(4 cos’ x — 1). This equation set for the inequality is — < x < 0;thatis, (_E’ 0).
) o
becomes (sin x)(4 cos” x — 1) = sin x, or 49. y = 5sin (3x + cos(3/5)) ~ 5sin (3x + 0.93)
2(sin x)(2cos”x — 1) = 0,sosinx = 0 or . | .
5 3 50. y = 13sin (2x — cos'(5/13)) =~ 13 sin (2x — 1.18)
a T
Cos x = iT;x =0,x= Z’x = T’x =, 51. Given: A = 79°, B = 33°,a = 7 — an AAS case.
5 C =180° — (A + B) = 68
x:%’orx:%' bzasinB=7sin33°%39_
sin A sin 79° "
41. The left side factors to (sin x — 3)(sinx + 1) = 0; asinC 7 sin 68° 6.6
3 Cc = " = " 5 ~ 0.0.
only sin x = —1 is possible,so x = = sin A sin 79
2 52. Given:a = 5,b = 8, B = 110° — an SSA case. Using the
42.2cos’t — 1 = cost,or2cos’t — cost — 1 = 0, law of sines: 4 = asin B = 47, h < a < b, so there is
1 .
or(2cost + 1)(cost — 1) = 0.Thencost = — = one triangle.
2 . yfasinBY\ . N o
2 dar A = sin ~ sin(0.587) ~ 36.0°%
orcost = 1:t=0,t = —ort =

3 3 C =180° — (A + B) = 34.0°
_bsinC _ 8sin34.0° 48
" sinB sinl10°
Using law of cosines: Solve the quadratic
equation 8 = 5% + ¢* — 2(5)c cos 110°, or
c* + (3.420)c — 39 = 0; there is one positive solution:
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. P+ -a
c =~ 4.8.Since cos A = BTV
A =~ cos(0.809) ~ 36.0°and C = 180° — (A + B)
~ 34.0°.

53. Given:a = 8,b = 3, B = 30° — an SSA case. Using the law
of sines: 4 = asin B = 4;b < h,so no triangle is formed.
Using the law of cosines: Solve the quadratic equation
R =8+ & — 2(8)ccos30° or  — (8V3)c + 55 = 0;
there are no real solutions.

54. Given:a = 14.7, A = 29.3°, C = 33° — an AAS case.

B =180° - (A + C) = 117.7°,and
asin B 14.7sin 117.7°
sinA  sin29.3°
asinC _ 14.7sin33°

c=— = — ~ 16.4.
sin A sin 29.3°

Given: A = 34°, B = 74°, ¢ = 5 — an ASA case.
C =180° - (A + B) = 72°%
csin A 5sin 34°

b =

~ 26.0;

55

b

= = ~ 2.9;

a sin C sin 72° %

b=c§1nB=5§1n74 ~ 51
sin C sin 72°

56. Given:c = 41, A = 22.9°, C = 55.1° — an AAS case.
B =180°— (A + C) = 102%
csin A 41sin22.9°
= = ~ 19.5;
a sin C sin 55.1° 93;
csin B 41sin102°

b= sinC ~ sin55.1° ~ 489,

57. Given:a = 5,b = 7,c = 6 — an SSS case.

b2 + 2 _ 2
A= cos*(#) ~ cos™1(0.714) ~ 44.4°;
2 + 2 _ b2
B = cos*l(%) ~ cos1(02) ~ 78.5%
a

C =180° — (A + B) = 57.1°.
58. Given: A = 85° a = 6,b = 4 — an SSA case. Using the
law of sines: 4 = bsin A = 4.0;h < b < a, so there is
one triangle.

bsin A
B = sinfl(&) ~ sin"1(0.664) ~ 41.6°
a

C =180° — (A + B) ~ 53.4°
o= a§1nC _ 6s%n 53.4 ~ 48
sin A sin 85°
Using the law of cosines: Solve the quadratic equation
6> = 4> + ¢ — 2(4)c cos 85°,0r & — (0.697)c — 20 = 0;
there is one positive solution:
a’+ ct - b
2ac

B ~ cos !(0.747) ~ 41.6°and C = 180° — (A + B)

~ 53.4°.

¢ ~ 4.8.Since cos B =

59.32%(34—54—6):7;
Area = \/s(s —a)(s — b)(s — ¢)
= \V7(7 = 3)(7 - 5)(7 - 6)
= V56 ~ 75.
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60. ¢ =~ 7.672so area ~ \/528.141 ~ 23.0 (using Heron’s

formula). Or, use A = Eab sin C.

61. & = 12sin28° = 5.6,so0:
(a) =56 <b<12
(b) b = 5.6o0rb = 12.
(¢) b < 5.6.
(a) C = 180° — (A + B) = 45°s0
csin B 80sin 65°
sin C - sin 45°
(b) The distance across the canyon is b sin A =~ 96.4 ft.
Given:c = 1.75, A = 33°, B = 37° — an ASA case, so

C = 180° - (A + B) = 110%

csin A 1.75sin 33°

62

.

AC = b =

~ 102.5 ft.

63

o

= = ~ 1.0;
a sin C sin 110° ’
in B 1.75 sin 37°
p_ CSnB _ sin ~ 11,

sin C sin 110°
and finally, the heightis 7 = bsin A = asinb ~ 0.6 mi.
64. Given:C = 70°,a = 225,b = 900 — an SAS case, so
AB = c = \d + > — 2abcosC
~ V722,106.841 ~ 849.77 ft.
65. Leta = 8,b = 9,and ¢ = 10.The largest angle is
opposite the largest side, so we call it C.
Pt - _1(5)
2ab 0 % \d6
~ 71.790°, 1.25 rad.
66. The shorter diagonal splits the parallelogram into
two (congruent) triangles with a = 15, B = 40°,
and ¢ = 24.The shorter diagonal has length
b= \Va + b — 2accos B ~ V249.448 ~ 15.80 ft.
Since adjacent angles are supplementary, the other angle
is 140°. The longer diagonal splits the parallelogram
into (two) congruent triangles with @ = 15, B = 140°,
and ¢ = 24, so the longer diagonal length is
b= Vd + ¢ — 2accos B~ V1352552 ~ 36.78 ft.

67. (a) The point (x, y) has coordinates (cos 6, sin 6), so the
bottom is b; = 2 units wide, the top is
b, = 2x = 2 cos 6 units wide, and the height is
h = y = sin 0 units. Either use the formula for the

Since cos C =

1
area of a trapezoid, A = E(bl + b,)h, or notice that

the trapezoid can be split into two triangles and a
rectangle. Either way:
A(0) = sin 6 + sin 6 cos § = sin (1 + cos 0)

1
= sin § + —sin 26.
2
(b) The maximizing angle is 6 = % = 60°; the maximum

3
area is Z\/g ~ 1.30 square units.

68. (a) Substituting the values of a and b:
5(0) = 6.825 + 0.63375(—cot 6 + V/3 - csc )
0.63375(V3 — cos 0)

= 6.825 + -
sin 6
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‘Vﬂ

[0,9.4] by [~62,6.2]

(b) Considering only angles between 0 and 77, the minimum
occurs when 0 ~ 0.955 rad ~ 54.75°.

(¢) The minimum value of S is approximately
$(0.955) ~ 7.72 in.?

69. (a) Split the quadrilateral in half to leave two

(identical) right triangles, with one leg 4000 mi,
hypotenuse 4000 + 4 mi, and one acute angle 6/2.

0 4000
Then cos 5= 2000 + 7 solve for 4 to leave
4000
= — 4000 = 4000 sec2 — 4000
cos(6/2) 2
6 4000 (20 .
(b) 0052 = 4200,5014 = 2 cos (21) ~ 0.62 =~ 35.51°.

70. Rewrite the left side of the equation as follows:

71

72

73

.

.

b

sin x — sin 2x + sin 3x
= sin x — 2sin x cos x + sin(2x + x)
= sin x — 2sin x cos x + sin 2x cos x + cos 2x sin x
= sinx — 2sin x cos x + 2sin x cos® x +
(cos® x — sin® x) sin x
= sinx — 2sin x cos x + 2 sin x cos® x +
sin x cos® x — sin® x
= sinx — 2sin x cos x + 3 sin x cos> x — sin® x
= sinx (1 — 2cos x + 3 cos® x — sin® x)
= sin x ((1 — sin’> x) — 2 cos x + 3 cos® x)
= sin x (cos> x — 2 cos x + 3 cos’ x)
= sin x (4 cos’ x — 2 cos x)
= 2sinxcosx (2cosx — 1)
= sin 2x (2cos x — 1)

Sosin2x =0or2cosx —1=0.Sox = n%or

x= % % + 2nm, n an integer.
The hexagon is made up of 6 equilateral triangles;
using Heron’s formula (or some other method), we
find that each triangle has area V24(24 — 16)*

= V12,288 = 64\/3. The hexagon’s area is therefore
384\/5 cm?, and the radius of the circle is 16 cm, so the
area of the circle is 2567 cm?, and the area outside the

hexagon is 2567 — 384\V/3 ~ 139.14 cm?.
The pentagon is made up of 5 triangles with base length

1
12 cm and height of 6 tan 54° cm, so its area is 5-5-12-6

tan 54° = 180 tan 54° cm® The radius of the circle is the
height of those triangles, so its area is (6 tan 54°)2. The
desired area is area of pentagon — area of circle = 180 tan
54° — (6 tan 54°)> ~ 33.49 cm?.

The volume of a cylinder with radius » and height %

is V. = @rr’h, so the wheel of cheese has volume
7(9%)(5) = 4057 cm? a 15° wedge would have

057

15 4
fraction —— = — of that volume, or ~ 53.01 cm®.

360 24

74. (a) %(cos(u — v) — cos(u + v))

1 . .
= E(cos 1 cosv + sinusin v

— (cos u cos v — sin u sin v))

1. . .

= —(2sin u sin v)
2

sin u sin v

(b) =(cos(u — v) + cos(u + v))

=

= E(cosucosv + sinu sin v + cos u cos v

— sin u sin v)

%(2 COS U oS V)
= COS U COS V
() %(sin(u + v) + sin(u — v))
1, . . .
= E(sm uCcosv + Cosusinv + Sinu cos v

— cos u sin v)

1
= 5(2 sin u cos v)

= Sin u cos v

75. (a) By the product-to-sum formula in Exercise 74 (c),

.utow u-—v
2 sin cos
2 2
21(.u+v+u—v
= e—|sSInN——m—mm
2 2
ut+tv—wWw-—v
SERESEICED)

= sinu + sinv

(b) By the product-to-sum formula in Exercise 74 (c),
u—o u-+ov
cos
2 2

21(.u—v+u+v
=2~ sin———
2 2

u—v—(ut+o
PNECEITEL

2 sin

= sinu + sin(—v)
= sinu — sinv
(¢) By the product-to-sum formula in Exercise 74 (b),
u-+o u—o
cos
2 2

1( u+v—(u—o)
=2 cos ———————

2
ut+ov+u-—v
+cosf

2 cos

COS v + cosu
= cosu + cosv

(d) By the product-to-sum formula in 74 (a),

u+ov . u—v
sin
2 2

—2 sin
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1 u+v—(u-vo)

=—2-E(cosf
u+v+u—v)

B R e—

= —(cosv — cosu)
= cosu — CosV

76. Pat faked the data. The law of cosines can be solved to

[ 2
show that x = 12, /————. Only Carmen’s values
1 —cos6

are consistent with the formula.

77. (a) Any inscribed angle that intercepts an arc of 180° is

a right angle.

(b) Two inscribed angles that intercept the same arc are
congruent.
o
(¢) Inright AA’BC, sin A’ = % =2
(d) Because £ A’ and £ A are congruent,
sinA _sinA’ _ad 1

a a a d’
sin A

a

(e) Of course. They both equal by the law of sines.
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1.

2.

i

b

[-2,34] by [-0.1, 1.1]

We set the amplitude as half the difference between the
maximum value, 1.00, and the minimum value, 0.00, so

a = 0.5. We then set the average value as the average of
the maximum and minimum values, so k£ = (.5. Since
cos(b(x — h)) has a period of about 29, we set

b = 2m/29.0 ~ 0.22. Experimenting with the graph
suggests that 4 should be about 0.5. So the equation is

y =~ 0.5 cos(0.22(x — 0.05)) + 0.5.

The graph should match the graph in part 2. Both graphs
should fit the scatter plot fairly well.

The graph should match the graph in part 2. Both graphs
should fit the scatter plot fairly well.

We set the amplitude as half the difference between the
maximum value, 1.00, and the minimum value, 0.00, so

a = 0.5. We then set the average value as the average of
the maximum and minimum values, £ = 0.5. Since
sin(b(x — h)) has a period of about 29, we set

b = 2m/29.0 ~ 0.22. Experimenting with the graph sug-
gests that /2 should be about —6.5. So the equation is

y =~ 0.5 cos(0.22(x + 6.5)) + 0.5.

The graph should match the graph in part 5. Both graphs
should fit the scatter plot fairly well.

The graph should match the graph in part 5. Both graphs
should fit the scatter plot fairly well.

Copyright © 2019 Pearson Education, Inc.



232 Chapter 6 Applications of Trigonometry

Chapter 6

Applications of Trigonometry

H Section 6.1 Vectors in the Plane

Exploration 1

1.

@

Use the HMT rule, which states that if an arrow has ini-
tial point (x;, y;) and terminal point (x,, y,), it represents
the vector (x, — x;, y, — y;). If the initial point is (2, 3)
and the terminal point is (7,5), the vector is (7 — 2,5 — 3)
= (5, 2).

Use the HMT rule, which states that if an arrow has ini-
tial point (xy, y;) and terminal point (x,, y,), it represents
the vector (x, — xy, ¥, — yp). If the initial point is (3, 5)
and the terminal point is (x, y;), the vector is (x, — 3,

¥, — 5). Using the given vector (—3, 6), we have x, —
3=-3andy, — 5=6.

X, —3=-3=2x=0y,—-5=6=>y, =11

The terminal point is (0, 11).

Use the HMT rule, which states that if an arrow has initial
point (x;, y;) and terminal point (x,, y,), it represents the
vector (x, — xy, y, — y).If the initial point P is (4, —3)
and the terminal point Q is (x,, y,), the vector P—Q) is

(x, — 4,y, — (—3)). Using the given vector P—Q)(Z, —4),
we have x, — 4 = 2and y, + 3 = —4.
X,—4=2=>x=06y,+3=—-4=>y,= -7

The point Q is (6,—7).

Use the HMT rule, which states that if an arrow has ini-
tial point (xy, y;) and terminal point (x,, y,), it represents
the vector (x, — xy,y, — y;). If the initial point Pis __
(x1, y1) and the terminal point Q is (4, —3), the vector PQ
is (4 — x;, =3 — ;). Using the given vector P—Q>(2, —4),
we have4 — x; = 2and =3 — y;, = —4.
4—x=2=>x,=2-3—y,=-4=y, =1

The point P is (2, 1).

Quick Review 6.1

IV3
1. x = 9cos 30° = T\/_,y = 9sin 30° = 4.5
15V3
2. x = 15cos 120° = =7.5,y = 15sin 120° = T\/_
3. x = 7cos220° = —5.36, y = 7sin 220° = —4.5
4. x = 6cos (—50°) = 3.86,y = 65sin (—50°) ~ —4.60
For #5 and 6, use a calculator.
5. 60 =~ 33.85°
6. 6 =~ 104.96°

For #7-9, the angle determined by P(x, y) involves tan™'(y/x).
Since this will always be between —180° and +180°, you may
need to add 180° or 360° to put the angle in the correct
quadrant.

7.

# = tan! (%) ~ 60.95°

7
8.6 = 360° + tan! (—g) ~ 305.54°

5
9.6 = 180° + tan™! (5) ~ 248.20°

10. After 3 hours, the ship has traveled (3)(42 sin 40°) naut mi
east and (3)(42 cos 40°) naut mi north. Five hours later, it
is (3)(42 sin 40°) + (5)(42 sin 125°) =~ 253.013 naut mi
east and (3)(42 cos 40°) + (5)(42 cos 125°) ~ —23.929
naut mi north (about 23.93 naut mi south) of Port Norfolk.

253.013 i
23.929 ) ~ 9540

Distance: V/(253.013)% + (—23.929)> ~ 254.14 naut mi.

Bearing: 180° + tan™! (—

Section 6.1 Exercises

For #1-4, recall that two vectors are equivalent if they have
the same magnitude and direction. If R has coordinates (a, b)
and S has coordinates (c, d), then the magnitude of RS is
|R—S)| = \/(c — a)* + (d — b)* = RS, the distance from

R to S.The direction of RS is determined by the coordinates
(¢ — a,d — D).

1. If R = (—4,7)and S = (—1,5), then, using the HMT rule,
=(-1-(=4),5-7) = (3,-2).
If P = (0,0) and Q = (3, —2), then, using the HMT rule,

PO = (3—-0,-2-0) = (3,-2).
Both vectors represent (3, —2) by the HMT rule.
If R = (7,-3)and S = (4,—5), then, using the HMT rule,
RS = (4—17,-5— (-3)) = (-3,-2).
If P= (0,0)and Q = (—3,—2), then, using the HMT rule,
PO = (-3-0,-2-0) = (-3,-2).
Both vectors represent (—3, —2) by the HMT rule.
IfR = (2,1)and S = (0,—1), then, using the HMT rule,
RS = (0—2,-1-1) = (-2,-2).
If P = (1,4) and Q = (—1,2), then, using the HMT rule,
PO = (-1-1,2—4) = (-2,-2).
Both vectors represent (—2, —2) by the HMT rule.
4. If R = (—2,—1)and S = (2,4), then, using the HMT rule,
RS = (2= (-2),4 = (-1)) = (4,5).
If P= (=3,-1)and Q = (1,4), then, using the HMT rule,
PO = (1— (-3),4— (-1)) = (4,5).
Both vectors represent (4, 5) by the HMT rule.
5.P0 = (3 (-2),4-2) = (5,2),
|PO| = V5 + 22 = V29
6. RS = (2 — (-2),-8 — 5) = (4,—13),

|RS| = V& + (—132 = V185

1

w
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7.0R = (-2 — 3,5 — 4) = (=5,1),
|OR| = V(=5)> + 12 = V26

8. PS = (2 — (-2),—-8 — 2) = (4,-10),

|PS| = V& + (=107 = V116 = 229
9.208 = 2(2 — 3,-8 — 4) = (=2,-24),
20S| = VI(=2)? + (—24)2 = V/580 = 2\/145

10. (V2) PR = V2 (=2 — (=2),5 — 2) = (0,3\/2),
V2 0R| = VO? + 3V2) = 3\V2
11. 30R + PS = 3(=5,1) + (4,—10) = (—11,-7),

I30R + PS| = V(=112 + (=7)* = V170

12. PS — 3P0 = (4,-10) — 3(5,2) = (—11, —16),

|PS - 3PQ| = V(—11)? + (-16)’ = /377
13. (—-1,3) + (2,4) = (1,7)
14. (—1,3) — (2,4) = (—3,-1)
15. (-1,3) — (2,—5) = (-3,8)
16. 3(2,4) = (6,12)

17. 2(=1,3) + 3(2,-5) = (4,-9)
18. 2(—1,3) — 4(2,4) = (—10,—-10)
19. —2(—1,3) — 3(2,4) = (—4,—18)
20. —(—1,3) — (2,4) = (-1,-7)

u -2 4
2l <\/(—2)2 + 4 V(=27 + 42>

=_Li+ij
V5 ooVs
v 1 -1
0T <\/12 + (-1 VIR + (—1)2>
1.1
V2V
w -1 -2
B _<V( 1)2+( 22 V(=1 + (- 2)2>
BRVARE
4. =< > > >
wl V2 + 2 Vet 5
1 1,
—%l-i-%_]

For #25-28, the unit vector in the direction of v = (a, b) is

1 < a b >
|V| \/a + 0 Vi + b

b
= i+ j
\/a2 + b? Va + sz

25. (a)<\/_ \}_>

b =i+ —j

Vs Vs

26.

27.

28.

29.
30.
31.
32.

33.

34.

35.

36.

37.

38.
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3 2
‘*"< vava>

3 2
b) — + ——
® -5 G
(a)<_i_i

Vit vl

T e 1y
Va o\ Ve TV Var

3 4
(a) <§,—§>

3. 4\. 3 4
i+ —= =23 -
(b) i ( S)J 51 5J

18 cos 25°, 18 sin 25°) ~ (16.31,7.61)
14 cos 55°, 14 sin 55°) ~ (8.03, 11.47)
47 cos 108°, 47 sin 108°) ~ (—14.52, 44.70)
33 cos 136°, 33 sin 136°) ~ (—23.74,22.92)

3
ul = V32 +42=5a= cos! (E) ~ 53.13°

-1
|u| =V (—1)2 + 22 = \/g,a = cos ! (%) ~ 116.57°

3
lul = V3% + (—4)* = 5, = 360° — cos’ (E)
~ 306.87°

jul = V(=37 + (=5)° = V34,
a = 360° — cos”! (_—) ~ 239.04°

/34
Since (7 cos 135°)i + (7 sin 135°)j = (|u| cos a)i
+ (u] sin @)j, ju| = 7 and « = 135°.
Since (2 cos 60°)i + (2 sin 60°)j = (|u] cos @)i
+ (Ju] sin @)j, ju| = 2 and @ = 60°.

< < < <«

o~ o~~~

For #39 and 40, first find the unit vector in the direction of u.
Then multiply by the magnitude of v, |v|.

39,

40.

41.

42.

43.

3 -3
.v=|v|-1=2< >

|ul V32 + (=32 V3 + (-3)
E)

2

_ L -5 7
v=M |ul 5< V(=52 + 7 V(=5 + 72>
~ 5(—0.58,0.81) = (—2.91, 4.07)

A bearing of 335° corresponds to a direction angle of 115°.
v = 530 (cos 115°,sin 115°) ~ (—223.99, 480.34).

A bearing of 170° corresponds to a direction angle of —80°.

v = 460 (cos (—80°),sin (—80°)) =~ (79.88, —453.01).

(a) A bearing of 340° corresponds to a direction angle of
110°.v = 325 (cos 110°,sin 110°) ~ (—111.16, 305.40).

(b) The wind bearing of 320° corresponds to a direction
angle of 130°. The wind vector is w = 40 (cos 130°,
sin 130°) =~ (—25.71, 30.64).
Actual velocity vector: v + w ~ (—136.87, 336.04).

V136.87% + 336.04% ~

Actual speed: |[v + w|| =
362.84 mph.
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Actual direction: @ = 180° + tan™! (M) ~ So20t =1=1t= x = 8¢ = 0.4 mi. The boat meets
—136.87 20
112.16°, so the bearing is about 337.84°. the shore 0.4 mi downstream.
44. (a) A bearing of 170° corresponds to a direction angle 53. Let w be the speed of the ship. The ship’s velocity
of —80°: (in still water) is (w cos 270°, w sin 270°) = (0, —w).
v = 460(cos (—80°), sin (—80°)) =~ (79.88, —453.01). Let z be the speed of the current. Then, the current

velocity is (z cos 135°, z sin 135°) =~ (—0.71z,0.71z).

The wind bearing of 200° ds to a directi
(b) The wind bearing o cotrespongs to a direction The position of the ship after two hours is

angle of —110°. The wind vector is w = 80 o . o .
(cos (—110°),sin (—110°)) ~ (~27.36,—75.18). (EO cos 24;? ,20 s}lln 24F) ) = (—10,—17.32). Putting all
Actual velocity vector:v + w ~ (52.52, —528.19). this together we have:

200, —w) + 2(—0.71z,0.71z) = (—10,—17.32),

. ~ \/ 2 2

Actual speed: ||v + w|| 52.52* + 528.19 (1422, —2w + 1.427) = (—10,-17.32),50 z ~ 7.07
530.79 mph.

and w ~ 13.66. The speed of the ship is about 13.66 mph,
and the speed of the current is about 7.07 mph.

52.52 ) N

528.19
—84.32°, so the bearing is about 174.32°.

45. (a) v = 10(cos 70°,sin 70°) =~ (3.42,9.40)
(b) The horizontal component is the (constant) horizontal
speed of the basketball as it travels toward the basket.
The vertical component is the vertical velocity of the

basketball, affected by both the initial speed and the
downward pull of gravity.

46. (a) v = 2.5(cos 15°,sin 15°) =~ (2.41,0.65)

(b) The horizontal component is the force moving the
box forward. The vertical component is the force
moving the box upward against the pull of gravity.

47. We need to choose w = (a, b) = k(cos 33°,sin 33°), so @ a S (a(u, + v,),a(us + v,))
that k cos (33° — 15°) = k cos 18° = 2.5. (Redefine _ (a N Y1 ui_ v2> oy V¥ >

“horizontal” to mean the parallel to the inclined plane; — \@ T At aip T aty) =\, ally avy, av

Actual direction: § = 180° + tan™! (—
54. Letu = (uy, uy), v = (v, 0,),and w = (wy, w,).
@u+v= (u,u) + (v,v) = (U + v, u, + vy)
(?)1 + Uy, Uy + uz> = (?)1, U2> + (Ml, u2> =v+au
(b) (u+v)+w= (u + v,u + V) + (W, w,)
(Ml + (%1 + w1, Uy + (%) + wZ>
= (U, up) + (v1 + wy, v + Wy)
=u+ (v+w)
(c) u + 0 = <u17u2> + <O7O> = (ul + 07”2 + 0>
= (U, upy) = u
du+ (—u) = (u, ) + (—uy, —u)
= (u + (mw),up + (—up)) = (0,0) = 0
V) = a(u, + v, uy + vy)

then the towing vector makes an angle of 18° with the = a{up ) +a(v,vy) = autav
. . 2.5 ® (‘1 + b)ju= ((a + buy, (a + b)uy)
horizontal.”) Then k = T 2.63 1b, so that = (au; + buy, au, + buy)
w R~ (2.20,1.43). = (‘mh auy) + (buy, bup) = a (uy, uz) + b (uy, uy)
48. Juana’s force can be represented by 23 (cos 18°, = au+ bu
sin 18°) ~ (21.87,7.11), while Diego’s force is 27 ® (ab)u = ((ab)u,, (ab)us) = (a(bu,), a(bu,))
(cos (—15)°,sin (—15°)) ~ (26.08, —6.99). Their total a {buy, bu,) = a(bu)
force is therefore (47.95, 0.12), so Corporal must be (h) a0 = a (0,0) = (a0, a0) = (0,0) = 0
pulling with an equal force in the opposite direction: Ou = 0 (uy, ) = (Ouy, Ouy) = (0,0) = 0
(—47.95, —0.12). The magnitude of Corporal’s force is @ (Du= (D, (D) = (up, ) = u
about 47.95 Ib. (1w = (=D, (~ D)) = (~w, ~wy) = ~u
49. F = (50 cos 45°,50 sin 45°) + (75 cos (—30°), () laul = [(auy, aw)| = V(au,)? + (auy)?
75 sin (=30°)) ~ (100.31, —2.14),s0 |F| ~ 100.33 Ib
and 0 ~ —1.22°. = Vi + a3 = V(i + 1)
50. F = 100(cos 50°, sin 50°) + 50(cos 160°, sin 160°) = lalVui + u3 = |a| |u|
+ 80(cos (—20), sin (=20°)) =~ (92.47,66.34),s0 55. True. Vectors u and —u have the same length but opposite
|F| ~ 113.81 1b and 6 ~ 35.66°. directions. Thus, the length of —u is also 1.
51. Ship heading: (12 cos 90°, 12 sin 90°) = (0,12) 56. False. 1/u is not a vector at all.

Current heading: (4 cos 225°,4 sin 225°) ~ (—2.83,—2.83)
The ship’s actual velocity vector is (—2.83, 9.17), so its

- < The answer is D.
is ~ —2. 177~ 0.
speed is = V(—2.83) —i—_921;3 9.6 mph and the S8 u—v=(-23) - (4-1)

direction angle is cos ™! (9—6) ~ 107.14°,so the = (=2 —4,3 - (-1))

VP - \3

bearing is about 342.86°. = (=6,4)

. The answer is E.
Letv = (0,20) be the velocity of the boat and w = (8, 0)
be the velocity vector of the current. If the boat travels : S )
¢t minutes to reach the opposite shore, then its position, 3 sin 30°. The answer is A.

in vector form, must be (0, 20¢t) + (8¢, 0) = (8¢, 20¢) =V(-1)?+ 3= \/E, so the unit vector is
= (8, 1). (—1,3)/V/10. The answer is C.

52

.

59. The x-component is 3 cos 30°, and the y-component is
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61. (a) Let A be the point (ay, a,) and B be the point

(b1, by). Then OA is the vector (ay, a;) and OB is
the vector (b, b,).

So,BA = (a, — by, a, — by)

= (ay, ;) — (b, by)
= OA - OB

(b) x OA + y OB = x(OC + CA) + y(OC + CB)
(from (a))

:xa)f—i-xc_)A-i-yaf-i-ya?)
:(x+y)0—)C+xC—)A+y(§)
:O—)C+xa+y(§) (since x + y = 1)
— BC| — — ( |BC|)
=0C+y—-CA+ yCBsince|x = y—
|CA| lcA|
:0_)C+y(|ﬁ|'%+a§)
cAl

is a unit vector, and BC points in the

—

cAl

same direction.

— —_— ﬁ —
= 0C + y(|BC| — 1+ CB)
|BC|

OC + y (BC + CB)
= oC

62. (a) By Exercise 61,0M,; = x OA + y OB, where
x + y = 1.Since M, is the midpoint, BM1| = |M 1A|.
We know from Exercise 61, however, that

BM
|_) 1| =1 =£.Sox: y = %.Asaresult,
| M 14 Y

pagng 1 — 1 — —
OM, = > OA + > OB. The proof for OM,

and O_M 5 are similar.
(b)20M; + OC = 2(5014 + EOB) + OC
— OA + OB + OC.Use the same method for
the other proofs.
(¢) (b) implies that 2 OM, + OC = 2 OM, + OA
=2 0—1\)43 + O—B) Each of the three vectors lies
along a different median (that is, if nonzero, the

three vectors have three different directions).
Hence they can only be equal if all are equal to 0.

Thus 20—]\21 = —&f, 20—]\)42 = —0_1)4, and
20M; = —OB, so | _,1| = |_)2| = |_,3| -2
loc| |0A| |oB| 2

63. Use the result of Exercise 61. First we show that if C is on
the line segment AB, then there is a real number ¢ so

|BC| 4 .
that — = . (Convince yourself that
I*L ks.) Th &’%;E’Ha—t)&i
= BC + ca Vorks) Then = .

A similar argument can be used in the cases where B is
on the line segment AC or A is on the line segment BC.
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Suppose there is a real number ¢ so that

OC = 1OA + 1 -1 OB. We also know

OC = OB + BC and OC = OA + AC.So we have
t0_1)4+(1—t)a§=a§+ﬁand

tOA + 1 - t)a)? - 0A + A—)C."Iherefore,
t(OA — OB) = BC and (r — 1)(OA — OB) = AC.
Hence BC and AC have the same or opposite directions, so
C must lie on the line L through the two points A and B.

64.
10

<

The line segment OM is a median of AABO since M is a
midpoint of AB.The line segment AQ is a median of
AABO since diagonals of a parallelogram bisect each other.
By the result of Exercise 62, since P is the intersection

AP 2 CR 2
point of two medians,@ =T Similarly,E =T This
implies that AP = PR = RC, so the diagonal has been

trisected.

H Section 6.2 Dot Product of Vectors

Exploration 1
Lu=(-2-x,0—y)=(=2-x,-y)
v=2-x0—-y)=2-x-y)
2urv=(—2-x)2 - x)+ (=y)(—y) = =4+ ¥+ y
= —4+4=0
Therefore, 6§ = 90°.

3. Answers will vary.

Quick Review 6.2
L ju = V22 + (=32 = V13
2. Ju = V(=32 + (-4 =5
3. Jul = Vcos?35° + sin?35° = 1
4. [u] = 2V cos2 75° + sin 75° = 2
5.AB=(1- (-2),V3-0) = (3,V3)
6.
7.
8.

AB=(1-2,V3-0) = (-1, V3)
AB=(1-2-V3-0) = (-1, -V3)
AB= (1 - (-2),-V3 - 0) = (3,—\V3)

v 2-(2,3) (4,6)

9.u=|u- -—= =
| V22432 Vi3
_ <L L>
V13 V13
3-(—-4,3 -12,9
10.u = [u - — = < i < i

BRIV

,<_£ 2>
5°5
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. ) . 3 3
Section 6.2 Exercises 2uey— (2.3)- <_7 _1> _ 2(_) +3(-1)
1. 60 + 12 =72 2 2
2. -40 + 26 = —14 =3-3=0
Since u - v = 0, u and v are orthogonal.
3.-12 - 35=-47
2du-v= (—4,-1)-(1,-4) = —4(1) + (-1)(-4)
4. 10 — 56 = —46 =—44+4=0
5.12 + 18 = 30 Since u - v = 0, u and v are orthogonal.
. —16 — 28 = —44
6 For #25-28, first find proj,u. Then use the fact thatu-v = 0
7.-14+0=-14 when u and v are orthogonal.
80+ 33=33 ) (—8,3) - (—6,-2)
9. Ju = Vu-u= V25 + 144 = 13 25. projyu = ( 6+ 4 )<_6’ —2)
10. ju = Vu-u= V64 + 225 =17 (42) ¢ 21 62
1L Ju = Vu-u= V16 =4 20)(76 72 = 55 (=6.72)
12. Ju| = Vu- u=1V9=3 :_£<31>
Bou-v=4—-15=—11,Ju/ = V16 + 9 =5, 10
T —11 — Ay +at-13
v = V1 +25= V26,0 = cos™ (— ~ 115.6° LT (3.1) + 10 0L
5V/26 3, -7)
4. u-v=-6+6=0,0=90° ) iu =
26. proj,u ( g 36 )
15.u-v=-6+15=09, 36 9
\u\*\/4+ = V13, (40)< 2,-6) = =2 (1.3)
v = VO +25 = V34, 9 8
9 u= -z (1,3) + 3 (3, -1)
6 = cos! (—) ~ 64.65°
V13- V34 _((8,5)+(=9,-2)
16, u-v=—30 — 2= —32,Jul = V25 + 4 = /29, 27. proju = | ——g— 74— ){=9.72)
IV = V36 + 1= V737, ~82 82
=\ oz <_97 _2> = oz <972>
0= cosfl(_—gz) ~ 167.66° 8 8
- -k 82 2
ViV =202+ 8§<29>
17.u-v = s =V9+9=VI18, (-2
v = V4 +1 =\/E=4, 28.pr0jvu:( 81+9 )
-6 —6V3
6 = cos! (—\/_) = 165° ( 42)( 3) = Z< 3,1)
V18- 4 90 5
Lucv = = 90° 7 1
18.u-v=0,06 =90 . u= §<31> §<1133>
19. u has direction angle Z and v has direction angle =
4 2 29. y
(which is equivalent to —%), so the angle between the 10 2 A1, 10)
vectors is — — (_E) _ 3T or 135°. :
4 2 4 B(-4.,5) i
. T N S 5
20. u has direction angle 3 and v has direction angle e i
s B
so the angle between the vectors is = _P_7 or 90°. T CI(3; D
6 3 2 b
21 u-v=—24+ 20 = —4,[ul = V64 + 25 = V39, .
v = V9 + 16 = 5, CA-CB={1-310-1)-(-4—35—1)
-4 = (=2,9) - (-7,4) = 14 + 36 = 50,
6 = cos! (—) ~ 94.86° . .
5V/89 |CA| = V4 + 81 = \/85,|CB| = V49 + 16 = /65,
2.u-v=3-72=-69Ju = V9 + 64 = V73, 1( 40 )
C=cos |———| =~ 47.73°
M = V1 +8l = V32, Vs - Ves
o — cos*l( —69 ) ~ 153.10° BC - BA = (7,—4) - (1 — (—4),10 — 5)
V73 V82 = (7,-4) - (5,5) = 35 — 20 = 15,
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|BC| = /65, |BA

- V50,8 = ml(ﬁ)

~ 74.74°

A =180° — B — C = 180° — 74.74° — 47.73° = 57.53°
30. y
A(4,1)  2f

[ C(1,-6)
CA-CB=(-4-11-(=6))+(5-1,-1— (-6))
= (=5,7) - (4,5) = =20 + 35 = 15,
|CA| = V25 + 49 = = V16 + 25 = V41,
15
C = cos! (—) ~ 74.20°
V74 - V41

BA-BC = (=4 — 51— (1)) - (1 - 5,-6 — (-1))

— (=9,2) - (—4,—5) = 36 — 10 = 26,
|BA| = V81 + 4 = \/85,|BC| =
B= cos"l(L) ~ 63.87°
V85 - V41 '

A=180°— B — C = 180° — 63.87° — 74.20° = 41.93°

For #31 and 32, use the relationship u - v = |u| |v| cos 6.
31.u-v =3-8cos 150° =~ —20.78

32. u-v =12 -40 cos (g) = 240

For #33-38, vectors are orthogonal if u + v = 0 and are
parallel if u = kv for some constant k.

10 3 10
. Parallel: 2( = —, - > ) = (—,3)=(5,3

34. Neither:u-v = 43—0 # 0 and

3 3 <10 4><2 4> »
5V 5\3°3/\"5/ 7"
35. Neither:u-+v = =120 # 0 and

~15  —15 75
2y = —4,5)(15,—2) =
2 VT O ><’4> "

36. Orthogonal:u-v = —60 + 60 = 0
37. Orthogonal:u-v = —-60 + 60 = 0

1

1
38. Parallel: —Y="3 (=4,14) = (2,-7) =u

For #3942 (b), first find the direction(s) of AP and then find
the unit vectors. Then find P by adding the coordinates of A
to the components of a unit vector.

39. (a) Ais (4,0) and Bis (0, —3).

Section 6.2 Dot Product of Vectors 237

(b) The line is parallel to
AB = (0 — 4,-3 — 0) = (—4,—3), so the direction

of AP isu = (3, —4) orv = (—3,4).
3, —4
o B <§7_i> o
ll \Vo+rie \5 5
-3,4
oY _¥=< §7£>
vl V9 +16 55
So, P is (4.6, —0.8) or (3.4, 0.8).

40. (a) Ais (—5,0) and Bis (0, 2).
(b) The line is parallel to

TB:) (0 — (=5),2 - 0) (5, 2), so the direction
ofAPisu—( 25 rv= (2,-5).

— u 2

A T \/m < )

— v 2,

T \/_ <\/_ 29>'

So Pis ( - T ) —5.37,0.93) or
(—5+@,—\/5_) —4.63, —0.93).

41. (a) Ais (7,0) and Bis (0, —3).
(b) The line is parallel to
AB = (0 —7,-3 — 0) = (=7,—3), so the direction
of AP isu = (3,=7) orv = (=3,7).

PN (3,=7) =< 37 >or
lul 9 + 49 V58 Vs

(3,7
oY >=<_377>.
vl /58 V58
soPis(7+i—L) ~7.39,0.92) or
\/5’ V58

V)"

7——— (6.61,0.92).

- V% s

42. (a) Ais (6,0) and B is (0, 3).
(b) The line is parallel to

AB = (0 — 6,3 — 0) = (=6, 3), so the direction

of AP isu = (3,6) orv = (—3,-6).

AP = — = = =(—=—=)or
|u| Vo+36 3V5 \V5 V5

|v| Vot s
< %—%>.80Pis(6+%%)

~ (645,0.89) or (6— L2

VEVs

10,v,> + v,> = 17.Since v; = 5 —

) ~ (5.55,—0.89).

43. 21)1 + 31)2 = Uy,

2
3 2 2 9 2
S—Evz + vy :17,25—151)24-11)2 + v, = 17,

13
Tvz — 15v, + 8 = 0, 13v,2 — 60v, + 32 = 0,

8
(v, — 4)(13v, — 8) = 0,s0v, = 4orv, = EER
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538
13’13

In this case F = 60 (cos 25°,sin 25°) ~ (54.38,25.36).
Since we only want the force in the x-direction, we imme-
diately find our answer of about 54.38 pounds.

Therefore,v = (—=1,4) or v = < > ~ (4.07,0.62).

. 5 11
44. =20, + 50, = —11,v + v,” = 10.Since v; = 72 + o 49. Since the car weighs 2600 pounds, the force needed to lift
1 ) the car is @)2600).
(5 (5v, + 11)) + v’ = 10, W = F- AB = (0,2600) - (0,5.5) = 14,300 foot-pounds
50. Since the potatoes weigh 100 pounds, the force needed to
25v,2 110 p g1 Upounds,
vt 1O | 121 v,? = 10, lift the potatoes is (0, 100).
294 1104 8;‘ W = F-AB = (0,100) - (0,3) = 300 foot-pounds
=i+ —uv,+—=10,2907% + 110v, + 81 = 0 1.2 12
g Rt =00 v2 : 51.F—12-|§1 2i|=7(1,2>
81 > 5
v, + 1)(29%, + 81) = 0,sov, = —lorv, = ——. — 12 48
(02 + 1)(290, + 81) : 2= T VR
43 81 5 5
Therefore,v = (3, =1) orv = <_E’ _E> ~ 21.47 foot-pounds
~ (—1.48,-2.79) s2F=24 0 2 s 2 s
SO R T s T Ve Y
45. v = (cos 60°)i + (sin 60°)j = Ei + T_] - 24 (5,0) 120
W=F-AB = ——=(5,0) = —=
: (1. V3, Vit Vit
Fy = proj,F = (F-v)v = { —160j-{Ji+—=j ) |v _p.oapo 4.5) - (5.0) = 480
1 V3 Var ' Va1
- —80\V/3 (Ei + Tj) = —40\V3i — 120j. ~ 74.96 foot-pounds
2,2
The magnitude of the force is 53. F = 30 - <2’ 2> = 30 - (2,2) = 15\/5 (1,1)
IFy| = V(=40V3)? + (—120)> = V/19.200 22 V22 +2 .
~ 138.56 pounds. Since we want to move 3 feet along the line y = Ex, we
46. In this case, F = —125 j and v remains the same as in . .
solve for x and y by using the Pythagorean theorem:
Example 6. V3 v s
2 — — -
F, = proj,F = (F-v)v = —125(—)v = 625 (i + j) 2t y= B (5") =977 =09,
2
The magnitude of the force is [Fy| = 62.5V2 ~ 8839 X = L7 y = 3
pounds. 5 Vs
47. (a) v = (cos 12°)i + (sin 12°)j — 6 3
. AB = ( — —
F = —2000_] 5 5
F, = proj,F = (F-v)v i 6 3
= ((0,—2000) - (cos 12°,sin 12°)) (cos 12°, sin 12°) W =F-AB = (15V2,15V2) - <77>
= (—2000 sin 12°)(cos 12°, sin 12°). > 5 V5
Since (cos 12°,sin 12°) is a unit vector,the = 135 \/: = 27V10 ~ 85.38 foot-pounds
magnitude of the force being extended is 5
[F,| = 2000 sin 12° ~ 415.82 pounds. S F - 50 (23) 50 NPT (P
(b) We are lgoking for the gravitatiopal force exerted. T (2, 3)] B V2t 3 (2.3) = V13 (2.3)
perpendicular to the street. A unit vector perpendicu- Since we want to move the object 5 feet along the line
lar to the street1s w = {cos (=78°), sin (=78%)), y = x, we solve for x and y by using the Pythagorean
so F, = proj,F = (F - w)w theorem: x*> + y* = 5% x? + x* = 25,2x% = 25
= (—2000 sin (—78°)) {cos (—78°),sin (—78°)) B - ] ’ ’
. e L : x=25V2,y=25V2
Since (cos (—78°),sin (—78°)) is a unit vector, the ~ V3. 25\/2
magnitude of the force perpendicular to the street AB = (2.5V2,25V2).
is —2000 sin (—78°) ~ 1956.30 pounds. W=F-4B = 22 15 3y. (25v3 25V2) = 625. |->-
48. We want to determine “how much” of the 60 pound \/1_3< 3) - (25V2.25V2) 13
force is projected along the inclined plane. ~ 245.15 foot-pounds
F = 60 (cos 43°,sin 43°) =~ (43.88,40.92) and W F-AB - [Fl 4B — 200V13 cos 30°
v = (cos 18°,sin 18°) ~ (0.95,0.31) 55. W = F - AB = [F||AB| cos 6 = cos
. ((43.88,40.92) - (0.95,0.31)) (0.95,0.31) £
proj, F = iy = 200V/13 - % = 100V/39 ~ 624.5 foot-pounds

56. AB = (4,3) — (-1,1) = (5,2)

54.38 (0.95,0.31)
- W:F'E=|F||A—)B|COSGZ75\/ECOS6OO

1
this force is [Fy| = V/(51.72)? + (16.80)>
~ 54.38 pounds. Of note, it is also possible to evaluate

this problem considering the x-axis parallel to the
inclined plane and the y-axis perpendicular to the plane.

~ (51.72,16.80). The magnitude of

= 75V29 % = 75\2/2_9 ~ 201.94 foot-pounds
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57. (a) Letu = (u, uy), v= (v, v,),and w = (w,, w,).

b)u-(v+w) = (u,u) -

0-u= (0,0) (u,uy) =0y +0-u, =0
((v1, v2) + (wy, wy))
= (U, ) * (vy + Wy, v, + w,)
ui(vy + wy) + (v + wy)
wv; + U0, + ww, + uw,

= (1, up) * (V1,02) + (U, Up) * (wy, Wy)
=u*vtu-w
© (u+v) w= ({u, u) + (v1,5)) * (wy, wy)
= (U + v, up + V) * (W, W)
= (uy + v) wy + (1, + v)w,
= uw,; + wLw, + viw; + VW,
= (U, ) * (W, wy) + (g, ) * (Wi, Wy)
=u‘w+ vew
@) (cu) - v = (c(uy, up)) * (vy, v;) = {cuy, cuy) * (v, v3)

= cuvy + cuyv, =
= c(uyv + ) =

(uy, up) + (cvy, cvy) = u+ (cv)
c((u, up) * (1, 1)) = c(u+v)

58. (a) When we evaluate the projection of u onto v we are

actually trying to determine “how much” of u is
“going” in the direction of v. Using Figure 6.19,
imagine that v runs along our x-axis, with the y-axis
perpendicular to it. Written in component form,

u = (|uf cos 6, |u| sin 6) and we see that the projection
of u onto v is exactly |u| cos 0 times v’s unit vector
aa Thus, proj,u = |u| cos 6 - As
vl vl

- '“'(|3|'|:| )ﬁ - (u|;|V) 'l (TV'PV) N

(b) Recall Figure 6.19 and let w, be PR = proj,u

59.

and w, = RQ = u — proj,u. Then,
(u — projyu) - (proj,u) = w, - w;. Since w; and w,
are perpendicular, w; - w, = 0.

v

As the diagram indicates, the long diagonal of the paral-
lelogram can be expressed as the vector u + v, while the
short diagonal can be expressed as the vector u — v.The
sum of the squares of the diagonals is

u+ vP+ju—vP=(u+v): (u+v)

60.

61.

62.

+u—v)r(u—v)=u-utu-v+tv-ut+v-yv
+uu—u-v—u-v+v-v=_2uf + 2/v

+ 2u-v — 2u-v = 2u? + 2|v which is the sum of
the squares of the sides.

Letu = (uy, uy).

(w-i)i + (u-j)j

= ((ui, uz) + (1, 0))i + ((uy, ur) -
= ()i + (w)j

= wi + uj

= <u17u2>

=u

(0,1))i

False. If either u or v is the zero vector, thenu - v = 0
and so u and v are orthogonal, but they do not count as
perpendicular.

True.u-u = |u?> = (1)2 =1.

Section 6.2 Dot Product of Vectors

63. u - v = 0, so the vectors are perpendicular.
The answer is D.
64 u-v= (4,-5)-(-2,-3)
4(=2) + (=5)(=3)
-8+ 15
=7
The answer is C.

65. proj,u = (l|lv|2v)v
(e
(o
(29

The answer is A.

239

1
66. The unit vector in the direction of wis —= (—1, 1). The

V2

force is represented by 5 times the unit vector. The answer

is B.
67. () 2-0+ 5-2=10and2-5+ 5-0 = 10
(b) AP = (30,7 —2) = (3,5)
AB = (5- 0,0 —2) = (5,-2)
. /(3.5)- (5, —27)
proj 5 AB = (52+—(_2)2)( . =2)

w, = AP — proj,ﬁ'ﬂ;

Wi

5
= — =(5,-2
(3,5) = 5(5.-2)
2510 1
= — =54 — )= —
<3 53 29> o5 (62.155)

—

(¢) w,is a vector from a point on AB to point P. Since w,

is perpendicular to AB, |w,| is the shortest distance

from ﬂi‘) to P.

62\2  [155\%  [27.869  31\/29
wi=\(5) + (o) =% -
29 29 29 29

(d) Consider Figure 6.19.To find the distance from a

point P to a line L, we must first find u; = proj,u. In

this case,
(X0, yo = 2) + (5, —2)
)52

proj5 AP = ( (mz)z

SX() - 2y() + 4)
= -2
e [

a 29 ’ 29

AP — projzg AP = (X0, yo — 2)
< 25x9 — 10y + 20 —10x, + 4y, — 8 >

29 ’ 29
1
= E ((29x0, 29 (yo — 2))
— (25xy — 10y, + 20, —10x, + 4y, — 8))
= 21—9 (4x, + 10y, — 20, 10x, + 25y, — 50)
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So, the distance is the magnitude of this vector.

1
d= E\/ (4xy + 10y, — 20)> + (10x, + 25y, — 50)2

V22 (2x) + Sy, — 10)? + P(2x, + Sy, — 10)

29

~ V29(2x0 + Sy, — 10)?
29

|@2xo + 5y0 = 10)|

- V29

(e) In the general case, AB = <£7—?c> and
a

AP = X0s Yo - < , SO Proj 43 APs

b
(ﬂ _ (beyy = &) )<£ _£>
_\ua b? a b
el . ‘_5 ’
a b
2
awc
_ I A
b*x, — aby, + ac abxq + ayo b
N @+ @+ b
—_— ) — c
|AP — projz AP| = <x0, Yo — E>
2
- 2, _2¢
b’xy — aby, + ac abx + ayo b
at + b’ ' a’ + b’
_ <a2x0 + aby, — ac abxy + b* y, — bc>
a® + b? ’ @+ b

AP - Proj 15 AP

The magnitude of this vector, LIS

) ) |ax0 + by() - C|
the distance from point P to L: ——————.

\Va? + b?
68. (a) Yes,if v= (0,0) ort = nw,n = any integer.
(b) Yes,ifu = (0,0) ort = %T,n = odd integer.

(¢) Generally, no, because sin ¢ # cos ¢ for most ¢.
Exceptions, however, would occur when ¢ = % + nm,
n = any integer, or if u = (0,0) and/or v = (0,0).

69. One possible answer:

If aqu + bv = cu + dv

au — cu+ bv — dv=0

(a—cu+ (b—dyv=0

Since u and v are not parallel, the only way for this equal-

ity to hold true for all vectorsu and visif (a — ¢) = 0
and (b — d) = 0, which indicates thata = c and b = d.

B Section 6.3 Parametric Equations and Motion

Exploration 1
1. [/

[-10,5] by [-5,5]
2. 0.5(17) + 1.5 = 10, so the point (17, 10) is on the graph,
t=—8.
3. 0.5(=23) + 1.5 = —10, so the point (=23, —10) is on the
graph,t = 12.

1
4. x=a=1-2t,2t =1 — a,t = 5 g. Alternatively,
b=2—-1tsot=2— b

5. Choose Tmin and Tmax so that
Tmin = —2 and Tmax = 5.5.

Exploration 2
1. It looks like the line in Figure 6.32.
2. The graph is a vertical line segment that extends from
(400, 0) to (400, 20).
3. For 19° and 20°, the ball does not clear the fence, as
shown below.

19

)

[0,450] by [0, 80]

20°:

)

[0, 450] by [0, 80]

For 21° and 22°, the ball clears the fence, as shown below.
21°

)

[0,450] by [0, 80]

22°:

)

[0,450] by [0, 80]
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Quick Review 6.3

1. (a) OA = (-3,-2)
(b) OB = (4,6)
() AB = (
2. (a) OA = (-1,3)
(b) OB = (4, -3)
(© AB = (4 — (-1),
6-(-2) 8
3 4 - 5—3; 7

8 8
y+2:7(x+3)0ry—6=7(x—4)

4 m =
"=y

TR

-3-3 6

6 6
y—3:—§(x+1)0ry+3=—§(x—4)

5. Graph y = £V 8x.

[/"
S~

[-3,7] by [-7.7]

6. Graph y = £V —5x.

B
—

=7,2] by [-7,7]
7.2+ Y2 =
8. (x +2)P+ (y—5)?=
600 rotz.mons . 1 min . 2w ra.d — 207 rad/sec
1 min 60 sec 1 rotation
700 rotations 1 min 2ar rad 70
10. - . . — = — rad/sec
1 min 60 sec 1 rotation 3
Section 6.3 Exercises
1. (b) [=5,5] by [-5,5]
2. (d) [—5,5] by [-5, 5]
3' (3) [_57 5} by [_57 5}
4. (¢) [—10,10] by [—12, 10]
5. ()t -2 -1 1 2
X 1 3 4
1 5
y - —2 |undef.| 4 )

10.

11.

Section 6.3 Parametric Equations and Motion

(b) y

e(3,4)

~—
T T T 1T

8

e (1,-2)

SN

X

2

(b)

(URY)

2 g

O,

-1,0)

-1)e

> X
(1,00 2

—

»

[-10, 10] by [-10, 10]

_o-'—'_ﬂ_'-‘_'_d_'-

5

(=10, 10] by [10, 10]

»

-\-—_\"“'\—\.
"

»

[-10, 10] by [~10, 10]

—

»

-

[-10, 10] by [-10, 10]

Copyright © 2019 Pearson Education, Inc.
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242 Chapter 6 Applications of Trigonometry

1 17
12.t:y—5,sox:2—3(y—5);y=—§x+?: line

17
through (0, ?) and (17, 0)

1 3 1 3
L= — = = .
13. ¢ 2x + 2,soy 9 4(2x + 2),

y = —2x + 3,3 = x = 7:line segment with endpoints
(3,-3) and (7, —11)
t

14.t =y —2,s0x =5 - 3(y — 2);
1 11 . .
y= 3% + 3 —4 = x = 8:line segment with

endpoints (8, 1) and (—4, 5)

15. x = (y — 1)% parabola that opens to right with vertex at
(0,1)

16. y = x* — 3: parabola that opens upward with vertex at
(07 _3)

17. y = ¥* — 2x + 3: cubic polynomial

18. x = 2y — 1; parabola that opens to right with vertex at
(07 - 1)

19. x = 4 — y% parabola that opens to left with vertex at (4, 0)

20.t = 2x,50 y = 16x° — 3: cubic,—1 = x = 1

2.t = x + 3,s0

y =—— ondomain: -8 = x =2, x # —3
x+3

22.t=x— 2,50 y = L x =4
X —

23. x* + y* = 25, circle of radius 5 centered at (0, 0)
24. x* + y* = 16, circle of radius 4 centered at (0, 0)
25. x* + y* = 4, three-fourths of a circle of radius 2 centered
at (0, 0) (not in Quadrant II)
26. x> + y* = 9, semicircle of radius 3, y = 0 only
27. OA = (-2,5),0B = (4,2), 0P = (x, y)
OP — OA = 1(OB — 0A)
(x +2,y=5)=1(6,-3)
x+2=60=>x=6—2
y—5=-3t=y=-3t+5
28. OA(—3,—3), 0B = (5,1), OP = (x, y)
oF - 57 - (0B - 04)
(x + 3,y + 3) =1(8,4)
x+3=8=x=8-3
y+3=4=y=4-3

For #29-32, many answers are possible; one or two of the
simplest are given.
29. Two possibilities are x = ¢ + 3,

7
y=4-—=1,0=<¢=<3,

3
orx=3+3,y=4—-7,0=<t=<1.

6
30. Two possibilitiesare x = 5 — 1,y = 2 — 7t,
O0=t=7 orx=5-T,y=2—-6,0=r=1.
31. One possibilityisx = 5 + 3cost,y = 2 + 3sint,
0=t=2m
32. One possibility isx = =2 + 2cost,y = —4 + 2sint,
0=t=2m

33. In Quadrant I, we need x > Oand y > 0,s02 — [t| > 0
andr — 05> 0.Then -2 <t < 2andr > 0.5, so
0.5 <t < 2.This is not changed by the additional
requirement that =3 = ¢ < 3.

34. In Quadrant II, we need x < Oand y > 0,502 — [t| <0
andt — 0.5 > 0. Then (t < —2ort > 2)and t > 0.5, so
t > 2. With the additional requirement that =3 =t = 3,
this becomes 2 < ¢ = 3.

35. In Quadrant III, we need x < Oandy < 0,502 — || <0
andt — 0.5 < 0. Then (t < —2ort >2)andt < 0.5, s0
t < —2. With the additional requirement that
—3 =t = 3, this becomes =3 = < —2.

36. In Quadrant IV, weneed x > 0and y < 0,s02 — |t] > 0
andfr — 05 < 0.Then -2 <t <2andr < 0.5, so
—2 <t < 0.5. This is not changed by the additional
requirement that =3 = ¢ = 3.

37. (a) One good window is [—20, 300] by [—1, 10]. If your
grapher allows, use “Simultaneous” rather than
“Sequential” plotting. Note that 100 yd is 300 ft. To
show the whole race, use 0 = ¢ = 13 (upper limit
may vary), since Ben finishes in 12.916 sec. Note
that it is the process of graphing (during which one
observes Ben passing Jerry and crossing “the finish
line” first), not the final product (which is two hori-
zontal lines) which is needed; for that reason, no
graph is shown here.

(b) After 3 seconds, Jerry is at 20(3) = 60 ft and Ben is
at 24(3) — 10 = 62 ft. Ben is ahead by 2 ft.

38. (a) If your grapher allows, use “Simultaneous” rather
than “Sequential” plotting. To see the whole race, use
0 = = 5.1 (upper limit may vary), since the faster
runner reaches the flag after 5.1 sec. Note that it is the
process of graphing, not the final product (which
shows a horizontal line) which is needed; for that
reason, no graph is shown here.

(b) The faster runner (who is coming from the left in the
simulation) arrives att = 5.1 sec. At this instant, the
slower runner is 4.1 ft away from the flag; the slower
runner doesn’t reach the flag until 1 = 5.5 sec. This
can be observed from the simulation, or by solving
algebraically x; = 50 and x, = 50.

39. (a) y = —1662 + vyt + sy = —1672 + 0t + 1000
= —16¢ + 1000

(b) Graph and trace: x = 1and y = —16£2 + 1000 with
0 =t = 6, on the window [0, 2] by [0, 1200]. Use
something like 0.2 or less for Tstep. This graph will
appear as a vertical line from (1, 424) to (1, 1000); it
is not shown here because the simulation is accom-
plished by the tracing, not by the picture.

(¢) Whent = 4,y = —16(4)> + 1000 = 744 ft; the food
containers are 744 ft above the ground after 4 sec.

40. (a) y = —162 + vyt + sy = —162 + 80t + 5

(b) Graph and trace: x = 6and y = —16t> + 80t + 5
with 0 = ¢ = 5.1 (upper limit may vary) on [0, 7] by
[0,120]. This graph will appear as a vertical line from
about (6,0) to about (6, 105). Tracing shows how the
ball begins at a height of 5 ft, rises to over 100 ft, then
falls back to the ground.
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(¢) Graph x = tand y = —16¢> + 80t + 5 with
0 =t = 5.1 (upper limit may vary).

[0,7] by [0,120]
(d) Whent = 4,y = —16(4)> + 80(4) + 5 = 69 ft. The
ball is 69 ft above the ground after 4 sec.

(e) From the graph in (b), when r = 2.5 sec, the ball is at
its maximum height of 105 ft.

41. Possible answers:

@0<r< %(t in radians)

b)0<t<m
3

a
— <<
(C)2 >

42. (a) Both pairs of equations can be changed to

x> + y* = 9 — acircle centered at the origin with
radius 3. Also, when one chooses a point on this
circle and swaps the x- and y-coordinates, one obtains
another point on the same circle.

(b) The first begins at the right side (when ¢ = 0) and
traces the circle counterclockwise. The second begins
at the top (when ¢ = 0) and traces the circle clockwise.

43. (a) x = 400 when t = 2.80 — about 2.80 sec.

(b) When ¢t =~ 2.80sec, y =~ 7.18 ft.

(¢) Reaching up, the outfielder’s glove should be at or
near the height of the ball as it approaches the wall. If
hit at an angle of 20°, the ball would strike the wall
about 19.74 ft up (after 2.84 sec) — the outfielder
could not catch this.

44. (a) No: x = (120 cos 30°)¢; this equals 350 when

t ~ 3.37. At this time, the ball is at a height of
y = —16* + (1205sin 30°)t + 4 ~ 24.59 ft.

(b) The ball hits the wall about 24.59 ft up when ¢ = 3.37
(see (a)) — not catchable.

45. (a) Yes: x = (5 + 120 cos 30°)z; this equals 350 when

t ~ 3.21. At this time, the ball is at a height of
y = —16* + (1205sin 30°)t + 4 ~ 31.59 ft.

(b) The ball clears the wall with about 1.59 ft to spare
(when r = 3.21).

46. For Linda’s ball, x; = (45 cos 44°)t and

y; = —16t> + (45 sin 44°)t + 5. For Chris’s ball,

X, = 78 — (41 cos 39°)t and y, = —16£>

+ (41sin39°)r + 5. Find (graphically)

the minimum of d(¢) = \/(xl —x)?+ (1 — y)?.
It occurs when ¢ =~ 1.21 sec; the minimum distance is
about 6.60 ft.

47. No: x = (30cos70°)tand y = —16£2 + (30sin 70°)t + 3.

The dart lands when y = 0, which happens when
t =~ 1.86 sec. At this point, the dart is about 19.11 ft from
Tony, just over 10 in. short of the target.

Section 6.3 Parametric Equations and Motion 243

48. Yes: x = (25cos55°)tand y = —16¢ + (25sin 55°)t + 4.

The dart lands when y = 0, which happens when
t ~ 1.45 sec. At this point, the dart is about 20.82 ft
from Sue, inside the target.

49. The parametric equations for this motion are

50

x = (v+ 160cos20°) tand y = —16£> + (160 sin 20°)t + 4,
where v is the velocity of the wind (in ft/sec) — it should
be positive if the wind is in the direction of the hit, and
negative if the wind is against the ball.

To solve this algebraically, eliminate the parameter ¢ as
follows:

X _16(4)2
v+ 160 cos 20° >0 T v + 160 cos 20°

. X
+ | —————— | + 4.
160in 20 (v + 160 cos 200) 4
Substitute x = 400 and y = 30:

400 :
0= _16(1) + 160 cos 200)
+ 160 sin 20°<$) + 4.
v + 160 cos 20°
400 .
Letu = so the equation becomes

v + 160 cos 20°
—16u? + 54.72u — 26 = 0. Using the quadratic formula,

—54.72 £ /54722 — 4(—16)(=26) _
-32 -
400

0.57,2.85. Solving 0.57 = >+ 160 cos 20° and
400

v + 160 cos 20°
speed of 551 ft/sec (375.7 mph) is unrealistic, so we eliminate
that solution. So the wind will be blowing against the ball
in order for the ball to hit within a few inches of the top
of the wall.

To verify this graphically, graph the equation

30 = —16($)2
B v + 160 cos 20°

400
v + 160 cos 20°

el

Zero
H=-10.001EY V=0
[-15, 5] by [-3, 10]

Assuming the course is level, the ball hits the ground
when y = —16¢% + (180 sin 0)¢ equals 0, which

180 sin 0

16

time, the ball has traveled x = (180 cos 6)¢

= 2025(cos 6)(sin ) feet. The answers are therefore
approximately:

(a) 506.25 ft.

(b) 650.82 ft.

(c) 775.62 ft.

(d) 876.85 ft.

we find that u =

2.85 = v ~ 551.20,v = —10.00. A wind

+ 160 sin 20"( ) + 4, and find

the zero.

e

b

happens when ¢ = = 11.25 sin 0 sec. At that
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51

52.

53

b

54.

55

b

56

b

57

B

58

&

59,

B

60.

61.

x =35 COS(% t) and y = 50 + 35 sin(% t)

P —3+3(1 +3)73 A
T T T 5'75) 7575
21 15
?—?—3and

3 21 30
6=§(3)+?=?=6,b0th(—2,3)and(3,6)are

3
Since 3 = g(—2) +

on the line.

(a) When t = m(or 3, or 57, etc.), y = 2. This
corresponds to the highest points on the graph.

(b) The x-intercepts occur where y = 0, which happens
when t = 0, 27, 441, etc. The x-coordinates at those
times are (respectively) 0, 27, 447, etc., so these are
27 units apart.

N

[~4.7,47] by [-3.1,31]

(b) All 2s should be changed to 3s.

The particle begins at —10, moves right to +2.25
(atr = 1.5), then changes direction and ends at —4.

The particle begins at —5, moves right to +4 (at time
t = 2), then changes direction and returns to —5.

The particle begins at —5, moves right to about +0.07
(at time ¢t = 0.15), changes direction and moves left to
about —20.81 (at time t =~ 4.5), then changes direction
and ends at +7.

The particle begins at —10, moves right to about +0.88
(att = 0.46), changes direction and moves left to about
—6.06 (at time ¢ ~ 2.9), then changes direction and ends
at +20.

True. Eliminate ¢ from the first set:

t=x +1
y1=3(x1+1)+1
V= 3X1 + 4

Eliminate ¢ from the second set:
3
= 5){2 + 2
3

V2 = 2(5 X2 + 2)
V2 = 3)(2 + 4

Both sets correspond to the rectangular equation
y=3x+ 4

True.x = 0Oand y = 1whent = l,andx = 2and y = 5
when ¢ = 3. Eliminating ¢,

t=x+ 1.

y=2(x+1) - 1

y=2x+1 0=x=21=y=5

1
x=(—1)2—4=—3,y=—1+_—1=—2

The answer is A.

65. (a)

66. (a)

62. The parametrization describes a circle of radius 2, cen-

tered at the origin and ¢ represents the angle traveled
counterclockwise from (1, 0). The answer is A.

63. Set —16¢> + 80t + 7 equal to 91 and solve either graphi-

cally or using the quadratic formula. The answer is D.

64. The equations are both linear, so the answer is either A,

B, or C. Since ¢ has a minimum value and no maximum
value, the answer is C.

(N
N

[-6, 6] by [4, 4]

(b) x> + y* = (acost)’ + (asint)?
= a’cos’t + a*sin’t

The radius of the circles are a = {1, 2, 3, 4},
centered at (0, 0).

OO
O | o

[-6, 6] by [4, 4]

(d x — h=acostandy — k = asint, so

(x — W) + (v — k)?

= (acost)® + (asint)?

= a’cos’t + a’sin*t

The graph is the circle of radius a centered at (A, k).
(e) If (x + 1)2+ (y — 4)>=9,thena = 3,h = —1,

and k = 4.

Asaresult,x = 3cost — land y = 3sint + 4.

=

[—2,8] by [-4,6]

(b)
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(@) Slope: <,ifa # 0;
a
—be + ad
y-intercept: (0, #), ifa #0;
a
g,o), ifc # 0.

(e) The line will be horizontal if ¢ = 0. The line will
be vertical if a = 0.

x-intercept: (

67. (a) Jane is traveling in a circle of radius 20 feet and
center (0, 20), which yields x; = 20 cos (nt) and
y1 = 20 + 20 sin (nt). Since the ferris wheel is
making one revolution (27) every 12 seconds,

20w
27 = 12n,s0n = D6
Thus,

x; = 20 cos (%I) and y; = 20 + 20 sin (% t) in
radian mode.

(b) Since the ball was released at 75 ft in the positive
x-direction and gravity acts in the negative
y-direction at 16 ft/s?, we have x, = at + 75 and
y, = —168% + bt, where a is the initial speed of the
ball in the x-direction and b is the initial speed of the
ball in the y-direction. The initial velocity vector of
the ball is 60 (cos 120°, sin 120°) = (—30,30V3), so
a= —30and b = 30V3. As aresult x, = —30r + 75
and y, = —16¢> + (30V3)r are the parametric equa-
tions for the ball.

59T
/|

—50, 100] by [~50, 50]

(c)

Our graph shows that Jane and the ball will be close
to each other but not at the exact same point at
t = 2.2 seconds.

@ d(t) = V(x — 0+ O — n)?

2
_ \/(20 cos %t) + 30 — 75)

2
+ (20 + 20sin (% t) + 1682 — (30\/§)t)

(e)

1r=T r=fiznca.

T=z.2
n=Z.g Y=1.B6420303
[0,5] by [-5, 25]
The minimum distance occurs at ¢t = 2.2, when
d(t) = 1.64 feet.

Section 6.4 Polar Coordinates 245

68. Assuming that the bottom of the ferris wheel and the ball’s
initial position are at the same height, the position of

Matthew is x; = 71 cos (l t) and y; = 71 + 71sin (l )
10 10

The ball’s position is x, = 90 + (88 cos 100°)r and

y, = —16¢% + (88 sin 100°)z.

Find (graphically) the minimum of
d(t) = V(x; — x> + (y; — y)> It occurs when
t = 2.19 sec; the minimum distance is about 3.47 ft.

69

.

Chang’s position: x; = 20 cos (% t) and y; = 20

+ 20 sin (% t). Kuan’s position: x, = 15 +

15 cos (% t) and y, = 15 + 15sin (% t).

Find (graphically) the minimum of

d(t) = V(x; — ;) + (y1 — y2)>- It occurs when
t = 21.50 sec; the minimum distance is about 4.11 ft.

70,

b

Chang’s position: x; = 20 cos (% t) and y; = 20

K
+ 20sin | —
s1n(6

t).Kuan’s position: x, = 15 + 15sin (% t)

and y, = 15 — 15cos (E t) Find (graphically) the minimum

of d(t) = V(x; — x> + (1 — ¥2)* It occurs when

= 12.32 sec; the minimum distance is about 10.48 ft.

(@) x(0) = 0c + (1 — 0)a = aand
y(0)=0d+ (1 =-0)b=>»

() x(1) = 1lc + (1 = 1)a = c and

(1) =

5) =

71

.

y ld+ (1-1)b=d
72. x(0. 05¢ + (1 = 05)a = 05(a+ ¢c)= (a+ ¢)/2,
while y(0.5) = (b + d)/2 — the correct coordinates for

the midpoint.

73. Since the relationship between x and y is linear and one

unit of time (¢ = 1) separates the two points,

b

12
t = 33 — will divide the segment into three equal

will divide the segment into

1
ieces. Similarly,t = —, —, —
pieces. Similarly, 123

four equal pieces.

H Section 6.4 Polar Coordinates

Exploration 1

(—1,5 = (0,-1)
(2, ) (=2,0)

(—5 3m) (0,5)
"5 ,
(3,27m) = (3,0)
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3 (-L-V3) = (—2,%) (b) 3 .
[ [ 443
0,2) = (2.2 <2 z)_ IEEEY
(3,0) = (<3, 02)) <45%) 2 t oo
(—1,0) = (1, ) L _ L
(0,—4) = (4,37”) :
Quick Review 6.4 i

1. (a) Quadrant II

(b) Quadrant III 7. 4n
2. (a) Quadrant I g
(b) Quadrant I1I 0
3. Possible answers: 7w/4,—9/4 3
4. Possible answers: 77/3, —5/3 (3, 4T”>
5. Possible answers: 520°, —200°
8. (2 5_”) 5r
6. Possible answers: 240°, —480° 76 %
7. (x — 3P+ y’ =4 .EQO_>
8 X2+ (y+ 4)Y=
9. @ = 12> + 10 — 2(12)(10)cos 60° % e
a~ 1114 5
10. @® = 9% + 6> — 2(9)(6) cos 40°
a~ 5.85 ( 1 27r>
5
Section 6.4 Exercises 10. (73 17n )
. (_ 3 M) E
) 2 2
2. 2V2,2V2) 1%
3. (-1,-V/3)
4 ( \/_ \/_) 11. 5 (2’ 300)
. IR 30°
27 2 0
T T S 4ar
0 - - — — 2 12. (o]
5. (a) 0’ 1 ’ > ’ 6 ’ T 3 T 210
3\2 ’ 3 ’ 3 ’ 0 -3\V3 0 ; '
r 2
2 2 2 (3.210°)
b )
(b) y 13N g0
Sk \
<3 z)- <_ﬁ ﬁ) 0§2 >
2 )¢ 2 73
(z 5_7r> i '.(& z) (-2.120%)
1 2I’ I6 1 .I [ 1 1 I2 I’ I4
0.7) 5 4. s
L (0, 27) 3
i (=3, 135°)
33
T |7 577' 4 15 (_ _\/5)
R - _ - 2 . £
ol ifiE - 5] .l
5 5
—\/3 16. (—\/E, —\/E)
‘ 2 ‘ 4 undefined 2\/_ undefined 4 4
17. (=2.70, 1.30)
18. (1.62,1.18)
19. (2, 0)
20. (0, 1)
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21.
22.

23.

24.

25.

26.

27.

28.

29.

30.

31.
32.
33.
34.
35.
36.

(07 _2)
(_ 3, 0)

(2,% + 2mT) and (—2,% + (2n + 1)77),

n an integer

(1, —% + 2mT) and (—1, —% + (2n + 1)77),
n an integer

(1.5, =20° + 360n°) and (—1.5,160° + 360n°),
n an integer

(—2.5,50° + 360n°) and (2.5, 230° + 360n°),
n an integer

o (Vi) (3%)
o (i (a )

4

(¢) The answers from (a), and also (\/5, %TW) or
137

(-v2 1)

(a) (\/B, tan"13) ~ (\/1_0, 1.25) or
(—V10,tan™' 3 + ) ~ (—\/10,4.39)

(b) (\/B, tan"!3) ~ (\/E, 1.25) or
(-=V10,tan™' 3 — 7) ~ (—\/10, —1.89)

(¢) The answers from (a), and also
(\/B, tan"' 3 + 277) = (\/B, 7.53) or
(—\V/10, tan™' 3 + 37) ~ (=\/10, 10.67)

(a) (\/5, tan! (=2.5) + ) ~ (\/E, 1.95) or
(=V/29, tan™! (—=2.5) + 27) ~ (=\/29, 5.09)

(b) (—\/2_9, tan™! (—2.5)) = (—\/2_9, —1.19) or
(V29, tan™! (=2.5) + ) ~ (V/29,1.95)

(¢) The answers from (a), plus
(V/29, tan"! (=2.5) + 37) ~ (V/29,8.23) or
(=V/29, tan™! (=2.5) + 4mr) ~ (—\/29,11.38)

@) (—-V5,tan™'2) ~ (=V/5, 1.11) or
(\V/5,tan™! 2 + ) ~ (\V/5, 4.25)

(b) (=5, tan™'2) ~ (=V/5, 1.11) or
(V5,tan12 — ) ~ (\V/5, —2.03)

(¢) The answers from (a), plus
(—V/5, tan™' 2 + 27) ~ (—\/5,7.39) or
(V5,tan™1 2 + 37) ~ (V/5,10.53)

(b)

(d)

()

(@

x = 3 — avertical line

y = —2 — a horizontal line

37.

39.

41.

42.

43.

44.

45, r
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7>+ 3rsin@ = 0,or x> + y* + 3y = 0. Completing the

2
3 3
(0, — 5) with radius >

. 2 3V 9 .
square gives x“ + (y + = | = 172 circle centered at

. 72 4+ 4rcosf = 0,or x> + y* + 4x = 0. Completing the

square gives (x + 2)* + y* = 4 — acircle centered at
(=2,0) with radius 2
> — rsinf = 0,or x> + y* — y = 0. Completing the

1 2
square gives x> + (y - 5) =

1 1
at (0, E) with radius >

1 .
i a circle centered

. > — 3rcos = 0,or x> + y* — 3x = 0. Completing the

. 3\? > 9 .
square gives { x — 2 + y° = 1@ circle centered at

(é, 0) with radius E

2 2

7 — 2rsin@ + 4rcos @ = 0,or x> + y* — 2y + 4x = 0.
Completing the square gives (x + 2)> + (y — 1)> =5

— acircle centered at (—2, 1) with radius V5.

7 — 4rcos @ + 4rsinf = 0,or x> + y* — 4x + 4y = 0.
Completing the square gives (x — 2)> + (y + 2)> =8
— acircle centered at (2, —2) with radius 2V 2.

r = 2/cos @ = 2secH — avertical line

|
|

[-5,5]by [-5,5]

r = 5/cosf = 5sec

-
|

[0,10] by [-5,5]

5
" 2cos@ — 3sinf

-

s

[-5,5]by [-5,5]
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2
" 3cosf + 4sinf

|
[\\

[-5,5]by [-5,5]

46. r

47. r* — 6rcos = 0,sor = 6cos 0

h
-

[-3. 9] by [-4. 4]

48. > — 2rsin® = 0,sor = 2sin 6

s

[-3.3]by [-1, 3]

49, 1> + 6rcos@ + 6rsinf = 0,sor = —6cosf — 6sinf

|

[-12, 6] by [-9, 3]

50. 7> — 2rcos @ + 8rsin@ = 0,sor = 2cos § — 8sin 6

[

[-8, 10] by [-10, 2]

51.d = V4 + 22 —2-4-2cos(12° — 72°)
= V20 — 16 cos 60° = VI2 = 2V/3 =~ 3.46 mi
52.d = \V/3*+5 —2-5-2cos(170° — 150°)

= V34 — 30cos 20° = 2.41 mi

53. Using the Pythagorean theorem, the center-to-vertex

distance is 4 . The four vertices are then (i R z),
V2 V24

a 37w a Sw T

(% , T)’ (% s T)’ and (% s T) Other polar

coordinates for these points are possible, of course.

54. The vertex on the x-axis has polar coordinates (a, 0).
All other vertices must also be a units from the origin;

TR
€1r coordinates are | a, 5 ,\a, 5 s\ a, 5 5

8
and (a, ?ﬂ-) Other polar coordinates for these points

are possible, of course.

False. Point (r, 6) is the same as point (r, 8 + 2nr) for
any integer n. So each point has an infinite number of

distinct polar coordinates.

True. For (ry, 0) and (r,, & + 7) to represent the same

55

b

56

b

point, (r,, 6 + ) has to be the reflection across the origin

of (r1, 6 + ar), and this is accomplished by setting
Iy = —rp.
57

B

constitutes a twofold reflection across the origin.
The answer is C.
58. The rectangular coordinates are

(=2 cos(—m/3), =2 sin(—m/3)) = (—-1,V/3).
The answer is C.
59

.

For point (r, #), changing the sign on r and subtracting
180° from 6 constitutes a twofold reflection across the
origin. The answer is A.

60. (—2,2) lies in Quadrant III, whereas (—2\/5, 135°) lies in

Quadrant IV. The answer is E.

(a) If 6, — 6, is an odd integer multiple of 7, then the
distance is |r1 + r2|. If 6, — 0, is an even integer
multiple of 7, then the distance is |r; — r,.

(b) Consider the triangle formed by O,, P, and P,
(ensuring that the angle at the origin is less than
180°), then by the law of cosines,

PP, = OP,” + OP, — 2-OP, - OP2 cos 0,
where 0 is the angle between OP; and OP,. In polar
coordinates, this formula translates very nicely into

61

.

d*> = r% + ry>2 — 2ryrycos (0, — uy) (or cos (8; — 6,)

since cos (6, — 60;) = cos (6; — 6,)), so
d= \/r12 + 12 = 2r rycos (6, — uy).

(c) Yes. If 0; — 6, is an odd integer multiple of 7, then
cos (0; — 0,) = —1=d = Vr? + 12 +2rr,

= |r1 + r2|. If 6, — 6, is an even integer multiple
of 7, then cos () —u,) = 1 =

d=Vr? +r? —2rr, = |r1 - r2|.
(a) The right half of a circle centered at (0, 2) of radius 2

(b) Three quarters of the same circle, starting at (0, 0)
and moving counterclockwise

62

.

(c¢) The tull circle (plus another half circle found through
the TRACE function)

(d) 4 counterclockwise rotations of the same circle
63. d = V2> + 57 — 2(2)(5) cos 120° ~ 6.24
64. d = V4 + 6 — 2(4)(6) cos 45° ~ 4.25
65. d = V/(=3)? + (=5)> — 2(=3)(—5) cos 135° ~ 7.43
66. d = V6> + 8 — 2(6)(8) cos 30° ~ 4.11
67

b

Since x = rcos 6 and y = r sin 0, the parametric
equation would be x = f(6) cos (#) and y = f(6) sin (6).

B

Copyright © 2019 Pearson Education, Inc.
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68. x = 2 cos® 6 (b)
y = 2(cos 6)(sin )

69. x = 5(cos 0)(sin @) y = 5sin?

70. x = 2(cos 0)(sech) = 2
y = 2(sinf)(sech) = 2tan 6

71. x = 4(cos 0)(csc §) = 4 cot 0
y = 4(sinf)(csc ) = 4

B Section 6.5 Graphs of Polar Equations

2.
Exploration 1 (@)

==}
3
~—
>
3
~—
(98]
3
~—
[\®]

Answers will vary. 2w/3|57/6

\,
S}
o
|
S}
o
S}
o

Exploration 2
1. If r* = 4 cos(26), then r does not exist when (b) y
cos(26) < 0. Since cos (26) < 0 whenever 6 is in the 5

3
interval (% + n, Tﬂ- + I’l’iT), n is any integer, the (
2

domain of r does not include these intervals.
—rVcos (20) draws the same graph, but in the opposite (0 { 0 77} ) L 5
direction. o * Sz
3. (r)> — 4cos (—20) = r* — 4cos (26) :(7 ’7)
(since cos (#) = cos (—6)) -
4. (—r)* — 4cos (—20) = r* — 4 cos (20) 3k =
(=

5. (—r)* — 4cos (20) = r* — 4 cos (26)
Quick Review 6.5 Qk?

For #1-4, use your grapher’s TRACE function to solve.
1. Minimum: —3 at x = {Z 3'—W};Maximum: 3 at

272
x = (0. 2] . [-5.5] by [-4,3]
2. Minimum: —1 at x = 7r; Maximum: 5 at x = {0, 27} X
4. k =
3. Minimum: 0 at x = {ﬂ- 3w Sm 77T}' Maximum: 2 at

b

b

4
5

6. (a) No (b) Yes (¢) No
7. sin (7 — 0) = sin @
8
9

2
4444 )
x = {0, 7, 27}
.. T . 37
Minimum: 0 at x = 5; Maximum: 6 at x = B3
(a) No (b) No (c) Yes
3

[-5,5] by [-3,3]
. cos (m — ) = —cos 0 Sk =2m
. cos2(m + 6) = cos (27 + 20) = cos 20
= cos’# — sin’ @
10. sin 2(7 + 6) = sin (27 + 26) = sin 26
= 2sin 0 cos 0
Section 6.5 Exercises
1. (a) [-5,5] by [-3,3]
6. k =

0 0 |#w/4 |7=/2 |3w/4| 7 |5w/4|3w/2 |Tw/4

T
r 3 0 -3 0 3 0 -3 0 %

[-5,5] by [-3,3]
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7. ry is not shown (this is a 12-petal rose). r, is not shown 23. Maximum |r| is 3 (when r = +3) — when 6 = 2nw/3 for
(this is a 6-petal rose), r; is graph (b). any integer n.
8. 6 cos 260 sin 20 = 3(2 cos u sin u) where u = 20, this 24. Maximurp |r|is 4 (when r = +4) — when 6 = nw /4 for
equals 3 sin 2u = 3 sin 40. r = 3 sin 40 is the equation for any odd integer n.
the 8-petal rose shown in graph (a). 25. Domain: (—00,00)
) ) T Range: r =3
9. Graph (b) is r = 2 — 2 cos 0: Taking 6 = O and § = EX Symmetric about the x-axis, y-axis, and origin
we getr = 2andr = 4 from the first equation,and r = 0 and Continuous
_ . Bounded
r = 2 from the second. No graph matches the first of .
. Maximum |r| value: 3
these (r, 0) pairs, but (b) matches the latter (and any
. No asymptotes
others one might choose).
10. Graph (¢)isr = 2 + 3 cos 0: Taking 6 = 0, we getr = —1
from the other equation, which matches nothing. Any (r, 6)
pair from the first equation matches (c), however.
11. Graph (a)isr = 2 — 2sin § — where = %, \_L/
2+ 2cosf = 2, but (2, %) is clearly not =6, 6] by [4, 4]
on graph (a); meanwhile 2 — 2 sin KU 0, and (0, Z) 26. Domain: (—00,00)
2 2 Range:r =2
(the origin) is part of graph (a). Symmetric about the x-axis, y-axis, and origin
- Continuous
12. Graph (d)isr = 2 — 1.5sin § — where § = —, Bounded
- 2 Maximum |r| value: 2
2+ 1.5cos 6 = 2, but (2, E) is clearly not No asymptotes
on graph (d); meanwhile 2 — 1.5 sin% = 0.5, and /h
AW
(0.5, E) is part of graph (d).
13. Symmetric about the y-axis: Replacing (r, 6)
with (r, 7 — ) gives the same equation, since
sin(7 — ) = sin 6. [4."5’4'5] by [-3, 31
14. Symmetric about the x-axis: Replacing (r, 6) with 27. Domain: 6 = /3
(r, —0) gives the same equation, since cos(—6) = cos 6. Range: (f‘X”bOO) he orie
15. Symmetric about the x-axis: Replacing (r, 6) with (r, —6) ?gﬁiﬁf&gﬁsa out the origin
gives the same equation, since cos(—6) = cos 6. Unbounded
16. Symmetric about the y-axis: Replacing (r, 6) with Maximum |r| value: none
(r, m — ) gives the same equation, since sin(7 — 6) No asymptotes
=sin 6.
17. All three symmetries. Polar axis: Replacing (r, 6) with
(r, —0) gives the same equation, since cos (—20) = cos 26.
y-axis: replacing (r, ) with (r, = — 6) gives the same
equation, since cos [2(7 — 0)] = cos (27 — 20)
= cos (—26) = cos 26. Pole: Replacing (r, §) with
(r, 0 + ) gives the same equation, since cos [2(0 + )] [—47,47] by [-3.1,3.1]
= cos (20 + 2ar) = cos 26. .
. . . . 28. Domain: § = — /4
18. Symmetnc. about the y-axis: R.eplac.mg (r., 0) with Range: (—00, 00)
(—.r, —0) gives the same equation, since sin (—30) = Symmetric about the origin
—sin 36. Continuous
19. Symmetric about the y-axis: Replacing (r, 6) Unbgunded
with (r, # — 0) gives the same equation, since Maximum |r| value: none
sin (7 — 6) =sin 6. No asymptotes
20. Symmetric about the x-axis: Replacing (r, #) with (r, —6)
gives the same equation, since cos(—6) = cos 6.
21. Maximum |r|is 5 — when @ = 2nm for any integer n.
3
22. Maximum |r|is 5 (when r = —5) — when § = 777- + 2nw l

for any integer n.
[~4.7,4.7] by [-3.1,3.1]

Copyright © 2019 Pearson Education, Inc.



29. Domain: (=00, 00)
Range: [-2, 2]
Symmetric about the y-axis
Continuous
Bounded
Maximum |r| value: 2
No asymptotes

Q\’/P

0

[-3.3]by [-2,2]

30. Domain: (=00, 00)

Range: [—3, 3]

Symmetric about the x-axis, y-axis, and origin
Continuous

Bounded

Maximum |r| value: 3

No asymptotes

b

[-4.7,4.7] by [-3.1, 3.1]

31

.

Domain: (—00, 00)

Range: [1, 9]

Symmetric about the y-axis
Continuous

Bounded

Maximum [r| value: 9

No asymptotes

!

[-9, 9] by [-2.5, 9.5]

32. Domain: (=00, 0)

Range: [1, 11]

Symmetric about the x-axis
Continuous

Bounded

Maximum |r| value: 11

No asymptotes

=
N

[-16, 8] by [-8, 8]

.

33.

34.

35.

36.

Section 6.5 Graphs of Polar Equations

Domain: (=00, 00)

Range: [0, 8]

Symmetric about the x-axis
Continuous

Bounded

Maximum |r| value: 8

No asymptotes

-
|

[-6, 12] by [-6, 6]

Domain: (=00, 00)

Range: [0, 10]

Symmetric about the y-axis
Continuous

Bounded

Maximum |r| value: 10

No asymptotes

:

[-9, 9] by [-10.5, 1.5]

Domain: (=00, 00)

Range: [3, 7]

Symmetric about the x-axis
Continuous

Bounded

Maximum |r| value: 7

No asymptotes

=
N

[-7, 11] by [-6, 6]

Domain: (=00, 00)

Range: [2, 4]

Symmetric about the y-axis
Continuous

Bounded

Maximum |r| value: 4

No asymptotes

D

[-6, 6] by [-6, 3]

Copyright © 2019 Pearson Education, Inc.
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37. Domain: (—00,00)

38.

39,

40,

B

b

Range: [—3, 7]

Symmetric about the x-axis
Continuous

Bounded

Maximum |r| value: 7

No asymptotes

=

[-2, 8] by [-5, 5]

Domain: (=00, 00)

Range: [—1, 7]

Symmetric about the y-axis
Continuous

Bounded

Maximum |r| value: 7

No asymptotes

0

[-7.5,7.5] by [-8, 2]

Domain: (=00, 00)

Range: [0, 2]

Symmetric about the x-axis
Continuous

Bounded

Maximum |r| value: 2

No asymptotes

@

[-3, 1.5] by [-1.5, 1.5]

Domain: (=00, 00)

Range: [1, 3]

Symmetric about the y-axis
Continuous

Bounded

Maximum |r| value: 3

No asymptotes

D

[-3.75,3.75] by [-1.5, 3.5]

41. Domain: (=00, 00)

42

43

44

.

o

b

Range: [0, 00)
Continuous

No symmetry
Unbounded

Maximum |r| value: none
No asymptotes

Graph for § = 0:

h

()
N

[—45, 45] by [-30, 30]

Domain: (—00, 00)
Range: [0, 00)
Continuous

No symmetry
Unbounded

Maximum |r| value: none
No asymptotes

Graph for § = 0:

1z 5\

NS

[-6, 6] by [4, 4]

. T 37
Domain: {0, 2} U |:’7T, ) }

Range: [0, 1]

Symmetric about the origin
Continuous on each interval in domain
Bounded

Maximum |r| value: 1

No asymptotes

»
g

[-1.5, 1.5] by [-1, 1]

Domain: {0,1} U {3—77- S—W} U {7—77- R 277-}

4 4 4 4
Range: [0, 3]
Symmetric about the x-axis, y-axis, and origin
Continuous on each interval in domain
Bounded
Maximum |r| value: 3
No asymptotes

Copyright © 2019 Pearson Education, Inc.



[-3.3,3.3] by [-2.2, 2.2]

For #45-48, recall that the petal length is the maximum
|r| value over the interval that creates the petal.

45. r = =2 when 0 = {3—77-,7:-

1 } and r = 6 when

5
0= {1 —W}.There are four petals with lengths {6, 2, 6,2}.

4° 4

46. r = —2when 6 = {0, 7} and r = 8 when

3
0= {ﬂ- } There are four petals with lengths {2,8,2, 8}.

272

27 47 6w 87
47. r = =3 when 0 = {0? Sl ?} and
T 3 T 97
= 5whenf = s—,—, 7, —,— /.
r when { T s 5}

48.r:7when0:{—,—,—,—7—
10727107 10 7 10

—1 when 6 = {3—77- 7—77- —11# 3—77- —1977-}.

! 10°10°°10° 2° 10

There are ten petals with lengths {7,1,7,1,7,1,7,1,7, 1}.
ry and r, produce identical graphs — r; begins at (1, 0)
and r, begins at (—1, 0).

49

.

50. r, and r; produce identical graphs — r, begins at (3, 0)

and r, begins at (1, 0).

b

51. r, and r; produce identical graphs — r, begins at (3, 0)

and r; begins at (=3, 0).

.

52

.

ry and r, produce identical graphs — r, begins at (2, 0)
and r, begins at (=2, 0).

53. (a) A 4-petal rose curve with 2 short petals of length
1 and 2 long petals of length 3.

(b) Symmetric about the origin.
(¢) Maximum |r| value: 3.
54

b

and 4 units.
(b) Symmetric about the y-axis.
(¢) Maximum |r| value: 4.

55. (a) A 6-petal rose curve with three short petals of length
2 and three long petals of length 4.

(b) Symmetric about the x-axis.
(¢) Maximum |r| value: 4.

56. (a) A 6-petal rose curve with three short petals of length
2 and three long petals of length 4.

(b) Symmetric about the y-axis.

(¢) Maximum |r| value: 4.

(a) A 4-petal rose curve with petals of about length 1, 3.3,

Section 6.5 Graphs of Polar Equations 253

57. Answers will vary but generally students should find that
a controls the length of the rose petals and n controls
both the number of rose petals and symmetry. If # is odd,
n rose petals are formed, with the cosine curve symmetric
about the polar x-axis and sine curve symmetric about the
y-axis. If n is even, 2n rose petals are formed, with both
the cosine and sine functions having symmetry about the
polar x-axis, y-axis, and origin.

58. Symmetry about y-axis: 7 — 3sin (40) = 0 =
—r — 3sin (4(=60)) = —r + 3sin (46) (since sin () is
odd, i.e.,sin (—#) = —sin (0)) = r — 3sin (40) = 0.
Symmetry about the origin: r — 3 sin (40) = 0
= r — 3sin (40 + 47) = r — 3sin (460) = 0.

|VA

[0,2m] by [0, 6]

y = 3 — 3sin x has minimum and maximum values of 0
and 6 on [0, 277]. So the range of the polar function
r =3 — 3sin #is also [0, 6].

|\

[o, 271] by [-1,5]

y = 2 + 3 cos x has minimum and maximum values of
—1 and 5 on [0, 27]. So the range of the polar function

r =2+ 3cosfisalso [—1,5].

In general, this works because any polar graph can also
be plotted using rectangular coordinates. Here, we have y
representing r and x representing 6 on a rectangular coor-
dinate graph. Since y is exactly equal to r, the range of y
and range of r will be exactly the same.

61. False. The spiral r = 6 is unbounded, since a point on the
curve can be found at any arbitrarily large distance from
the origin by setting # numerically equal to that distance.

62. True. If point (r, 6) satisfies the equation r = 2 + cos#, then
point (r, —6) does also, since 2 + cos (—6) = 2 + cosf = r.
63. With r = acos nb, if n is even there are 2n petals.
The answer is D.

64. The four petals lie along the x- and y-axis, because cos 260
takes on its extreme values at multiples of 7 /2.
The answer is D.

65. When cos & = —1,r = 5. The answer is B.

66. With r = asin n0, if n is odd there are n petals.
The answer is B.

67. (a) Symmetry about the polar x-axis: r — a cos (nf) =
= r — acos (—nf) = r — acos (nd) (since cos (0
is even, i.e.,cos () = cos (—0) for all ) =

0
)

Copyright © 2019 Pearson Education, Inc.
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(b) No symmetry about y-axis:r — a cos (nf) = 0 = 70. Starting with the graph of ry, if we rotate clockwise (cen-
—r — acos (—nf) = —r — acos (n@) (since cos (6) tered at the origin) by 7 /12 radians (15°), we get the
iseven) #r — acos (nf) unless r = 0. As a result, graph of r,; rotating r, clockwise by 7 /4 radians (45°)
the equation is not symmetric about the y-axis. gives the graph of r;.

(¢) No symmetry about origin: 7 — a cos (nf) = 0 = (a)

—r — acos (nh) #—r — acos (nf) unless r = 0.
As a result, the equation is not symmetric about &
the origin.
(d) Since |cos (n0)| = 1 for all §, the maximum |r| value
is |al.
(e) Domain: (—00,00)
Range: [~al, |a]]

[-3,3] by [-3,3]

Symmetric about the x-axis (b)
Continuous
Bounded
Maximum |r| value: |a| ol
No asymptotes
68. (a) Symmetry about the y-axis:r — asin (nf) = 0 =
—r — asin (—nf) = —r + asin (nh) (since sin (6) is
odd,sin (—0) = —sin (0)) = —1(r — asin (nd)) [-3.3] by [~
= (=1)(0) = 0.

(c)

(b) Not symmetric about polar x-axis: 7 — a sin (nf) = 0
= r — asin (—nf) = r + asin (nf). The two func-
tions are equal only when —sin (nf) = sin (nf) = 0,

or6 = {0, 7},sor — asin (n) is not symmetric
about the polar x-axis.
(¢) Not symmetric about origin: r — asin (nf) =

—r — asin (nd) = —(r + asin (nf)). The two func- [-3,3] by [
tions are equal only when r = 0,s0 r — asin (nf))
. . . 71
is not symmetric about the origin.

(d) Since [sin (n6)| = 1 for all §, the maximum |r| value

Starting with the graph of ry, if we rotate counterclock-
wise (centered at the origin) by 7 /4 radians (45°), we get
the graph of r,; rotating r, counterclockwise by 7/3 radi-

.

© E(‘;ﬂ;ain: (~00,00) ans (60°) gives the graph of rs.
Range: [—|al, |a]] @)
Symmetric about y-axis
Continuous
Bounded
Maximum [r| value: |a|
No asymptotes

69. (a) For ri: 0 = 6 < 47 (or any interval that is 47 units [-5,5] by [-5,5]
long). For r,: same answer.
. . (b)
(b) ry: 10 (overlapping) petals. r,: 14 (overlapping) \'\,‘

petals. “‘\\

~.

[-5,5]by [-5,5]

© \“\\
[-4,4] by [-4, 4]

[

-

[-5,5]by [-5,5]

[-4. 4] by [-4. 4]
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72. Starting with the graph of ry, if we rotate clockwise (cen- 6+ V36 —100 6+ \V—-64 6+ 8
tered at the origin) by /4 radians (45°), we get the = 10 = 10 T
graph of r,; rotating r, clockwise by 7 /3 radians (60°) 6+8 6 8
gives the graph of r;. =0 T 10 + 0 0.6 + 0.8 and
(a) e .

R e R A

10 10 10
The roots are 0.6 + 0.8/ and 0.6 — 0.8i.

D)

(1 +i)P=(0+)-[(L+i)PP=(1+1i)-(2)
=41+ i)=—-4— 4
[~7.05,7.05] by [~4.65, 4.65] 4 (L-pt=[1- )= (-2)=-4=-4+0
(b) For #5-8, use the given information to find a point P on the
terminal side of the angle, which in turn determines the quad-
(ﬁ j rant of the terminal side.
g

5
5. P(— V3, 1),in Quadrant II: 6 = %

T

6. P(1,-1),in Quadrant IV: = e

[~7.05,7.05] by [-4.65,4.65]

4
(© 7. P(—1,— \/g,), in Quadrant III: 0 = Tﬂ-

(I

) :
8. P(—1,—1),in Quadrant III: 6 = Tﬂ-

9. x> = 1whenx =1
10. x* = 1 whenx = =+1

[~7.05,7.05] by [-4.65,4.65]

73. The second graph is the result of rotating the first graph Section 6.6 Exercises
clockwise (centered at the origin) through an angle of «. 1. y
The third graph results from rotating the first graph coun- A
terclockwise through the same angle. One possible expla- B
nation: the radius r achieved, for example, when # = 0in 22 L g2
the first equation is achieved instead when 6 = —a for the ig—
second equation, and when 6 = « for the third equation. LLLLL L,
5%
B Section 6.6 DeMoivre’s Theorem and [
nth Roots
2. y
Quick Review 6.6 T
1. Using the quadratic equation to find the roots of —
x> + 13 = 4x,we have x> — 4x + 13 = O witha = 1, [+
b= —4andc = 13. AR IDUNIG
_ (=4 £ V(=4 - 4)(13) o |0
2(1) C .
4+2V16-52 4+ V=36 4+6i - 2
6 2 . 2 2 For #3-12,a + bi = r(cos 6 + isin #), where r = |a + bi|
4+6i 4 i .
Y= =§+3=2+31and = V& + b and 6 is chosen so that cos f = ——a——
Vd® + b?
4—6i 4 6 )3 b
X = T T, T eI andsin § = ————.
2 272 N

The roots are 2 + 3iand 2 — 3i.

N 2. — S — _ T
2. Using the quadratic equation to find the roots of 3.7 =[3i] = 3cos 6 = Oandsinf = 1,506 = 2
5(x* + 1) = 6x, we have 5x> — 6x + 5 = Owitha = 5, )
b= —6,andc = 5. 3i=3
P (=6)* — 4(5)(5)
2(5)

T + s 77)
COS— + isin—
2 2

Copyright © 2019 Pearson Education, Inc.
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3
4. r = |=2i| = 2;cos = Oand sinf = —1,s00 = = 21. (5-3) {COS(Z + S—W) + isin(z + S—ﬂ-)}
2 4 3 4 3
3 3
—2i = 2(005—77- + isin —W) =15 (cos 237 + isin _237T)
2 2 v v 12 12
2 2
5.r=2+2i=2V2cosf = ——andsin = ——, 3 1 3w L (3w o
2 2 22. = ||cos|—+— ) +isin|{—+ —
- ” - 3 4 6 4 6
s0f0=—2+ 2= 2\/5(005— + isin—) V&) 11 1w
4 4 4 =—(cos—+isin—)
3 12 12

3 1
6.r = \\/5-%- i| = 2;cos 0 = %andsin@z >

2
23. —[cos (30° — 60°) + isin (30° — 60°)]
T . T ... T 3
sof = g: \/g +i= 2(cos€ + zsmg)

2 2
= —[cos (—30°) + isin (—=30°)] = = (cos 30° — isin 30°)
1 V3 3 3
7.r= -2+ 2i\/§\ = 4;cos b = —Eandsine = —,

5
2 24. 5 [cos (220° — 115°) + isin (220° — 115°)]
2 2 2
sof = Tﬂ-: -2+ 2i\/§ = 4(005% + isin—ﬂ-)

5
3 =3 (cos 105° + i sin 105°)

2 2 6 ..
8. r=13-3i= 3\/5; cos O = %and sinf = — %, 25. 3 [cos (57 — 2mr) + isin (57 — 27)]
7 7 7 = + isi . + s
0h =173 _ 3 3\/5((:05777 +isin T’FT) 2(cos 37 + isin37w) = 2(cos7 + isin)
9.r:\3+2i\:\/ﬁ;cos0: 3 and 26.1{(:05(1—1)-i-isin(z—z)}=<:osz+isinz
\/B 2 4 2 4 4 4
_ 2 , 27. (a) 3 — 2i ~ V13 [cos (5.695) + isin (5.695)]
sin = ,s0 0 =~ 0.588: 3 + 2i
Vi3 ) and1l + i = \/E(cosz-i-isinz),so
~ V/13(cos 0.59 + i sin 0.59) 4 4
4 V13 [cos (5.695) + i sin (5.695)] - V2
10. r = |4 — 7i| = V65; cos ) = and 75_ ( 77-) Esin ( )
7 Vs |:COSZ + isin Z}
sin = — ——,s00 =~ 5232: 4 — 7i
Vs N -
= 695 + — ) + isi
~ V65 (cos 523 + isin 523) 26{“’5 (5 695 4) LS
a
5695+ — || =5+
11.r:3;30022;3(cosz+isinz) ( 0 4)} !
6 6 6
s se 5w V/13[cos (5.695) + i sin (5.695)]
12. r = 3;225° = T; 4(COST + isin T) \/E[cos (ml4) + isin (/4)]
13. 3(? — %,) = ¥ — %,’ ~ V6.5 {cos (5.695 - %) + isin (5.695 - %)}
1 5
3 1 = - _=;
14. 8(—%—51')——4\/5—41' 2 2!
by (3-20)(1+i)=3+3i—-2—-22=5+i
15.5(%—?1’)=%—5\2/5i 3-2i 3-2 1—-i 1-5 1 5,
= . = = — — —1
1+ 1+i 1-—1 2 2 2
2 V2 5V2 5V2 T 77
16'57"'7‘ =T+ 5 ! 28.(3)1—i:\/§(COST+iSinT)
17.\/5(—?—%i)=¥—?i and\/§+i=2(cos%+isin%),so
.~ 2 .68i 7 .7 .
18 2:56 + 068 \/E(cos I 4 isin —W) . 2((:05z + isin Z)
19. (2 - 7)[cos (25° + 130°) + i sin (25° + 130°)] 4 4 6 6
= 14 (cos 155° + i sin 155°) 237 . 23w .
. =22 cos == + sin | ~ 2.73 — 0.73i
20. (V2-0.5)[cos (188° — 19°) + isin (118° — 19°)] 12 12
V2 09° + <in 09° \V/2[cos (7m/4) + isin (7m/4)]
= (cos i'sin 99°) 2[cos (7/6) + isin (/6)]
1 197 197
=——=(cos—— + isin—— | = 0.18 — 0.68i
\/5( 12 12 )
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®) (1 —i)(V3+i)=\V3+i- \V3i-2
(1+ V3) + (1 - V3)i~ 273 - 073
L—i _ 1-i V3-i_ (1-pV3-i
V3i+i VB3+i V3-i 4

“UVio - (Vi

4

29. (a) 3 + i ~ V10[cos (0.321) + i sin (0.321)]
and5 — 3i =
V/10[cos (0.321) + isin (0.321)] - /34 [cos (—0.540)

+ isin (—0.540)]
= 2V/85[cos (—0.219) + isin (—0219)] = 18 — 4i
\V/10[cos (0.321) + i sin (0.321)]

\/34[cos (—0.540) + i sin (—0.540)]

/5
~ ﬁ[cos (0.862) + isin (0.862)]
~ 035+ 041i
() 3+ i)(5—3i)=15—9i + 5/ — 3% =18 — 4i
340 _3+i 5+3 _ (B+HE+30)
5-3i 5-3i 5+3i 34

1
— + 7i) =
17 (6 + 7i)

~ 0.18 — 0.68i

035 + 041i

30. (a) 2 — 3i  V13[cos (—0.982) + isin (—0.982)],

and 1 — \/gi =2 {cos (—%) + isin(—%)},so

\V/13[cos (=0.983) + i sin (-0.983)] - {Cos (—g)

+ isin (—3)} =2V13 {Cos (—0.983 - %)
+ isin (—0.983 - %)}

~ —320 — 6.46i

\V/13[cos (—0.983) + i sin (—0.983)]
2[cos (—m/3) + isin (—/3)]

—_

—_

Nﬁ
W

Q

[c0s(0.064) + isin(0.064)]
1.80 + 0.12i

— 3i)(1 — V3i) = 2 — 2\V/3i — 3i + 337
(2—3\@ 2\f+3 ~ —3.196 — 6.464i
2-3i 2—31.1+\fz
1-V3 1-V3 1+ \V3i
L@ = 3)(1+ V3D

4

(b)

S

1
= 1{2 +3V3+ (2V3 - 3)4 ~ 1.80 + 0.12i

31 (cos™ + isin ™) = cos 3™ + isin T
. COS4 lSlI’14 = COs 4 1 SIm 4

\/ﬁ[cos (—0.540) + isin (—0.540)], so

Section 6.6 DeMoivre’s Theorem and nth Roots 257

[ 3 37\ P 15 15
32. 3(COS—7T + isin —W) = 243(005—77- + isin —W)
L 2 2 )] 2 2
= —243i
I 3 37\ P 97 .. 97w
. —+ —| = — + —
33 _2(005 1 isin 1 )_ 8(005 1 i sin 1 )

=4V2 + 4\V2i

I 5 57\ *
34. _6(COS% + isin %)_

= 1296( cos 2 +  sin 2oL
COos 6 I sin 6

= —648 — 648V/3i
a a 5
35 (1+i)= |:\/§(COSZ + isinz)}

= (\/5)5 (COS%T + isin S—W)

4
= 4%(0%%4— isins—ﬂ-) =—4—-4

4
36. (3 + 4i)%

- {S{COS tan™! (g) + isin tan™ (g)”zo
= 5*{cos 20101 (3) | ssin] 2010 (5 |

= 5"[cos (5.979) + isin (5.979)] = 5%°(0.95 — 0.30i)

1 - V3iy = {2(cos5% + isin S—W)T

37.

~

3
= 8(cos 57 + isin 57) = 8(cos 7 + isin )
- -8+ 0i=-8

(l + ﬁ)S = (cosz + 'sinz)s
2772 37003

=cosm +isinm=—-1+0 =—1

38.

o

For #39-44, the cube roots of r(cos § + i sin ) are

+ +
\V_ = (cos 0+ 2km 321“7- + isin 0+ 2km 2k#)

2k + 2

39. %(COS ﬂ-3 7 + isin
2m(k + 1

= %(COS% + isin

k=01,2: \/_
%(0052% + isin%) = %(—% + 731)
-1+ V3
Vi
\;/—( dar 477)
2 cos?-i-zsm—

3
(-5 2
\/E(cos 27 + isin27) = \/_
40. %(COS 2k ;_ i + isin 2km + 7T/4)

3
8k + 1 8k + 1
= \3/5(005 777-( ) + isin 777-( )),
k=20,1,2:

,k=0,1,2.

2k + 2
)
2m(k + 1)
=5

12 12
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3 3
%(COSE'FISIH%) cos%-i—isin%,cos%-i—isin%,—l,
7 7
%(cos%-ﬁ-tsm%) cos%-i—isin%,cosg%-i-ising%
— + 7
% (——\}_ + — \/_ ) —16/_ l, 46. \5/3'_2(cos 721“7’ ;_ 2 + isin 721“7’ ;_ 77-/2)
2
; e . 1777) w4k + 1) w4k + 1)
3 Lm 17 _ w4k + 1)
\/E(cos B isin B 2| cos 0 + 1s1n710 s
k=01,23 4
+ +
4L \V_(COS 2km + 4m/3 +isin 2k 477/3) _ o
3 2 cos—+zs1nB 2 cosz-i-ismz = 2i,
; ( 23k +2) . 2m(3k + 2))
= \/5 cos + isin s 97 137 . . 13«
9 9 2(005— + isin —) 2(005— + isin —),
k=012 10 10 10
177
4 4 10 10 2 N
%(cosg + isin Tﬂ-), %(COSTW + isinTﬂ-), 2(COS + isin 10 )
16 16
%(COS LA w) o \S/E(COS 2km + ml6 . . 2km + 77/6)
9 9 5 5
12k + 1 12k +1
42. V77( cos 2k + 117/6 + isin 2k + 117/6 /2( cos m( ) + sin m )),
g 3 3 30 30
3( m(12k +11) 77-(12k+11)) k=10,1,234
= 3| cos sin ,
18 ! 18 \S/E(cos— + isin —) \S/E(COSi + isin 13—#)
5) e iy
11 11 23w 23w S 2 2T S ™ P Qi
3((:051_;7 + isinl—;),"j(cos? + isin K) \/E(cos G + isin o ), \/E(cos 0 + isin 0 ),
357 ) 354 ) \5/5( 497 .. 497T)
3| cos—— + isin—— cos *st
18 18 30 30
43.3 — 4i ~ 5 (cos 5355 + isin 5.355) s 2k + w/4 2k + w/4)
48. V2( cos -T2 4 jsin r — TR
ol oog 2w #5355 2k + 5355 V2 cos =5 1T
cos ———— +isin—— B \S/E( 7(8k + 1) L 7(8k + 1))
k=012 = cos 0 isin 0 ,
~ V/5(cos 179 + isin 1.79), k=0,1,23, 4
~ V/5 (cos 3.88 + i sin 3.88), %(cosl N isinl) \s/g(cos9_77 . lsm9_77)
~ V/5(cos 5.97 + isin 5.97) 20 20)° 20 20
17 177 S S
3 3 5 L L. LT 5 o L
4. -2+ 2i = 2\/5(005% - isinT”).Note that \/E(COS 5o +ising ) \/i(cos g Hisin ) =
3 2\/_ = \/E \5/5( 1 1 ) _21/5 _ 21/5i
Vv — e )= =
\/E( 2k + 377/4 + isin 2k -; 377/4) I i\/i_l }/? 712
( 77-(8k +3) . Tkt 3)) 20 T yg
12 ’ 33 33
k=012 \S/E(cosz—g + isin 2—8T)
V2
— = ] 2km + w2 2k + w/2
\/E(cos + isin— ) ( + > ) 1+, 1. \S/E(COS 77'5 a/ + isin 77-5 a/ )
117 1
- in — 4k + 1 4k + 1
\/E(cos B +is B ) _ \S/E(COS ( ) + isin ( ))7
19 197 10 10
ar
\/E(cos? + isin T) k=01,23 4

\S/E(COS % + isin ;T—O), \S/E(cosg + isin %) = \S/Z,

For #45-50, the fifth roots of r (cos # + isin ) are

+ 2k + 2k O .. 97w 137 . . 13w
\S/;(COS 0 - T 4 isin 0 : W),k =0,1,2,3, 4. \S/E(COSE + zsmﬁ), \S/E(COSW + isin—o" ),
177 17
2k + 2km + S 2m s
45. COS% + isin% \/E(COS 10 +ismn 10 )
w2k +1) . 72k +1)
= cos 5 + isin 5 k=0,1,2,3,4:
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+ +
50. \S/E(COS 2km 5 ™3 + isin 2km 5 7T/3)

5 w(6k + 1) w(6k + 1))
= —+ —_—

\/E(cos 5 i sin 5 R
k=0,1,273, 4
5 L LA Im 7_77)
\/E(cos 5 + isin 15) \/E(cos 5 + isin 5
5 137 . . 13w ) 5 ( . 1977-)
\/E(cos 5 isin 5 ,\/E cos 5 i sin 5 )

5 5 1 3i
\S/E(COS% + isin Tﬂ-) = 21/5(5 — Tl) =
1-V3 1-V3i

245 T 16
For #51-56, the nth roots of r(cos 6 + isin 0)are

n 0+ 2k 0+ 2k
\/;(cos . 7 + isin ﬂ-)

5. 1 +i = \/E(cos% + isin %), so the roots are

( 2k7T + 7/4 2k + ’7T/4)
+ isin
( ’7T(8k + 1) 7(8k + 1))
" )

8 (cos— + isin —) %(cosg— + isin 9—77-)

16 16 16
— + =7 4
(cos is 16 s V2( cos 16 is 16

7 7
52.1—-i= \/E(COSTW + isin Tﬂ-), so the roots are
2k + Twl4 2k + Twl/4
\6/5(005 7 3 ! + isin T 3 il )

" m(8k + 7) m(8k + 7))
+
\/E(cos o4 isin o4 s

k=0,1,2,3,45:

T 7
%(cos— + isin T

24 24

23 23w
%(COS =7 + isin——

24 24

) %(COS%T + isin S—W),

8

24 24

13 13 47 47
%(COS ?ﬂ- + isin —W),%(COS Ty i sin —W)

8 24 24

53.2 +2i = 2\/5(005% + isin %), so the roots are

2k + pl4
\3/5(005 W3p + isin

2km + ’7T/4)
3

8k +1 8k +1
= \/E(cos —W( 2 ) + 1s1n—7T( 1 )),k =0,1,2
a
=+ +i
\/E(cos D) isin 12) -1 + i,
177 177
I Qi) ——
\/E(cos 5 tisin 12)

,k=0,1,2,...,n— 1.

31 31
),%(COS =Ty i sin —W),

Section 6.6 DeMoivre’s Theorem and nth Roots
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3 3
54, =2 + 2i = 2\/5(005% + isin Tﬂ-), so the roots are

2k + 3wl4 2km + 3m/4
V/ 2\/§(cos %ﬂ-/ + isin %ﬂ-/)
s 7(8k + 3) 7(8k + 3))

+

\/g(cos 6 isin I3 R
k=012 3:
\/g(cos isin 16 \/§ cos 16 i sin 16
N 197 . 197 ) N ( 277 . 27
\/g(cos—16 + isin T3 7\/{; cos 16 +is 16

3 3
55. —2i = 2(005 %T + isin %), so the roots are

+ +
%(COS 2k : 37/2 +isin 2k : 377/2)
6 w(4k + 3) . w4k + 3))
= \/E(cos — 10 isin —1 )

k=0,1,2,3,4,5:

1+i ( T N 777)
cos — sin —
2 oty
11 117 5 5
\6/5(005—77- + isin —) \/E(COSTW + isin Tﬂ-),

12 12

1 197 23 23
%(cosﬂ + isin L) \/E(cos—ﬂ- + isin—ﬂ-

12 12 12 12
56. 32 = 32(cos 0 + isin 0), so the roots are

2%km + 0 2%km + 0
\5/3_2(COS 7 + T )

5 isin 5
( 2k o
=2l cos—— + isi

—2k77)k 0,1,2,3.4
n = :
5 5 b 9 9 Ny

5 5

2(0054—77- + isin 4—77-) 2(0056—77- + isin 6—77-)
5 5 ) 5 5 )
2(0058—77- + isin S—W)
5 5

For #57-60, the nth roots of unity are

2k 2k
cos—ﬂ--i- isin—ﬂ-, k=0,1,2,...
n n

1. V3,
57. 1,—§:|:Tl

.. 2 . 27
2(cos 0 + isin0) = 2,2( cos— + isin— ),

,n— 1.
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58. +1, +i 60. 1,—1
Y y
/,-—0—~\\ /’____\\\
s N // ~

i 0.5F N / 05k N

/ \ / \
’y 1 1 )N Fy 1 1 N
T 0s 1 T 05 1
\ / \ /
\ - // \ = //
\\ // \\ //
RENIPSS o S~ -7
1 V31 V3 3
9. il’E + 2 L 2 2 t 61. z=(1+ \/gi)3 = {2(005% + isin%)}
y = 8(cos 7 + isin ) = —§; the cube roots are
A —2and1 + V3i.
= = S 57\ *
/ N — (9 _ 95\4 — - i Qin —

/ 05k \\\ 62. z = (-2 — 2i) {2\/5(005 1 + isin 1 )}
/ l = 64(cos 5 + isin 57) = —64; the fourth roots are
— T 2+ 2iand -2 + 2i.

05 |

\

\ /

\ - /

\\ //

b S o7

i1

63. =
22

A

)
r

L)

ri(cos@; +isin6;) r; cosf; +isinh; cos6b, — isinb,
ro(cos @, + isinf,) r, cosb, +isinfh, cos6b, — isinb,

cos 0 cos 6, + sin 6, sin 6, + i(sin 6; cos O, — cos 6; sin 6,)
(cos 6,)? + (sin 6,)?

1 . . . .
— + [cos 6, cos B, + sin 6 sin 6, + i(sin O] cos B, — cos O sin 6,)].

Now use the angle difference formulas:

cos (0; — 6,) = cos 6, cos B, + sin 6, sin 6, and sin (6; —

21
So—
22

64. The n nth roots are given by \"/;(cos
n 0 .. 0\ .,
\/;(cos— + isin —), \/;(cos
n n
n + 4
\/;(cos 0 7

2
The angles between successive values in this list differ by = radians, while the first and last roots differ by 27 —
n

0,) = sin 6, cos 6, — cos 6, sin 6,.

r
r—l[cos (01 — 6,) + isin (6; — 6,)].
2

2km + 60 .
+ 1 su

0+27T)
n b
+ 60+2n—1 60+2n—1
+ isin(9 n477')7 ...,\"/;(cos# + ising).

+
in 257 0), k=012 ...n- 1
n

6 + 2

+ isin

n

2

k)

2 n . . .
which also makes the angle between them = Also, the modulus of each root is \/;, placing it at that distance from the ori-

gin, on the circle with radius \/r.

65. False.If z = r(cos 0 + isin 0), then it is also true that z = r[cos (0 + 2nm) + isin (0 + 2nm)] for any integer n.

For example, here are two trigonometric forms for 1 + i:\/i(cos % + isin %), \/E(

66. True.i® = i2+i = —i,so0iis a cube root of —i.
b
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2 2 1 3
67. 2((:05% + isin—”) = 2(—— + l%) = -1+ \V3i

3
The answer is B.

68. Any complex number has # distinct nth roots,so 1 + i has five 5th roots. The answer is E.
7 7
69. \/E(cosz + isin Z) . \/E(cos—ﬂ- + isin —W)
4 4 4 4
7 7
= (\/E . \/E){cos(% + —W) + isin(z + —W)}

4 4 4
= 2(cos 27 + isin 2m)
=2
The answer is A.

70. (\/i)4 = [(\/;)2]2 =i = —1 # 1. The answer is E.

b
71. (a) a + bi = r(cos § + isin @), where r = Va*> + b*and § = tan™! (—) Then a + (—bi) = r'(cos § + isin@'), where
a

—b —b b
r"= Va*+ (—b)*and ' = tan! (—) Since /' = Va? + b*> = rand ¢ = tan™! (—) = —tan! (—) = —0, we have
a

a a
a — bi = r(cos (—0) + isin (—0))
(b) -7 = r[cos O + isin @] r[cos (—6) + isin (—6)]
= r’[cos @ cos (—8) + i (sin (—0))(cos 8) + i (sin 8)(cos (—0)) — (sin 8)(sin (—h))]
Since sin 6 is an odd function (i.e.,sin (—#) = —sin (#)) and cos 6 is an even function (i.e.,cos (—6) = cos 0), we have
z+Z = r’[cos’ @ — i(sin 0)(cos #) + i(sin @)(cos A) + sin’0]
r*[cos® @ + sin’@)]

z_ rlcos 6 + isin 6]

© Z  rfcos (=0) + isin (—0)]
= cos (20) + isin (20)

d)—z = —(a+ bi) = —a + (—bi) = r(cos § + isin @), where r = V(—a*) + (—b)* and § = tan™! (:—z) = tan”! (2)

a

=cos[0 — (—6)] + isin[6 — (—=0)]

Recall, however, that (—a, —b) is in the quadrant directly opposite the quadrant that holds (a, b) (i.e., if (a, b) is in
Quadrant I, (—a, —b) is in Quadrant III, and if (a, b) is in Quadrant II, (—a, —b) is in Quadrant IV). Thus,
—z=Va* + b (cos (0 + m) + isin (0 + 7)) = r(cos (6 + &) + isin(6 + )).

72. (a) |zl = V/(rcos 6)> + (r sin 0)>
= Vr?cost0 + rsin?0
= [r|Vcos?0 + sin’6 .

= Irl

() |z1 - 20| = |[ricos 6; + (rysin 6,)i] - [y cos 6, + (r, sin 6,)i]]
= |ryr, cos 6 cos 6, + (117, cos 0; sin 6,)i + (ryr, sin 0, cos 6,)i + (ryr, sin 0 u,)i?|
= |r1r2[cos 01 cos B, — sin 6y sin 6, + (cos 6 sin O, + sin O cos 02)i]|

= |r1r2[cos (6, + 6,) + (sin (0; + 02))i]|

= \/(rlrz)z[cos2 (6, + 6,) + sin® (6, + 6,)]
=V (rlr2)2
= |r1| : |r2|

= |z * |z by (a)
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73. Set the calculator for rounding to 2 decimal places. In (b),

use Degree mode.

(@) [E5TcZr*icost -4
MHising —mod il
#LCos (M S+ sind
b S )
. 4. 11+128. 114

(b) EreZisicozti300+
LEintl 3T CekiC

??§SBB}+L5ihiSBB
LdE-L 124

(©)

(2Ccosins30+i.sin
(o303

Hrzcosiizm- Hrssinlizm.-
T=3 W
¥=-.7071068 |v=.70710678

[~2.4,24] by [~1.6,16]

(b) Yes. 67/8, 107 /8, 147 /8

(¢) For the fifth and seventh roots of unity, all of the
roots except the complex number 1 generate the
corresponding roots of unity. For the sixth roots
of unity, only 277 /6 and 107 /6 generate the sixth
roots of unity.

(d) 27k /n generates the nth roots of unity if and only if &
and n have no common factors other than 1.

1
75. Using tan ™' (—) ~ (.62, we have

V2
V2 +i~\V3 (cos 0.62 + isin 0.62), so graph
x(t) = (\/5)[ cos (0.62r) and
y(t) = (V/3) sin (0.621).
Use Tmin = 0, Tmax = 4, Tstep = 1.
Shown is [—7, 2] by [0, 6].

[-7,2] by [0,6]

3 3
76. -1 + i = \/E(COSTW + isinTﬂ-), so graph

x(t) = (V2) cos (0.75m¢) and y(t) = (V2)'sin (0.7571)
Use Tmin = 0, Tmax = 4, Tstep = 1.

Shown is [—5, 3] by [-3, 3].

<7
Y

[-5,3] by [-3,3]

77. Suppose that z; = ry(cos 6, + isin 6,) and

78

79

80

81

by

.

b

.

2, = ry(cos B, + isin 6,). Each triangle’s angle at the ori-
gin has the same measure: For the smaller triangle, this
angle has measure 6,; for the larger triangle, the side from
the origin out to z, makes an angle of 6, with the x-axis,
while the side from the origin to z,z, makes an angle of

0, + 6,,s0 that the angle between is 6, as well.

The corresponding side lengths for the sides adjacent to
these angles have the same ratio: the two longest sides
have lengths |z;| = r (for the smaller) and |z,z,| = ryr,, for
a ratio of r,. For the other two sides, the lengths are 1 and
75, again giving a ratio of r,. Finally, the law of sines can be
used to show that the remaining side have the same ratio.

212

Y

Construct an angle with vertex at z,, and one ray from z,
to 0, congruent to the angle formed by 0, 1, and z;, with
vertex 1. Also, be sure that this new angle is oriented in
the appropriate direction: e.g., if z; is located “counter-
clockwise” from 1 then the points on this new ray should
also be located counterclockwise from z,. Now similarly
construct an angle with vertex at 0, and one ray from 0 to
Z,, congruent to the angle formed by 1, 0, and z;, with
vertex 0. The intersection of the two newly constructed
rays is z,2,.

The solutions are the cube roots of 1:

cos (%) + isin (%), k=0,1,2or

1 V31 V3,
1, ——+ —i,—=— —
2 2" 2 2

The solutions are the fourth roots of 1:
cos (%k) + isin (%k)k =0,1,2,30r—1,1,—i,i

The solutions are the cube roots of —1:
T + 27k o T + 2wk
cos|———— ) +isin|——— ],k =0,1,20r

3 3
1 V3 V3
B

2" 2

) i

N | =

Copyright © 2019 Pearson Education, Inc.



82. The solutions are the fourth roots of —1:
+ + 27k
COS(M) + isin(%), k=0,1,2,30r

4
VI, VA VA VA VB VR VR MVE
PR I R T R

83. The solutions are the fifth roots of —1:
+ +
COS(M) + isin(%zwk), k=20,1,2,3,4,or

5
-1, =~ 0.81 + 0.59,0.81 — 0.59, —0.31 + 0.95i,
—0.31 — 0.95i

84. The solutions are the fifth roots of 1:

COS(%) + isin(%), k=0,1,2,3,40r

1, ~ 031 + 0.95i, 031 — 0.95i, —0.81 + 0.59i,
—0.81 — 0.59i
H Chapter 6 Review
Lu—v=(2-4-1-2)=(-2,-3)
2.2u - 3w=(4-3-2+9) = (1,7)
Bju+v = VQ+42+ (-1+272=\V37
4 lw—2u=V{1-42+ (=3 +22=V10
5.u-v=8-2=6
6u-w=2+3=5
7.34B = 33 — 2,1 — (-1)) = (3,6);
|3AB| \/32+62=\/E=3\f5
8. AB + CD = (B-21- (1) + (1~ (-4),-5-2)
= (6, = 5); - V& + 52 = Vel
9. AC+BD = (-4 —2,2— (-1)) + (1 —3,-5— 1)
= (-8,-3); AC + BD|= V& +3=V73
10. CD — AB = (1= (4),-5-2) - 3-21- (-1))
= (4,-9); - V2 1P =97
11.(3@’ (-2.1) <21>_< 2 L>
| AB| Vepsr Vs V5 V5

2 @ AB (2,0) (2,0) (1. 0)
. (a = = = (1,
AB] V2Z2+0* 2
AB
(b) 3-—=-3(1,0) = (-3,0)
|BA|

b
For #13 and 14, the direction angle 0 of (a, b) has tan 6 = p
b
start with tan_l(;), and add (or subtract) 180° if the

angle is not in the correct quadrant. The angle between two vec-
tors is the absolute value of the difference between their angles; if
this difference is greater than 180°, subtract it from 360°.

3 5
13. (a) 9, = tan! (Z) ~ 0.64,0, = tan™! (E) ~ 1.19

(b) 6, — 6, ~ 055

14.

15.

16.
17.
18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

Chapter 6 Review 263

1
(@) 0, = 7 + tan" ! (—2) = cos™! (——) ~ 2.03,
V5
2
= -1 = I~
0, = tan (3) 0.59
(b) 6, — 6, ~ 145
(—2.5 cos 25°, —2.5 s5in 25°) ~ (—2.27,—1.06)
(—3.1 cos 135°, —3.1 sin 135°) = (1.55V/2, -155V/2)
(2 cos (—/4), 2 sin (-7 /4)) = (V2,-V?2)
(3.6 cos (3m/4), 3.6 sin (37/4)) = (-1.8V2,1.8V2)
1, —2% + (2n + 1)77-) and (—1, —2? + 2mr), n
an integer.

5 5
(2,% + (2n + 1)77) and (—2,% + 2mT),n
an integer.

(a)( ( ))z(—\/1_3,2.16)or

(\/_ 2 + tan” 1( %)) ~ (V13,530)

(b)(\/_ tan*(——)) (V13, —0.98) or
(—\/B,ﬂ--‘rtan’l(——)) (—V/13,2.16)

(¢) The answers from (a), and also

(\/_3w+tan*1(——)) (-V/13,8.44) or
(\/_4w+tan*1(——)) (V13,11.58)

(a) (—10,0) or (10, 7) or (—10, 27)

(b) (10, —7) or (—10, 0) or (10, 7)

(¢) The answers from (a), and also (10, 377) or (—10, 47)
(@) (5,0) or (=5, ) or (5, 2m)

(b) (=5, —m) or (5,0) or (=5, )

(¢) The answers from (a), and also (=5, 37) or (5, 4)

T 3
(a) (—2, 3) or (2, 7)

T T
(b) (2, - E) or (—2, E)

5
(¢) The answers from (a), and also (—2, —W)

T
2_
m(v)

3'77--i-tan1

le

1 3 1 3
= —=x+= =4+ 3(—-=x+=
t 5x 5,soy 4 3( X )
_ 3.
55
29 3
Line through (0, ?) with slope m = — 3

t=x—4,s0y=—-8—5x—4)=-5x+ 12,

1 = x = 9:segment from (1, 7) to (9, —33).

t=1y+ 1,s0x = 2(y + 1)’ + 3: Parabola that opens to
right with vertex at (3, —1).

Copyright © 2019 Pearson Education, Inc.



264 Chapter 6 Applications of Trigonometry

28. x> + y* = (3cost)? + (3sint)’ =
9 cos’t + 9sin’t = 9,50 x> + y* = 9: Circle of radius 3
centered at (0, 0).
In(x +1)
2
= Vx + 1: square root function starting at (—1, 0)

1
30. r = %,soy =In (\7;) =Inx'"® = glnx: the
logarithmic function, with asymptote at x = 0

31.m = 47(2)=9=§,s0Ax: 2 when Ay = 3.
3—-(-1) 4 2

One possibility for the parametrization of the line is:
x=2t+ 3,y=3t+ 4.

32.m = 51_7(_32) - 72,50Ax = 7when Ay = 2.
One possibility for the parametrization of the segment is:
x="T+5y=-2t+ 1,—1 =t = 0. Another possi-
bilityisx = 7t — 2,y = -2t + 3,0 =t = 1.

3B.a=-3,b=4z= VI +4=5

2= 5 e oot (2)] s oo (2]}

~ 5[cos (2.21) + isin (2.21)]

n(x+1) — o

29. x + 1 = &%, ,s0y = e?

301
35. 6 (cos 30° + i sin 30°) = 6(% +=i)=3V3+3i

2
3 1
36. 3 (cos 150° + isin 150°) = 3(— % + El)
= —15V3 + 15
4 A 1 V3
. 2. — 4isin—) =25 = - X1=;
37. 25(005 3 isin 3) 25( 5 5 ,)
= —125 — 125V/3i
38. 4 (cos 2.5 + isin2.5) =~ —3.20 + 2.39

7 7
39.3 - 3i = 3\/5 (COSTW + isin%).Other

. T .
representations would use angles e + 2nm, n an integer.

40. -1+ iV2 = \@{cos {cos*1 (— %H

+isin {eo{l (—L)H ~ V/3[cos (2.19) + isin (2.19)].

V3

Other representations would use angles 2.19 + 2nr,
n an integer.

41.3 - 5i= \V/34 {cos {tanf1 (— é)}

3

+ isin {tanf1 (— i) H
3
~ /34 [cos (—1.03) + isin (—1.03)]
~ \/3'_4[005 (5.25) + isin (525)]
Other representations would use angles ~ 5.25 + 2n,

n an integer.

5 5
42. -2 — 2i = 2\/5(005% + isinTTr). Other

. Sm .
representations would use angles e + 2nm, n an integer.

43. 7,z = (3)(4) [cos (30° + 60°) + isin (30° + 60°)]
= 12 (cos 90° + i sin 90°)
z21/z2 = = [cos (30° — 60°) + isin (30° — 60°)]

I

|
o

o

7]

(—30°) + isin (—=30°)]

(cos 330° + i sin 330°)

44. 7, z, = (5)(=2) [cos (20° + 45°) + isin (20° + 45°)]
= —10 (cos 65° + i sin 65°)
= 10 (cos 245° + i sin 245°)

5
21/7 = = [cos (20° — 45°) + isin (20° — 45°)]

= —2.5[cos (—25°) + isin (—25°)]
= 2.5 (cos 155° + isin 155°)

5
T L. 5 S .. 57

. — + — = — + —_—
45. (a) {3(005 1 isin 4)} 3 (cos 1 i sin 4)

= 243(005%7- + isin %T)
243\V2  243V2
2 2 !
46. (a) { (cos— + isin —)T =28 (cosz—ﬂ- + isinz—w)
12 12 3 3

2 2
= 256(005% + isin Tﬂ-)

(b) —

(b) —128 + 1283

[ S .. Sw\P 3 ..
47. (a) |5 cos == + isin—= = 57 (cos 57 + isin 57)
=125 (cos 7 + isin )

(b) =125 + 0i = —125

r 6
a a a a
. — +isin— )| =7° — + isin—
48. (a) _7(00524 zs1n24)} 7 (0054 zs1n4)

= 117, 649 (cos% + isin %)

117,649V2

L

117,649V/2 .\
2 2
For #49-52, the nth roots of r (cos § + i sin 6) are
2k + 2k +
\"/;((:0577-7(9 + zsinﬂ-ie),k =0,12,...,
n

n
n— 1.

49. 3 + 3i = 3\/5 (COS% + isin %), so the roots are

Y33 (COS 2k + /4 + 2k :— ’7T/4)
8k +1 8k +1
= %(COS% + zs1n%),

k=0,1,2,3:
8

1 —+
\/_( 0s zs1n16)

8 18 cos— + Ls1n9—7T)

16

(cos—+ in L7 )
16 ’

Y18 (cos— + isi 25#)
16

8

—
o0
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50. 8 = 8 (cos 0 + isin 0), so the roots are

+ +
\3/§(cos —2kﬂ- 0 + isin —21“7-3 0)

3

2k
—),k=0,1,2:
3 )7 9 9

2(cos0 + isin0) =2,

2 (cos— + Ls1n—)
2 (cos— + Ls1n—)

2k o
=2 COST + isin

51. 1 = cos 0 + isin 0, so the roots are

2k + 0 . 2km+ 0 2k o
cCoOS——— + isSiIn——— = cos—— + isIn
5 5 5

k=0,1,23,4:

.. 2 . 2w
cosO+zs1n0=1,cos?+zs1n?,
A iin T s T iin &
cos 5 i sin 5 , COS 5 i sin 5

cos 8m + isin 8m
2T 4 isinE
5 5

52. —1 = 1 (cos o + isin ), so the roots are
2k + . 2km+w
— +isin———
7Rk +1) . w2k +1)
08 ——— + isin——,
6 6
k=01,234,5

Cos

’7T+ .. T 7T+ L. T .
cos— + isin—,cos— + isin— = i
6 6’ 2 2 ’

S +is
COS —/—— 1 SIn
6 6

cos Sm + isin S
2T 4isin=2 =
2 2

T T o
—,COS— + isin

. 117 4 s T
—i, cos—— + [ sin —
6 6

y
PEe gty
7 N
’ \\
't 0.5F e
/
I
{ 1 1
|
\ 0.5
\
'Y L
N b
N 7
N s
\\ //
- —

53. Graph (b)
54. Not shown
55. Graph (a)
56. Not shown
57. Not shown
58. Graph (d)
59. Graph (c)
60. Not shown

61. x> + y* = 4 — acircle with center (0, 0) and radius 2
62. >+ 2rsinf = x> + y* + 2y = 0. Completing the

Chapter 6 Review
T
6 6’

11

265

square: x* + (y* + 1)> = 1 — acircle of radius 1 with

center (0,—1)

63. 7> + 3rcos @ + 2rsinf = x* + y?

. 3\? , 13
Completing the square: | x + 5 +(y+ 1) = T

— a circle of radius

[~10, 10] by [~10, 10]

5
66. r = —— = S5sec
C

0s 0

|

[~10, 10] by [~10, 10]

Copyright © 2019 Pearson Education, Inc.

3 3
with center (— > —1)

+ 3x + 2y = 0.

3
64. 1 — =1—-—=0=x—-3=0,x=3 — avertical
r cos 6 X
line through (3, 0)
—4
65. r = — = —4csch
sin 6
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67. (rcos® — 3)>+ (rsinf + 1)> = 10, so0
r*(cos®> @ + sin’ ) + r(—6.cos§ + 2sin9) + 10
= 10,orr = 6¢cosf — 2sinf

P

[-3, 9] by [-5, 3]

4

. 2 — 3rsi =4 r=—
68. 2r cos 0 rsin 6 , T 2 cost — 3sind

l
A

[~4.7,4.7] by [-3.1,3.1]

69.

[-7.5,7.5] by [-8, 2]

Domain: (— o0, 00)

Range: [-3,7]

Symmetric about the y-axis
Continuous

Bounded

Maximum |r| value: 7

No asymptotes

N

[-12, 6] by [-6, 6]

Domain: (— oo, 00)

Range: [0, 8]

Symmetric about the x-axis
Continuous

Bounded

Maximum |r| value: 8

No asymptotes

71.

[-3, 3] by [-2.5, 1.5]

72.

73.

Domain: (-0, 00)

Range: [-2,2]

Symmetric about the y-axis
Continuous

Bounded

Maximum |r| value: 2

No asymptotes

.
g

[~2.35,2.35] by [~1.55, 1.55]

. T 3w
Domain: {0, 2} U |:’7T, > }
Range: [0, \/5]
Symmetric about the origin
Bounded
Maximum |r| value: V2
No asymptotes

r

@ r=asech = =a=rcos =a=x=a.
sec 0
(b)r = bcsch = 4 =b=rsinf=>b= y=>b.
csc
() y=mx+ b = rsinf = mrcosf + b =
b

inf — 0)=b=>r=—"".
r(sin m cos ) " sin @ — m cos 6

The domain of r is any value of 6 for which
sinf # mcos = tanf # m = 6 # arctan (m).

A
/|

[-9,2] by [-6,6]

(d)

74. (a) v = 540 (sin 80°, cos 80°) =~ (531.80, 93.77)

(b) The wind vector is w = 55 (sin 100°, cos 100°)
~ (54.16, —9.55). Actual velocity vector:
v+ w= (585.96,84.22). Actual speed: |v + w||

~ V585.96% + 84.22% ~ 591.98 mph. Actual

585.96 .
i ) ~ 81.82°.

bearing: tan™! (

75. (a) v = 480 (sin 285°, cos 285°) ~ (—463.64, 124.23)

(b) The wind vector is w = 30 (sin 265°, cos 265°)
~ (—29.89, —2.61). Actual velocity vector:
v + w =~ (—493.53,121.62). Actual speed: |[v + w|

~ /493532 + 121.62% ~ 508.29 mph. Actual

ﬂ) ~ 283.84°.

: . o 4 -1
bearing: 360 tan (121.62

76. F = (120 cos 20°, 120 sin 20°) + (300 cos (—5°),

300 sin (—5°)) ~ (411.62, 14.90), so

|F| ~ V411.62> + 14.90> ~ 411.891b and

14.90
— -1 ~ o
6 = tan (411.62)N2'O7'
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77.

78.

79.

80.

81.

82.

83.

84.

16° F, Force to keep car from
/‘% going downhill
F, F,
e 3000 F, Force perpendicular to
the street
(a) F; = —3000 sin 16° =~ —826.91, so the force required
to keep the car from rolling down the hill is approxi-
mately 826.91 pounds.
(b) F, = —3000 cos 16° ~ —2883.79, so the force perpen-
dicular to the street is approximately 2883.79 pounds.

Fo 36 (3,3) (108, 180)
V3+s
: an -— 108
Since AB = (10,0),F- AB = (10)(—) 10
V34
= @ ~ 185.22 foot-pounds.
V34

(@) h = —162 + vyt + s, = —16¢2 + 245t + 200

(b) Graph and trace: x = 17and y = —16£* + 245t + 200
with 0 = ¢ = 16.1 (upper limit may vary) on [0, 18]
by [0, 1200]. This graph will appear as a vertical line
from about (17, 0) to about (17, 1138). Tracing shows
how the arrow begins at a height of 200 ft, rises to
over 1000 ft, then falls back to the ground.

(¢) Graph x = tand y = —16¢% + 245t + 200 with
0 =t = 16.1 (upper
limit may vary).

(d) Whent = 4, h = 924 ft.

(e) When t =~ 7.66, the
arrow is at its peak:
about 1138 ft.

(f) The arrow hits the
ground (k2 = 0) after about
16.09 sec.

[0, 18] by [0, 1200]

T . T .
= e = + R
x = 35 cos (10 t), y = 50 + 35sin (10 t), assuming
the wheel turns counterclockwise.
2 2
x = 40 sin (% t), y = 50 — 40 cos (1—757- t),assuming
the wheel turns counterclockwise.
x = —40 sin (% t), y = 50 + 40 cos (% t), assuming

the wheel turns counterclockwise.

)

[-7.5,7.5] by [-5, 5]

(b) All 4’s should be changed to 5’s.
x = (66 cos 5°)tand y = —16¢> + (66 sin 5°)t + 4.
y = Owhent = 0.71 sec (and also when t =~ —0.352,

but that is not appropriate in this problem). When
t = 0.71 sec, x =~ 46.75 ft.

Chapter 6 Review 267

85. x = (66 cos 12°)tand y = —16¢% + (66 sin 12°)¢ + 3.5.
y = 0 when t = 1.06 sec (and also when t ~ —0.200,
but that is not appropriate in this problem). When
t =~ 1.06 sec, x = 68.65 ft.

86. x = (70 cos 45°)t and y = —16¢% + (70 sin 45°)¢. The
ball traveled 40 yd (120 ft) horizontally after about
2.42 sec, at which point it is about 25.96 ft above the
ground, so it clears the crossbar.

87. If we assume that the initial height is O ft, then
x = (85cos 56°)t and y = —16¢> + (85 sin 56°)z.
[If the assumed initial height is something other than
0 ft, add that amount to y.]

(a) Find graphically: The maximum y value is about
77.59 ft (after about 2.20 seconds).
(b) y = Owhen ¢t = 4.404 sec
88. x = (vycos 30°) and y = —16¢2 + (vysin 30°)¢ + 2.5.
vy must be (at least) just over 125 ft/sec. This can be

found graphically (by trial and error), or algebraically: the

ball is 400 ft from the plate (i.e., x = 400) when
400  800/\/3
v, cos 30° Vo

. Substitute this value of ¢ in

the parametric equation for y. Then solve to see what value

of vy makes y equal to 15 ft.
800 800

2
—16( ) + vysin 30"( ) +25=15
\/51)() \/gv(,

—16(640,000) 4 400

— =125
305 V3
—16(640,000) 40003 5
+ = 12.51)()
3 V3
—16(640,000 400
—16640000) _ vﬁ(u.s - —
3 V3
—16(640,000) 5
oy "
3(12.5 - —)
\V3
+125 = v,

The negative root doesn’t apply to this problem, so the
initial velocity needed is just over 125 ft/sec.

89. Kathy’s position: x; = 60 cos (% t) and

y; = 60 + 60 sin (%I)

Ball’s position:

X, = —80 + (100 cos 70°) and

y, = —166% + (100 sin 70°)¢

Find (graphically) the minimum of

d(1) = V(x; — x2)% + (y1 — y2)>. It occurs when

t = 2.64 sec; the minimum distance is about 17.65 ft.
90. x = (20 cos 50°)t and y = —16> + (20 sin 50°)¢ + 5.

y = 0whent = 1.215 sec (and also when r = —0.257,

but that is not appropriate in this problem). When

t = 1.215sec, x = 15.62 ft. The dart falls several feet

short of the target.

Copyright © 2019 Pearson Education, Inc.
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Chapter 6 Project

Answers are based on the sample data shown in the table.
1.

4. The distance and velocity both vary sinusoidally, with
the same period but a phase shift of 90° — like the x- and
y-coordinates of a point moving around a circle. A scatter
plot of distance versus time should have the shape of a

[-0.1,21] by [0, 1.1]

2. Sinusoidal regression produces
y = 0.28 sin(3.46x + 1.20) + 0.75 or, with a phase shift
of 27, y = 0.28 sin (3.46x — 5.09) + 0.75
= 0.28 sin (3.46(x — 1.47)) + 0.75.

[01,21]by[-L1,11]

The curve y = 0.9688 cos (3.46(x — 1.47)) closely fits the
data.

circle (or ellipse).

[0,1.1]by [-L.1,11]

N
N/

[0,1.1]by [-L.1,11]
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Chapter 7

Systems and Matrices

Section 7.1 Solving Systems of Two Equations 269

B Section 7.1 Solving Systems of Two
Equations

Exploration 1
1. /_P
[0,10] by [-5,5]

1L L
/7 I

Inkersgckion Inkersgckion
W= BEBEZEEN V=1.2424008 W=.F1l165371 V=~ F40l6zE

[0,10] by [-5,5]

[0,10] by [-5,5]

3. The function In x is only defined for x > 0, so all
solutions must be positive. As x approaches infinity,
x> — 4x + 2is going to infinity much more quickly than
In x is; and hence will always be larger than In x for
x-values greater than 4.

Quick Review 7.1

1.3y =5—-2x
_3_2
YT37 3"
2.x(y+1)=4
4
+1=—
y+1 x,x#O
4
y=—-1
X

_ —5+V57 - 4(2)(-10)
4
 =5+V105
4
=54+ V105 -5 — V105

4 4
3

4x =0
2-4)=0
=0

X =2, x= -2

6. X+ x*=-—6x=0

x=0,x=-3,x=
4 4
Tm=—-——y—2=——(x+1
m b s(x+1)
YT TS TS
—4x +
= al ordx + S5y =
5
5 5
= — — = — +
8. m 7 Y 2 4(x 1)
5 5
=>x +>+
yEgrhgr?

9. —2(2x + 3y) = =2(5)
—4x — 6y = —10

10. ; T

=

-'r ~
L
1 -
Intersection Interseckion
M= | v=-y Bz | v=0
[4, 4] by [-8, 6] [4, 4] by [-8, 6]

e

III_.-'_"-\. .-"'r g .'Ill
L

Interseckion
n=e |

¥y
[4,4] by [-8, 6]

Section 7.1 Exercises
1. (a) No: 5(0) — 2(4) # 8.
(b) Yes: 5(2) — 2(1) = 8and2(2) — 3(1) = 1.
(¢) No: 2(-2) — 3(-9) # 1.
2. (a) Yes: -3 =22—-6(2) + 5and -3 =2(2) — 7.
(b) No: —5 # 12 — 6(1) + 5.
(c) Yes: 5=6>—6(6) + 5and 5 = 2(6) — 7.
In #3-12, there may be more than one good way to choose
the variable for which the substitution will be made. One

approach is given. In most cases, the solution is only shown up
to the point where the value of the first variable is found.

3. (x,y) = (9,—2): Since y = —2,we have x — 4 = 5,
sox = 0.

4. (x,y) = (3,—17): Since x = 3, we have 3 — y = 20,
soy = —17.
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270 Chapter 7 Systems and Matrices

5. (x,y) = (=3,2): x = (5y — 16)/2,s0
1.5(5y — 16) + 2y = =5,0r 9.5y = 19,s0y = 2.
1
6. (x, ) (_E’ ) x =By —17)2,

s02(3y — 7) + 5y = 8,orlly = 22,50y = 2.
3 2
7= (-22) -

23
so2x + 3x = =23, 0orx = 5
50 10
8. (x, y) = (7, —7) y = 20 — 3x,

50
sox — 2 (20 — 3x) = 10,0r 7x = 50,s0 x = =

9. No solution: x = 3y + 6,50 —=2(3y + 6) + 6y = 4,

or —12 = 4 — not true.
10. There are infinitely many solutions, any pair (x, 3x + 2):
From the first equation, y = 3x + 2,50 —9x +
3(3x + 2) = 6,0or 6 = 6 — always true.
(x, y) = (£3,9): The second equation gives y = 9,
so, x> = 9,0r x = £3.
(x,y) = (0,=3)or (x,y) = (4,1): Since x = y + 3,
we have y + 3 — y> = 3y,or y> + 2y — 3 = 0.
Therefore y = =3 ory = 1.

(x,y) = (—%,%) or (x,y) = (%7§)
el
3

values into y = 6x%

14. (x,y) = (—4,28) or (x,y) = (%, 15):

11

.

12

.

13

b

Substitute these

2x>+ 3x —20=0,s0x = —4orx =

ST

Substitute these values into y = 2x? + x.

(x,y) = (0,0) or (x,y) = (3,18): 3x> = x*,sox = O or
x = 3. Substitute these values into y = 2x°

15

b

16. (x,y) = (0,0) or (x,y) = (=2,—4): ¥ + 2x> = 0,50
x = 0or x = —2. Substitute these values into y = —x%
-1 +3Vv89 3 + V8
17. (x,y) = ( 9, 9) and
10 10
-1 -3VvV89 3 — V&9
( 10 X 10 ):x—3y= —l,sox =3y + 1.

Substitute x = 3y + linto x> + y?> = O:
By — 1) + y* = 9=10y*> — 6y — 8 = 0. Using the
3+ V89

quadratic formula, we find that y = 0

(52 4+ 7V8T71 91 — 4V8T1
(x7 y) - ( 65 > 65 )
~ (3.98,—-0.42) or
(x,y) = (52 —7V871 91 + 4\/871)

65 ’ 65

18

&

1
~ (—2.38,3.22): E(B — 7y)* + y* =16, s0

1
65y° = 182y = 87 = 0.Then y = (91 & 4V/871).

1
Substitute into x = Z(B — 7y) to get

= % (52 F 7V/871).

In the following, E; and E, refer to the first and second
equations, respectively.

19. (x,y) = (8,—2): E; + E,leaves 2x = 16,
sox = &

20. (x,y) = (3,4): 2E; + E,leaves 5x = 15,
sox = 3.

21. (x,y) = (4,2): 2E; + E,leaves 11x = 44,
so x = 44.

22. (x,y) = (=2,3): 4E, + 5E,leaves 31x = —62,
sox = —2.

23. No solution: 3E; + 2E, leaves 0 = —72, which is false.

1
24. There are infinitely many solutions, any pair (x, X~ 2):

E, + 2E, leaves 0 = 0, which is always true. As long as
(x, y) satisfies one equation, it will also satisfy the other.

2 5
25. There are infinitely many solutions, any pair (x, 3~ g)

3E, + E,leaves 0 = 0, which is always true. As long as
(x, y) satisfies one equation, it will also satisfy the other.

26. No solution: 2E; + E,leaves 0 = 11, which is false.

27. (x,y) = (0,1) or (x,y) = (3,-2)

28. (x,y) = (1.5,1)

29. No solution.

30. (x,y) = (0,—4) or (x,y) = (£V/7,3) ~ (£2.65,3)

31. One solution.

7t

[-5,5] by [5, 5]

32. No solution.

-

[-5,5] by [-5, 5]

33. Infinitely many solutions.

A\

[-5,5] by [-5, 5]
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34. One solution.

%

[4.7.47]by[3.1,31]

35. (x,y) = (0.69, —0.37)

N

N

-5,5]by [-5, 5]

36. (x, y) ~ (1.13,127)

37. (x,y) =

38. (x, y)

39.

s

\//( N

—5,5] by [~

232, 316) or (0.47, —1.77) or (1.85,—1.08)

]
A1

=5,

5]
(—0.70, 240) or (5.70, 10.40)

SN

[-9,11] by [—10, 14]

(x,y) = (=1.2,1.6) or (

2,0)

o

[-3,3] by [-3,3]

Section 7.1 Solving Systems of Two Equations 271

40. (x,y) = (—12,-1.6) or (2,0)

e

[47.47]by[3.1,31]

41. (x,y) = (2.05,2.19) or (—2.05,2.19)

!

[—4,4] by [-4,4]
42. (x,y) = (2.05, -2.19) or (—2.05, —2.19)

5%

[—4,4] by [-4,4]
43. (x, p) = (3.75,143.75): 200 — 15x = 50 + 25x, so
40x = 150.
4. (x, p) = (130,59): 15 — 0.07x = 2 + 0.03x, so
0.10x = 13.
45. (a) The following is a scatter plot of both the

Philadelphia and Phoenix data where x is the number
of years past 1980.

o

Inkgrseckion
W=IE.BEB0EE  Y=1EEP. z083

[—5,40] by [—500,2000]

The linear regression equation for Philadelphia is
~ —3.62x + 1645.64.

The linear regression equation for Phoenix is
y =~ 22.41x + 794.77.

(b) Graph the two linear equations and on the same axes
and find the point of intersection. The two curves
intersect at x ~ 32.69. Another graphical solution
would be to find where the graph of the differences of
the two curves is equal to 0.

Algebraic solution:

Solve —3.62x + 1645.64 = 22.41x + 794.77 for x.
—3.62x + 1645.64 = 22.41x + 794.77

26.03x = 850.87

850.87
=260 32.69

The population of both cities was about 1.53 million
around 2013.
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46. (a) The following is a scatter plot of both the

San Antonio and San Diego data where x is the
number of years past 1980.

Inkgrseckion
W=7 1651z ¥=1z84.6289

[—5,40] by [—500,2000]

The linear regression equation for San Antonio is
y =~ 19.60x + 762.18.

The linear regression equation for San Diego is
y =~ 13.75x + 921.10.

(b) Graph the two linear equations and on the same axes
and find the point of intersection. The two curves
intersect at x =~ 27.17. Another graphical solution
would be to find where the graph of the differences of
the two curves is equal to 0.

Algebraic solution:
Solve 19.60x + 762.18 = 13.75x + 921.10 for x.
19.60x + 762.18 = 13.75x + 921.10
5.85x = 158.92

_ 158.92

5.85

The population of both cities was about 1.29 million
around 2007.

~ 2717

47. In this problem, the graphs are representative of the pop-

ulation (in thousands) of the states of Florida and Indiana
for several years, where x is the number of years past
1980.

(a) The linear regression equation is y ~ 302.09x + 9835.4.
(b) The linear regression equation is y =~ 35.15x + 5372.
(¢) Graphical solution: Graph the two linear equations
y = 302.09x + 9835.4 and y = 35.15x + 5372 on the
same axes and find the point of intersection. The two
curves intersect at x ~ —16.7.
The population of the two states was the same in the
year 1963.

e

X = -16.7206)1_Y = 4784.2705
[-30, 40] by [-5000, 25000]

Another graphical solution would be to find where
the graph of the differences of the two curves is equal
to 0.
Algebraic solution:
Solve 302.09x + 9835.4 = 35.15x + 5372 for x.
302.09x + 9835.4 = 35.15x + 5372
266.94x = —4463.4

44634

¥ = Seeoa 167

The population of the two states was the same in the
year 1963.

48.

49.

50.

51

.

52

.

53.

54.

55.

56.

57.

(a) None: The line never crosses the circle.
One: The line touches the circle at only one point—
a tangent line.
Two: The line intersects the circle at two points.
(b) None: The parabola never crosses the circle.
One, two, three, or four: the parabola touches the
circle in one, two, three, or four points.
200 = 2(x + y) and 500 = xy. Then y = 100 — x,
50 500 = x(100 — x), and therefore x = 50 + 20V/5,
and y = 50 F 20V/5. Both answers correspond to a
rectangle with approximate dimensions 5.28 m X 94.72 m.
220 = 2(x + y) and 3000 = xy. Then y = 110 — x,
50 3000 = x(110 — x), and therefore x = 50 or 60.
That means y = 60 or 50; the rectangle has dimensions
50yd X 60 yd.

If r is Hank’s rowing speed (in miles per hour) and c is

24
the speed of the current, %(r —¢)=1and

13 5
%(r + ¢) = 1. Therefore r = ¢ + > (from the first

13 5
equation); substituting gives 0 (2(: + E) =1,s0
60 5 55 55 .
2c = B 2" 2% andc = 5" 1.06 mph. Finally,
5 185
=c+>=—~r3. :
rscts=73,; 3.56 mph

If x is airplane’s speed (in miles per hour) and y is the
wind speed, 44(x — y) = 2500 and 3.75(x + y) = 2500.
Therefore x = y + 568.18; substituting gives

3.75(2y + 568.18) = 2500, so 2y = 98.48, and

y = 49.24 mph. Finally,x = y + 568.18 = 617.42 mph.

m+ € =174and € = m + 0.16,s0 2m + 0.16 = 1.74.
Then m = $0.79 (79 cents) and € = $0.95 (95 cents).

p+ c=5and238p + 637c = 3.92 - 5. Then
2.38(5 — ¢) + 6.37c = 19.60, 50 3.99¢ = 7.7. That means

7.7
c= 399 ~ 1.931b of cashews and p = 5 — 1.93 = 3.07 1b

of peanuts.

4= —a+ band6 = 2a + b,sob = a + 4 and

6 = 3a + 4.Thena=§andb=%.

2a — b = 8and —4a — 6b = 8,s0 b = 2a — 8 and
8 = —4a — 6(2a — 8) = —16a + 48. Then
=@=§andb: -3.
16 2

(a) Let C(x) = the amount charged by each rental
company, and let x = the number of miles driven
by Pedro.

Company A: C(x) = 40 + 0.10x
Company B: C(x) = 25 + 0.15x
Solving these two equations for x,
40 + 0.10x = 25 + 0.15x
15 = 0.05x

300 = x
Pedro can drive 300 miles to be charged the same
amount by the two companies.
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(b) One possible answer: If Pedro is making only a short
trip, Company B is better because the flat fee is less.
However, if Pedro drives the rental van over 300 miles,
Company A’s plan is more economical for his needs.

58. (a) Let S(x) = Stephanie’s salary, and let x = total sales
from household appliances sold weekly.

Plan A: S(x) = 300 + 0.05x
Plan B: S(x) = 600 + 0.01x
Solving these equations, we find:
300 + 0.05x = 600 + 0.01x

0.04x = 300

x = 7500

Stephanie’s sales must be exactly $7500 for the plans
to provide the same salary.

(b) One possible answer: If Stephanie expects that her
sales will generally be above $7500 each week, then
Plan A provides a better salary. If she believes that
sales will not reach $7500/week, however, Plan B will
maximize her salary.

59. False. A system of two linear equations in two variables
has either 0, 1, or infinitely many solutions.

60. False. The system would have no solutions, because any
solution of the original system would have to be a solu-
tion of 7 = 0, which has no solutions.

61. Using (x,y) = (3,-2),
2(3) — 3(=2) = 12,
34+ 2(=2)=-1.
The answer is C.
62. A parabola and a circle can intersect in at most 4 places.
The answer is E.

63. Two parabolas can intersect in 0, 1,2, 3, or 4 places, or
infinitely many places if the parabolas completely
coincide. The answer is D.

64. When the solution process leads to an identity (an equa-
tion that is true for all (x, y)), the original system has
infinitely many solutions. The answer is E.

2 2

x>y
65. @ T+ =1
9x? + 4y? = 36

4y? = 36 — 9x?

y2736—9x2

4

y = %\/4—x2,y = —%\/4—){2
; §<
;}\
[=3,3] by [-4,4]
(x,y) = (—1.29,2.29) or (1.91, —0.91)

Section 7.2 Matrix Algebra 273

(—1.29  (2.29)?
© — 5 ~ 09987 ~ land
(—=1.29) + (2.29) = 1, so the first solution checks.
(L91)> (=091 Lood ~ 1 and
2 5 ~ 1.004 ~ 1 an
(1.91) + (=0.91) = 1, so the second solution checks.
2y
. ===
66. (a) 7779
—9x% + 4y* = =36
4y2 = 9x> — 36
) 9x? — 36
Y 4

y=%\/x2—4,y=—%\/x2—4

(b) \

Interseci [
X=2, 2816 [ Y =2)%832816

[9.4,9.4] by [-6.2, 6.2]

(x,y) = (2.68,2.68) or (—2.68, —2.68)

(2.68)*  (2.68)° (=2.68)* (—2.68)°
) 3 9 4 9

~ 0.9976 =~ 1, so both solutions check.

67. Subtract the second equation from the first, leaving

(c

10
=3y = —10,0ry=?."Ihenx2= —— =—,50

68. Add the two equations to get 2x> = 2,s0 x*> = 1, and
therefore x = +1. Then y = 0.

69. The vertex of the parabola R = (100 — 4x)x
= 4x(25 — x) has first coordinate x = 12.5 units.

70. The local maximum of R = x(80 — x*) = 80x — x°
has first coordinate x ~ 5.16 units.

M Section 7.2 Matrix Algebra

Exploration 1

La;=31)—-(1)=2 Seti=j=1.
ap=31)—-(2)=1 Seti=1j=2.
ay =3Q2) - (1)=5 Seti=2j=1
ap =3Q2) - (2)=4 Seti=j=2.

2
5

-1 2
B = .
{ 2 5}
2. The additive inverse of A is —A and

=3 7l

et b A I B R

The order of [0]is 2 X 2.

1
So, A = { 4}. Similar computations show that
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274 Chapter 7 Systems and Matrices
21 -1 2
3{5 4} - 2{ 2 5}
7{6 3}_{—2 4}_{8 —1}
s 12 4 10] (11 2

Exploration 2
L det (A) = —apay as + a3 ay az + ay axy as

3.3A - 2B

T ay130p a3 T Ay (3 A3 t Ay 3 a3
Each element contains an element from each row and
each column due to a definition of a determinant.
Regardless of the row or column picked to apply the defi-
nition, all other elements of the matrix are eventually fac-
tored into the multiplication.

ap  app a3
_ 2
2 |ay  ayp axp| = ap(—1)

azy  asy  asz

ay a3

az  ds3

ay a3 ay  dxp
+ ap(-1) + aj(—1)*

asy asp  as

= ayy (anax — axpaxp) — ap (ay as; — ax; as)

+ aiz(ay azn — ay as)

= anapa; T a1 a3 an T dpdaz toap a3 az
a3 dpy Az — aj3 A A3y

The two expressions are exactly equal.

Recall that A;;is (—1)' * /M;; where M;; is the determi-

nant of the matrix obtained by deleting the row and col-

umn containing a;;. Let A = k X k square matrix with

zeros in the ith row. Then: det(A) =

@

app  dap ayk
a1 axp (57
ith row — )
0 0 0
(S %) (93

=0'Ail+0'Ai2+"'
=0

+0-Ag=0+0+ - +0

Quick Review 7.2

1. (a) (3,2)
(b) (x,—y)

2. (a) (-3,-2)
(b) (—x,y)

3. (a) (-2,3)
(b) (v, x)

4. (a) (2,-3)
() (=y,—x)

5. (3 cos 6,3 sin )
6. (r cos 6, rsin )
7. sin (e + B) = sina cos B + cos asin B

8. sin (@ — b) = sina cos B — cos a sin B

9. cos (a + B) = cos acos B — sin a sin

10. cos (@ — B) = cos acos B + sin a sin

Section 7.2 Exercises
1. 2 X 3; not square
2. 2 X 2; square
3. 3 X 2; not square
4. 1 X 3; not square
5. 3 X 1; not square
6. 1 X 1; square

7. a5 =3
8. ay=-1
9. azp = 4
10. ay; = —1
[ 3 0
11.
(@) 3 J
(1 6
(b) B 9}
6 9
© | 3 15}
2
(d)2A — 3B = 2{_1
[ 4 6} 3 { 3
-2 10 -6
1 1
12. (a) | 3 1 1
6 -3
-3 -1 2
(b) 5 1 -3
-2 3 2
-3 0 6
(¢)| 12 3 -3
6 0 3
-1

@24 -3B=2

-2 0
= 8 2
L 4 0
(-8 -3
=11 2
-8 9
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4
2
4
-2
2

4
-8
5

3
5

—12

oS = O

2
-1|-3

1

6 3
-3 0
12 -9

|-
-

1
4

-3
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11 [ —37]
13.a) | 2 0 15. (a) | 1
-1 0 | 4]

- _ F

b)y| 2 -2 ()| 1

L 5 2 | L —4 |

f—9 37 [ 6]

(c) 0 -3 @] 3

6 3 L 0]

B -3 1 4 0 2] -1 -
@24-3B=2] 0 —-1|-3 -2 1 @24-38=2[ 1|-3 o=
2 1 -3 -1 0] 4

N S H 16 @[0 0 —2 3]
] b)[—2 -4 2 3]
7 -5 2 1
®| 5 o5 4} ©[-3 -6 0 9
] 24-3B=2-1 -2 0 3]-3[1 2 -2 0]
©| B —693} =[-2 =4 0 6]-[3 6 —6 0
-3 0 6 6 =[-5 -10 6 6]
(d)2A—3B:2{_i _(2) ; ﬂ
_3{—2 3001 o}
4 0 -1 -2
10 -4 6 2}
-2 0 4 4

-6 9 3 0}
12 0 -3 -6

[ 16 =13 3 2
T l-14 0 7 10}

[ OM+E2) O3+ O] _[ —4 -8
@ AT Cha) + 602 (—1)(—3>+(5>(—4>} {—11 —17}
W@+ EHE) () + (G _[5 -1
® BA=| )@ + (—a(-1) (—2)(3)+(—4>(5J {o —26}
TG + (-H(=2) D)+ (H=3)] _[13 13
18- @ AB=1"0)5) + 6)(-2) (2)(1)+(6>(—3J {—2 —16}
[ eOm+mR) G+ MO _[ 7 14
® BA= Coya) + (-3 (—2)(—4)+(—3)(6>} {—8 —10}
OO +OE) MO @)+ O +ME)] [ 2 2
B @ AB=1 1)) + @(=3) + (=3)0) (1)(2)+(4>(1)+(—3>(—2>} {—11 12}
[ W@+ @0 0+ @@ 1A + @)(=3) 48 -5
) BA=| (=3)@) + (1) (=3)0) + (@) (=3)(1) + (1)(-3) -
LOQ@) + (-2(1)  O)0) + (@) ©OO) + (-(=3)] [-2 -8 6
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20. (a) AB = [(DG) + (0)(0) + (=2)(=1) + B)@) ()(=1) + (O)2) + (=2)(3) + (3)(2)} _ {19 —1}
L2)G) + (1HO) + H(=D + (=D)#) O)(=1) + (1)(2) + (HB) + (D) 2 10

G)D) + (=D@)  5)(O) + (=D(D) G)(=2) + (=D& G)B) + (=1)(-1) 3.-1 -4

(b) BA = OMD + @@ OO)+ @)D  O=2)+ )@  OE) + (2)(-1) 4 2 8
(=DM + ()2 =HO) + O)D) (=D)(=2) + )& (=DHE) + 3)(-1) 5.3 14

L O +@@)  HO)+O)1) H(E=2)+ )@  HE) + (2)(-1) 8 2 0

21. (@) AB = | (H(2) + (D(-D + (=D& H(A) + (1)) + (=1)(=3) () + (1)(2) + (=D(-1)
L Q@+ OE)+ M@ @)) + 0)O0) + (D)(=3)  2)(O0) + (0)2) + (1)(-1)

(6 -7 —2
={3 7 3
18 -1 -1

@)D + (1) + OO) 2)(0) + (D)D) + (0)0) @)@ + )(-1) + (0)(1)}

[(=D@) + OD + @) (=DD) + (0)(0) + @)(=3) (=1)(0) + (0)(2) + (2)(—1)}

b) BA=| (=) +O®H + 22 DO+ O)D) +(2)(0) (D) + (O)(=1) + (1)
LAED + (3@ + (DR $(0) + (=3)D) + (=1)(0) H2) + (=3)(-1) + (=D(D)

2 1 3
= 5. 0 0
| -18 -3 10
[(=2)@) + (3)(0) + (0)(=1) (=2)(=1) + 3)(2) + (0)(3) (=2)(2) + 3)3) + (0)(—1)}

22. (@ AB = | (H#H + (=2)(0) + H(=1) DD + (=2)(2) + HB) (D2) + (=2)3) + (D(-1)
L O@W+ 0 +MED  B)ED+ @) +(MHE) (G +@)G) + (1H(=1)

(-8 8 5
= 0 7 -8
L 11 4 11

[ @)+ DM+ @B) DB+ (D2 + Q) #0) + (D@ + (1)
(b) BA = 0)(=2) + 2)(1) + 3)(3) 0)3) + (2)(=2) + 3)(2) 0)(0) + (2)(4) + (3)(1)
LCD(E2) + )M + (=DB)  (=D)B) + 3)(=2) + (=D(2) (=1)() + (3)4) + (=1)(1)
(-3 18 -2
= 11 2 11
L 2 —-11 11
23. (a) AB = [2)(=5) + (=)@ + 3)(2)] = [-8]
(=902 5D H3)| [-10 5 -15
b BA=| H2) @D @) |=| 8 -4 1
L @) @EH @) 4 -2 6
[(=2(-1) (2@ (2@ | [ 2 -4 —8}
24. (a) AB = 3)(-1) 3)(2) 3)4) |=1] -3 6 12
L(=H(-D) (HQ2) (v | 4 -8 -16
(b) BA = [(-1)(=2) + 2)(3) + (4)(-4)] = [-8]
25. (a) AB isnot possible.

() BA = [(=3)(-1) + (5)(3) (-3)2) + (5)(4)] = [18 14]
)G + ()2 (~1)(=6) + B)B) 15
| oe+me OEn+0e) || 2 3
B-@AB=1 )5+ @ 1)=6) + 0)0) 5 -6

(=3)(5) + (=D(@) (=3)(=6) + (=DH(3) =17 15
(b) BA is not possible.
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O)D) + (0)2) + M(=1)  (O) + (O)©0) + (MHB) (O)1) + (0)(1) + (D(4) -1 3 4
27. (@) AB = | (0)(1) + (D) + (0)(=1) (0)2) + (D(O) + (0)3) OYD) + (MH(A) + (O)&H | =] 2 0 1
LD@) + (0)2) + O)(=1) (1)) + (0)(0) + (OHB) (H(A) + (O)1) + (0)(4) 21
(D) + (2)(0) + M(@)  MDO) + 2)(1) + (DO) (D)D) + (2)(0) + (1)(0) L2 1
(k) BA =1 (2)(0) + 0)O0) + (D)  2)O) + O)1) + (1)O)  @)(D) + (O)0) + (1)(©O) | =1 0 2
L(=DO) + 3)(O0) + (D)  (=1)(O) + B)(1) + (4)(0) (=1)(1) + B)(0) + (4)(0) 4 3 -1
[ 0+0-340 0+0+2+0 0+0+1+0 0+0+3+0 -3 2 1 3
2. @ aB<| OFT2TOH0 0414040 040+040 0-14+0+40| | 2 1 0 1]
~1+0+0+0 2+0+0+0 3+0+0+0 —4+0+0+0 -1 2 3 —4
L 0+0+0+4 0+0+0+0 0+0+0+2 0+0+0—1 4.0 2 -1
[0+0+3+0 0+424+40+0 —-1+0+0+0 0+0+0—4 32 -1 —4
by Ba<|0TOHOTO 0+1 4040 2+0+0+0 0+0+0—-1]_f0 1 2 -1
0+0+1+0 0+2+0+0 -3+0+0+0 0+0+0+3 12 -3 3
[0+0+2+0 0+0+0+0 440+0+40 0+0+0—1 2 0 4 -1

In #29-32, use the fact that two matrices are equal only if all entries are equal.
29.a=5b=2
30.a=3b=-1
3l.a=-2,b=0
R2.a=1b=6

[(2)(0.8) + (1)(—0.6)

_ (2)(=0.2) + (1)(0.4) _ 1 0
3. AB = 1(3)(0.8) + (4)(=0.6) (3)(—0.2) + (4)(0.4)} {0 J’
_ [(0.8)(2) + (—0.2)(3) (0.8)(1) + (—0.2)(4) (1 0 .
BA = (=02)(2) + (04)3) (0.6)(1) + (_0.4)(4)} = {0 }, so A and B are inverses.
B (=2)(0) + (1)(0.25) + 3(0.25) (=2)(1) + (1)(0.5) + (3)(0.5) (=2)(=2) + (1)(=0.25) + (3)(—1.25)
34. AB = | (1)(0) + (2)(0.25) + (=2)(0.25) (1)(1) + (2)(0.5) + (=2)(0.5) (1)(=2) + (2)(=0.25) + (—=2)(—1.25)
:(0)(0) + (1)(0.25) + (=1)(0.25) (0)(1) + (1)(0.5) + (=1)(0.5) (0)(=2) + (1)(=0.25) + (=1)(—=1.25)
1 0 O
=10 1 0} so A and B are inverses.
L0 0 1
[ 0)(=2) + (M)(D) + (=2)(0) O)D) + (D) + (=2)(D)
BA = (0.25)(=2) + (0.5)(1) + (=0.25)(0) (0.25)(1) + (0.5)(2) + (=0.25)(1)
L (0.25)(=2) + (0.5)(1) + (=1.25)(0) (0.25)(1) + (0.5)(2) + (—=1.25)(1)
0G) + (1)(=2) + (—2)(—1)}
(0.25)(3) + (0.5)(=2) + (=0.25)(-1)
(0.25)(3) + (0.5)(=2) + (=1.25)(-1)
1 0 O
=10 1 0 |,soAand B are inverses.
0 0 1
1
35. {2 3}71 = ;{ 2 _3} 38. Using a calculator: —i ?) 411
2 2] TOO-06l2 2 01
Az U
=| =025 -0.5 1.75 |;
36. No inverse: The determinant is (6)(5) — (10)(3) = 0. | 025 05 —075

37. No inverse: The determinant (found with a calculator) is 0. . S
to confirm, carry out the multiplication.
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(b) The entries a; are all 0 because the distance between
a city and itself is 0.

A= 1 11-120 1.1-70 13277
-1 1 -1 1 46. B=|11-150 11-110 | = | 165 121
No inverse, det(A) = 0 (found using a calculator) 11-80 1.1-160 88 176
0o 1 2 B=11A
4. B=|1 0 1 100 60
2 1 0 47. (a) BTA = [$0.80 $0.85 $1.00]| 120 70
-025 05 025 200 120
B'=| 05 -10 05 0.80(100) 0.80(60)
025 05 —025 +0.85(120)  + 0.85(70)
(found using a calculator, use multiplication to confirm) + 1(200) + 1(120)

41. Use row 2 or column 2 since they have the greatest number = [382 227.50]

of zeros. Using column 2:

(b) by; in matrix B" A represents the income Happy Valley

21 1 1 2 Farms makes at grocery store j, selling all three types
-1 0 2| = ()(-1)° 1 _1’ of eggs.
1 3 -1 - i
o 1 oo o o
—1)* -1y 48. pP=|12 0 10 14 '

+ O 1 -1 *OED -1 2’ 5 @5 A 1 0 8 $355  $499.99
=(-DA-2)+0+(-3)4+1) - $590  $799.99
=1+0-15 [ $15,550  $21,919.54
= -14 =| $8,070 $11,439.74

42. Use row 1 or 4 or column 2 or 3 since they have the | $8,740 $12,279.76

greatest number of zeros. Using column 3:
1 0 0

(b) The wholesale and retail values of all the inventory at
store i are represented by a;; and a;,, respectively, in

2
0 1 2 . 0 13 the matrix SP.
1 -1 0 2| O 49. (a) Total revenue = sum of (price charged)(number sold)
1 0 0 3 103 = ABT or BAT
1 0 0 (b) Profit = Total revenue — Total cost
+ @1 -1 2/ +0+0 = AB" — CB'
1 0 3 = (A-C)B
J1 3 J1o3 50. (@) B=[6 7 14]
=2'{0+1(—1) 0 3‘ + 1(-1) 1 2H 5 22 14 7 17
-1 2 Mb)BR=1[6 7 14]|7 20 10 9 21
- 2{1(—1)2 ‘ +0+ 0} 6 27 8 5 13
= [163 650 266 175 431]
= (-3 = 0) + (Y2 + 3) ~ 2A(1)(=3 - 0)) 61600
=2(-3+5)—-2(-3) ’
=4+ 6 $ 900
=10 () C=1|$§ 500
43.3X =B—-— A $ 100
et (R )RS B -
3 3\l2] [3 3[-1 -1 B $1,600
M2X =B— A 5 22 14 7 17| $ 900
B—aA 1/T1 4 1 2 dRC=1|7 20 10 9 21| $ 500
X == =§q1 _J—{ 0 3D L6 27 8 5 13| $ 100
112 2 $1,000
= 5{1 _ 4} [ $52,500
1 1 = | $56,100
= {% _2} | $51,400

45. (a) The entries a;; and a;; are the same because each gives

the distance between the same two cities.
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(e) BRC = (BR)C
$1,600
$ 900
= [163 650 266 175 431]| $ 500
$ 100
$1,000
= [$1,427,300]
This is the building contractor’s total cost of building
all 27 houses.

5L (@) [x' y']=[x y]{

x,y=1,a=30°

cosa —sina
sin « cosa

Vi1
2 2
B R
2 2
3+1 3-1
= {\/_2 \/_2 } ~ [1.37 0.37], so the

point is (0.37, 1.37).

) [x =[x ﬂf““ m“}

—sina CcoS«

x',y'=1,a=230°
V31
2 2
= 1
[ ]_116
2 2
3-1 V3+1
= \fz \fz ~ [037 1.37],

so the point is (0.37, 1.37).

52. Answers will vary. One possible answer is given.
®b) (A+ B)+ C= [a; + by] + C=[a; + b; + ¢;]
= [a; + (by + c;)] = A+ [by + ¢;]
=A+ (B+C)
(© A(B + C) = Alb; + ¢;] = {;aik(bkj + cx)

(following the rules of matrix multiplication)

= ;(aikbkj + aikckj)}
= zaikbkj + zaikck]}
L % k

= Zaikbkj} + {Zaikckj} = AB + AC
L k k
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d) (A—- B)C = [aij - bzﬂc = |:;(aik — by)cki

= ;(aikcki + bikcki)}

= Zaikcki - zbikcki}
L % k

= Zaikckz} - |:2bikckz}
L ‘& k

= AC — BC

53. Answers will vary. One possible answer is provided for each.
@) c(A + B) = cla; + b;j] = [ca;; + cbj] = cA + ¢B
(b) (c + d)A = (¢ + d)[a;] = c[a;] + d[a;] = cA + dA
(¢) c(dA) = c[da;] = [cda;] = cd[a;] = cdA
@1-A=1-[ay] =[az] =A

54. One possible answer: If the definition of determinant is
followed, the evaluation of the determinant of any n X n
square matrix (n > 2) eventually involves the evaluation
of a number of 2 X 2 sub-determinants. The determinant
of the 2 X 2 matrix serves as the building block for all
other determinants.

i =
e A

since
( a

1 .
Pyl scalar)

_ ( 1 ){ad — bc —ab + ba}
ad — bc/lcd — cd —bc + ad

_( 1 ) {ad—bc 0 }
~ \ad — bc 0 ad — bc

["ad — be

- 0

_ ad — bc

- ad — be
0 -

L ad — bc

1 0}_1

“lo 1] P
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apy ap ... a1 0 ... 0
s6. AL, = | 2 o w010
an @y e ap) 0 0 . 1

_au +0-ap+..+0*a,, O:ay +ap+0+a3+...+0+a, .. O-aqy+0-ap+..+a,

ay +0-ap+...+0-ay, 0-ayt+apy+0-a3+..+0-a, .. 0-ay3+0-an+..+a,

lay,+0-a,+..+0-a,, O0-a,+a,+0-a,;3+..+0-4q,, O-ay+0-a,+...+a,

app dn ain
_ | an an Mn | _ A
L an1 [40%) Apn

Use a similar process to show that /,A = A.

57. If (x, y) is reflected across the y-axis, then ay  ap  ags

(x,y) = (=x, y). det(A) = |ay an axn
A {—1 0} az ap a4z

b yl=le ol 0 1 = anAn + apAp + aAp

an|Ay| = aplAp| + alAg|

58. If (x, y) is reflected across the line y = x, then

(x,y)=(y, x). Now let B be the matrix A with rows 1 and 2
01 interchanged. Then:

[ y]=1[x )’]_1 0} ay  axp  axp

. . _ det(B) = |an agn a3
59. If (x, y) is reflected across the line y = —x, then

(x,y)=(=y,—x). asy Az as
T o —1 = ay By + apBy + azBo

[x y] = [x y]__l 0:| = —a11|A“| + a12|A12| - a13|A13|

60. If (x, y) is vertically stretched (or shrunk) by a factor of (=D(an|An| = aplAp| + aplAs)

a, then (x, y) = (x, ay). - —det(A) .
- To generalize, we would say that by the definition of

' y]=[x )] (1) 2} a determinant, the determinant of any k X k square
L matrix is ultimately dependent upon a series of 3 X 3

61. If (x, y) is horizontally stretched (or shrunk) by a factor determinants. (In the 4 X 4 case, for example, we

of ¢, then (x, y) = (cx, y). would have the expansion — using the first row — of
(¢ 0 ap Ay + apAp + azApi + ayAgy.) If arow of

[x" yI=I[x ] 0 J matrix A is interchanged with another, the elements

of all of matrix A’s 3 X 3 matrices will be affected,

62. False. A square matrix A has an inverse if and only if resulting in a sign change to the determinant.

det A # 0.

. . b) Let A be a k X k square matrix with two rows exact-
63. False. The determinant can be negative. For example, the (b) 1

ly the same, and B be the matrix A with those exact

determinant of A — {1 0 } is1(—1) — 2(0) = —1 same rows interchanged. From Exercise 4, we know
2 -1 ’ that det(A) = —det(B). However,since A = B ele-
64. 2(—1) — (=3)(4) = 10.The answer is C. mentwise (i.e.,a; = by for 1 = i,j =< k), we also

65. The matrix AB has the same number of rows as A and l;sr?:(fll(lia:rizt(()ﬁl)y ;/h(iitgilzt)&geie (ti\gt(z g;ozegtles
the same number of columns as B. The answer is B. ) ’
5 77 1 4 7 4 7 (¢) Let A = 3 X 3 square matrix. Then:
1 4} = W{ } = { } det(A) = anapay — anapayn — apay az
. tapapan + aizay ap — a3 ax az

The answer is E. Now, let B be the 3 X 3 square matrix A, with the
67. The value in row 1, column 3 is 3. The answer is D. following exception: The first row of B is replaced with
68. (a) Recall that A, is (—1)' * /M,; where M;; is the deter- k times the second row of A plus the first row of A.

minant of the matrix obtained by deleting the row

and column containing a;;. Let A = 3 X 3 square

matrix. Then:

-1 2

66. { I
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Then:
ai + ka21 app + kﬂzz as + kﬂ23
det(B) = ay ay a3
azy azp asz
_ Ay a3 dp a3
= (ay; + kay) — (ayp + kay)
az  ass asz  asz
ay  ax
+ (a3 + kay)
az;  dz
_ ay a4z ay a4z ay  axp
= an + kay — ap
dsp 433 azp 433 az;  ds3
dy; a3 dp;  dp dp Ay
— kay, + ap + kay;
asz  ass az  as az  as

= ay(axp a3 — @3 azp) — ap(ay asz — ax az)
+ ai3(ay azp — ay az) + kay(axn azz — a3 az)
— kay(ay az; — a3 az) + kay(ax an — ax az)
= a1 apaz; — Ay a3 az — A dy dsz t ap ax as
+ a3 axy az — a3 ay a3 + kay ay azz — kay ayz axn
— kayy ay azz + kay apaz + kayy ay azp — kax apaz
= ay1 ap Az — a1y ax3 Az — Ay g A3z + Ay Ap3 a3
+azayayp —azapaz +0
= det(A).
This result holds in general.
69. (a) Let A = [a;] be an n X n matrix and let B be the
same as matrix A, except that the ith row of B is the
ith row of A multiplied by the scalar c. Then:

det(B) = a4 ... iy
. Ap ... gy
ith row — ca; cap ... ca,
an1 (%) [
= ca; (_1)H1|Ai1| + CaiZ(_l)H2|Ai2| o
+ Cain(_l)m|Ain|

C(ail(_l)i+1|Ail| + ai2(_1)i+2|Ai2| T
ain(_l)i+n|Ain|)

= ¢ det(A) (by definition of determinant)
(b) Use the 2 X 2 case as an example:

+

0
det(A) = |™

= apay — 0= apay

Iy dxp
which is the product of the diagonal elements.

Now consider the general case where Aisann X n
matrix. Then:

ay 0o 0 .. 0
det(A) = a2:1 az.z 0 ... 0
a1 An Qnn

ar 0 0 .. 0

= a, (~1) a3.2 ass 0 ... 0

A p3 dpy Qnn

ass 0 0

= ayp (’122)(_1)2 A 0

[ nn
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Ay p— 0
= 414y ... Ap2 p-2 (_1)2 bt
ay n—-1 [
= apay ... Gy y—2 Ay p-1 Gy, Which is
exactly the product of the diagonal elements
(by induction).
1 x vy
X
70. @) |1 x| = 1= Y+ x| N
1 X2y 1 »
X2 »2
1
L O P
1 X2

= (x1y2 = yix2) = x(y2 = y1) + y(x2 — x)
Since (y, — yi) is not a power of x and (x, — x) is
not a power of y, the equation is linear.

(b) If (x,y) = (xy, y1), then det(A)
= X1Y2 — Xy — X2t Xyt Xy — ay
= 0, so (xy, y;) lies on the line.
If (x7 y) = (x27 )’2)7 then7 det(A)
= XYy T XY T XYy T Xyt Xy, —
S0 (x,, y,) lies on the line.

X1y, = 0,

1 x5 y;
@1 x y| =0
1 x »

1 x5 »
@1 x y| #0
1 x »

7. () A A_l_{cosa —sina“ cos a sina}

sina¢ cosall-sina cos«

cos’a + sin’«
sin @ cos @ — €os « Sin «

2 0 1

COS a sin & — sin « oS « 1 0
) = =1,
2

sin“ « + cos” «

(b) From the diagram, we know that:
X = rcoséf y = rsinf
x'=rcos (0 — a) y' = rsin (0 — «)

xr

orcos(G—a)ZT sin(G—a)zT

From algebra, we know that:

x=rcos (0 + a— a)=rcos(a+ (0 — a))and

y=rsin(0 + a—a)=rsin(a+ (0 — a))

Using the trigonometric properties and substitution,

we have:

x = r(cosacos ( — a) — sinasin (0 — a))
=rcosacos (§ — a) — rsinasin (0 — a)

= (rcos a)(x%) — (rsin a)(y%)

= x'cosa — y'sina
y=r(sinacos (§ — a) + cosasin (0 — a))
= rsinacos (§ — a) + rcosasin (0 — a)

- ona(Z) + e 2)

= x'sina + y’ cos a.

© [x yl =[x y’]{

which is [x’  y'] A7}, the inverse of A.

CoS « sin a
—sina CcoS«
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X—a —a
72. (a) det(xI, — A) = det . 12
—an X — axp
= (x = ay)(x — an) — (ap)(ay)
= X = apx — apX + apay — apay
= X+ (—an — ay)x + (ayan — apay)

f(x) is a polynomial of degree 2.
(b) They are equal.

(¢) The coefficient of x is the opposite of the sum of the
elements of the main diagonal in A.

(d) f(A) = det(Al — A) = det(A — A) = det([0]) = 0.
X = an —dan —a13
73. det(xI; — A) = —y X — ap —ax3
—az —dzxp X T ds3
= (x—ag)(-1p|t T
azp X — ds3
+(ap)(-1p| T
—das; X T das3
—az X T axp
+ (—ap)(—1)*
(—a3)(—1) —az, —as,
= (x = an)((x = ap)(x = a33) — ayaz)

+ ap((—ay)(x — az3) — anas)
— a(anay + (ay)(x — ap))

_ 2

= (x = ay) (X" = ayx — apx + apay; — ayaz)
+ ap(—aux + ayaz; — axpas)
— ap(anaxn + azx — apas)

=x - a33x2 - a22x2 t anapx — apanx — a11x2

t apapx + apanx — aypdpaz t aaxpas; — apdnx
1 Apayas; — Apayas — A13aydn — a;3dzX
t ay3apa03

=X+ (—ap — ap — z 4+ - +

=X (—asx ay — ap)x (axpas; p3d3 apasz
+ andy — apay — a;a3)X + (—anapas + andxas
+ QG353 — Apaxnas — A30y03 + A1300031)

(b) The constant term equals —det(A).

(¢) The coefficient of x* is the opposite of the sum of the
elements of the main diagonal in A.

(d) f(A) = det (Al — A) = det (A — A)
= det([0]) = 0

B Section 7.3 Multivariate Linear Systems
and Row Operations

Exploration 1

1. 25— 1= A(5-5)+ B(5+ 3)
24 = 8B
3-8

2.-15— 1= A(-3 - 5) + B(-3 + 3)
~16=-8A
2=A

Exploration 2

1. x + y + z must equal the total number of liters in the
mixture, namely 60 L.

2. 0.15x + 0.35y + 0.55z must equal total amount of acid
in the mixture; since the mixture must be 40% acid and
have 60 L of solution, the total amount of acid must be
0.40(60) = 24 L.

3. The number of liters of 35% solution, y, must equal twice
the number of liters of 55% solution, z. Hence y = 2z.

1 1 1 X 60
4.1015 035 055 y|=|24
0 1 -2 z 0
1 1 1 X 60
A=1]015 035 055, X =|y | B=|24
0 1 -2 z 0
3.75
5. X=A"'B=]375
18.75

6. 3.75 L of 15% acid, 37.5 L of 35% acid, and 18.75 L of 55%
acid are required to make 60 L of a 40% acid solution.

Quick Review 7.3
1. (40)(0.32) = 12.8 liters

2. (60)(0.14) = 8.4 milliliters
3. (50)(1 — 0.24) = 38 liters
4. (80)(1 — 0.70) = 24 milliliters
5. (—1,6)
6. (0,—1)
T.y=w—-—z+1
8.x=2z—w+3
9.{ 1 r ={ -0.5 —0.75}
2 - 0.5 0.25
00 2] 1 =05 025
10. | -2 1 3 =105 0 0.5
0 2 =2 0.5 0 0

Section 7.3 Exercises
L. x—3y+z=0 (1)
2y +3z=1 (2)
z=-2 (3)
Use z = —2 in equation (2).
2y +3(-2) =1
2y =17

_7
)
Use z = =2,y = 7/2 in equation (1).

x— 3(%) +(=2)=0

25
X =—

2
So the solution is (25/2,7/2, —2).
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2. 3x—y+2z=-2 (1)

y+3z=3
2z =4

()
(3)

From equation (3), z = 2. Use this in equation (2).

y+302) =3
y=-3

Use z = 2,y = —3in equation (1).

3x — (=3) +
3x = -9
x = -3

So the solution is (—3,

3. X —y+z
2x — 3z
—x—y+2z

xX—y+z=

=2y + z
—x—y+2z

xX—y+z=

=2y + z
-2y + 3z
xX—y+tz
-2y +z

2z =

xX—y+z=
1 3

VTS

z=1

1 3
- (1) ==
y 2() >

22) = -2

-3,2).
=0
=-1
=-1
0
=-3
0
=-3

=—1<x_y+Z:0

—x—y+2z=-1
=0

-3
—1(=2y + z = —3)
2
— a1

2x — 3z=-1
— o x—y+2=1)

0
1
2y +z=-3)
1
5(22 = 2)

y=2

x—2+1=0x=1
The solution is (1, 2, 1).

4. 2x —y =
x+3y—z=

3y +z=
7y + 2z =
x+3y—z=

3y +z=

13

3°°
x+3y—z=

3y +z=

x+3y—z=

R
y 3Z

Zz

1(74)
+ —| — =
3\13

; 3(9) -
x 13

0
-3

8
2x —y=0

63 — o+ 3y-z=-3)
74 <—7y +2z=06

3 7

3 306y +2=8)

% —%(3y+z=8)
74 3(13 _74)
13 B3 3
8 10

37713

74 5

— = 3x=—
13 13

The solution is (5/13, 10/13, 74 /13).

5. x+y+z=-3
4x —y =-5
—3Bx+2y+z=4
x+y+z=-3

4x —y = —

283

_ —1(x + y+ z=-3)
—4x +y=17 <—3x+2y+z:4

x+y+z=-3
4x —y= -5

4x — y = —
0=2 —" ) y =
The system has no solution.
6. x+y—3z=-1

2x =3y +z=4
3x =7y +5z=4
x+y—3z=-1 (

—Sy+7z=6
3x =7y +5z=4
x+y—3z=-1

—Sy+7z=6

x+y—3z=-—
=Sy +7z =

The system has no solution.
7. x+y—z=4
y+w=-4
x—y=1
x+z+w=1

2y — g = x+y—z=4
Srwo Tl y=)
x—y=1

x+z+w=1
2y —z=3
y+w=—4
x—y=1

y+tz+w=0

<—1(x—y:1)
x+z+tw=1

_ 2y — z=3
—z—2w=11 y oz
y+w=—4 <—2(y+w:—4)
x—y=1
y+z+w=0
—z — 2w =11
y+w=—4
B y+ w= —4)
z=4 <y+z+w:0
x—y=1
y+w=—4
11 1
z=4
1 11 15
+-4)=—w=—
15
=5 ) ="4y=7
7
x—§=1;x—§
7 15
So the solution is (2, -4, ——)
22 2

Copyright © 2019 Pearson Education, Inc.
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1 —

8. —x—ytz—w=1 2 =6 4
2 9.1 2 -3
—x+y+z+2w=-3 0 -8 4

x—z=2 =
y+w=0 b= 2
1 10. 1 2 =3
roytaw=l 3 1 -2
—x+y+z+2w=-3 =
ytoaw=-1<L" ", 0 -10 10
x—z=2 11. 1 2 -3
y+w=0 | -3 1 -2
1 =
5x—y+z—w=1 2 -6 4
y+2w=—1 2. 3 -4 1
w=—1="""4(, 1 4 = 0) 3 1 =2
x—z=2 -
Y+ w=0 13. Ry,
14. )R, + R,
3 1
—y+§z—w=0 Ex—y-i-z—w:l 15. (=3)R, + R;
w= -1 : 1 16. (1/4)R,
x—2z=2 —E(x—z:2)
y+tw=0
x—z=2
220 2y k)
tT3 73 3\ 77 2°
y+tw=0
w = —1

y+t(=)=0y=1

2 2

(1) - Z(-1)=0,z=0
2= = 3(=D =0z

x—0=2x=2
So the solution is (2, 1, 0, —=1).

For #17-20, answers will vary depending on the exact sequence of row operations used. One possible sequence of row operations
(not necessarily the shortest) is given. The answers shown are not necessarily the ones that might be produced by a grapher or
other technology. In some cases, they are not the ones given in the text answers.

12 -1 (1 2 -1 12 -1 12 -1
(=2)R, + R, . (2)R, + Ry | (1110)R, -
17.] 2 1 4 3R TR 0 -3 6 CiAR 01 2 — 35 |01 -2
-3 0 1 T lo 6 2 ’ 00 00 1
1 2 -3 (1 2 -3
18] 3 —6 10| DBLER 0 1 M 1
+
|2 -4 7 @R + R, L0 0 1 0
1 2 3 -4 1 2 3 —4 1 23 —4
2R, + R 1/10)R 2)R, + R
19.]-2 6 -6 2 ((_;)Ié —>|0 10 0 =6 ((/1/%» 0 10 —06|DRFR_
L 3 12 6 12 P lo o6 -3 24 o 21 -8
(1 2 3 —4
010 —06
L0 0 1 —92
20 3 6 9 —6} (1/3)R, {1 2 3 —2} (-2)Ry+R, [1 2 3 =2
o _—m—
2 55 -3 2 55 =3 01 -1 1
In #21-24, reduced row echelon format is essentially unique, though the sequence of steps may vary from those shown.
(10 2 1 10 21 10 21 10 21
(=3)R, + R, . (12)R, . (—1)R, + R4 .
21. |3 2 4 COR R 02 2 4|20 1 -1 2| —22 S0 1 -1 2
2 1 3 4 T olor -1 2 01 -1 2 00 00

Copyright © 2019 Pearson Education, Inc.



1 =2 2 1 1 1 —2 21 1 102 1 -7
s | 3 -5 6 3 —1|(3)R +R, |0 1 00 —4|(-3)R +R, |0 1 0 0 —4
|2 4 =3 =2 5| QR *R; 0 010 7| QR+R 0010 7
3 -5 6 4 -3 3 -5 6 4 -3 0101 —6
100 1 -21 1000 —19
(-)Ry+ Ry |0 1 0 0 —4|(=DRy+ R, 0100 —4
—>
(—2)R; + R, 0010 7 0010 7
0001 -2 0001 =2
- 1 2 3 1} (3)R, + R, {1 2 3 1} (=2)R, + R, {1 0 —1 3}
-3 =5 =7 4|7/ > o1 2 1] >o1 2 -1
3 -6 3 =37 1R -2 1 -1 (2R, + R 1 -2 1 -1
4. 2 -4 2 2|1y 2—42—2W0000
-3 6 -3 3] -3 6 -3 3 te 0 00 0
2 -3 1 1] In #29-32, the variable names (x, y, etc.) are arbitrary.
25. | -1 1 -4 -3 29, 3x+2y=-1
| 3 -1 2] —4x + 5y =2
3 -4 1 -1 1 30. x—z+ 2w=-3
26. } 2x+y—w=4
Lol =24 —x+ y+2z=0
2 -5 1 -1 3 3. 2x+z=3
27./1 0 -2 1 4 xty=2
0 2 -3 -1 5 2y — 3z = -1
28{3 -2 5} 32. 2x+ y—2z=14
-1 5 7 —3x+2z=-1
1 —2 1 8 1 —2 1 8 1 —2 1 8
(=2)R + R, (DR, + Ry
3| 2 1 -3 -9 ®R T R 0 5 -5 =25 TSR 0 1 -1 -5
-3 1 3 5| P49 -5 6 29 2 lo o0 1 4
x—2y+ z=28
y—z=-5
z=4
y—4=-5y=-1
x=2(-1)+4=8x=
So the solution is (2, —1, 4).
3 7 —11 4 1 -2 8 1 2 -3 12
- + - +
401 2 -3 12 E—i;§2+§l 12 -3 | EDRFER 1y g
4 9 —-13 53 C e R R 12 00 1 -3
x+ 2y —3z=12
y—2z=28
z=-3
y=2(=3)=8y=2
x+22) - 3(-3)=12%x= -1
So the solution is (—1, 2, —3).
1 2 -1 3] (1 2 -1 3 10 0
(=3)R, + R, (=2)R, + R
-2 -4 3 -5 P loo 11 2 001
1 -2 1 =27] 1 —2 1 -2 100
(—2)R; + R, DR, + R,
36. (x,y,z): (7,6,3): 2 =3 2 2 (—4)R TR 0 1 0 6 (—1)}2—+R> 010
4 -8 5 -5| TS lo 0103 U0 o 01
11 3 2] 11 3 2 11 3
-)R, + R —DR, + R
37. No solution: 3 4 10 5 5_1;R1+R2 01 1 -1 ()#» 01 1
1 2 4 3] L S T 00

Section 7.3 Multivariate Linear Systems and Row Operations
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38. (x,v,z) = (z + 2,—z — 1, z) — the final matrix translatestox — z = 2and y + z = —1.
1 0 -1 2 1 0 -1 2 1 0 -1 2
21 3 -5 E:i;ﬁiiﬁj 01 1 -1 |EDRFR_ Ty 1
21 -1 3 0 1 1 -1 0 0 0 0
39. (x,y,z) = (2 — z,1 + z,z) — the final matrix translatestox + z = 2andy — z = 1.
101 2](-DR+R, [1 0 12
{2 1 1 5} {0 1 -1 1
40. (x,y,z) = (z + 53,z — 26, z) — the final matrix translatestox — z = 53 and y — z = —26.
1 2 -3 1]Q®R+R_ [1 2 =3 1] (-2)Ry+R,_ [1 0 -1 53
-3 -5 8 —29} {0 1 -1 —26} {0 1 -1 -26]
. 1 2 4 (=3)R, + R, 1 2 4 (12)R, 1 2 4
41. No solution: 3 45 EET 0 2 7|——> |0 -1 =712
2 3 4 0 -1 —4 0 -1 -4
1 1 3 (=2)R, + R, 1 1 3 (=D)R, + R, 1 0 1
4. (x,y) = (1,2): 2 3 8| SRR 01 2|—LT2 101 2
2 26 P2 lo oo 000
43. (x,y,z2) = (z+ w+ 2,2z — w — 1, z, w) — the final matrix translatestox — z — w = 2andy — 2z + w = —1.
1 1 -3 0 1 (—=1)R, + R, 0o 1 =2 1 -1 (1R, + R 1 0 -1 -1 2
1 0 -1 -1 2 DR, T R 1 0 -1 -1 2 R—12> 0o 1 =2 1 -1
12 1 -4 -1 3 o1 -2 1 -1 o o0 o0 0 0
4. (x,y,z) = (z — w,w + 3, z, w) — the final matrix translatestox — z + w = Oand y — w = 3.
-1 -1 2 =3 1 -1 -1 2 =3 1 0 -1 1 0
-1 -2 3 -3 E:i;ﬁiiﬁj o 1 0 -1 3 8;212 01 0 -1 3
11 -2 -1 3 -6 o -1 0 1 =3 o 0 0 0 0
Sl NEN
1 —2]ly] 1
5 -7 1] x 2
46. |2 =3 —1||y|=| 3
1 1 1]z -3
47.3x — y=-1
2x + 4y =3
48. x—3z=3
2x —y+ 3z= -1
—2x + 3y —4z=2
49. (x,y) = (=2,3):
x] 2 =37 -13] 1 1 3)[-13] _ 1[-28] [-2
M_L J {—5}_&—4 2M —J‘ﬁ{ 42}_{ 3]
50. (x,y) = (1,-1.5)
x] (v 27Y-2]_ 1[-4 =2][-2]_ 1[-10] [ 1
M_L —4} { 9}__5{—3 1M 9}__5{ 15}_{—1.5]
[x] [2 -1 1]'-6 -2
5L (x,y,2) = (=2,-5,-7); |y |=|1 2 -3 9|=|-5
lz] 3 2 1] |-3 —7
(x] [ 1 4 =27 o 3
52. (x,y.2) = (3,-05,05); |y |=]| 2 1 1 6|=1]-05
Llz] [-3 3 -5 [—13 0.5
x| 2 -1 1 1]Y-3 -1
y 1 2 =3 1|]|12 2
53. (x,y,z,w) = (—1,2,-2,3); L= 3 -1 -1 ) N
w| |-2 3 1 -3]|-3 3

Copyright © 2019 Pearson Education, Inc.




Section 7.3
X 2 1 2 o' 8 4
o iy 32— 1 10| |2
54. (x,y,z,w) = (4,—-2,1,-3); . 2 1 0 -3 _q 1
w 4 =3 2 =5 39 -3

55. (x,y,z) = (0,—10, 1): Solving up from the bottom gives z = 1;then y — 2 = —12,s0 y = —10;

then 2x + 10 = 10,s0 x = 0.

2x —y=10
x—z=-1=2E, — E =
y+z=-9

2x —y=10 2x —y =
y_2Z:_12 y—2z:
y+z=-9 =E;— E, = 3z=3

56. (x, y,z) = (—2,0,0.5): Solving up from the bottom gives z = 0.5;
then y — (5.5)(0.5) = 247 — 2.75,s0 y = 0;then 1.25x + 0.5 = —2,s0x = —2.

125x + z = =2
y — 55z =-275
3x — 1.5y = -6
57. (x,y,z,w) = (3,3,
soy = 3;thenx + 6 — 4= 5/s0x = 3.
X+ 2y+2z+w=75

:Ej,_

2x + y+2z=5 =E, - 2E,
3x + 3y + 3z + 2w = 12 = E; — 3E,
x+z+w=1 =E, - E,

X+ 2y+2z+w=75
-3y —2z—-2w=-5
—z+w=2

z+4w=-2=E,+ E; =

24E, + 15E, =
—2,0): Solving up from the bottom gives w = 0;then —z + 0 = 2,s0 z = —2;then =3y + 4 = =5,

125x + z = =2
y— 55z =-275
—10.65z = —5.325

X+ 2y+2z+w=75

-3y —2z—-2w= -5
—3y—-3z—-—w=-3=E-E =
-2y —z=—-4=3E,- 2E, =

X+ 2y+2z+w=75
-3y —2z—-2w= -5
—z+w=2

Sw =10

Multivariate Linear Systems and Row Operations
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58. (x,y,z,w) = (—1,2,4,—1): Solving up from the bottom gives w = —1;then—z + 2 = —2,s0z = 4;then—y + 4 — 2 = 0,
soy= 2;thenx —2—- 1= —4sox = —1.
x—y+w=—4 x—y+w=—4 x—y+ w=—4
—2x+y+z=28 =E, + 2E, = —-yt+z+2w=0 —-y+z+2w =20
2x — 2y —z=-10 =E; - 2E = —z— 2w = -2 —z— 2w = -2
2x+z+w=>5 =E, +2E,= -2y+z+3w=-3 =E,—2E, - E;=> w=—1
1 1
59. (x,y,2) = (2 - EZ’ _EZ - 4,z):zcan be anything; once z is chosen, we have 2y + z = —8,s0 y = _EZ — 4; then
1 3
x—(—52—4)+z=6,sox:2—§z
x—y+z=6 x—y+z=6
xt+y+2z=-2=E,- E = 2y + z=-8
1 3 3
60. (x,y,2) = (gz — 1,§z -2, z) : z can be anything; once z is chosen, we have 5y — 3z = —10,s0 y = gz — 2 ;then

—2(E —2)+ =3
X SZ Z 5

x—2y+z=3

L 1
sox =—-z — 1.
x=32

x—2y+z=3

2x+y—z=-4=E,—-2E = S5y —3z=-10
61. (x,y,z,w) = (=1 — 2w, w + 1, —w, w)* w can be anything; once w is chosen, we have —z — w = 0,50 z = —w;
theny — w= 1,s0y = w + l;thenx + (w+ 1) + (—w) + 2w = 0,sox = —1 — 2w.
2x+ y+z+4w=-1=E - 2E; = —-y—z=-1=E +E, = —z—w=0
x+2y+z+w=1 =E, - E; = y-w=1 y-w=1

x+y+z+2w=0

x+y+z+2w=0

x+y+z+2w=0

62. (x,y,z,w) = (w,1 — 2w, —w — 1, w): w can be anything; once w is chosen, we have —z — w = 1,s0z = —w — 1;
theny + 2w = 1,so0y = 1 — 2w;thenx + (1 — 2w) + 2(—~w — 1) + 3w = —1,s0x = w.

2x+3y+3z+Tw=0=E — 2E; = y—z+w=2=E - E = —z—w=1
x+2y+2z+5=0=E,—- E; = y+2w=1 y+2w=1
X+ y+2z+3w= -1 x+y+2z+3w= -1 X+ y+2z+ 3w=-1
63. (x,y,z,w) = (—w — 2,05 — z,z, w): zand w can be anything; once they are chosen, we have —y — z = —0.5,
soy = 0.5— z;thensincey + z = 0.5wehavex + 05 + w = —15,s0x = —w — 2.
2x + y+ z+ 2w= -35=E, - 2E, = -y—z=-05

X+ y+z+w=-15 X+ y+z+w=-15

Copyright © 2019 Pearson Education, Inc.



288 Chapter 7 Systems and Matrices

64.

65
66

b

b

67.

68.

69.

70.

71.

72.

73.

(x,y,z,w) = (z — 3w + 1,2w — 2z + 4, z, w): z and w can be anything; once they are chosen, we have
—y—2z+2w=—4soy=2w— 2z + 4thenx + Qw—2z+4)+z+w=5sox=z— 3w+ L
2x + y+ 4w =6 =E, - 2E, = -y =27+ 2w = —4
xX+y+z+w=>5 xX+y+z+w=>5
No solution: E; + E; gives 2x + 2y — z + 5w = 3, which contradicts E,.

(x,y,z,w) = (1,1 — w, 6w — 2, w): Note first that E, is the same as E,, so we ignore it. w can be anything, while x = 1.
Once w is chosen,we have 1 + y + w = 2,so0y = 1 — w;then2(1 — w) + z — 4w = 0,50 z = 6w — 2.

x+y+w=2 x+y+w=2 x+y+w=2
x+4y+ z—-2w=3=E,— E = 3y+z—3w=1=E, — E, — E; -x= -1
x+3y+z-3w=2=E;— E = 2y + z— 4w =0 2y + z— 4w =0
-3 4 -6 Ay Ay
+ X+ 22=A(x—2)+ B(x + 4 6 _ A, M
pury i (x ) (x ) 74 . x+x_3,so
= (A+ B)x + (=24 + 4B) . —6 = Aj(x — 3) + A,x. With x = 0, we see that
A+B=1 :{A}z{ 1 1} {1}={_3} —6 = —3A,,s0 A} = 2;with x = 3 we have —6 = 3A,,
—2A + 4B =22 B -2 4 22 4 -2 2
so A, = =2 + —.
2 1 x—3 x
——=x—3=Ax+ B(x+3) = (A+ B)x + 3B
x+3 X —x + 10 A A,
A+B=1 A 1 17 1 2 75. = + so—x + 10
0+ 3B 3:{3}:{0 3}{3}={J CAxo2 w3 ahd
+ = — _ _
= Ai(x + 4) + Ay(x — 3). With x = 3, we see that
2 A A 7= 7Ap.s0 A, = L;with x = —4 we have 14 = —7A,,
(x=5x-3 x-5 x-3 1 -2
SO Ay = —2i—— +

-3 + 4
2= A(x — 3) + Ay(x — 5).With x = 5, we see that * *

2 = 2A,,s0 A, = 1;with x = 3 we have 2 = —2A,,s0 76. 27x—7 __ 4 i ) so7x — 7
1 -1 x*=3x—-10 x—-5 x+2
Ay =L T _s5  y_3 = Ay(x + 2) + Ay(x — 5).With x = 5, we see that
4 A A 28 = 7A,;,s0 A; = 4;with x = —2 we have —21 = —7A,,
1 2
= + s0 4 3
’ A, = 3: + .
(x+3)x+7) x+3 x+7 S0 A -5 T+2
4= Ai(x +7) + Ay(x + 3).With x = =3, we see that 77 X T 17 A + A, sox + 17
4 =4A,,s0 A; = 1;withx = —7 we have 4 = —4A,, 232 +5x—-3 x+3 2x-—-1
1 -1
so A, = —1I: 13 + T+ 7 = A;(2x — 1) + Ay(x + 3). With x = —3, we see that
1 35 7
4 Ay N Ay 14 = —=7A,s0 A} = —2;with x = > we have > = EAZ’
= so
-1 x—-1 x+1 =2 5
SO A, =5——+ .
. x+3 2x — 1
4= A(x + 1)+ Ay(x — 1).With x = 1, we see that
4 =2A,,50A, = 2;with x = —1 we have 4 = —2A,, so 8. jx -1 A i A sodx — 11
2 =2 2x*—x-3 x+1 2x-3
Ay = —2i—— 1 + 1
] xA xA — A,(2x — 3) + Ay(x + 1).With x = —1, we see that
- 1 2 3 5
= + _ — 2w P s ==
2-9 x-—3 T+ 30 —15 = —5A,,50 A, = 3;with x = 2wehave 5= 2A2,
6 = Ai(x + 3) + A,(x — 3).With x = 3, we see that s0 A, = —2: 3 __2 :
6 = 64,50 A, = 1;with x = —3 we have 6 = —6A4,, so x+1 2x-3
A= —1: 1 " -1 In #79-82, find the quotient and remainder via long division
? ‘x—=3 x+3 or other methods (note in particular that if the degree of the
2 A, ) numerator and denominator is the same, the quotient is the
2o x Txr2%© 2= Ai(x + 2) + Apx. ratio of the leading coefficients). Use the usual methods to

find the partial fraction decomposition.

With x = 0, we see that2 = 2A4;,s0 A; = 1;with
x = —2,wehave2 = —2A,,s0 A, = —1:

-1
x + 2

1
—+
X

Copyright © 2019 Pearson Education, Inc.



24+ x+ +5 r(x +
79'2x2x 3= +x2 5;()=x2 5
x* =1 x =1 h(x) x*-1

A

x—1

x+1,sox+5:A1(x+1)

+ Ay(x — 1).With x = 1 and x = —1 (respectively),

3
we find that A, = 3and A, = —2:———

-2
: +
x—1

2x2+x+3
Graph of%'
x- =1

T
/

[4.7,4.7] by [-10, 10]

Graphof y = 2:

[4.7,4.7] by [-10, 10]

Graph of

T
—

[4.7,4.7] by [-10, 10]

Graph Of_x 1

[4.7,4.7] by [-10, 10]

3x2 + 2x 2x + 12 r(x)  2x + 12
80. — =3+ — ; =—
x*—4 x*— 4 h(x) x°—4
Ay Ay
T x=2

x+2,so2x+ 12 = Ay(x + 2) +

Ay(x — 2).With x = 2 and x = —2 (respectively),
4 =2

find that Ay = 4and A, = —2:—— + .
we find that A, and A, PR

Section 7.3

x+1

Multivariate Linear Systems and Row Operations

3x% + 2
Graph of S

AR

[

[—4.7, 4.7] by [-10, 10]

Graphof y = 3:

[—4.7, 4.7] by [-10, 10]

Graph of

x—2

L
N

[—4.7, 4.7] by [-10, 10]

Graph of —

I
7

[—4.7, 4.7] by [-10, 10]

N x—=2 r(x) x-2
X2+ x h(x) xX*+x
Ay

+ 2 sox— 2= Ax+ Ay(x + 1).With
x+1 X

x = —1 and x = 0 (respectively), we find that A; = 3

da, - -2——+ 2
P | x
XX =2
Graphof y = :
p Y X+ x
_H—'_F'-'_'_F

T

[-4.7,4.7] by [-10, 15]
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Graphofy = x — 1: 349
P . Graphofy=x :

x2—x

N =

_H—'_'-’_'_'_F

[-4.7,4.7] by [-10, 15]

[-4.7,4.7] by [-15, 10]

Graphof y = PR
Graphofy = x + 1:

P

[-4.7,4.7] by [-15, 10]

O\

[-4.7,4.7] by [-10, 15]

2
= — = 3

Graph of y e Graph of y = —
X —

N

~

[-4.7,4.7] by [-10, 15] [-4.7,4.7] by [-15, 10]
82x3+2 +1+x+2 r(x) x+2 Graph of 2
. =x ; = = —-=
X —x = x h(x) x*-x raph oty X
Ay Ay :
= +—50x + 2= A;x + A,(x — 1).With J’
x—1 X
x = land x = 0 (respectively), we find that A; = 3 and
3 =2
Ay = =2 1 + - (note the similarity to Exercise 81).
X —

[-4.7,4.7] by [-15, 10]

83. f(x) = 2x* — 3x — 22We have f(—1) = a(—-1)* + b(-1) + c=a— b+ c=3,f(1)=a+ b+ c= —3,and
f(2) = 4a + 2b + ¢ = 0. Solving this system gives (a, b, ¢) = (2, =3, —2).

a—b+c=3 a—b+c=3 a—b+c=3
a+b+c=-3=E,—-E = 2b = —6 2b = —6
4a+2b+c=0 =E;— 4E, = 6b — 3¢ = —12 =>E; — 3E, = —3c=6

84. f(x) = 3x> — x>+ 2x — 5:We have f(—2) = =8a + 4b — 2c + d = =37, f(-1) = —a+ b — c+ d = —11,
f(0) =d = —5,and f(2) = 8a + 4b + 2c + d = 19. Solving this system gives (a, b, ¢, d) = (3,—1,2,-5).

—8a+ 4b — 2c + d = =37 —8a+ 4b —2c+d=-37T=E, - 8E, = —4b+ 6¢c— 7d = 51
—a+b—-—c+d=-11 —a +b—c+d=-11 —a+b—-—c+d=-11
d= -5 d= -5 d= -5

8a+4b+ 2c+d=19 =E,— E, = 8b + 2d = —18 8b + 2d = —18

85. f(x) = (—c — 3)x* + x + c,foranyc — or f(x) = ax’* + x + (—a — 3),forany a:We have f(-1) = a— b + c = —4
and f(1) = a + b + ¢ = —2. Solving this system gives (a,b,c) = (—c — 3,1,c¢) = (a,1,—a — 3).Note that whenc = —3
(or a = 0), this is simply the line through (=1, —4) and (1, —2).

a—b+c=—-4 a—b+c=—-4
a+b+c=-2=E,—-E = 2b =2
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86. f(x) = (4 — c)x* — x> + cx — 1,foranyc — or f(x) = ax® — x> + (4 — a)x — 1,for any a: We have f(—1)

=—a+b—-c+d=-6,f(0)=d=-1,and f(1) = a + b + ¢ + d = 2. Solving this system gives (a, b, ¢, d)
= 4-1c¢-1,¢,—-1) = (a,—1,4 — a,—1). Note that when ¢ = 4 (or a = 0), this is simply the parabola through the given

points.
—a+b—-—c+d= -6 —a+b—-—c+d= -6
d= -1 d= -1
a+b+c+d=2=E+E = 2b + 2d = —4

87. In this problem, the graphs are representative of the pop-

ulation (in thousands) of the cities of Irving, TX and
Garland, TX for several years, where x is the number of
years past 1980.
(a) The linear regression equation is y ~ 2.99x + 145.9.
(b) The linear regression equation is y =~ 3.55x + 115.
(¢) Graphical solution: Graph the two linear equations
y =3.55x + 115 and y = 2.99x + 145.9 on the same
axes and find the point of intersection. The two curves
intersect at x ~ 55.
The population of Garland will be equal to the popu-
lation of Irving in the year 2035.

section
=55.178571 Y= 310.88393

[0, 70] by [100, 350]

Algebraic solution:
Solve 3.55x + 115 = 2.99x + 145.9 for x.
3.55x + 115 = 2.99x + 1459

0.56x = 309
0.56x = 309

309
T 056

The population of Garland will be equal to Irving in
the year 2035.

55

X

88. In this problem, the graphs are representative of the pop-

ulation (in thousands) of the cities of Anaheim, CA and
Anchorage, AK for several years, where x is the number
of years past 1970.

(a) The linear regression equation is y ~ 4.49x + 173.2.

(b) The linear regression equation is y ~ 5.74x + 85.2.

(¢) Graphical solution: Graph the two linear equations
y =4.49x + 1732 and y = 5.74x + 85.2 on the same
axes and find the point of intersection. The two curves
intersect at x ~ 70.
The population of the two cities will be the same in
the year 2040.

Brsection
X=704 , , Y,=4B89.296

[0, 80] by [0, 600]
Another graphical solution would be to find where
the graph of the differences of the two curves is equal
to 0.
Algebraic solution:
Solve 4.49x + 173.2 = 5.74x + 85.2 for x.
4.49x + 1732 = 5.74x + 852

1.25x = 88
88

== %70
Y7155

The population of the two cities will be the same in
the year 2040.

89. (x, y,z) = (825,410, 165), where x is the number of children, y is the number of adults, and z is the number of senior citizens.
x + y+ z= 1400 x + y+ z= 1400
25x + 100y + 75z = 74,000 = E, — 75E, = —50x + 25y = —31,000
x—y—z=25 =E+E = 2x = 1650

160 320 400
90. (x,y,2) = (Y’ 1 T) ~ (14.55,29.09, 36.36) (all amounts in grams), where x is the amount of 22% alloy, y is the
amount of 30% alloy, and z is the amount of 42% alloy.

x+ y+ z=280 x+y+z=280 x+y+z=280
022x + 030y + 042z = 272 =50E, — 11E, = 4y + 10z = 480 4y + 10z = 480
2x —y=0 = E;—- 2E = =3y — 2z = —160 =4E; + 3E, = 22z = 800

91. (x, y,z) = (14,500, 5500, 60,000) (all amounts in dollars), where x is the amount invested in CDs, y is the amount in bonds,
and z is the amount in the growth fund.
x + y + z = 80,000 x + y + z = 80,000
0.067x + 0.093y + 0.156z = 10,843 = 1000E, — 67E;, = 26y + 89z = 5,483,000
3x +3y—2z=0 = E; - 3E, = —4z = —240,000
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92. (x,y,z) = (z — 9000,29,000 — 2z, z) (all amounts in dollars). The amounts cannot be determined: If z dollars are invested
at 10% (9000 = z = 14,500), then z — 9000 dollars invested at 6% and 29,000 — 2z invested at 8% satisfy all conditions.
x + y + z = 20,000 x + y + z = 20,000 x + y + z = 20,000
0.06x + 0.08y + 0.10z = 1780 = 50E, = 3x + 4y + 5z = 89,000 =E, — 3E, = y + 2z = 29,000
—x + z=9000 =>E; + 4E; = 3x + 4y + 5z = 89,000

1
95(21.250,000 — 8852) ~

72,033.898 — 3z dollars must be invested in bonds, and x ~ 2z — 22,033.898 dollars are invested in CDs. Since x = 0, we sece
that z = 11016.95 (approximately); the minimum value of z requires that x = 0 (this is logical, since if we wish to minimize z, we
should put the rest of our money in bonds, since bonds have a better return than CDs). Then y ~ 72,033.898 — 3z = 38,983.05.
x + y + z = 50,000 x + y + z = 50,000
0.0575x + 0.087y + 0.146z = 5000 = 10,000E, — 575E; = 295y + 885z = 21,250,000

93. (x,y,2) = (0,38,983.05,11,016.95): If z dollars are invested in the growth fund, then y =

1 8
9. (x,y,z) = (0,288, 11.2): If z liters of the 50% solution are used, then y = E(SSO — 40z) = 5(22 — 7) liters of 25%
5 56
solution must be used, and x = gz Y liters of 10% solution are needed. Since x = 0, we see that z = 11.2 liters;

8
the minimum value of z requires that x = 0. Then y = 5(22 — z) = 288 liters.

x+ y+ z=40 x+ y+ z=40
0.10x + 0.25y + 0.50z = 12.8 = 100E, — 10E, = 15y + 40z = 880

95. 22 nickels, 35 dimes, and 17 quarters:

1 1 1 74 1 1 1 74 11
(=5R + R, Ry3 (DR, + Ry
5 10 25 885 DR, + R 0 5 20 515 W 0 1 5 R T R
1 -1 1 4 o -2 0 =70 20520515 S
1 0 1 39 1 0 1 39 1 0 22
1/20)R —-1)R; + R
01 o0 35| WPOR_ o g a5 [EDRBFR G g 3s
0 0 20 340 0 0 1 17 0 0 1 17
96. 27 one-dollar bills, 18 fives, and 6 tens:
11 1 51 1 0 4 51 10 51
(DR, + R, (=9)R; + R, (121)Rs
1510177(1)R+R 0 4 9126R—>01—3 0| ———>
01 -3 U lor =30 = 0 0 21 126
1 0 4 351 (=4)Rs + R 1 0 0 27
01 -3 0 (3)R3+R1 01 0 18
00 1 6 P 0 1 6
~ (16 220 _' x| 5 117100 101. False. For a nonzero square matrix to have an inverse,
97. (x,p) = 303 Ipl =10 1 20 the determinant of the matrix must not be equal to zero.
B i 1 —17[100] _ i 801 _ l 161 102. False. The statement holds only for a system that has
15010 5[ 20 15[1100]  3[220] 1o 10
10 My 12 17 T150 exactly one solution. For example, | 0 1 1 1
98. (x,p) = (?,110): p} = {_24 J {30 } 00 0 2
171 1_'_150_ 1T 1201 1T 107 could be the reduced row echelon form for a system that
= — B = == has no solution.
36[24 12]L 30] 3603960] 3[330]

103. 2(3) — (—1)(2) = 8. The answer is D.

104. The augmented matrix has the variable coefficients in
the first three columns and the constants in the last
column. The answer is A.

99. Adding one row to another is the same as multiplying
that first row by 1 and then adding it to the other, so that
it falls into the category of the second type of elemen-

tary row operations. Also, it corresponds to adding one
equation to another in the original system. 105. Twice the first row was added to the second row. The

. . . answer is D.
100. Subtracting one row from another is the same as multi-

plying that first row by —1 and then adding it to the
other, so that it falls into the category of the second type
of elementary row operations. Also, it corresponds to
subtracting one equation from another.
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106.

107.

108.

109.

110.

1 2 -1 8 1 2 -1

-1 3 2 3 E:Z;?I? 0 5 1

L 2 -1 3 -19 P lo =505

(1 2 0 4 100 -2
(1/5)R,

050 15 EE 010 3

0 0 1 —4 27 loo 1 -4

The answer is E.

(a) The planes can intersect at exactly one point.

(b) At least two planes are parallel, or else the line of
each pair of intersecting planes is parallel to the third
plane.

¢) Two or more planes can coincide, or else all three
p
planes can intersect along a single line.

Starting with any matrix in row echelon form, one can
perform the operation kR; + R;, for any constant k, with
i > j, and obtain another matrix in row echelon form. As

ol ) {1 1 1} d{l 2
a simple example, | - |and |

equivalent matrices (the second can be obtained from
the first via R, + R;), both of which are in row echelon
form.

@ C(x) = (x = 3)(x = 5) = (=1)(-2)
= x> — 8x + 13.

RIAW,
\/

[-1, 8.4] by [-3.1, 3.1]

} are two

(¢)C(x) = Owhenx = 4+ V3 — approx. 2.27 and 5.73.
(d) det A = 13, and the y-intercept is (0, 13). This is the
case because C(0) = (3)(5) — (1)(2) = det A.
(e) a;; + ay = 3 + 5 = 8.The eigenvalues add to
(4 - \/g) + (4 + \/g) = 8, also.
@Cx)=(x—2P%—= (=5)(-1) =¥ — 4x — 1L

O T r

[-2.7,6.7] by [-5.1, 1.1]

(¢) C(x) = Owhen2 £ Vs — approx. —0.24 and 4.24.
(d) det A = —1, and the y-intercept is (0, —1). This is the

case because C(0) = (2)(2) — (=5)(=1) = det A.
(e) a;; + ayp = 2 + 2 = 4.The eigenvalues add to

(2 - \/g) + (2 + \/g) = 4, also.

Section 7.4 Systems of Inequalities in Two Variables

12 -1 8

(DR, + Ry

WO 05 1 11
3 00 1 —4

B Section 7.4 Systems of Inequalities
in Two Variables

Quick Review 7.4

1. x-intercept: (3, 0); y-intercept: (0, —2)

A

2. x-intercept: (6, 0); y-intercept: (0, 3)
y

\52

11 1 1 | 1 1 1 1 X

3. x-intercept: (20, 0); y-intercept: (0, 50)

y

50

Copyright © 2019 Pearson Education, Inc.
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4. x-intercept: (30, 0); y-intercept: (0, —20) 7. y
y sk
sof i
| I/ 1 1 1 1 1 i 1 1 1 é X
1 1 1 1 1 1 1 1 1 X
L 50 B

boundary line x = 4 included

For #5-9, a variety of methods could be used. One is shown. 8. y
1 St
{4 1 180} 17 4 {1 0 30} H -
5. = = = L
1 1 90 0 1 60 0 1 60 y L
- |:30} 1 1 1 1 1 i 1 1 1 1 é X
60 -
{ 1 1 90} {1 1 90} {1 0 70} {x} 3
6. = = =
10 5 800 0 1 20 01 20 Y boundary line y = —3 included
B {70} 9. y
20 st
_ 1 !
R 180} _ L2 4 _ {1 0 10} _ L
10 5 800 0 1 140 0 1 140 L \\5 .
_x} B { 10} i
Ly 140 L
1 1 6} {1 1 6} {1 2} {x} _ {2} boundary line 2x + 5y = 7 included
8 = = = =
8 2 24 0 1 4 0 1 4 y 4 10. y
5F I}
1 1 6} {1 6} {1 3} {x} {3} -/
9 = = = = |
2 30 0o 1 3 0o 1 3 v 3 Y
- III
10. Use substitution: 2x + 3x> = 4,3x> + 2x — 4 = 0, L/ 5
|/
=2+ V4 - 43)(—4) K
X = 6 b .
A
(x,y) = (—1.54,2.36) or (0.87,0.75). !
boundary line 3x — y = 4 excluded
Section 7.4 Exercises 11. y

1. Graph (c¢); boundary included 9

\ r /]
2. Graph (f); boundary excluded ‘\\ i ,"
3. Graph (b); boundary included \‘ i l'
4. Graph (d); boundary excluded Vb Ill
5. Graph (e); boundary included \‘\ :/,'
6. Graph (a); boundary excluded St

IS T R A N Y I

boundary curve y = x*> + 1 excluded
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12. y

13. y

14. y

boundary circle x> + y*> = 4 included

15. y
PN

>

16. y
21
S -~
I, \ l/ \
roN ;o 2
P T 1 \1 I N
A )
\ vl
v/ A
/ /
oL M

boundary curve y = sin x excluded

Section 7.4 Systems of Inequalities in Two Variables

17. y

Corner at (2, 3). Left boundary is excluded, the other

is included.

18. y

T T

Corner at (—

19. y

16

10

3, 2). Boundaries included.

Corners at about (—1.45, 0.10) and (3.45, 9.90).

Boundaries included.

20. y
4T
N
’
VA
/ B
1 1 1 1 IIII 1 “I 1 é X
1 SR
]
1 -1
-
--1

Corners at about (—3.48, —3.16) and (1.15, —1.62).

>
\
- \
\
1
\
1

Boundaries excluded.

Copyright © 2019 Pearson Education, Inc.
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21 v 5.

Corners at about (+1.25, 1.56) Boundaries included. Corners at (0, 2), (0, 6), (2.18,4.55), (4,0),and (2, 0).
22, y Boundaries included.
5F 26. y
i sof

Corners at about (+2.12,2.12).

23. v Corners at (0, 30), (21, 21), and (30, 0). Boundaries
90V_ included.
\
27. X+ y =4 28. X2+ Yy =4
y=-x2+1 y=0

For #29 and 30, first we must find the equations of the lines —
then the inequalities.

Ay (-3 _ 2 -1 -1

. 29, line l:m = — = = Z - _ y=—x4+5
ine 1: m Ax (0—4) 7Y 5 *
. Ay (0-3) -3
Corners at (0, 40), (26.7,26.7), (0, 0), and (40, 0). line2:m=—= =—
ies i Ax (6 —4) 2
Boundaries included.
-3 -3
24. y (y—0)=7(x—6),y=7x+9
90} line3:x = 0
& line4:y =0
I -1
: y = TX +5
Iy y=—x+9
1 i x=0
L y=0
A 1-6 — —
Corners at (6, 76.5), (32, 18), and (80, 0). Boundaries 30. line 1: 2 ( ) = _5’ y = _Sx +6
included. Ax (2-0 2 2
Ay (1-0 1 -1
line 2: — = =— =—
A 2-5 -3 3
-1 -1 5
—_ = — — = — + -
(= 0) == Hhy=Fx+3
line3:x = 0
line4:y =0
y = %x +6
e SN
Y=73*"3
=0
=0
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For #31-36, the feasible area, use your grapher to determine
the feasible area, and then solve for the corner points graphi-
cally or algebraically. Evaluate f(x) at the corner points to
determine maximum and minimum values.

K3
0F
N

Corner points: (0, 0)
(0, 80), the y-intercept of x + y = 80

160 80
( 33 ) the intersection of x + y = 80
andx — 2y = 0
160 80
| 0o o | (525)
880
f ‘ 0 240 3 ~ 293.33
160 80
fmin =0 [at (0’ 0)];fmax ~ 293.33 |:at (T’ ?)}
32. y
90N
I 90

Corner points: (0, 0)
(90,0), the x-intercept of x + y = 90
(45 135
27 2
and3x — y=0

), the intersection of x + y = 90

45 135
uwhw>mm| 1)
f | 0o | 900 [ 9675
45 135
fmin =0 [at (0’ 0)];fmax = 967.5 |:at (7’ T)}
3.
90 F
] .
i 90

Section 7.4 Systems of Inequalities in Two Variables

Corner points: (0, 60) y-intercept of 5x + y = 60

297

(6,30) intersection of 5x + y = 60 and

4x + 6y = 204
(48, 2) intersection of 4x + 6y = 204 and
x + 6y = 60
(60, 0) x-intercept of x + 6y = 60
(x, ) | (0,60) | (6,30) | (48,2) | (60,0)
f ‘ 240 ‘ 162 ‘ 344 ‘ 420

fmin -

62 [at (6,30)]; f max

none (region is unbounded)

Corner points: (16, 3) intersection of 3x + 4y = 60 and
x + 8y = 40
(4,12) intersection of 3x + 4y = 60 and

11x + 28y = 380

(32,1) intersection of x + 8y = 40 and

11x + 28y = 380
(r.y) | (412) | (16,3) | (32.1)
f ‘ 360 ‘ 315 ‘ 505
fmin =315 [at (16> 3)]’ fmax = 505 [at (32> 1)]
35.

16|

~

Corner points: (0, 12) y-intercept of 2x + y = 12
(3, 6) intersection of 2x + y = 12 and

4x + 3y = 30
(6,2) intersection of 4x + 3y = 30 and
x+ 2y =10
(10, 0) x-intercept of x + 2y = 10
() (0.12) | 3.6) | (6.2) | (10.0)
fol 24 | 27 | 34 | s0

fmin = 24 [at (0, 12)]; fmax = none (region is unbounded)
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\
T

Corner points: (0, 10) y-intercept of 3x + 2y = 20
(2,7) intersection of 3x + 2y = 20 and

36.

~

Sx + 6y = 52
(8,2) intersection of 5x + 6y = 52 and
2x + 7y = 30
(15, 0) x-intercept of 2x + 7y = 30
() [(0.10) | 2.7) | 8.2) | (15.0)
£l oso | o4 | o3 | 45

fmin = 34 [at (8, 2)]; fmax = none (region is unbounded)
For #3740, first set up the equations, then solve.

37. Let x = number of tons of ore R
y = number of tons of ore §
C = total cost = 50x + 60y, the objective function
80x + 140y = 4000 At least 4000 Ib of mineral A
160x + 50y = 3200 At least 3200 Ib of mineral B
x=0,y=0
The region of feasible points is the intersection of

80x + 140y = 4000 and 160x + 50y = 3200 in the first

quadrant. The region has three corner points: (0, 64),
(13.48,20.87), and (50,0). Cpin = $1,926.20 when 13.48
tons of ore R and 20.87 tons of ore S are processed.

y
801

L L L X
i \ Vo
38. Let x = number of units of food substance A
y = number of units of food substance B
C = total cost = 1.40x + 0.90y, the objective function
3x + 2y =24 At least 24 units of carbohydrates
4x + y = 16 At least 16 units of protein
x=0,y=0

The region of feasible points is the intersection of

3x + 2y = 24 and 4x + y = 16 in the first quadrant.
The corner points are (0, 16), (1.6,9.6), and (8, 0).
Chin = $10.88 when 1.6 units of food substance A and
9.6 units of food substance B are purchased.

39.

40.

Let x = number of operations performed by Refinery 1
y = number of operations performed by Refinery 2

C = total cost = 300x + 600y, the objective function
x + y =100 Atleast 100 units of grade A

2x + 4y = 320 Atleast 320 units of grade B
x + 4y = 200 At least 200 units of grade C
x=0,y=0

The region of feasible points is the intersection of

x + y =100,2x + 4y = 320,and x + 4y = 200 in the
first quadrant. The corners are (0, 100), (40, 60), (120, 20),
and (200, 0). Cpi, = $48,000, which can be obtained by
using Refinery 1 to perform 40 operations and Refinery 2
to perform 60 operations, or using Refinery 1 to perform
120 operations and Refinery 2 to perform 20 operations,
or any other combination of x and y such that

2x + 4y = 320 with 40 = x = 120.

<

180

L

Let x = units produced of product A
y = units produced of product B
P = total profit = 2.25x + 2.00y
x + y = 3000 No more than 3000 units produced
1

y = o5x

2
x=0,y=0

The region of feasible points is the intersection of
1
x + y = 3000 and X~ y = 0in the first quadrant. The

corners are (0,3000), (2000, 1000) and (0, 0).
P..x = $6,500 when 2000 units of product A and
1000 units of product B are produced.
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3600 Y= 9 9

< X
3600

I

41. False. The graph is a half-plane.

42. True. The half-plane determined by the inequality
2x — 3y < 5is bounded by the graph of the equation 50. y* =

x> —4
2x — 3y = 5, or equivalently,3y = 2x — 5. y = /2 — 4
43. The graph of 3x + 4y = 5 is Regions I and II plus the v, = —Vx*—4
boundary. The graph of 2x — 3y = 4 is Regions I and IV

plus the boundary. And the intersection of the regions is

the graph of the system. The answer is A. \ /

44. The graph of 3x + 4y < 5is Regions III and IV without
the boundary. The graph of 2x — 3y > 4 is Regions II and
IIT without the boundary. And the intersection of the
regions is the graph of the system. The answer is C.

45. (3, 4) fails to satisfy x + 3y = 12. The answer is D.

2 2
46. At (3.6,2.8), f = 46. The answer is D. 51 4x° + 9y" = 36
; : . . 9y? < 36 — 4x*

47. (a) One possible answer: Two lines are parallel if they
have exactly the same slope. Let [, be 5x + 8y = a V= 36 — 4x°

and [, be 5x + 8y = b. Then [/, becomes o
36 — 4x?
H-p n=\
YT TR TR 9
-5 b . -5 36 — 4x?
and /, becomes y = ?x + 3 Since M, = ry Vo 9
1
y
5

v

= M, the lines are parallel. s = 2
(b) One possible answer: If two lines are parallel, then a
line /, going through the point (0, 10) will be further 3
away from the origin than a line /,; going through the L
point (0, 5). In this case f; could be expressed as -
mx + 5 and f, could be expressed as mx + 10.
Thus, / is moving further away from the origin as f L

increases. \\\_//I s

(¢) One possible answer: The region is bounded and
includes all its boundary points. -

48. Two parabolas can intersect at no points, exactly one
point, two points, or infinitely many points. 52

. y

None: y; = x?and y, = x> + 1

One point: y; = x*and y, = —x?

1
Two points: y; = x*>and y, = sz + 4
[

/ .
49. 4x2 + 9y% = 36 . \5\

9y* = 36 — 4x”

y2: 4—%}(2 =5
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Bl Chapter 7 Review

12 -3 4 2 -6 -7 11
1 (a) {8 3} (b){ 0 _3} (c){ 3 0} (d){ 4 —6}
15 -1 6 301 -1 -2 —4 -6 2 —4 8 5 -3 -2
2@| 33 1 0] m|-1 5 -5 -6 ©|-2 -8 4 6| @|-1 14 -12 -15
2 1 3 4 2 -7 1 -2 0 6 —4 -2 4 -17 4 =3
_(=EDE)+HO0) (DD +H(2) (DO +FBHW® )| (3 T o1, ~
3 AB = { 0)3) + (6)(0)  (O)(=1) + (6)(=2)  (0)(5) + <6><4>} - { 0 -12 24}’“ is not possible.
[ (=2)(-1) + 3)(3) + (1)(4) (=2)(2) + 3)(-1) + (1)(3)} { 15 —4}
4. ABis not possible; BA = 2)(=1) + (1)(3) + (0)(4) )2+ M=)+ ©O3) |=| 1 3|
LD+ 2)3) + (=3)4) (-H(2) + 2)(—-1) + (=3)(3) -5 -13
5. AB = [(=1)(5) + (4)(2) (=1)(=3) + (4)(1)] = [3 7); BAisnot poss1ble
[3)(=1) + (=4)(0)  (3)(1) + ( -1
- aoma - | (D) (2)(0) (D) + ) 3
6. AB is not possible; BA (3)(=1) + (1)(0) (3) ) 1)1 4l
L (-1 + (1)) (D)D) + M 2
[(0)@) + ()(A) + (0)(=2) (0)(=3) + (1)) + (0)(1) (0)(4) + (D(=3) + (O)(-D) 1 2 -3
7. AB = | (D2) + (0O)(D) + (0)(=2) (I)(=3) + (0)2) + (O)(1) (V@) + O)(=3)+ O)(-1) |=| 2 -3 4
LO)2) + (0)(1) + (D)(=2) (0)(=3) + (0)2) + (D) (O)(4) + (0)(=3) + ()(-D) -2 1 -1
[ @(0) + (=3)1) + (@)(0) @)D + (=3)(0) + @)(0) (2)(0) + (=3)(0) + (4)(1) -3 2 4
BA=| U)O)+ )1+ (=3)0) M)D) + (2)(O0) + (=3)(0) (1)(0) + (2)(0) + (=3)(1) | = 1 -3
L(=2)(0) + (D) + (=1D)(0) (=2)(1) + (1)(0) + (=1)(0)(=2)(0) + (1)(0) + (=1)(1) 1 -2 -1

8. As in Exercise 7, the multiplication steps take up 10. Carry out the multiplication of AB and BA and confirm

a lot of space to write, but are easy to carry out, that both products equal /5.
since A contains only Os and 1s. The intermedi- 11. Using a calculator:
ate steps are not shown here, but note that the T 1 2 0 -1 2 —5 6 —1
rows of AB are a rearrangement of the rows of > 11 2 0 —1 1 0
B (specifically, rows 1 and 2 and rows 3 and 4 =
are swapped), while the columns of BA are a 2 01 2 1024 =27 4
rearrangement of the columns of B (we swap L1 i 4 -3 =7 8 —1
columns 1 and 2 and columns 3 and 4). The 12. Using a calculator:
nature of the rearrangement can be determined -1 o 11 —04 02 02
by noting the locations of the 1s in A. > 11 _ {_0.2 04 0.6}

3 02 1 L 1 1 1] 06 02 02
AB = -2 1 0 1 1 -3 2

32 10 13.] 2 4 -1
-1 1 2 -1 5 0 1
1 -2 10
B -3 2 sl —3
paz| 0 3 12 = (DD, o et 4’
S s o = 23 8) + (4 - (-6))
L . =10 + 10
9. Carry out the multiplication of AB and BA and confirm =20

that both products equal /,.
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-2 3 01
2 0 20 3 01 -2 31
b oo o, = (3)(-1)° 2 -3 4| +0+2(-1)7° 5 2 4/ +0
-1 23 1 -1 3
1 -1 23
3 4 2 -3 2 4 5 4 5 2
= =3|3(-1)* + 0+ ()(-1)* H—z{—z—ﬂ ‘+3—13 ‘+1—14 H
{()23‘ OELT D7y 5| T OEDT S FOEDT
= (=3)3)(=9 = 8) + (=3)(1)(4 = 3) + (=2)(=2)(6 + 4) + (=2)(=3)(15 — 4) + (=2)(1)(=5 - 2)
=153 — 3 + 40 + 66 + 14 = 270
For #15-18, one possible sequence of row operations is shown.
Poo2 (=3)R, + R 02 (DR, + R 02
153 15 (_1)R1+R2 0 1 -1 |—2—S1]01 -1
1 -1 3 L S B | 00 0
2 1 11 1 05 05 05 1 05 05 05
(12)R, (3)R; + R, (DR; + R,
16.| 3 -1 -2 1|—| -3 -1 -2 1 SR TR 0 05 —-05 25 (DR, + R
| 5 2 23 5 2 2 3 PR lo -05 -05 05 S
10 0 1 10 0 1 100 1
2)R DR; + R
00.5—0.52.5%»01—1 s|DRBFR_Ty o
0 0 -1 3 oo 1 -3 001 -3
(1 2 3 1(2)R+R 1 2 3 1“(2)R+R 1 0 -3 -7 1R 100 8
17.12 3 3 =2 (_1)R1+R2 0 -1 -3 —4 (3)R2+R1 0 -1 0 11)a0 —> |0 1 0 -1
1124 6/ 7P o oo 1 5] Jooo 1 5P ool s
1 =2 0 4 1 =2 0 4] 106 8
QR + Ry QR, + Ry
18. | -2 53—6(2)R+R 0 132(_3)R+R 010 -1
2 41 9 T olo 001 1] TR o011
For #19-22, use any of the methods of this chapter. Solving for x (or y) and substituting is probably easiest for these systems.

19
20

.

b

x = —3.
21

.

22

.

3
No solution: From E,, x = 2y + 9; substituting in E, gives 3y — 5(2y +9) =

(x,y) = (1,2): From E, y = 3x — 1;substituting in E, gives x + 2(3x — 1) = 5.Then 7x = 7,so x = 1. Finally,y = 2.
(x,y) = (=3,—1):From E;, x = 2y — 1;substituting in E, gives —2(2y — 1) + y = 5.Then —3y = 3,s0 y = —1. Finally,

No solution: From E;, x = 1 — 2y;substituting in E, gives4y — 4 = —2(1 — 2y),or4y — 4 = 4y — 2 — which is impossible.

27
-9, or >

— 9 — which is not true.

23. (x,y,z,w) = (2 — z — w,w + 1, z, w): Note that the last equation in the triangular system is not useful. z and w can be
anything,theny = w + landx = 2 — z — w.
x+z+tw=2 x+z+tw=2 x +tzt+tw=2
x+y+z=3=E,— E = y—w=1 y—w=1
3x+2y+3z+w=8=E; —3E, = 2y —2w=2=E; - 2E, = 0=0

24. (x,y,z,w) = (—w — 2,—z — w, z, w): Note that the last equation in the triangular system is not useful. z and w can be any-
thing,theny = —z — wand x = —w — 2.
x+w= -2 x+w= -2 x+w= -2
x+y+z+2w=-2=E,—- E = y+tz+w=20 y+tz+w=20
—x—2y—2z—-3w=2 =E;+2E = x+w=-2=E;—-E = 0=20
25. No solution: E; and E; are inconsistent.
x+y—2z=2 x+y—2z=2
3x—y+z=4 3x—y+z=4
—2x —2y+4z=6 =E; + 2E, = 0=10

26. (x,y,2) = (%z + %, %z + %, z): Note that the last equation in the triangular system is not useful. z can be anything,
theny=zz+§andx: 2+ 2z — (Zz-i-é): lz+ E
4 4 4 4 4 4
x+y—2z=2 x+y—2z=2
3x—y+z=1 =E,—-3E, = —4y + 7z = =5
—2x — 2y + 4z= -4 =E; + 2E, = 0=0
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27. (x,y,z,w) = (1 — 2z + w,2 + z — w, z, w): Note that the last two equations in the triangular system give no additional
information. z and w can be anything,theny = 2+ z — wandx = 13 — 6(2 + z — w) + 4z — Sw=1— 2z + w.
—x — 6y + 4z — 5w = —13

—x — 6y + 4z — 5w

2x+ y+3z—w=4 =E +2E= —1ly + 11z — 11w = 11 y—z+tw
1
2x + 2y + 2z =6 =E;+2E,= —10y + 10z — 10w = —20 =>_BE3=> y—z+tw
1
—-x—3y+z—-2w=-7 =E,— E = 3y —3z+3w=6 =>§E4=> y—z+tw
28. (x,y,z,w) = (—w + 2,—z — 1, z, w): Note that the last two equations in the triangular system give no additional
information. z and w can be anything,theny = —z — landx =4 + 2(—z — 1) + 2z — w =2 — w.
—x+2y+2z—w=—4 —x+2y+2z—w=—4 —x+2y+2z—w-=
y+z=-1 y+z=-1 y+z=
1
—2x+2y+ 2z — 2w = -6 =E; - 2E; = -2y —2z=2 =>—§E3=> y+z
—x+3y+3z—w=-5=E,—- E = y+z=-1 y+z
71__ _ _
9 3 7 X 1 21 1 1 3 -5 7 1
29. (x,v,2)= |- ——,——~):|y|=|1 -3 2 1|=—3 -1 -1 1
4’ 47 4 12
2 -3 1 3 7 =5 5
11 = —
1 5 s X 1 2 -1 2 1 1 3 1 2
30. (x,y,z): E,—E,—E . y | = 2 -1 1 1 =§ 5 -1 -3 1
z 1 1 -2 3 3 1 =5 3
31. There is no inverse, since the coefficient matrix, shown on the right, has determinant 0 2 1 1 -1
(found with a calculator). Note that this does not necessarily mean there is no solution 7 1 1 -1
— there may be infinitely many solutions. However, by other means one can determine
. L -1 1 -1 1
that there is no solution in this case.
1 -2 1 -1
x 1 -2 1 -1 2 8 -1 —2 5| 2
13 8 1 22 y 2 1 -1 -1 -1 1(-7 2 4 -1| -1
2. ==, =z, —=7.—=/ | = =—
32 (% 3. 2,) (3’ 3’ 3’3) z 1 -1 2 —1||-1|"9|-2 =2 5 1]-1
w 1 3 -1 1 4 1 -7 =5 8 4
33. (x,y,z,w) = (2 — w, z+ 3,z,w) — z and w can be anything:
{1 2 -2 1 8} (=2)R; + R, 1 2 =21 8} (2R, + Ry {1 0 012
A ——L
2 3 -3 2 13 0 -1 10 -3 (-DHR, 01 -1 0 3
3. (x,y,z,w) = (2 — w, z + 3,z,w) — zand w can be anything. The final step, (—1)R, + Rs, is not shown:
12 -2 1 8 (=2)R, + R 12 -2 1 8 (15)R 10 01 2
27 -7 2 25 (_1)R1+R2 03 =3 0 9| =t +2R 01 -10 3
13 =31 1 P2 1o 1 -1 0 3 S0 1o 1 -1 0 3
12 4 6 6 12 4 6 6
3 4 8 11 11 —2)R; + R 35 10 14 15| (-D)R4+ R
35 (x,y,z,w) = (=2,1,3,—-1): —&( )R, (ZDR,
2 4 7 11 10 Ry, 00 -1 -1 =2 (DR,
3 5 10 14 15 34 8 11 11
1 2 4 6 6 100 0 -2 100 0 -2
012 3 4| (2)R+ R 01 2 3 4| (3)R+R 010 1 O
001 1 2| (4R, + Ry 001 1 2|(2R+R 001 1 2
34 8 11 11 300 -1 =5 000 -1 1
100 0 -2 100 0 -2
(DRy + R, 01 0 0 1| (DR 0100 1
(DR + Ry 001 0 0010 3
000 -1 1 0001 -1

—13

1
-2 = -——F, >
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—x — 6y + 4z — 5w

=2



1 0 2 =2
2 1 4 -3
. = —w — + :
36. (x,y,z,w) = (1,—w — 3, w + 2,w) 417 —6
21 5 —4
1 0 0 0 1
(-2)Ri+ R, |0 1 0 1 =3|(-DR,+ Ry
—>
()R, +R,_ |0 1 -1 2 -5
0 0 1 -1 2
1 0 0 0 1
01 0 1 -3
00 1 -1 2
0 0 0 0 0

37. (x7 p)
problem). Then p = 20 + 3x ~ 42.71.

1
38. (x, p) ~ (13.91, 60.65): Solve 80 — sz =
problem). Then p = 5 + 4x ~ 60.65.

39. (x,y) ~ (0.14,-2.29)]

[-5,5] by [-5, 5]

40. (x,y) = (=1,-25)or (x,y) =

\ L
><[/

[-5,5] by [-5, 5]

(3,1.5)

41. (x,y) = (=2, 1) or (x,y) =

N/
LI\

5]
42. (x,y) ~ (-147,135) or (x, y)
(x,y) = (0.76, ~1.85) or (x, y)

.
\\:FD

[-5,5] by [-5, 5]

(2, 1)

(1.47,1.35) or
(—0.76, —1.85)

~ ~
~ ~
~ ~
~ ~

5
7

S O O -
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10 2 -2 5
(R + Ry |2 1 4 =3 7
(—-DR,+R, [0 1 -1 2 -5
00 1 -1 2
0 0 0 1
1 0 1 =3| MR+ Ry
0 -1 1 —2| (DR,
0 1 -1 2

~ (7.57,42.71): Solve 100 — x* = 20 + 3x to give x ~ 7.57 (the other solution, x & —10.57, makes no sense in this

5 + 4x to give x ~ 13.91 (the other solution, x ~ —53.91, makes no sense in this

43. (x,y) = (2.27,1.53)

A

e

[-5, =5,5]
4. (x, ) (4.62,2.22) or (x, y) = (1.56,1.14)
[-1,5] by [-5,5]
5. (b - (2 5T 386)
840 280 420 35
= (0.020...,—-0.117...,—1.359...,11.028...). In matrix

form, the system is as shown below. Use a calculator to
find the inverse matrix and multiply.

8 4 2 1|[a 8
64 16 4 1| b| |5
216 36 6 1| c| |3
729 81 9 1|/ d 4

T
108" 18736° 54 9

= (0.17592,—1.61, 1.638, 9.3518,—7.5). In matrix form,
the system is as shown below. Use a calculator to find the
inverse matrix and multiply.

46. (a,b,c,d,e) = (

16 -8 4 -2 1| a —4

1 1 1 1 1| b 2

81 27 9 3 1f|lcl|=| 6
256 64 16 4 1| d =2
2401 343 49 7 1 ]| e 8
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3x—2 Al n 2 3 2 57. y
= so 3x —
2—3x—4 x+1 x-—40" 5
= Aj(x — 4) + Ay(x + 1). With x = —1, we see that
=5 = —5A,,50 A, = 1;with x = 4 we have 10 = 5A,,
1 2 1 1 1 1 1 1 1 1 1 1
+ . 5
x+1 x—4
x — 16 Ay Ay

= =+ )
X+x—-2 x+2 x-1
= Aj(x — 1) + Ay(x + 2). With x = —2, we see that
—18 = =3A,,s0 A; = 6;with x = 1 we have 58. y
6 5 5

-15 = 3A A, = =5 - .

2504 x+2 x-1
49. The denominator factors into (x + 2)(x + 5), S~o
+ 14 A A 1 1 1 1 1 al 1 1 1
5 al = 4 2_ Then = S<3
x+7x+10 x+2 x+5 X

47.

so Ay = 2:

48. sox — 16

T T T TN
=

T T T T

SO

x+ 14 = A(x + 5) + Ay(x + 2). Withx = =2,
we have A; = 4; with x = —5, we have A, = —3.
x+14 4 3
A+Tx+10 x+2 x+5 59. Corner points: (0, 90), (90, 0), (
50. The denominator factors into (x + 4)(x + 2), included.
—2x — 14 A A
x2+6x+8=x+14+x+22'Then 90

360 360

EER F) Boundaries

SO

—2x — 14 = A(x + 2) + Ay(x + 4). Withx = —4,

we have A; = 3; with x = —2, we have A, = —5.

-2x—-14 3 5 ~
C+6x+8 x+4 x+2

51. The denominator factors into (x — 2)(x — 1)(x — 3),so0
2x* — 12x + 12 Ay Ay

3
= + + .Th
P-6x*+1lx—6 x—2 x—1 x-3 n
. 30 70
200 — 12x + 12 = A(x — 1)(x — 3) + 60. Corner points: (0, 3), (0, 7), (E’E)’ (3,0), (5,0).
Ay (x — 2)(x — 3) + As(x — 2)(x — 1). Withx = 2, Boundaries included.
we have A; = 4; with x = 1, we have A, = 1; with x = 3, )
)/
we have A; = —3.
2 —12c 12 4 1 3
P-6x*+1lx—6 x—2 x—1 x-3
52. The denominator factors into (x — 2)(x + 1)(x — 3),s0
4x* = 3x — 19 A Ay Ay
= + + .Th
P-4+ x+6 x—-2 x+1 x-3 en
4x* — 3x — 19 = Ay(x + 1)(x — 3) + N N
Ay(x — 2)(x — 3) + As(x — 2)(x + 1). Withx = 2,
we have A, = 3; with x = —1, we have 4, = —1; 61. Corner points: approx. (0.92, 2.31) and (5.41, 3.80).

with x = 3, we have A; = 2.
4’ =3x-19 3 1 2
P-4’ +x+6 x—2 x+1 x-3

Boundaries excluded.

7
53. Graph (a); boundary excluded {‘ "'
54. Graph (d); boundary included :‘\ _ _;,*"
55. Graph (c); boundary included /_:,‘\:* - I,'
56. Graph (b); boundary excluded /. T .‘\‘. A N
: \\_// ’
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62. Corner points: approx. (—2.41,3.20) and (2.91, 0.55).

Boundaries included.

63. Corner points: approx. (—1.25, 1.56) and (1.25, 1.56).

y
10

Boundaries included.

64. No corner points. Boundaries included.

\J/
b

ANYARN

65. Corner points: (0, 20), (25, 0), and (10, 6).

none (unbounded).

(x, )| (0,20) | (10, 6) | (25, 0)
f 1120 [ 106 | 175
Fmin = 106 [at (10, 6)]; fray =
y
40

\

66. Corner points: (0, 30), (8, 10), and (24, 0).

(x,y)

030|810|240

f
f min

150 | 138 | 264

138 [at (8,10)]; fmax = none (unbounded).

Chapter 7 Review

67. Corner points: (4, 40), (10, 25), and (70, 10).
(x, y)| (4, 40) | (10,25) | (70, 10)

fol292 [ 205 [ 280
Fanin = 205 [at (10,25)]; fuax = 292 [at (4, 40)]

120

A} <

68. Corner points: (0, 120), (120, 0), and (20, 30).
(x, y)| (0, 120) | (120, 0) | (20, 30)
f [ 1680 | 1080 | 600
Fomin = 600 [at (20,30)]; fmax = 1680 [at (0, 120)]

y

' ’_'\ N—180 "

sin45°  cos 45° 0.71
cos 45°  sin45° =071
(b) [ ] {—sin 45° cos 450} - |: 212}

6. (a) [1 2] {cos 45°  —sin 450} - {2.12}

70. In this problem, the graphs are representative of the total
Medicare disbursements (in billions of dollars) for several

years, where x is the number of years past 2000.

(a) The following is a scatter plot of the data with the lin-
ear regression equation y ~ 28.92x + 210.70 super-

imposed on it.

[—10,40] by [0, 1200]
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(b) The following is a scatter plot of the data with the
695.75

logistic regression equation y K ————————>—
sRHeres A Y = 3 1780 020

superimposed on it.

[—10, 40] by [0, 1200]

(¢) Graphical solution: The two regression models will
predict the same disbursement amounts when the
graph of their difference is 0. That will occur when the
graph crosses the x-axis. This difference function is

695.75 .
y = 28.92x + 210.70 — W and it

crosses the x-axis when x =~ —5.03, x = 6.78, and

x ~ 13.33. The disbursement amount of the two mod-
els will be the same sometime in the years 1995, 2007,
and 2013. Another graphical solution would be to find
where the graphs of the two curves intersect.
Algebraic solution: The algebraic solution of the
problem is not feasible.

(d) The logistic model is a better fit than the linear
model. Neither would be reliable in the long run
because many factors, including changing laws, affect
the annual disbursements.

71. In this problem, the graphs are representative of the
population (in thousands) of the states of Hawaii and
Idaho for several years, where x is the number of years
past 1980.

(a) The linear regression equation is y ~ 12.89x + 967.9.
(b) The linear regression equation is y ~ 21.59x + 879.4.

(¢) Graphical solution: Graph the two linear equations
y = 12.89x + 967.9 and y = 21.59x + 879.4 on the
same axis and find their point of intersection. The two
curves intersect at x ~ 10.

The population of the two states will be the same
sometime in the year 1990.

o,
Intgrsection
X 410.]7244 Y =,1099.0224

[-5, 35] by [500, 1700]

Another graphical solution would be to find where the
graph of the difference of the two curves is equal to 0.

Algebraic solution:
Solve 12.89x + 967.9 = 21.59x + 8794

for x.
12.89x + 967.9 = 21.59x + 879.4
8.7x = 88.5
88.5
=—=10
YT g7

The population of the two states will be the same
sometime in the year 1990.

(d) A linear model seems appropriate for Hawaii’s popu-

lation due to its fairly steady increase over this span
of three decades. An exponential or logistic model
might be a better fit for Idaho’s population, which
made big jumps from 1990 to 2000 and from 2000 to
2010 relative to the modest increase of 63,000 persons
from 1980 to 1990.

72. (a) According to data from the U. S. Census Bureau, there

were 151.8 million males and 157.0 million females in
2010. The ratio of males to the total population is

151.8
308.8

opulation is 15
pop 308.8

as the population matrix for the states of California,
CA| 373

Florida, and Rhode Island, we have A = FL| 18.8
RI| 1.1

If we define Matrix B as the ratio of males and

females to the total population in 2003, we have

M F
B = [0.4916 0.5084].

The product AB gives the estimate of males and
females in each of the three states in 2003.

~ (0.4916 and the ratio of females to the total

~ (0.5084. If we define Matrix A

M F

37.3 CA | 183 19.0

C =] 188 |[0.4916 0.5084] = FL| 92 9.6
1.1 RI | 0.54 0.56

(b) The matrix for the percentages of the populations of

California, Florida, and Rhode Island under the age
of 18 and age 65 or older is given as:

<18 =65
CA | 250 114
FL | 213 173
RI [ 223 143

(¢) To change the matrix in (b) from percentages to

decimals, multiply by the scalar 0.01 as follows:
<18 =65
25.0 114 CA | 0250 0.114
0.01 x| 213 173 |= FL | 0213 0.173
223 143 RI | 0.223 0.143

(d) The transpose of the matrix in (¢) is

0.114 0.173 0.143

Multiplying the transpose of the matrix in (¢) by the
matrix in (a) gives the total number of males and
females who are under the age of 18 or are 65 or
older in all three states.

{0.250 0.213 0.223}

{0.250 0.213 0.223} 15; 12'2 3

0.114 0173 0.143 054 0.6
M F

<18 {6.7 6.9}

=65|3.8 3.9

(e) In 2010, there were about 6.7 million males under

age 18 and about 3.9 million females 65 or older living
in the three states.
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73. (@) N= [200 400 600 250]
(b) P = [$80 $120  $200  $300]
$ 80
$120
T — =
(c) NP [200 400 600 250] $200 $259,000
$300

74

75

76

b

b

b

(x, y) = (380, 72), where x is the number of students and
y is the number of nonstudents.

x + y = 452
0.75x + 2.00y = 429

One method to solve the system is to solve by elimination
as follows:

2x + 2y = 904
0.75x + 2y = 429

1.25x = 475

x = 380
Substitute x = 380 into x + y = 452 to solve for y.
8x + 15y + 22z = 115
3x + 10y + 20z = 85
2x + 6y + 5z= 35

Let x be the number of vans,
y be the number of small
trucks, and z be the number
of large trucks needed. The
requirements of the problem
are summarized above (along with the requirements that
each of x, y, and z must be a nonnegative integer).
The methods of this chapter do not allow complete solu-
tion of this problem. Solving this system of inequalities
as if it were a system of equations gives (x, y, z)

= (1.77, 3.30, 2.34), which suggests the answer

(x,v,2) = (2,4,3); one can easily check that (x, y, z)

= (2,4, 2) actually works, as does (1, 3, 3). The first of
these solutions requires eight vehicles, while the second
requires only seven. There are a number of other seven-
vehicle answers (these can be found by trial and error):
Use no vans, anywhere from zero to five small trucks, and
the rest should be large trucks — that is, (x, y, z) should
be one of (0, 0,7), (0, 1, 6), (0,2, 5), (0,3, 4), (0,4, 3), or
(0,5,2).

(x, y) = (21,333.33, 16,666.67), where x is the amount
invested at 7.5% and y is the amount invested at 6%.

x + y = 38,000
0.075x + 0.06y = 2,600

One method to solve the system is to solve by substitu-
tion as follows:
x + y = 38,000=x = 38,000 — y
0.075(38,000 — y) + 0.06y = 2600
2850 — 0.075y + 0.06y = 2600
—0.015y = =250
y = 16,666.67

Substitute y = 16,666.67 into x + y = 38,000 to solve
for x.

78. Sue: 9.3 hours (9 hours and
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77. (x, y. z) = (160,000, 170,000, 320,000), where x is the

amount borrowed at 4%, y is the amount borrowed at
6.5%, and z is the amount borrowed at 9%. Solve the
system below.
x + y + z = 650,000
0.04x + 0.065y + 0.09z = 46,250
2x —z=0

One method to solve the system is to solve using
Gaussian elimination: Multiply equation 1 by —0.065 and
add the result to equation 2, replacing equation 2:
x + y+ z = 650,000
—0.025x + 0.025z = 4000
2x—z=0
Divide equation 2 by 0.025 to simplify:
x + y+ z = 650,000
—x + z = 160,000
2x —z=0
Now add equation 2 to equation 3, replacing equation 3:
x + y + z = 650,000
—x + z = 160,000
x = 160,000
Substitute x = 160,000 into equation 2 to solve for
z: z = 320,000. Substitute these values into equation 1
to solve for y: y = 170,000.
x+y+z=1/4
20 minutes), Esther: 12 hours, X+ z=1/6
Murphy: 16.8 hours (16 hours 48
minutes). If x is the portion of the y+z=1/7
room Sue completes in one hour, y is the portion that
Esther completes in one hour, and z is the portion that
Murphy completes in one hour, then solving the system
above gives (x, y, z)

_ (iii)f (LLL)
2812 34 9333'12°168/)°

One method to solve the system is to find the row eche-
lon form of the augmented matrix:

1 1 1 1/4 11 1 1/4

101 6| BBy ly 1 0 112

01 1 177 01 1 17
1 0 0 3128

RoBolo 1 0 112 BoRey
01 1 17

1 0 0 318

01 0 112

0 0 1 5/84

60
79. Pipe A: 15 hours. Pipe B: — = 5.45 hours (about

11

5 hours 27.3 minutes). Pipe C:

12 hours. If x is the portion of
+y=1/4

the pool that A can fill in one Y /

hour, y is the portion that B fills y+z=1/375

in one hour, and z is the portion that C fills in one hour,

then solving the system above gives

( )_(LEL)
).z 15°60° 12

x+y+z=1/3
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308 Chapter 7 Systems and Matrices

80. B must be an n x n matrix. (There are n rows in B because

81.

One method to solve the system is to use elimination.
Subtract equation 2 from equation 1:

x+y+z=1/3
z =112
y + z = 4/15 (convert 1/3.75 to simpler form)
Subtract equation 2 from equation 3:
x+y+z=173
z=112
y = 11/60

Substitute the values for y and z into equation 1 to solve
for x: x = 1/15.

AB is defined, and n columns in B since BA is defined.)

n = p — the number of columns in A is the same as the
number of rows in B.

Chapter 7 Project

1.

14

The graphs are representative of the male and female
population in the United States from 1990 to 2016,
where x is the number of years after 2000.

[-2, 18] by [130, 170]

The linear regression equation for the male population is
y = 1.285x + 139.02.

The linear regression equation for the female population
is y ~ 1.286x + 143.87

The slope 1.285 is the rate of U.S. male population growth
in millions per year; the y-intercept 139.02 is the model’s
estimate of the U.S. male population in millions for 2000.
The slope 1.286 is the rate of U.S. female population growth
in millions per year; the y-intercept 143.87 is the model’s
estimate of the U.S. female population in millions for 2000.

3.

4.

5.

6.

7.

8.

The population growth per year for both models is
roughly 1.3 million, so the gap between U.S. male and
female populations appears to be remaining the same.
Because these data span only 16 years, we cannot draw
valid conclusions for the long-term male and female
population patterns.

[-10, 120] by [30, 180]

The logistic regression equation for the male population

5174
B 1 7ae 00w

The logistic regression equation for the female population
315.75

isy ~ 1 + 7.473¢-00182x"

=
[-100, 400] by [0, 500]

No, they predict that in the long run the male population
will be much greater than the female population. This is
unreasonable.

Answers vary by year. (Keep in mind that the census data
in Table 7.10 are based on April 1 of the years listed.)

151.8 151.8
Male: =

"151.8 + 157.0 ~ 308.8

157.0 _ 1570
151.8 + 157.0  308.8

Answers vary.

~ 49.16%;

female: ~ 50.84%
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Chapter 8

Analytic Geometry in Two and Three Dimensions

B Section 8.1 Conic Sections and a New Look 2. y
at Parabolas 10
L -4
Exploration 1 -
1. From Figure 8.4, we see that the axis of the parabola is AR B B X
x = 0. Thus, we want to find the point along x = 0 that - 10
is equidistant from both (0, 1) and the line y = —1. Since ol
the axis is perpendicular to the directrix, the point on the i
directrix closest to the parabola is (0, 1) and (0, —1); it L |x=2

must be located at (0, 0).
The equation of the axis is x = 2.

2. Choose any point on the parabola (x, y). From Figures
8.3 and 8.4, we see that the distance from (x, y) to the 3. y
focus is 10k
di=Vx-0>2+(y-12=Vx+(y— 1) .
and the distance from (x, y) to the directrix is y=4
dy=V(x = x) + (y = (=D)F = V(y + 1. . VU
Since d; must equal d,, we have L 10
L |F(2,-2
dh=VZ+ (- 1=Vo+1)l=d o
At (y- 1= (y+ 1) -
2 2 _ 2 L ]x=2
x“+y 2y +1=y"+2y+1
2 =
x2 4y 4. Since the focus (h, k + p) = (2,—2) and the directrix
x—=y0rx2:4y. yv=k— p=4wehavek + p=—2andk — p = 4.
4 Thus, k = 1, p = —3. As a result, the focal length p is —3
3. From the figure, we see that the first dashed line above and the focal width 14pl is 12.
y = 0is y = 1, and we assume that each subsequent 5. Since the focal width is 12, each endpoint of the chord is
dashed line increases by y = 1. Using the equation above, 6 units away from the focus (2, —2) along the line y = —2.
x? x? x? x? x? The endpoints of the chord, then, are (2 — 6, —2) and
wesolve{l=—2=—3=—4=—5=—,
4 4 4 4 4 (2 + 6,-2),0r (—4,—2) and (8, —2).
2
6= "7} to find: {(—2V6,6),(~2V53,5),(—4,4),(—2V/3,3), )
10+
(—2V2,2),(=2,1),(0,0), (2, 1), (2V2,2), (2V3,3), -
(4.4),(2V5,5), (2V6,6)}. | v=4
1 1 1 1 1 i ‘/I(z’l l)I 1
Exploration 2 e L o 10 *
1 y A4 =2 [P D Np, )
10 : : x=2
i y=4
| 6. Y
1 1 1 1 1 i : 1 1 1 1'0 X 1(:):
i F2,-2) T y=4
: 1 1 1 1 I/; V(z’l l)I 1 X
A4, -2) L 10
L [Fe 2R ps. o)
: x=2
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7. Downward
8 h=2p=-3k=1s0(x—2)?=-12(y - 1)

Quick Review 8.1
LVRe-(-))P+G-32=V0+4=V13

2. Via =22+ (b + 3)?

3.y =4dx,y=+2Vx

4. y* =5x,y = +V5x

5.y +7=—(x>—2x),y+7—-1=—(x—1)>
y+6=—(x—1)>

5 9 3\?
6.y +5=2(x"+3x),y+5+-=2(x+<

2
+972( +3)2
O T )

7. Vertex: (1, 5). f(x) can be obtained from g(x) by
stretching x* by 3, shifting up 5 units, and shifting right
1 unit.

|
[=3,4] by [-2,20]

8. Vertex: (3,19). f(x) = —2(x — 3)* + 19. f(x) can be
obtained from g(x) by stretching x° by 2, reflecting across
the x-axis, shifting up 19 units, and shifting right 3 units.

/l ‘\

[~2,7] by [~10, 20]

9. f(x) =a(x +1)>+3,s0l =a+ 3,a=-2,
f(x) = =2(x + 1)+ 3.

10. f(x) = a(x —2)> — 5,5013 = 9a — 5,a = 2,
f(x) =2(x —2)> -5

Section 8.1 Exercises

6 3
Lk=0h=0,p= 1 = 5 Vertex: (0, 0), Focus: (0,

)

MW

3 3
Directrix: y = —E,Focal width: |4p| = ‘4 E‘ = 6.

-8
2.k=0,h=0,p= e = —2. Vertex: (0,0),
Focus: (=2, 0), Directrix: x = 2,

Focal width: |[4p| = |[4(=2)| = 8.
4
3. k=2h=-3,p= 1 1. Vertex: (-3,2),

Focus: (=2,2), Directrix: x = =3 — 1 = —4,
Focal width: |[4p| = |4(1)| = 4.

-6 -3
4 k=-1,h=-4p= R Vertex: (-4,-1),

-5 -3 1
Focus: (—4, 7),Directrix: y=-1- (—) ==

Focal width: |4p| = ‘4(_73)‘ =6

—4 1
5.k=0,h=0,4p = 5 sop = 3 Vertex: (0,0),

1 1
Focus: (0, —g), Directrix: y = 3 Focal width:

—4 4
i )4

6.k:0,h:0,4p:1—6

4
5 so p = —. Vertex: (0,0),

5

4
57

4
Focus: (g R 0), Directrix: x

4 16
Focal width: |4p| = ‘4(5)‘ = =

7. (¢)
8. (b)
9. (a)
10. (d)

For #11-30, recall that the standard form of the parabola is
dependent on the vertex (4, k), the focal length p, the focal
width |4p|, and the direction that the parabola opens.

11. p = —3 and the parabola opens to the left, so
y? = —12x.

12. p = 2 and the parabola opens upward, so x> = 8y.

13. —p = 4 (so p = —4) and the parabola opens downward,
so x* = —16y.

14. —p = —2 (so p = 2) and the parabola opens to the right,
so y? = 8x.

15. p = 5 and the parabola opens upward, so x> = 20y.

16. p = —4 and the parabola opens to the left, so y* = —16x.

17. h = 0,k = 0, |[4p| = 8= p = 2 (since it opens to the
right): (y — 0)? = 8(x — 0); y* = 8x.

18. h =0,k = 0, |4p| = 12= p = —3 (since it opens to
the left): (y — 0)> = —12(x — 0); y* = —12x.

19. h =0,k =0,

3
4p| =6=p = —3 (since it opens
downward): (x — 0)> = —6(y — 0); x> = —6y.

20. h =0,k =0,

3
4p| =3=p= 1 (since it opens upward):

(x = 0)* =3(y — 0); x* = 3y.

21. h= -4,k =—-4,-2 = —4 + p,so p = 2 and the
parabola opens to the right; (y + 4)? = 8(x + 4).

22. h = -5,k = 6,6 + p =3,s0 p = —3 and the parabola

opens downward; (x + 5)% = —12(y — 6).
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23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

Section 8.1 Conic Sections and a New Look at Parabolas

Parabola opens upward and vertex is halfway between 34. y
focus and directrix on x = h axis,so & = 3 and 3
4+1 5 5 3 E
k = > —5,1—§—P,sop—§. \ -
5 C
-3 2= 6 - = . TR TR N T A W T T A N
(-3 =o(r-3) L
Parabola opens to the left and vertex is halfway between C
focus and directrix on y = k axis,so kK = —3 and E
h—2+5—z'5—z— SO -2 -
2 2 b 2 p’ p 2'
7
(y + 3)2 (x - E) 35.
h=4k=3,6=4— p,sop = —2and parabola opens

to the left. (y — 3)> = —8(x — 4).
h=3,k=157=15— p,sop= —2and the parabola

opens downward. (x — 3)> = —8(y — 5)

h=2k=-1; = 16= p = 4 (since it opens
upward): (x — 2)> = 16(y + 1).
h=-3k=3; =20= p = —5 (since it opens

downward): (x + 3)> = —20(y — 3).
36.

h=—-1k=

5
=10=>p= —3 (since it opens
to the left): (y + 4)*> = —10(x + 1).

h=2k=23

5
=5=p= " (since it opens to the

right): (y — 3)*> = 5(x — 2).

y i
5 B -
i 37.
1 1 1 1 1 1 1 1 1 1 X
i 5 \
—4,4] by [-2, 18]
y
N 38.
i 5
i ~10, 10] by [~
i 39,
y \’
5k %
i [-8,2] by [~

I T T Y Y

/'\
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312 Chapter 8 Analytic Geometry in Two and Three Dimensions

40.

41.

42.

43.

44.

45.

46.

L/f/
—

[-2,8] by [~

~10,15] by [-3,7]

[~12.8] by [ 2 13]

[-2, 6] by [-40, 5]

/1

[-15,5] by [-1

—
N

[-22, 26] by [-19, 13]

=1

[-17, 7] by [-7, 9]

47.

48.

49.

50.

51.

52.

53.

54.

55.

[-13, 11] by [-10, 6]

¢

[-20, 28] by [-10, 22]

Completing the square produces y — 2 = (x + 1) The
vertex is (h, k) = (=1, 2), so the focus is

(h,k + p) = (—1,2 + %) = (—1,%), and the

1 7
directrixisy =k — p =2 ——=—.
irectrix is y p 1- 2

7
Completing the square produces 2( y = g) =(x — 1)~

The vertex is (h, k) = ( g), so the focus is

7 5
(h,k + p) = (176 —) (1, g),and the directrix is

1_2

2 37

Completing the square produces 8(x — 2) =
The vertex is (h, k) = (2,2), so the focus is
(h+ p, k)= (2 + 2,2) = (4,2), and the directrix is
x=h—-p=2-2=0.

Completing the square produces

13
—4(x - T) = (y — 1)% The vertex is

7
—k—p=——
y p 6

(y — 2%

13
(h, k) = (T R 1), so the focus is

13 9
+ = _— = —_
(h + p, k) ( 7 1,1) (4,1),and

13 17
the directrixisx = h — p = T-ﬁ- 1 _T
h = 0, k = 2, and the parabola opens to the left, so

(y — 2)* = 4p(x). Using (—6, —4), we find
36
(-4 — 2)> = 4p(—6)=4p = 5 = —6. The equation
for the parabola is: (y — 2)* = —6x.
h = 1, k = —3, and the parabola opens to the right, so

11

(y + 3)> = 4p(x — 1). Using (7, 0), we find

, 11 2 .
(0—3)y=4p 5~ 1)=4p = 9-6 = 2.The equation
for the parabola is: (y + 3)? = 2(x — 1).
h = 2,k = —1 and the parabola opens down so
(x — 2)* = 4p(y + 1). Using (0, —2), we find that
(0—2)>=4p(—2+ 1),s04 = —4pand p = —1.
The equation for the parabolais: (x — 2)?> = —4(y + 1).

Copyright © 2019 Pearson Education, Inc.
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56. h = —1, k = 3 and the parabola opens up, so

57

58

59

60

61

62

63

B

by

.

0

.

.

o

(x + 1)> = 4p(y — 3). Using (3, 5), we find that
(3+ 1)) =4p(5— 3),5016 = 8pand p = 2. The
equation for the parabolais (x + 1)> = 8(y — 3).
The derivation only requires that p is a fixed real
number.
One possible answer:
Let P(x, y) be a point on the parabola with focus (p, 0)
and directrix x = —p. Then \/(x - pP+(y—-0?=
distance from (x, y) to (p, 0) and
\/(x — (-p))* + (y — y)* = distance from (x, y) to
line x = — p. Because a point on a parabola is equidistant
from the focus and the directrix, we can equate these
distances. After squaring both sides, we obtain
(x=pP+ (y=02=(x=(=p)*+ (y=y)?
X2 = 2px+ pP+ yP= x>+ 2px + p?
y? = 4px.

For the beam to run parallel to the axis of the mirror, the
filament should be placed at the focus. As with Example 6,
we must find p by using the fact that the points
(£3,2) must lie on the parabola. Then,

(£3) = 4p(2)

9=38p
9
p= i 1.125 cm.

Because p = 1.125 cm, the filament should be placed
1.125 cm from the vertex along the axis of the mirror.

For maximum efficiency, the receiving antenna should be
placed at the focus of the reflector. As with Example 6,
we know that the points (+£2.5, 2) lie on the parabola.
Solving for p, we find
(£2.5)* = 4p(2)
8p = 6.25
p = 0.78125 ft.
The receiving antenna should be placed 0.78125 ft, or
9.375 in., from the vertex along the axis of the reflector.

5
4p = 10,s0 p = ) and the focus is at (0, p) = (0, 2.5).

The electronic receiver is located 2.5 units from the vertex
along the axis of the parabolic microphone.

4p = 12,s0 p = 3 and the focus is at (0, p) = (0, 3). The
light bulb should be placed 3 units from the vertex along
the axis of the headlight.

Consider the roadway to be the axis. Then, the vertex of
the parabola is (300, 10) and the points (0, 110) and

(600, 110) both lie on it. Using the standard formula,

(x — 300)* = 4p(y — 10). Solving for 4p, we have

(600 — 300)> = 4p(110 — 10), or 4p = 900, so the
formula for the parabola is (x — 300)* = 900(y — 10).
The length of each cable is the distance from the parabola to
the line y = 0. After solving the equation of the parabola
for y (y = ;ﬁxz - %x + 110), we determine that the
length of each cable is

\/(x - x)* + (ixz i i0- 0)2 =
900 3
1, 2

—x? — Zx + 110. i
900" 3% 110. Starting at the leftmost tower, the

lengths of the cables are: ~ {79.44, 54.44, 35, 21.11, 12.78,
10, 12.78, 21.11, 35, 54.44, 79.44}.

64. Consider the x-axis as a line along the width of the road
and the y-axis as the line from the middle stripe of the
road to the middle of the bridge — the vertex of the
parabola. Since we want a minimum clearance of 16 feet
at each side of the road, we know that the points
(£15, 16) lie on the parabola. We also know that the
points (+30, 0) lie on the parabola and that the vertex
occurs at some height k along the line x = 0, or (0, k).
From the standard formula, (x — 0)> = 4p(y — k), or
x* = 4p(y — k). Using the points (15, 16), and (30, 0),
we have:

30> = 4p(0 — k)

15% = 4p(16 — k).
Solving these two equations gives 4p = —42.1875 and
k ~ 21.33. The maximum clearance must be at least
21.33 feet.

65. False. Every point on a parabola is the same distance
from its focus and its directrix.

66. False. The directrix of a parabola is perpendicular to the
parabola’s axis.

67. The word “oval” does not denote a mathematically
precise concept. The answer is D.

68. (0)*> = 4p(0) is true no matter what p is. The answer is D.

69. The focus of y* = 4pxis (p, 0). Here p = 3,s0 the
answer is B.

70. The vertex of a parabola with equation

(y — k)* = 4p(x — h)is (h, k). Here,k = 3and h = —2.
The answer is D.

71. (a)-(¢) y

slope = ¥=2
/ c-1

Fb, ¢) /

P(x,y)

y=i Alx, D)

/ - )
Midpoint of AF
x+b l+c
M 27 2

(d) As A moves, P traces out the curve of a parabola.

(e) With labels as shown, we can express the coordinates
of P using the point-slope equation of the line PM:

€+c_x—b/ x+b
YT T =\t T 2)
€-i-c_(x—b)2

2 2c—0)

2(c—€)<y—e—;c)=(x—b)2.

This is the equation of a parabola with vertex at
+ +
(b, ¢ > C) and focus at (b, tte + p) where

_c—¢
p 5

y -
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72. (a)-(d) ¥
5 -
—no1 B P(x,n—1)
- (N
1 1 1 I/ 1 é X
y=-1 \
2+ (- 1)?=n?

(e) A parabola with directrix y = —1 and focus at (0, 1)

has equation x> = 4y. Since P is on the circle
x>+ (y— 1)) = n*andon the line y = n — 1, its
x-coordinate of P must be
x=Vri—(n-1)-1)%=Vr - (n-2)>~
Substituting (Vn? — (n — 2)?,n — 1) into x* = 4y
shows that ( Vit = (n— 2)2)2 = 4(n — 1),s0 P lies
on the parabola x> = 4y.

73. (@) (x—y+1)(x —y—1)=x>—2xy + y*— 1. Setting
x — y+ 1 equal to zero gives the line y = x + 1. Setting
x — y—1 equal to zero gives the line y = x — 1. These
two lines form the graph of the solution set.

(b) These lines are parallel, not intersecting. There is no
way to intersect the cone in Figure 8.2 with a plane
and get two parallel lines.

(¢) There are no points (x, y) that solve the equation,
since x> + y* cannot be negative.

(d) The graph would be the empty set. Because the cone
in Figure 8.2 extends infinitely, it has a nonempty
intersection with every possible plane.

u)

Empty set

(e)

Two parallel lines

1
The point (a, b) is on the parabola y = —x?

4p

74

b

2
1
if and only if b = Z—p . The parabola y = Exz and
2
the line y = m(x — a) + Z—intersect in exactly

2
one point (namely, the point (a, :ll_p)) if and only if

Z—mx+am—-—=0

4p
has exactly one solution. This happens if and only if
the discriminant of the quadratic formula is zero.

1 2 2
SR Y (R | (R R L
(—m)* — 4 P
4p 4p P 4p

the quadratic equation 1
X
q q 4

2
- (m - i) = 0if and only if m = —.
2p 2p

Substituting m = % and x = 0 into the equation of the

line gives the y-intercept

> a @ >

a
==—0-a)+—=—-——+—=—-——= )
Y 2p( 9) 4p 2p  4p 4p

1
75. (a) The focus of the parabola y = Exz is at (0, p) so any

line with slope m that passes through the focus must
have equation y = mx + p.
The endpoints of a focal chord are the intersection

1
points of the parabola y = —x? and the line
p

y = mx + p.

1
Solving the equation 4—x2 — mx — p = 0 using the
p

quadratic formula, we have

1

+ 24— (-

R €
()
4p
+Vm? + 1
= % = 2p(mxVm?* + 1).
2p

(b) The y-coordinates of the endpoints of a focal chord

are

y = %(2p(m + Vm? + 1)) and
y = 5 @plm = VT £ DY

1
E(4p2)(m2 +2mVm? +1 + (m2 + 1))
1

= E(4pz)(m2 —2m\Vm? + 1 + (m? + 1))

= p2m® + 2mVm?* + 1 + 1)
= p2m® — 2mVm?* + 1 + 1).

Using the distance formula for

@p(m — Vm® + 1), p@m® — 2mVm? + 1 + 1))
and 2p(m + Vm?* + 1),

p(2m® + 2m\/m? + 1 + 1)), we know that the

length of any focal chord is

= V(o —x)? + (2 — n)

= \V(@pVn? + 1) + (dmp\/m? + 1)

= \V16m*p> + 16p?) + (16m*p? + 16mp?)

= \/16m4p2 + 32m*p* + 16p%.

The quantity under the radical sign is smallest when
m = 0. Thus the smallest focal chord has length
Vi6p® = |4p].

76. (a) For the parabola x> = 4py, the axis and directrix
intersect at the point (0, — p). Since the latus rectum
is perpendicular to the axis of symmetry, its slope is 0,
and from Exercise 65 we know the endpoints are
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(=2p, p) and (2p, p). These points are symmetric
about the y-axis, so the distance from (=2p, p) to
(0, — p) equals the distance from (2p, p) to (0, —p).
The slope of the line joining (0, —p) and (2p, p) is

ﬁ = —1 and the slope of the line joining
(0,—p) and (2p, p) is i S 1. So the lines are

0—-2p
perpendicular, and we know that the three points
form a right triangle.

(b) By Exercise 64, the line passing through (2p, p) and
(0, — p) must be tangent to the parabola; similarly for
(=2p, p) and (0, —p).

B Section 8.2 Circles and Ellipses

Exploration 1

1. The equations x = —2 + 3costand y = 5 + 7sin f can be
. y—>
dsint = ——.
and sin -
Substituting these into the identity cos*t + sin’t = 1
(+2 G -5F
49

. X
rewritten as cos t =

yields the equation 1.

2.

\_/E

[-175,125] by [-5, 15]

2 2

3. Example 1: Since % + y? = 1, a parametric solution is

x =3costand y = 2sint.

2 2

Example 2: Since T + 7" 1, a parametric solution is

y = VI13sintand x = 2 cos t.
x = 3)? + 1)?
(=3 O+

25 16
solutionis x = Scost + 3andy = 4sint — 1.

Example 3: Since = 1, a parametric

3
\/

[—4,4] by [-3,3]

‘_“"'h\\.
N

[-6,6] by [4,4]

Section 8.2 Circles and Ellipses 315

AT

[=3,9] by [-6,4]
Answers may vary. In general, students should find that

the eccentricity is equal to the ratio of the distance
between foci over distance between vertices.

5. Example 1: The equations x = 3 cost,y = 2 sinf can be

. X . Yy . .
rewritten as cos t = —,sint = > which using

3

2y
cos’t + sin’t = 1 yields; = 1or4x* + 9y* = 36.
Example 2: The equations x = 2 cos ¢,y = V13 sin ¢ can

. X . Y . .
be rewritten as cos t = —, sint = ——, which usin
2 V13 &

y X
in’f + cos’t = 1lyields <= + — = 1.
sin cos yields 7= + -
Example 3: By rewriting x = 3 + 5 cos ¢,

. x—3 . y+1

y= -1+ 4sintascost = ,sInf = 1 and

using cos’t + sin’t = 1, we obtain
(=3, G+
25 6

1.

Exploration 2

Answers will vary due to experimental error. The theoretical
answers are as follows.

2.a=9cm,b= V80 = 894 cm,c = 1cm,e = 1/9 = 0.11,
b/a = 0.99.

3.a=8cm,b= V60 = 7.75cm,c = 2cm,e = 1/4 = 0.25,
b/a ~ 097,
a=T7cm,b= V40 = 6.32cm,c = 3cm,e = 3/7 = 043,
b/a =~ 0.90,
a=6cm,b= V20 = 447cm,c = 4cm,e = 2/3 = 0.67,
b/a =~ 0.75.

4. The ratio b/a decreases slowly as e = c¢/a increases rapidly.

The ratio b/a is the height-to-width ratio, which measures
the shape of the ellipse —when b/a is close to 1, the ellipse
is nearly circular; when b/a is close to 0, the ellipse is
elongated. The eccentricity ratio e = ¢/a measures how
off-center the foci are — when e is close to 0, the foci are
near the center of the ellipse; when e is close to 1, the foci
are far from the center and near the vertices of the ellipse.
The foci must be extremely off-center for the ellipse to be
significantly elongated.

[-0.3, 1.5] by [0, 1.2]
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316 Chapter 8 Analytic Geometry in Two and Three Dimensions

2 Section 8.2 Exercises
=iz Lh=0k=0a=4b=\Ts0c=\VI6=7=3
Vertices: (4,0), (—4, 0); Foci: (3, 0), (=3, 0)

V1 — 2
2.h=0,k=0,a=5b= V2I,soc= V25 -21 =2
Vertices: (0, 5), (0, —5); Foci: (0, 2), (0, —2)
3.h=0,k=0,a=60b=3V3s0oc= V36 —27=3
Vertices: (0, 6), (0, —6); Foci: (0, 3), (0, —3)

4. h=0k=0a= VII,b= Visoc=VII-7=2

[-0.3, 1.5] by [0, 1.2] Vertices: (V11,0), (—=V11, 0); Foci: (2, 0), (=2, 0)
2y
QuickReviewS.z 5.?+?=1h:0,k:0,a:2,b: \/§,SO
LV2-(3))P+¢@-(-2)?=Vs+6 =Vl c=VE-3=1
2 Va— ()P + b - () Vzerncej: (2,0), (=2, 0); Foci: (1,0), (=1, 0)
— V@t 3+ (bt 4y 6.%+%=1.h:O,k:O,aZS,bZZ,so
3. 4y? + 9x* = 36,4y = 36 — 9x?, ¢ = V9 —4 =145
36 — 9x? 3 Vertices: (0, 3), (0, —3); Foci: (0, V53), (0, — V5)
=4\ [———=+=V4 -4
YT 2 * 7. (d)
4. 25x* + 36y> = 900, 36y* = 900 — 25x2, 8. (¢)
900 — 25x% 5 9. (a)
= [ = x> V36 — ¥
YT 36 6 * 10. (b)
5.3x + 12 = (10 — V3x — 8) 1 '
3x + 12 = 100 — 20V3x — 8 + 3x — 8 ' 3
—-80 = —20V3x — 8
4= V3x—8
16 = 3x — 8
3x = 24
x =38
6. 6x + 12 = (1 + VAx + 9)?

6x+ 12=(1+2Vax +9 + 4x + 9)
2x + 2 =2V4x + 9

x+1=Vix+9
A 2x+1=4x+9 12. y

X —-2x—8=0
(x—4(x+2)=0
x =4
7.6x% + 12 = (11 — V6x? + 1)?
6x*+ 12 =121 — 22V6x* + 1 + 622 + 1

—110 = =22V6x? + 1

6x>+ 1 =25
6x2—24=0
X2—4=0
x=2,x= -2 13
8. 2% + 8= (8 — V3x* +4) ’ y
22+ 8=64— 16V32 + 4 + 3% + 4 ST
0=x*—16V3x2+4 + 60
2+ 60 = (161322 + 4) /:
x* 4+ 120x% + 3600 = 256 (3x> + 4) e
x* — 648x% + 2576 = 0 \j
x=2,x= -2 I
3\ 15 3+V15 -
9.2()(—5) —7:0,50)(: B B

7
10. 2(x + 1)>— 7= 0,50 x = —11\/;
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14.

15.

16.

17.

18.

19.

~

10

10

N

~

)

X

[-9.4,9.4] by [-6.2, 6.2]

2
y = :I:g\/—xz + 36

N
\

[-11.75, 11.75] by [-8.1, 8.1]

y=+2V-x*+16

-

[-4.7,4.7] by [-3.1, 3.1]

= 1+
y 10

\S}

+ 2)?
a2 1

20.

Section 8.2 Circles and Ellipses 317

—__1 =
[-9. 171 by [-6, 6]

1
y = —4iE\/—x2+8x+ 112

21.%2+%2=1

22.:—;+;—;=1

23.c:2anda:%:5,sob:\/m=\/ﬁ:
2 2
%+;—1=1

24.c:3andb:12—0:5,soa:\/m=\/1_6=4:
A

25.;—2+;—;=1

26.:—;+i}—;=1

27.b:4x—; ;—;—1

28.b:2x—;+y?2—

29.a:52—; y—6 1

30. a = ;%24 %29=

31. The center (A, k) is (1, 2) (the midpoint of the axes); a

32.

33.

34.

and b are half the lengths of the axes (4 and 6,
(x-1 (-2

i : + =1.
respectively) I3 % 1

The center (A, k) is (—=2,2) (the midpoint of the axes); a
and b are half the lengths of the axes (2 and 5,

@t -2

: + = 1.
respectively) 2 5 1
The center (A, k) is (3, —4) (the midpoint of the major
axis); a = 3, half the lengths of the major axis. Since ¢ = 2
(half the distance between the foci),

x — 3)? + 4)?

TRVt A A B}
The center (A, k) is (=2, 3) (the midpoint of the major
axis); b = 4, half the lengths of the major axis. Since ¢ = 2
(half the distance between the foci),

Y B AR Gt

16
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318 Chapter 8 Analytic Geometry in Two and Three Dimensions

35.

36.

The center (A, k) is (3, —2) (the midpoint of the major
axis); a and b are half the lengths of the axes (3 and 5,
respectively):
(x =37 (y+2p

9 25
The center (A, k) is (—1,2) (the midpoint of the major
axis); a and b are half the lengths of the axes (4 and 3,

+ 1) -2)

respectively): (x ) + 5 9 ) =1.

16
x — h)?

=1.

(y — k)

For #37-40, an ellipse with equation ( + =1

a* b?

has center (h, k), vertices (h + a, k), and foci (h + ¢, k)

where ¢ = Va* — b

37.

38.

39.

40.

41.

42.

43.

44.

Center (—1,2); Vertices (—1 + 5,2) =
Foci (-1 + 3,2) = (=4,2), (2,2).
Center (3, 5); Vertices: (3 £ V11,5) =
Foci = (3 £ 2,5) = (5,5),(1,5).
Center (7,—3); Vertices: (7,—3 £ 9) = (7, 6), (7,—12);
Foci: (7,-3 = VI7) ~ (7,1.12), (7,-7.12).

Center (=2, 1); Vertices: (=2,1 + 5) =
Foci: (2,1 + 3) = (=2,-2),(-2.4)

(_67 2)7 (47 2);

=

(-8, 8] by [-6, 6]

x = 2cost,y = Ssint

1\

[—6,10] by [-6, 5]
x = V30cost,y = 2V5sint

()

[-8,2] by [0, 10]
2V3cost — 3,y = \V3sint + 6

=
Il

D

[=3,7] by [5,3]

x = V6cos(t) + 2,y = VI5sin(t) — 1

For #45-48, complete the squares in x and y, then put in stan-
dard form. (The first one is done in detail; the others just
show the final form.)

(632,5), (—032,5);

(_27 _4)7 (_27 6)7

45.

46.

47.

48.

49.

50.

S1.

52.

9x? + 4y — 18x + 8y — 23 = 0 can be rewritten as

9(x* — 2x) + 4()* + 2y) = 23.This is equivalent to

9(x¥* — 2x+ 1) + 4(y* + 2y + 1) = 23+ 9 + 4,0r

9(x — 1)> + 4(y + 1)*> = 36. Divide both sides by 36 to

(x -1 (y+1)
4 - 9

5
(1,2), Foci: (1, —1 +V/5), Eccentricity: %

obtain = 1. Vertices: (1, —4) and

(x—2? (+3)
5 3

2 2
Foci: (2 +V2,—3), Eccentricity: % = \/%

(437 (-1

= 1. Vertices: (2 £ V5, -3).

6 9 =1 Verncei/E 7,1) and (1, 1).
7
Foci: (—3 +V7, 1), Eccentricity: R
(v + 8y

(x — 4?2+ 1 = 1. Vertices: (4, —10) and (4, —6).

3
Foci: (4, —8 +V/3), Eccentricity: %

The center (4, k) is (2, 3) (given); a and b are half the
lengths of the axes (4 and 3, respectively):

(=27 (-3
16 - 9

The center (A, k) is (—4, 2) (given); a and b are half the
lengths of the axes (4 and 3, respectively):
(447 (v =2

16 9

Consider Figure 8.15(b); call the point (0, ¢) F, and the
point (0, —c) F,. By the definition of an ellipse, any point
P (located at (x, y)) satisfies the equation

PF + PF, = 2athus, \V(x — 0 + (y — ¢)°
+ V-0 +(+e)’=Va+(y—cf
+ V2 +(+oP=2a
hen VEF G = = 20~ VETG TP
2+(y—c)2:4az—4a\/)m
+ X+ (y+ ¢)
y2—2cy+02:4a2—4a\/m
+ 2+ 2y + ¢
4aVx* + (y + ¢)® = 4a*> + 4cy
aVxt+ (y+ ) =a*+ cy

@(x* + (y + ¢)?) = a* + 2d’cy + &

=1.

=1.

azxz + (a2 _ CZ)yZ — aZ(aZ _ CZ)
22+ bzyz = 22p2
2 2
X Y
- + — = 1.
b a

c
Recall that ¢ = — means that ¢ = ea,b = Va*> — ¢? and
a

a celestial object’s perihelion occurs at @ — ¢ for Pluto,

¢ = ea = (0.2484)(5900) ~ 1456.56, so its perhelion is
5900 — 1456.56 = 4434.44 Gm. For Neptune,

¢ = ea = (0.0050)(4497) ~ 22.49, so its perihelion is
4497 — 22.49 = 447451 Gm. As a result of its high by
eccentric orbit, Pluto comes over 40 Gm closer to the Sun
than Neptune.

Copyright © 2019 Pearson Education, Inc.



53. Since the Moon is furthest from the Earth at 252,710
miles and closest at 221,463, we know that
2a = 252,710 + 221,463, 0or a = 237,086.5. Since
¢ + 221,463 = a,we know ¢ = 15,623.5 and

b= Va* - = V(23708657 — (15623.57 ~ 236571.

c 156235 0.066
a 237,085
The orbit of the Moon is very close to a circle, but still
takes the shape of an ellipse.

For Mercury, ¢ = ea = (0.2056)(57.9) ~ 11.90 Gm and
its perihelion a — ¢ = 57.9 — 11.90 = 46 Gm. Since the
diameter of the Sun is 1.392 Gm, Mercury gets within

46 — % ~ 45.3 Gm of the Sun’s surface.

From these, we calculate e =

54

b

55. For Saturn,c¢ = ea = (0.0560)(1,427) ~ 79.9 Gm.
Saturn’s perihelionis a — ¢ = 1427 — 79.9 =~ 1347 Gm
and its aphelionis a + ¢ = 1427 + 79.9 ~ 1507 Gm.
56. Venus:c = ea = (0.0068)(108.2) = 0.74,so

b = V(1082)* — (0.74)> ~ 108.2.

2
X2 y

+ =
11,707.24  11,706.70 !

b

Mars: ¢ = ea = (0.0934)(227.9) = 21.29,s0
b= V(22791) — (21.29)® ~ 22691

2
X2 y

=+ =
51,938 51,485 !

57. For sungrazers,a — ¢ = 1.5(1.392) = 2.088.The

eccentricity of their ellipses is very close to 1.

36.18 12
58.a=——>b= 9—,(:: \Va? — b?

B

2 2
36.18\2 9.12\?
= \/(T) - (T) ~ 17.51 Au,
17.51
thus e = m ~ 0.97

59.a=8and b = 35,s0c = Va* — b* = V/51.75. Foci at
(£ V51.75,0) = (£7.19, 0).
60. a = 13andb = 5,s0c = Va* — b> = 12. Place the

source and the patient at opposite foci — 12 in from the
center along the major axis.

61. Substitute y* = 4 — x*into the first equation:
x2 4 — x2
—_ = 1
4 9
9x% + 4(4 — x2) = 36
5x% = 20
=4
x==22,y=0

Solution: (=2, 0), (2, 0)

62. Substitute x = 3y — 3 into the first equation:
3y — 3)?

(y9 )+y2:1
V=2 + 1+ y?=
2y? =2y =10
2y(y - 1) =0

y=0ory=1

x=-3 x=0

Solution: (=3, 0), (0, 1)

Section 8.2 Circles and Ellipses 319

63. (a) *ﬁi

[

Inkerseckion
W=1.0ZEYBEE Y= - BEEEZEL

[~4.7,47) by [-3.1,3.1]

Approximate solutions:
(£1.04, —0.86), (£1.37,0.73)

V94 —2Viel 1+ Vel
(b) 3 T ;

(j: 94 +2V16l -1 + \/161)

8 ’ 16
One possibility: A circle is perfectly “centric”: It is an
ellipse with both foci at the center. As the foci move
off the center and toward the vertices, the ellipse
becomes more eccentric as measured by the ratio
e = c¢/a.In everyday life, we say a person is eccentric if
he or she deviates from the norm or central tendencies
of behavior.

65. False. The distanceisa — ¢ = a(l — ¢/a) = a(l — e).

66. True, because > = b* + ¢*in any ellipse.
2 >

67.%+yT:1,soc:\/az—b2:\/22—12:\/§.

The answer is C.

68. The focal axis runs horizontally through (2, 3). The
answer is C.

64

b

69. Completing the square produces

(x -4 (y-3)
4 T 9

B

= 1. The answer is B.

70. The two foci are a distance 2c apart, and the sum of the
distances from each of the foci to a point on the ellipse is
2a.The answer is C.

71. (a) Whena = b = r, A = ab = mrr = wr* and

m)

P = 2 3 -
w(r)( r+r

2arr 3—\/W = 2mr 3'—ﬂ
(-255) -2 (a-3)

2r 2r

27r (3 — 2) = 2ar.
2y
(b) One possibility:E + 5" 1 with A = 127 and

X
100
A= 10mand P ~ (33 — VA03)w ~ 40.61.

72. (a) Answers will vary. See Chapter III: The Harmony of
Worlds in Cosmos by Carl Sagan, Random House,
1980.

(b) Drawings will vary. Kepler’s Second Law states that as
a planet moves in its orbit around the sun, the line
segment from the sun to the planet sweeps out equal
areas in equal times.

P~ (21 — V195)m =~ 22.10, and + 2 = 1 with

Q

Copyright © 2019 Pearson Education, Inc.



73. (a) Graphing in parametric mode with Tstep = %

A
ot

[-4.7,4.7] by [-3.1, 3.1]

(b) The equations x(z) = 3 + cos(2t — 5) and y(t) =
—2sin(2t — 5) can be rewritten as cos(2t — 5) = x — 3
and sin(2r — 5) = —y/2. Substituting these into the
identity cos?(2t — 5) + sin*(2t — 5) = 1 yields the
equation y?/4 + (x — 3)? = 1. This is the equation of
an ellipse with x = 3 as the focal axis. The center of
the ellipse is (3, 0) and the vertices are (3,2) and
(3,—2). The length of the major axis is 4 and the
length of the minor axis is 2.

74. (a) The equations x(1) = 5 + 3 sin(m + %) and
y(t) = 3w COS(’)T[ + %) can be rewritten as
y

. ( 77) x—5 ( 77)
sin| 7wt + — | = and cos| 7wt + — | = —.
2 3 2 37

o . . . ™
Substituting these into the identity cosz(m + E) +

sinz(m + %) = 1 yields the equation

2 _52
DA i)

5 = 1. This is the equation of an ellipse.
91 9

a
\J

[-8, 8] by [-10, 10]

(b) The pendulum begins its swing at = 0 so
x(0) = 5 + 3sin (g) = 8 ft, which is the maximum
distance away from the detector. When ¢t = 1,
x1)=5+3 sin(ﬂ- + %) = 2 ft, which is the

minimum distance from the detector. When ¢t = 3, the
pendulum is back to the 8-ft position. As indicated in
the table, the maximum velocity (= 9.4 ft/sec) hap-
pens when the pendulum is at the halfway position

of 5 ft from the detector.

T T Vit

£.3 3.2366 | 76248

4.0729 | B.9G35

B 9.4248

] 59271 | B.9535

E? 6.7/632Y | 7.6248

ER ~HZFAL | 5.5387

£l ~.B53E | 2.9124
I=5.5%

75. Write the equation in standard form by completing the

squares and then dividing by the constant on the right-
hand side.

76.
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D? E?> D* F?
Ax* + Dx + — + + E =—+—-F
o Yt AT YT E et e
», D +D2 »  E +E2
x —X e —_ o
AN T aar VT T
C A
2 2
1(2+E__F)
4A  4C
2
(x+ ) ) cpaar
2C)  CD*+ AE? — 4ACF
A 4A%C?

A2C2
( )~
2+ AE2 — 4ACF
E 2
+ —_—
(y 26) =1

A

D \? E\?

4A? 1( +—) 4A 2( +—)
C\**aa SRS

CD? + AE? — 4ACF ~ CD? + AE? — 4ACF

Since AC = 0, A# 0 and C # 0 (we are not dividing by
zero). Further, AC = 0 = 4A4°C = 0 and 4AC* = 0
(either A = 0and C = 0,or A = 0 and C = 0), so the
equation represents an ellipse.

—h 2 —k 2
Rewrite the equation to (x_) + (yT) =0
a

Since that a # 0 and b # 0 (otherwise the equation is not
defined) we see that the only values of x, y that satisfy
the equation are (x, y) = (h, k). In this case, the degen-
erate ellipse is simply a single point (/, k). The semimajor
and semiminor axes both equal 0. See Figure 8.2.

x+—

B Section 8.3 Hyperbolas

Exploration 1

1.

3.

The equations x = —1 + 3/cost = —1 + 3 sect and
y = 1 + 2tan ¢ can be rewritten as

1
and tant = Y . Substituting these

X
sect =

into the identity sec>t — tan’t = 1 yields the equation

N
RN

[-9.4,9.4] by [-6.2, 6.2] [-9.4,9.4] by [-6.2,6.2]
In Connected graphing mode, pseudo-asymptotes appear
because the grapher connects computed points by line seg-
ments regardless of whether this makes sense. Using Dot
mode with a small Tstep will produce the best graphs.
Example 1: x = 3/cos (¢), y = 2 tan ()
Example 2: x = 2 tan(t),y = V/5/cos (t)
Example 3:x = 3 + 5/cos (¢),y = —1 + 4 tan (¢)
Example 4:x = =2 + 3/cos(t),y = 5 + 7 tan (¢)

=1.
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4. 4x* — 9y* = 36

ht [ i
A l .
[29.4, 9.4] by [-6.2, 6.2]
yoox?
LI
5 4

[-9.4,9.4] by [-6.2, 6.2]
(x=3)° (+1°_

1
25 16
i l i
! '\
[-7.4,11.4] by [-6.2, 6.2]
P -5

9 49

I _—
| —

[-20, 18] by [-8, 18]

5. Example 1: The equations x = 3/cost = 3 sect,

y = 2tant can be rewritten as sect = %’ tant = %, which
2 y2
using the identity sec’ t — tan’¢ = 1 yields i 1.
Example 2: The equations x = 2tant, y = V/5/cos
. y
= V5 sect can be rewritten as tan ¢ = E, sect = —,
2 V5
Y ox
which using sec? t — tan?t = 1 yields e 1.
Example 3: By rewriting x = 3 + 5/cos t,

x—3 y + 1
y=—1+ 4tantassect = ,tant = and
using sec’t — tan’¢ = 1, we obtain
(=3 GrD_,

25 6
Example 4: By rewriting x = —2 + 3/cos t,

+2 -

y:5+7tantassect=x ,tant=y and using

@2 (-5
2t — tan’t = 1 bt - =1.
SeC an , We ootain 9 49

Section 8.3 Hyperbolas

Quick Review 8.3
L V(=7 — 4 + (-8 — (-3))?
= V(-11)* + (-5)* = V146
2. V(b —a)P+ (c — (-3))
= V(b -a)+(c+3)

3.9y — 16x* = 144
9y? = 144 + 16x?

4
= +=Vx*+9
y F VX

4. 4x* — 36y* = 144
36y? = 4x> — 144

2

y::l:g x> — 36
1

y::l:g x2— 36

5. V3x +12 =10+ V3x — 8
3x + 12 =100 + 20vV3x — 8 + 3x — 8

—80 = 20V3x — 8
—4 = V3x — 8. No solution.

6. Vidx +12 =1+ Vx + 8
dx+12=1+2Vx+8+ x+ 8
3x + 3=2Vx +8

Ox? + 18x + 9 = 4x + 32
Ox> + 14x — 23 =0

—14 + V196 — 4(9)(—23)

re 18
14432
X = ————
18
23 23
=1 = = Whenx = - =
X or x 9 en x 9

Vix +12 — Vx + 8

_fe o4 7
9 9 3 3 ’

The only solution is x = 1.

7.V6x2+ 12 =1+ Vex* +1

6x*+ 12=1+2V6x>+1+ 6x2+ 1

10 = 2V6x? + 1

25=6x>+ 1
6x2 — 24 =0
X*—4=0

x=2,x=—2.

8. V2x* +12= -8+ V3x* +4
20 + 12 =64 — 16V3x* +4 + 32 + 4
X2+ 56=16V3x> +4
x* 4+ 112x% + 3136 = 768x* + 1024
x* — 656x% + 2112 =0
x = {25.55, —25.55}. (The other solutions are
extraneous.)

16
9.c:a+2,(a+2)2—a2:—a

16
a2+4a+4—a2:Ta,4a:12:11:3,(::5.

k)
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0.c=a+1(at1)?—a = 215_211’ 13. Transvc;rse axis from (0, —5) to (0, 5); asymptotes:
= +—x
25 y s
@2t 1-d=Tha=12c= 13, 4
A A y=+=Vx*+16
Section 8.3 Exercises
For #1-6, recall the Pythagorean relation that ¢> = a*> + b°. y
La=4b=\V7c=V16+71= V23 I5F
Vertices: (+4, 0); Foci: (+ V23, 0). \/
2.a=5b=\2,c= V2 ¥ 21 = \V46:
Vertices: (0, +5); Foci: (0, +=V/46). E— 55
3a=6b=\VI3c=\V36+13="7
Vertices: (0, £6); Foci: (0, £7). /\
4. a=3,b=4,c=VI+16=5; -
Vertices: (3, 0); Foci: (+5, 0).
s, x; B y; —la=2b=ic= T 14. Transvirzse axis from (—13, 0) to (13, 0); asymptotes:
y = :t_xa
Vertices: (+2, 0); Foci: (£ V7, 0). 13
2 2 12—
6.%—%=1;a:2,b:3,c:\/ﬁ; y =3V - 169,
Vertices: (£2, 0); Foci: (£ V13, 0). y
7. (¢) I5F
8. (b) i
9. (a) i
10. (d) 1 1 1 1 1 1 1 2|0 X
11. Transverse axis from (=7, 0) to (7, 0); asymptotes: i
5 B
y = A i
5
= -V - 49.
Y 77" 15. The center (h, k) is (=3, 1). Since a*> = 16 and b* = 4, we

have a = 4 and b = 2. The vertices are at (=3 + 4, 1) or
(=7,1) and (1, 1).

y
4k

X -
20 5
L/1 1 1 1 1 1 | 1IN 11

L 7 _\3)(

15+

12. Transverse axis from (0, —8) to (0, 8); asymptotes: -
8
y = :l:_x’ . . 2 2
5 16. The center (4, k) is (1, —3). Since a° = 2 and b* = 4, we
] have a = V2 and b = 2.The vertices are at (1+V2, —3).
y = :I:g\/ X% + 25.

y

N N

X

6

%

20

N
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2

2
\ [ / 23.c:3anda:2,sob:ch—a:ﬁ:%—yg=1
2

2
3andb = 2,s0a = V& — b = \/5;%_)( =1

17.

24. X
/ l \ C \V \V 5
25.¢c=15and b = 4,s0a = V. — b*> = V209:
[-18.8, 18.8] by [-12.4, 12.4] ¥R
z = 1
2
y= +5Va7 =36 1020

1
26.c = Sanda = 3/2,s0b = Vc* - a2=§\/9_1:

18.
x2 y2 x2 y2
— - =lor————=1
225 2275 9/4  91/4

27.a=5andc = ea = 10,s0b = V100 — 25 = 5V3:
P
(188, 18.8] by [-12.4, 12.4] 2575
28.a=4andc = ea = 6,s0b = V36 — 16 = 2V/5:
y=+2Vx* + 16 R

—-——=1

19. 16 20
\[/ 29.b=5a= V- =\V169 — 25 = 12:
RN S
144 25
/N |

R T 30.c=6a=-=3b=\VI-d=V36-9=3V3
2 2
— 3 2 x_ — y_ =1
y= AV -4 9 27
20 31. The center (4, k) is (2, 1) (the midpoint of the transverse
’ axis endpoints); a = 2, half the length of the transverse
axis. And b = 3, half the length of the conjugate axis.
(- 12 (x-2?

1
4 9
32. The center (h, k) is (—1, 3) (the midpoint of the transverse

(9.4, 9.4] by [-6.2, 6.2] axis endpoints); @ = 6, half the length of the transverse
axis. And b = 5, half the length of the conjugate axis.
4
y= 3V +9 (x+1)2_(y—3')2=1
36 25
21 33. The center (A, k) is (2, 3) (the midpoint of the transverse

axis); a = 3, half the length of the transverse axis.

: 4 (x-2° (-3
b/al = =, b = 4 - = 1.
Since |b/al 3 5 6
5
/ t \\' 34. The center (h, k) is (—2, —), the midpoint of the
[-9.4,9.4] by [-3.2,9.2] 2
9
1 W) = 2
y=34+ 5« /5%% — 20 transverse axis); a = > half the length of the transverse
o 4 27 (v =5/2° (x+2)°
22. pl==p=2L. _ =1
axis. Since |a/b| 3 s 814 739764

35. The center (4, k) is (—1, 2), the midpoint of the trans-
verse axis.a = 2, half the length of the transverse axis.

/ t‘\ The center-to-focus distance is ¢ = 3,s0b = V¢ — a?

e (-2
= VR - -

1.

[-11.4,7.4] by [-3.2,9.2]

3
y:3:|:§\/x2+4x+8
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324 Chapter 8 Analytic Geometry in Two and Three Dimensions

11
36. The center (A, k) is (—3, —7), the midpoint of the

7
transverse axis. b = > half the length of the transverse

. . . 11
axis. The center-to-focus distance is ¢ = > SO

a:\/c——b2 \/—(y+55) (x+3)2=

49/4 18

The center (A, k) is (=3, 6), the midpoint of the trans-
verse axis.a = 5, half the length of the transverse axis.
The center-to-focus distance ¢ = ea = 2+ 5 = 10,

sob= Ve —a=\V100-25=5V3
(y—67° (x+37°
35 75
The center (A, k) is (1, —4), the midpoint of the trans-
verse axis. ¢ = 6, the center-to-focus distance

a:§=g=3,b:\/c—a \/36—9—\/_

(x—1? (+47
9 27
For #39-42, a hyperbola with equation
(x—h?’ (y— k)
@ v’

(h + a,k),and foci (h + c, k) wherec = Va* + b
vy —k? (x—hy
@ v
center (h, k), vertices (h, k + a), and foci (h, k + ¢) where

again ¢ = Va* + b~

39. Center (—1, 2); Vertices: (—1 + 12,2) =
Foci: (-1 + 13,2) = (12,2), (—14,2).

40. Center (—4, —6); Vertices: ( 4 + 2V3,-6);
Foci: (-4 £ 5,-6) = (1,—6), (=9, —6).

37

B

38

&

=1.

= 1 has center (A, k) vertices

A hyperbola with equation = 1 has

41. Center (2, —3); Vertices: (2, -3 + 8) = (2,5),(2,-11);
Foci: (2,-3 + V145).

42. Center (-5, 1); Vertices: (—5,1 + 5) =
Foci: (=5,1 £ 6) = (=5,-5),(=5,7).

43, - + B

[-14.1, 14.1] by [-9.3,9.3]
y = 5/cost,x = 2tant

4. - - K
Y } i
'

."lll } Y

[-14.1, 14.1] by [-9.3,9.3]
x = V30/cost,y = 2V5 tan ¢

(11,2), (=13,2);

(_57 _4)7 (_57 6)7

45.

[-12.4, 6.4] by [-0.2, 12.2]
x=-3+2V3/cost,y =6+ V5tant

46. . T\v’

-

[-7.4,11.4] by [-7.2,5.2]
y=—-1+ V15/cost,x = 2 + Vb6 tant

47.

™

[-9.4, 9.4] by [-5.2, 7.2]

Divide the entire equation by 36. Vertices: (3, —2) and
V13
(3,4),Foci: (3,1£V13),e =

48}< N

[-2.8, 6.8] by [-7.1, 0]

Vertices: (%, —4) and (%, —4), Foci: (2j:%, —4)

_ \/(1/4)+(1/9)_2\/9+4_\/E
B 1/2 Bl 36 3

For #49-50, complete the squares in x and y, then write the
equation in standard form. (The first one is done in detail; the
other shows just the final form.) As in the previous problems,
the values of &, k, a, and b can be “read” from the equation

x — h)? — k)?
i( 2 ) T & 2 ) = 1. The asymptotes are

a
b . .

y — k = £—(x — h).If the x term is positive, the transverse
a

axis endpoints are (h+a, k); otherwise the endpoints are
(h, k£D).

1/
A\

[-9.4,9.4] by [-6.2, 6.2]

Copyright © 2019 Pearson Education, Inc.



9x> — 4y — 36x + 8y — 4 = 0 can be rewritten as
9(x* — 4x) — 4(y* — 2y) = 4.This is equivalent to
9% — dx + 4) — 4(y* — 2y + 1) = 4 + 36 — 4,0r

9(x — 2)*> — 4(y — 1)* = 36. Divide both sides by 36 to

-2 (-1

obtain 2 9 = 1. Vertices: (0, 1) and
meFthiVEJLezlgz
50.
/_\f\
[-12.4,6.4] by [-5.2,7.2]
5 _9 D - (x ;53)2 = 1. Vertices: (=3, —2) and
(—a4Ldex—&1ix@ZLe:-3§£

51. a = 2,(h, k) = (0,0) and the hyperbola opens to the left
2

. Xy . 9 4
and right, 0~ 7o 1. Using (3, 2):1 T 1,
16. x2 5y2 _

B2 — 16 = 4% 52 = 16,h* = — — — — =1
’ ’ ’ 54 16

52. a = V2,(h, k) = (0,0) and the hyperbola opens upward

2 2
and downward, so y? - % = 1. Using (2, —2):
4 4 4 yvox
S-S =, =L P4 - =1,
2 Tr 2 4

53. Consider Figure 8.24(b). Label (0, c¢) as point Fy, label

o

(0, —c) as point F, and consider any point P(x, y) along

the hyperbola. By definition, PF; — PF, = +2a, with
c>a=0

V=07 + (v = (-9 =V = 0P + (v — ¢
= +2a
V2 +(+ceP=22a+VE2+ (y—c)
P+ Y+ 2y + = 4dP+4aV P + (v — o)
+ 2+ 2= 2cy +
iam =a — cy
@(x* + y* — 2cy + )
—@R + (@ — A = AP — &)
Py — @ = B

2
yoox?
a2

a* — 2d’cy + c%y?

-==1
b

54my%—f:0

55.

56.

57.

Section 8.3 Hyperbolas 325

y
4F
1 1 1 1 _I 1 1 ‘I‘ X
2 2
Yy ox
b) > — =0
()9 16
) %
T
N
Y 4
y
4F
1 1 1 1 _I 1 1 ‘I‘ X
¢ — a= 120,b*> = 250a

E— 2=

(a + 120)* — &® = 250a
a* + 240a + 14,400 — a*> = 250a
10a = 14,400
a = 1440 Gm
1560 13
a = 1440 Gm,b = 600 Gm, ¢ = 1560, ¢ = a0 = 1o

The Sun is centered at focus (¢, 0) = (1560, 0).
¢ — a = 140, b*> = 405a
E—p=p
(a + 140)* — &® = 405a
@ + 280a + 19,600 — a*> = 405a

125a = 19,600
a = 1568 53
a = 1568 Gm,b = 252 Gm, ¢ = 2968 Gm,e = —.

28
The Sun is centered at focus (¢, 0) = (296.8, 0).

The Princess Ann is located at the intersection of two
hyperbolas: one with foci O and R, and the other with foci
O and Q. For the first of these, the center is (0, 40), so the
center-to-focus distance is ¢ = 40 mi. The transverse axis
length is 2b = (323.27 usec) (980 ft/usec) =

316,804.6 ft ~ 60 mi. Then a ~ V40> — 30> = /700 mi.
For the other hyperbola, ¢ = 100 mi, 2a = (646.53 usec)
(980 ft/usec) = 633599.4 ft ~ 120 mi, and

b ~ V100* — 60% = 80 mi. The two equations are therefore
(y — 40>  x2 (x —100)>  )*
—— ———=1and - =

900 700 3600 6400

1.
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326 Chapter 8 Analytic Geometry in Two and Three Dimensions

The intersection of the upper branch of the first hyperbola
and the right branch of the second hyperbola (found
graphically) is approximately (886.67,1045.83). The ship is
located about 887 miles east and 1046 miles north of point
O — a bearing and distance of about 40.29° and 1371.11
miles, respectively.

58. The gun is located at the intersection of two hyperbolas:
one with foci A and B, and the other with foci B and C.
For the first of these, the center is (0, 2000), so the center-
to-focus distance is ¢ = 2000 mi. The transverse axis
length is 2b = (2 sec) (1100 ft/sec) = 2200 ft. Then

a ~ V2000 — 1100? = 100279 ft. For the other

hyperbola, ¢ = 3500 ft,2a = (4 sec)(1100 ft/sec) =

4400 ft,and b ~ V35007 — 2200> = 100/ 741 ft.

The two equations are therefore

(y — 2000)? X2
— = 1 and
11007 2,790,000
(x — 3500)? v
22002 7.410,000

The intersection of the upper branch of the first hyperbola
and the right branch of the second hyperbola (found
graphically) is approximately (11,714.3,9792.5). The gun is
located about 11,714 ft (2.22 mi) east and 9793 ft

(1.85 mi) north of point B — a bearing and distance of
about 50.11° and 15,628.2 ft (2.89 mi), respectively.

(S}
5]

X y
59. ———=1
4
2V3 5
— 22—
3 y
Solve the second equation for x and substitute into the

first equation.

2V3 5
L2V
3V
1/2V3 22
_(iy_z) Y
4\ 3 9
1(4 , 8V3 Y
| — — + P —
4(3y 3 7 4) g !
2, 2V3
- - v=0
97 3 7

%y(y —-3V3) =0

y=0ory=3V3

Ay
AN

[-9.4,9.4] by [-6.2, 6.2]

Solutions: (=2, 0), (4, 3V3)
60. Add:
2
X 2
R = 1
Y

X+ yP=9
Si:lo
4
=38
x = +2V2

X+ yP=9

8+ 32 =9

~
S

[-9.4,9.4] by [-6.2, 6.2]

There are four solutions: (£2V2, 1)

Inttrsw
clzoizz IV=1.8100088

[-9.4,9.4] by [-6.2, 6.2]

61. (a)

There are four solutions: (£ 2.13, + 1.81).

29 21
(b) The exact solutions are j:lO ol , +10 64

62. One possibility: Escape speed is the minimum speed
one object needs to achieve in order to break away
from the gravity of another object. For example, for a
NASA space probe to break away from the Earth’s
gravity it must meet or exceed the escape speed for
Earth vy, = V2GM/r = 11,200 m/s. If this escape speed
is exceeded, the probe will follow a hyperbolic path.

63. True. The distanceisc — a = a(c/a — 1) = a(e — 1).

64. True. For an ellipse, b* + ¢*> = d°.

2 2
65. XZ - yT =1,s0c¢ = V4 + 1 and the foci are each V5

units away horizontally from (0, 0). The answer is B.

66. The focal axis passes horizontally through the center,

(=5, 6).The answer is E.

b

67. Completing the square twice, and dividing to obtain 1 on

the right, turns the equation into
(y+3° (-2

4 12
68.a=2b=

B

= 1. The answer is B.

V/3,and the slopes are +b/a. The answer is C.
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69. (a—d)

7
s s
XIS
'AV’.Q."}"“‘VA\
i asSN
i

g Ny
S o o —

(e) a=3,c=5b=4
/9 — y?/16 = 1

70. Assume that the focus for the primary parabolic mirror

occurs at Fp and the foci for the hyperbolic mirror occur

at F; and Fy. Assume also that the x-axis extends from

the eye piece to the rightmost F;, and that the y-axis is

perpendicular through the x-axis 60 cm from the eye

piece. Then, the center (4, k) of the hyperbolic mirror is

(0, 0), the foci (+c, 0) = (£60, 0), and the vertices

(£a,0) = (£40,0).

Since a = 40,¢ = 60, b*> = ¢ — @® = 2000. The equation
X2 y?

1600

for the hyperbolic mirror is 2000

71. From Section 8.2, Exercise 75, we have

Ax* + Cy* + Dx + Ey + F = 0 becomes

D \? F\?
z + — 2( + —)
4A C(x > ) 4AC y °C

CD? + AE> — 4ACF = CD® + AE. — 4ACF

Since AC = 0 means that either (A =< 0and C = 0) or
(A = 0and C = 0),either (44’C = 0 and 4AC* = 0),
or (4A’C = 0 and 4AC* = 0). In the equation above,
that means that the + sign will become a (—) sign once
all the values A, B, C, D, E, and F are determined, which
is exactly the equation of the hyperbola. Note that if

A = 0and C = 0, the equation becomes:

E \? D \?
4ACH y + — 4 A2 ( +—)
C(y 2C) 4aCl{x + 74

CD? + AE? — 4ACF  CD? + AE® — 4ACF
If A = 0and C = 0, the equation becomes:

D \? E\?
2 + = 2( +—)
4AC(x 5 ) l4AC?|( y 5C

CD® + AE2 — 4ACF CD’ + AE> — 4ACF

_\2 — k\2
72. With a # 0 and b # 0, we have (x h) = (y ) .
a

b
— -k
Then (x h) = (y ) or
a b

—h -k
(x P ) = —(yT) Solving these two equations,

Section 8.4 Quadratic Equations with xy Terms

73.

74.

75.

327

b
we find that y = +—(x — h) + k. The graph consists of
a

two intersecting slanted lines through (%, k). Its symmetry

is like that of a hyperbola. Figure 8.2 shows the relationship
between an ordinary hyperbola and two intersecting lines.

The asymptotes of the first hyperbola are

b
y = £—(x — h) + k and the asymptotes of the second
a

b
hyperbola are y = j:; (x — h) + k;they are the same.

[Note that in the second equation, the standard usage of
a + b has been revised.] The conjugate axis for hyperbola
1 is 2b, which is the same as the transverse axis for hyper-
bola 2. The conjugate axis for hyperbola 2 is 2a, which is
the same as the transverse axis of hyperbola 1.
LY
Ta b
B — @y = b
a2y2 — bZ(CZ _ aZ)
P=c—

When x =

Y= L
&

b2

y =

b2
One possible answer: Draw the points (c, ;) and

_12
(c, 7) on a copy of Figure 8.24(a). Clearly the points

b2
(c, j:—) on the hyperbola are the endpoints of a
a

segment perpendicular to the x-axis through the focus

(c, 0). Since this is the definition of the focal width used
in the construction of a parabola, applying it to the hyper-
bola also makes sense.

Answers will vary. One possible explanation is:

The ends of the branches of a hyperbola approach an
asymptote, while the graph of parabolas do not approach
an asymptote.

M Section 8.4 Quadratic Equations with
xy Terms

Exploration 1
1. It is a hyperbola.

wm A W N

. Points (—1,—1) and (1, 1)
. The origin (0, 0).
. The line y = x.

V(I = (FDP + (1 - ()P =V8=2V2

225

2

7. They are the asymptotes of the hyperbola.

. Since the asymptotes lie on the diagonals of a square,

b=a=\V2
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9.c=Va + b= VN2 + (V2)?2:=2
10. Points (—\/E, —\/5) and (\/5, \/E)

Quick Review 8.4

5
1. cos 20 = e}
8
2. cos 20 = ﬁ
3. cos 20 = l
2
4. cos 20 = 2
3

1
6. 20 = sin_l(g) =2 s00=-—L

6’ 12
3 8 4
7.cos20:200520—125,20052025,0052025,
0 2
cos ) = ——
Vs 3 7 7
8.(:052(9:2(:05219—1:Z,2c0s2t9:Z,cos2 T
7 VT Vi V2
CoOsf = \|—-=—F7==—%=+*—=
8 2V2 22 2
V14
4
5 1
9.cos20—1—2s1n0———2s1n0——6=>
s1n0——=>s1n0*w/ =>s1n0 2
10. cos260 = 1—2s1n0*—2sm0 i=>s1nt9*i=>
’ 53 53 106

sin =

V33

Section 8.4 Exercises

1. The center is at (0,0). The vertices are along the line y = x,

so xy = 4 becomes x> = 4,50 x = +2.The vertices

are at (£2, £2).a = V(2 — 02+ (2 — 02 = 2V2.

Since the graph is also symmetricto y = —x,b = 2V2.
c=Va+b= (2\/5)2 + (2\/5)2 = 4, so the foci are
at (j:2\/§, j:2\/§), because the solution to x*> + x> = 42
is £2V/2.

2. The center is at (0,0). The vertices are along the line
y = —x,50 xy = —4 becomes x> = 4,50 x = +2.The

vertices are at (£2,F2).a = \/(2 — 02+ (-2 -0)?
= 2V/2. Since the graph is also symmetric to y = x,
b=2V2.c=VZ+ 0 =\V2eV2E+ (V2> =4,
so the foci are at (12\/5, :F2\/§), because the solution
to x> + ¥ = 4is £2V2.

3. The center is at (0,0). The vertices are along the line y = x,

so 5x — 6xy + 5y = 16 becomes x*> = 4,50 x = +2.
The vertices are at (£2, +2).a = \/(2 — 072+ (2 —0)?
= 2V/2. Since the graph is also symmetric to y = —x,

b

b

N

10

11

12

13

by

0

.

.

o

5x% — 6xy + 5y = 16 becomes x*> = 1,s0 x = +1 and
(£1,F1) are the endpoints of the semiminor axis so

b=V{1 =072+ (-1-07%=V2.c=Va - P

=V (2\/5)2 - (\/E)2 = /6, the foci lie on the line y = x
and are at (+ V3, j:\/g), because the solution to

¥+ x= (\/6)2 is +V/3.

The center is at (0,0). The vertices are along the line

y = —x,50 5x*> — 6xy + 5y*> = 16 becomes x> = 4,

so x = £2.The vertices are at (£2, F2).
a=\VQ2-0>2+(-2-02= 2\V/2. Since the graph is
also symmetric to y = x, 5x> — 6xy + 5y* = 16 becomes
x? = 1,50 x = +1 and (£1,¥1) are the endpoints of the
semiminor axis so b = \/(1 — 072+ (-1-0)2 = V2.
c=Vd - > = V(2V2)? - (V2)? = V6, the foci lie
on the line y = —x and are at (+ V3, :F\/g), because
the solution to x> + x* = (\/6)2 is +V/3.

xy = 4 becomes (% - %)(% + %) = 4 which
simplifies to u?> — v* = 8.
L_L)(L+L)_ 4
V2 V2/)\V2 V2

which simplifies to v* — u? = 8.

xy = —4 becomes (

2
5x* — 6xy + 5y* = 16 becomes 5(W — %)

- )l )
vi-vi)\v2T )T\t s
which simplifies to u? + 4v* = 8.

v \2
22
+6(” ”)(LJFL) ( +L)2=16

vi-vi\v2 va) T\t VR

which simplifies to 4u? + v* = 8.

5x% 4+ 6xy + 5y*> = 16 becomes 5(

y=us1n( )+vcos(z)=£+\/§v.
6 6 2 2

T (T u \/gv
x=ucos(3)—vs1n(§)=§— > and

cvin(E) o) 0
y = usm 6 V COS 6 = B 2

Given § = cos "1(3/5), cos® = 3/5 and sin§ = 4/5.

3 4
X =ucosf — vsinh = ?u - ?vand
o+ 0 4u + 3v
= usin cosf =—+ —.
y=u v 5 5
Given § = tan"!(5/12), cos§ = 12/13 and sin® = 5/13.
=ucosh — vsinh = &—S—vad
e Y 13 13
 reing 4 b coep = S 4 120
y = usin vcosd =3+ T —
+
Given cot20 =4/3, cos20 =4/5,s0 cosf = %=
3 . 1—(4/5) 1
——=and sinf = = .
V10 2 V10
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14.

15.

16.

17.

18.

19

.

20.

21.

22.

23.

24.

25.

26.

cosh — vsinfh Su v and
X=u — = —
V10 V10
sinf + vcos6 “ + v
=u - )
Y V10 | V10

Given cot20 = —7/24, cos20 = —7/25,

+ —
SO cosf = IM = éand
2 5
. 1 =(=7/25) _ 4
sinf = 72 5

3 4
x=ucos0—vsin0=?u—?vand

inf + 0 4u+3v

= usin cos = — + —.

y=u v 5 5

x = ucos40” — vsin40° = 0.766u — 0.643v and

y = usin40° + vcos40° = 0.643u + 0.766v.

x =ucos70° — vsin70° = 0.342u — 0.940v and

y =usin70° + vcos70° = 0.940u + 0.342v.

x =0.8u— 0.60 =0.8(5) — 0.6(0) =4 and y = 0.6u + 0.8v
= 0.6(5) + 0.8(0) = 3,so the point is (4, 3).

x =0.8u —0.60 =0.8(4) —0.6(2) =2 and y = 0.6u + 0.8v

= 0.6(4) + 0.8(2) = 4,so the point is (2, 4).

x =0.8u — 0.6v = 0.8(0) — 0.6(4) = —2.4 and y = 0.6u +
0.8v = 0.6(0) + 0.8(4) = 3.2, so the point is (—2.4, 3.2).
x = 0.8u — 0.60 = 0.8(0) — 0.6(—4) = 2.4 and

y = 0.6u + 0.8v = 0.6(0) + 0.8(—4) = —3.2, so the
point is (2.4,—3.2).

x =0.8u — 0.60=0.8(5) — 0.6(0) = 4 and y = 0.6u + 0.8v
= 0.6(5) + 0.8(0) = 3,so the point is (4, 3).

x =08u — 0.60 = 0.8(=5) — 0.6(0) = —4and y = 0.6u +
0.8v = 0.6(—=5) + 0.8(0) = —3, so the point is (—4, —3).

x =08u — 0.60 = 08(3) — 0.6(7) = —1.8and y = 0.6u
+ 0.8v = 0.6(3) + 0.8(7) = 7.4, s0 the point is (—1.8, 7.4).
x = 0.8u —0.60 = 0.8(—4) — 0.6(6) = —6.8 and y = 0.6u
+ 0.8v = 0.6(—4) +0.8(6) = 2.4, so the point is (—6.8, 2.4).
x =0.8u — 0.60 = 0.8(12) — 0.6(5) = 6.6 and y = 0.6u

+0.8v = 0.6(12) + 0.8(5) = 11.2,s0 the point is (6.6,11.2).

x =08u — 0.60 = 0.8(8) — 0.6(—2) = 7.6and y = 0.6u
+ 0.8v = 0.6(8) + 0.8(—2) = 3.2, so the point is (7.6, 3.2).

A-C 0-0
cot (26) = 5 - 3 = 0,s0 cos (20) = 0.
1+ (0) 1 . 1-(0) 1
= = ——and = =
cos 6 > \/zan sin 6 > 3
X =ucosf —wvsinf = L —Land
V2 V2
. u v
y=usmf +vcos = —=+ —.
V2 V2
A — 0-0
cot (20) = 3 €. — - 0,s0 cos (20) = 0.
1+ (0) 1 . 1-(0) 1
= = —and = = —
cos 6 ) \/zan sin 6 ) 3
cosh — vsinfh “ Y and
X=u - =— - —
V2 V2
y =usinf + vcosh = % + %

Section 8.4 Quadratic Equations with xy Terms
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A — 1-1
27. cot(20) = BC=T=0,SOCOS(20)=0.
+ 1 - 1
cosf = 1 (0)=—andsin0= 1 (0)=—.
2 V2 2 V2
x=ucost9—vsin0=%—%and
2 2
sinf + vcos 6 “ + v
y=u =4+ -
V2 V2
A-C 1-1
28. cot(20) = 5 - 3 - 0, so cos (20) = 0.
1+ 1 1-( 1
cosf = 2()=—andsin0= 2()=7.
2 2
cosh — vsin O “ v and
X=u — =— - —=
V2 V2
y=usin0+vcos0=L+L.
2 2
A — 1-1
29. cot(20) = c_1-1_ 0, so cos (260) = 0.
B -6
+ 1 - 1
cosf = 1 (0)=—andsin0= 1 (0)=—.
2 V2 2 V2
u v
X =ucosf — vsinf = ——= — —=and
V2 V2
inf + 0 L4 v
y = usin veosh = ——= + ——.
V2 V2
A-C 4-4
30. cot(20) = 5 - 3 - 0, so cos (260) = 0.
1+ (0) 1 . 1 - (0) 1
cosf = = ——and sinf = | ———= = ——.
2 V2 2 V2
x=ucost9—vsin0=%—%and
2 2
sinf + vcos 6 “ + v
y=u = —
2 V2
A-C 1-3 1 1
31. cot(20) = = = ,50 cos (20) = ——.
B V3 V3 2
1+ (- 1
cosf = M=—and
2 2
1—-(-1 3
sinf = 7( /2)=£.
2 2
x=ucos€—vsin0=£—\/§vand
2 2
sinf + vcos 6 \/§u+v
y=u = -
2 2
A-C 2-3 1
2. cot(20) = = = s
32. cot(20) 3 3 3
1
so cos (20) = -
_ 1+ (=12 1
cosfh = 5 2and
sinf = 1/71 - (C1/2) = ﬁ
2 2
3
x=ucost9—vsin0=£—\/_vand
2 2
. V3u v
y=usinf + vcosf = > +5'
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330 Chapter 8 Analytic Geometry in Two and Three Dimensions

33. cot (20) =

B 24
1+ (T7/25) 4 .1 =(7/25) 3
6 Y ~3 and sin 6 — 3
4

COS

A-C_0-(-7)

7 7
= o> 50 cos (20) = >

3
x—ucos@—vsin0=?u—?vand
sinf + vcos 6 3u+4v
=u =2,
Y 5 s
A-C 4-(=3) 7 7
34. cot(20) = 3 - 2 = o750 cos (20) = 5
1+ (— 4
cosf = %=§and
. [1—(=7/25) 3
0=, |—————==—.
sin 5 5
4 3
X ucosG—vsin0=?u—?vand
sinf + vcos 6 3u+4v
u =— 4+ —.
Y 55
35. a. B?—4AC =12 - 4(0)(0) =1 > 0so it is a hyperbola.
A — 0—-0
b. cot(20) = BC=T=0,SOCOS(20)=0.
1+ (0) 1 . 1-(0) 1
= = —and = — 3 -
cos 6 ) \/zan sin 6 > 3
cosf — vsinf “ Y and
X =u — - -

V2 V2
y=usin0+vcos@=%+%.$oxy=8
becomes (% — %)(% + %) = 8 which
e w2
simplifies tOE_ 6 1.

c. Since a = £V16, the vertices are (—4,0) and (4, 0).

u v —4 0

d. =———=———=-2V2and
TVATVE VIV
—L+L—_—4+i——2\/§sothevertex
YTV V2 A ’
is (—2V2, —2V?2).

u v 4 0
=——-——=————=2V2and
TVATVE VIV
—L+L—i+i—2\/§sothevertexis
YTVRATVE T VR ’
(2V2,2V2).

36. a. B?>—4AC =3%—4(0)(0) =9 > 0 so it is a hyperbola.
A—-C 0-0
b. cot(20) = B =T=0,so cos (20) = 0.
1+0) 1 . 1-0) 1
= |——~2 _— —and = = —
cos 6 > \/Ean sin 0 ) 3
x=ucos0—vsin0=i—iand

V2 V2

y=usin0+vcos@=%+%.
So2x? + V3xy + y?> — 10 = 0 becomes

u v u v
3\ —= ——%= )| == + —= ] + 15 = 0 which
e v
simplifies to 0 10" 1

C.

37. a.

38. a.

Since a = +£V10, the vertices are (0,—V10) and
(0, V10).

:

u v 0
X—W—%—W— V3 = V5 and
=%_%=%—%=—\/§,sothevertex
is (V5, =V53)

_u v _ 0 VIO _
x—ﬁ—%—\@ o V5 and
y=%_%=%—%=\/§,sothevertexis
(—V53,V5).

B? — 4AC = (V3)? — 42)(1) = =5 < 0soitisan
ellipse.

A-C 2-1 1 1
t(20) = == =& 20) = —.
cot (20) B V3 \/g,socos(e) >
_ [i+dpy_ V3
cosfh = > 3 and
o 1=@2) 1
sinf = ) X
x=ucos0—vsin0=\/§u—2and
2 2
3
y=usin0+vcost9=%+ \/2_v.So3xy+15
3u'\? 3
becomes 2(—2 + Vu + \/5(—2 + \/_u)
2 2 2 2
3 3 2
(\/2_” %) + (\/2_” +§) — 10 which simplifies
2 2
o+ 2 =1,
4 20

Since b = +V/20, the vertices are (0, —2V/5) and
(0,2V5).

x=@_§=@—%\f5=\fsand
x=%+@=g+w=—\/ﬁsome
vertex is (V3, —V15).
x=%_§=@—22£=—\/§and

so the vertex is (— V3, V15).
B?—4AC =1%—4(1)(1) = =3 < 0so it is an ellipse.

cot (20) = l_i' = %1
1+ (0)

BN
a
—

= 0,s0 cos (26) = 0.

cosf =
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C.

39. a.
b.

C.

40. a.
b.

So x> + xy + y* = 3 becomes
(L_L)2+<L_L)
V2 V2 V2 V2

2
(\/_ \1/)_) + (7 + %) = 3 which simplifies to

u U

2ts -t
Since b = +V6, the vertices are (0,—V/6) and (0,V6).
u v 0 -6
xX=—f2—-——F7==—7%—-—==V3and
V2 V2 V2 V2
=%+%=%+7\f——\/§,sothevertex
is (V3, —V3).
u v 0 V6
- = Y = d
TV V2 2 V2 V3an
u v 0 V6
=—+—==—x+ —= = V3,50 the vertex is
TViTVaT VAT V2
(—V3,V3).
B? — 4AC = 24* — 4(9)(16) = 0so it is a parabola.
A-C 9—16 A
cot (26) = 3 - YR , S0 cos (26) = 5

and

cosf = 1+ (;7/25) =%
sinf =, ,71 - (;7/25) = %

3 4
X =ucosf —vsinf = ?u - ?vand
du 3_1)

y = usinf + vcosh =?+ 5
So 9x? + 24xy + 16y* + 20x — 15y + 75 = 0 becomes

(5 + (5-%)

(L+i)+(—+i)2—3 hich simplifi
\/_ \/_ \/_ \/_ = which simpliries

tov = u® + 3.
The vertex is (0, 3).

3u 4o 3(0) 4(3)
=7 5 T s s = 2.4 and
4y 3w 40) 3(5 )
= — + _ = + — 7 = .
y 5 5 5 5 1.6, so the vertex is
(=2.4,1.6).

B2 — 4AC = (—24)? — 4(9)(16) = 0 s0 it is a parabola.

A—C 9 — 16

a
cot (20) = = oS0 cos (20) =

cosf =, /1 ki (7/25) and sinf =, /1 (7/25)

X = ucos v sin 5 5 a
sinf + vcos 6 3u+4v

=u =— 4+ —.
Y 575

So 9x% — 24xy + 16y* — 20x — 15y = 50 becomes
(u v)2 (u v)(u v)
— ) ===+ —=] +
V2 V2 V2 V2)\V2 V2

2
(% + %) = 3 which simplifies to u = v* — 2.

Section 8.4 Quadratic Equations with xy Terms
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.

42.

43.
44.
45.
46.
47.
48.
49.
50.
51.
52.
53

b

54.

55.

56.

57.

58.

59.

60.

61.

62.

331

c. The vertex is (=2, 0).

f 30 _42)30)

d.x=?—5— 5 s = —1.6 and
3(—2 4(0
LA 3D 40
5 5 5 5

so the vertex is (—=1.6, —1.2).

x = ucos(—0) — vsin(—0) = ucosh + vsinh and
y = usin(—60) + vcos(—6) = —usinf + vcosb.

u=xcosf + ysinfand v = —xsinf + ycos@ ,since
you need to rotate through an angle of — 0 to undo the
effect of a rotation through an angle of 6.

B? — 4AC = 16 — 4(1)(10) = —24 < 0; ellipse
B?> — 4AC = 16 — 4(1)(0) = 16 > 0; hyperbola
B? — 4AC = 36 — 4(9)(1) = 0; parabola

B> — 4AC = 1 — 4(0)(3) = 1 > 0; hyperbola
B? — 4AC = 16 — 4(8)(2) = —48 < 0; ellipse
B?* — 4AC = 144 — 4(3)(4) = 96 > 0; hyperbola
B?> — 4AC = 0 — 4(1)(=3) = 12 > 0; hyperbola
B? — 4AC = 16 — 4(5)(3) = —44 < 0; ellipse
B? — 4AC = 4 — 4(4)(1) = —12 < 0; ellipse

B? — 4AC = 16 — 4(6)(9) = —200 < 0; ellipse

Since y? + 4x? cannot be negative, there are no points
that make the equation true, so the answer is D.

= —

(
)

y2—4x2=0
y2=4x2
y=—2x ory =2x

Since the equations represent two intersecting lines, the
answer is B.

Y+ 4 =0
[ —p
The equation is only true for (0, 0) , so the answer is A.
Yy —4=0
=4
y=—-2o0ry=2
Since the equations represent parallel vertical lines,
the answer is C.
True. The xy term is missing and so the rotation angle « is
zero.

True. Because the x> and y? terms have the same coefficient
(namely, 1), completing the square to put the equation in
standard form will produce the same denominator under
(y — k)?as under (x — h)%

The shape of the hyperbola will not change when rotated.
The answer is D.

Moving the center or vertex to the origin is done through
translation, not rotation. The answer is C.
(y—2x+4)7%=0
y—2x+4=0
y=2x —4
This is the equation of a single line, so the answer is D.

The equation is equivalent to y = 4/x.The answer is E.
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332 Chapter 8 Analytic Geometry in Two and Three Dimensions

63. The asymptote with slope 1 in the (x, y) system forms an

64

65

b

b

angle of % with the x-axis. After the axes are rotated
through an angle of %, the same asymptote makes and

angle of % —Z — T with the u-axis. The new slope will

6 12
be tan (l)
12

_NV6e-\V2
Ve + V2
which is perpendicular to the first, must therefore have
V6 + V2o
V6 - V2
(a) If the translationon x" = x — hand y’ = y — kis
applied to the equation, we have:
A(X')? + Bx'y' + C(y')*+ Dx' + Ey' + F = 0,
so A(x — h)>+ B(x — h)(y — k) + C(y — k)*
+ D(x — h) + E(y — k) + F = 0, which becomes
Ax> + Bxy + Cy* + (D — Bk — 2Ah)x +
(E — 2ck — Bh)y + (AhW* + Ck* — Ek — Dh)
+ Bhk + F = 0.
The discriminants are exactly the same; the coeffi-
cients of the x?, xy, and y? terms do not change (no
sign change).

~ (.268. The second asymptote,

slope — —3.732.

(b) If the equation is multiplied by some constant k, we
have kAx* + kBxy + kCy* + kD + kE + kF = 0,
so the discriminant of the new equation becomes
(kB)? — 4(kA)(kC) = K’B* — 4k*AC = K*(B* —
4AC). Since k*> > 0 for k # 0, no sign change occurs.

First, consider the linear terms:

Dx + Ey = D(ucos @ — vsin a)

+ E(usina + vcos a)
= (Dcosa + Esina)u
+ (Ecosa — Dsina)v.

This shows that Dx + Ey = D'u + E'v, where
D' = Dcosa + Esinaeand E' = Ecosa — D sin a.
Now, consider the quadratic terms:
Ax* + Bxy + Cy* = A(ucos @ — vsina)® +
B(ucosa — vsina)(usina + vcosa) +
C(usina + v cos a)?
= A(u? cos® @ — 2uv cos a sin a + v*sin’ @)
+ B(u?cos asin @ + uv cos’ @ — uw sin’ a
— v’sinacos @) + C(u*sin® @ + 2uv sin « cos
+ v* cos® )
= (Acos’a + Bcosasina + C sin®a)u
+ [B(cos* a — sin® a)
+ 2(C — A)(sin @ cos a) Juv
+ (Ccos’a — Bcosasina + A sin®a)v
= (Acos’a + Bcosasina + C sin® a)u?
+ [Bcos2a + (C — A) sin 2ajuv
+ (Ccos’a — Bcosasina + A sin® a)v”
This shows that
Ax* + Bxy + Cy* = A'u* + B'uv + C'v?, where
A= Acos’a + Bcosasina + C sin® a,
B’ = Bcos2a + (C — A)sin2a,and C' = C cos’a —
Bcosasina + Asin’a.

2

2

The results above imply that if the formulas for A’, B’,
C', D', and F’ are applied, then A'u> + B'uv + C'v*
+ D'u + E'v + F' = 0is equivalent to Ax*> + Bxy
+ Cy*+ Dx+ Ey + F = 0.

Therefore, the formulas are correct.

66. This equation is simply a special case of the equation we

67

B

have used throughout the chapter, where B = 0. The
discriminant B> — 4AC, then, reduces simply to —4AC.
If —4AC > 0, we have a hyperbola; —4AC = 0, we have
a parabola; —4AC < 0, we have an ellipse. More simply:
a hyperbola if AC < 0; a parabola if AC = 0; an ellipse
if AC > 0.

Making the substitutions x = x'cos @ — y’sin « and
y = x'sina + y’cos a, we find that:

B'x'y’ = (Bcos’a — Bsin®>a + 2C sin a cos a
— 2Asin a cos a)x'y’
Ax"? = (Acos’a + Bsinacosa + Csin® a)(x')?

Cy? = (Asin*a + Ccos>a — Bcos asin a)(y’')?
B? — 4A'C" = (Bcos (2a) — (A — C)sin (2a))?

— 4(Acos’a + Bsinacosa + Csin’ )
(Asin?a — Bsinacosa + C cos’ a)

1 1
= EBZ cos (4a) + EBZ + BCsin (4a) — BAssin (4a)
1

1
+ ECZ - ECZ cos (4a) — CA + CAcos (4a)

1 1 1 1
+ EAZ - EAZCOS (4a) — 4(§Acos (2a) + EA

1 1 1
+ EBsin (2a) + EC - ECcos (2a))

1 1 1 1
(EA - 5Ac05(2a) + 5Ccos(2a) + EC

1
- EB sin (201))

1 1
= EBZ cos (4a) + EBZ + BCsin (4a) — BAssin (4a)

1 1 1

+ ECZ - ECZCOS (4a) — CA + CAcos (4a) + §A2
1

- EAZ cos (4a) — BC sin (4a) + BAsin (4a) — 3AC
1 1 1 1 1

- —C*— - A’ + — A’cos (4a) + — B> — — B> cos (4a)
2 2 2 2 2
1

+ ECZ cos (4a) — AC cos (4a)

— B~ 4AC.

68. When the rotation is made to the (x', y) coordinate

system, the coefficients A’, B, C', D', E', and F' become:

A B
A = > (1 + cos 2a) + Esin (2a)

+ %(1 — cos (2a))

B’ = Bcos (2a) — (A — C)sin (2a)
A

C' = > (1 — cos (2a)) — —sin (2a)
+ %(cos (2a) + 1)

D' = Dcosa + Esina

E'= —Dsina + Ecosa

F' = F.

(a) Since F' = F, F is invariant under rotation.
A
(b) Since A’ + C' = > [1 + cos (2a) + 1 — cos (2a)]
B C
+ > [sin (2a) — sin (2a)] + > [1 — cos (2a)

+ cos (2a) + 1] = A + C, A + C is invariant under
rotation.
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(¢) Since D'* + E> = (D cos a + E sin a)’
+ (=Dsina + E cos a)?
= D?cos’a + 2DE cos asina + E?sin® a
+ D?sin> @ — 2DE cos asin a + E? cos®
= D?(cos’ a + sina) + E*(sin @ + cos® a)
= D’ + E? D? + E”isinvariant under rotation.

69. Intersecting lines: x> + xy = 0 can be rewritten as x = 0
(the y-axis) and y = —x.

[-4.7,4.7] by [-3.1, 3.1]

A plane containing the axis of a cone intersects the cone.

Parallel lines: x> = 4 can be rewritten as x = +2 (a pair
of vertical lines).

[-4.7,4.7] by [-3.1, 3.1]

A degenerate cone is created by a generator that is
parallel to the axis, producing a cylinder. A plane parallel
to a generator of the cylinder intersects the cylinder and
its interior.

One line: y* = 0 can be rewritten as y = 0 (the x-axis).

[-4.7,4.7] by [-3.1, 3.1]

A plane containing a generator of a cone intersects the
cone.

No graph: x? = —1

[-4.7,4.7] by [-3.1, 3.1]

A plane parallel to a generator of a cylinder fails to
intersect the cylinder.

Section 8.5 Polar Equations of Conics 333

Circle: x> + 2 =9

1
\ |/

[-4.7,4.7] by [-3.1, 3.1]

A plane perpendicular to the axis of a cone intersects the
cone but not its vertex.

Point: x* + y? = 0, the point (0, 0).

l
|

[-4.7,4.7] by [-3.1, 3.1]

A plane perpendicular to the axis of a cone intersects the
vertex of the cone.
No graph: x> + y* = —1

l
|

[-4.7,4.7] by [-3.1, 3.1]

A degenerate cone is created by a generator that is per-

pendicular to the axis, producing a plane. A second plane
perpendicular to the axis of this degenerate cone fails to
intersect it.

B Section 8.5 Polar Equations of Conics

Exploration 1

For e = 0.7 and e = 0.8, an ellipse; for e = 1, a parabola; for
e = 1.5and e = 3, a hyperbola.

[~12,24] by [~12, 12]
The five graphs all have a common focus, the pole (0, 0),
and a common directrix, the line x = 3. As the eccentricity
e increases, the graphs move away from the focus and
toward the directrix.

Quick Review 8.5

1Lr=-3
2. r =

7 5
3.0:%0r—%
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S5m0 w 7
4.0 = ——or— =
3 3 B 3 _ 7
5.h=0,k=0,4p = 16,s0p = 4 S5.r= p —3_7Sin0—ahyperbola.
The focus is (0, 4) and the directrix is y = —4. 1= (g)sin 0
6. h=0,k=0,4p=—12,s0p = -3
The focus is (=3, 0) and the directrix is x = 3.
7.a=3,b=2,c= V5;Foci: (£ V5, 0); Vertices: (+3,0).
8. a=5,b= 3¢ = 4Foci: (0, £4); Vertices: (0, £5).
9.a=4,b= 3, c = 5 Foci: (£5,0); Vertices: (+4, 0).
10. a = 6,b = 2, ¢ = 2V10; Foci: (0, £2V10); [=5,5] by [4,2]
Vertices: (0, +6).
10
. . 3 10 .
Section 8.5 Exercises 6.r= > =3 2cosg ™ ellipse.
2 1- (—)cos 0
1. r = ————— — a parabola. 3
1 —cos6
[—10, 20] by [10, 10] (=4, 11]by [=5, 5]
7. Parabola with e = 1 and directrix x = 2.
2. r = 55 = g 20 i a hyperbola. 8. Hyperbola with e = 2 and directrix x = 3.
1+ (Z) cos 6 o8 9. Divide numerator and denominator by 2.
5
Parabola with e = 1 and directrix y = 5 = -25.
\k / 10. Divide numerator and denominator by 4.
1
Ellipse with e = i 0.25 and directrix x = —2.
%/ \ 11. Divide numerator and denominator by 6.
5
Ellipse with e = — and directrix y = 4.
[—20, 40] by [—20, 20] 6
12. Divide numerator and denominator by 2.
12 7
5 12 Hyperbola with e = 5= 3.5 and directrix y = —6.
3.r= = — — an ellipse. .. .
14 (3) - 5+ 3sinf 13. Divide numerator and denominator by 5.
— | sin
2
5 Ellipse with e = 3= 0.4 and directrix x = 3.
f‘f&\ 14. Divide numerator and denominator by 2.
5
Hyperbola with e = 5= 2.5 and directrix y = 4.
15. (b) [—15, 5] by [—10, 10]
16. (@) [-5,5] by [-3, 3]
7. 31 by 7. 3] 17. (6) [-5.5] by [-3,3]
4. r — a parabola. 18. (e) [-5,5] by [-3,5]

-2
1+ sing 19. (c) [-10, 10] by [-5, 10]

20. (a) [-3, 3] by [—6, 6]

e
For #21-28, one must solve two equations a = 1 _f - and
e
b= 1 —pe for e and p (given two constants a and b). The
- 2ab

1 soluti his i _b—a dp—
(=6, 6] by [-6, 2] general solution to thisi1s e = b+aan p= h—a
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o

b

b

b

21. The directrix must be x = p = 0, since the right major-

axis endpoint is closer to (0, 0) than the left one, so the
e
equation has the form r = 7}7. Then
1+ ecosé
ep ep ep

= = d6= —

1+ ecos0 1+ean 1+ ecosm

ep 3
- (soa = 1.5and b = 6).Therefore e = i 0.6
24 12

1+ (3/5) cos 6 T 5+ 3cos

1.5

and p = 4,s0r =

The directrix must be x = —p = 0, since the left major-
axis endpoint is closer to (0, 0) than the right one, so the

e
equation has the form r = —p Then
1 —ecosf

e e e
15 = P P andlzi}7
1 —ecosmw

_1—€COSO=1—€

e
- (soa = 1land b = 1.5).Thereforee = — = 0.2
1+e

| =

and p = 6 (the directrix is x = —6),s0
B 12 6
1—-(1/5)cos6 5 —cosb

r

The directrix must be y = p = 0, since the upper major-
axis endpoint is closer to (0, 0) than the lower one, so the

e
equation has the form r = —p Then
1+ ecosé
ep ep ep
1= = d3= — &
1+esin(m/2) 1+e a 1 + esin (37/2)
ep

1
= (soa = 1and b = 3). Therefore e = 5= 0.5

1—e
15 3
1+ (1/2)sin® 2 +sin6’

and p = 3,s0r =

The directrix must be y = —p = 0, since the lower major-
axis endpoint is closer to (0, 0) than the upper one, so the
ep

equation has the form r = —————— . Then
1 —ecosf

ep ep 3 ep
= - = and— = ————————
1—esin(m/2) 1-—e¢ 4 1 — esin (37/2)

e 3 3
1 -fe (soa= Zandb = 3).Therefore e = 3= 0.6

3

and p = 2 (the directrixis y = —2), so
B 1.2 _ 6
1—(3/5)sinf 5— 3sinf’
The directrix must be x = p = 0, since both transverse-
axis endpoints have positive x-coordinates, so the

ep

r

equation has the form r = —————_ Then
1+ ecosé
e e e
3= P =% and —15 = .
1+ecosO 1+e 1+ecosw3
e
=1 —pe (soa = 3 and b = —15). Therefore e = >
7.5 15
=15andp =5 = = .
MEP = %80T = T (3/2) cos 6 2 + 3cos
The directrix must be x = —p = 0, since both transverse-
axis endpoints have negative x-coordinates, so the
e
equation has the form r = —p Then
1 —ecosé

B

&
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ep ep ep
-3 = = disS=——
1 —ecos0 1—ean 1 —ecosm
e
- (soa = 15and b = —3).Thereforee = 3
1+e
and 2 (the directrix is 2), so 6
= X = - r=———.
p ’ 1—3cosf

The directrix must be y = p = 0, since both transverse-
axis endpoints have positive y-coordinates, so the

e
equation has the form r = S — .Then 2.4
1+ ecosé
e e e
= P P and —12 = P

1+ esin (7/2) T1+e 1 + esin (37/2)
e
(soa = 24 and b = —12). Therefore e = )

1—e
6 12
=15and p = 4 = = .
MeP =SS0 = 17 3/2)sin0 2 + 3sin6
The directrix must be y = —p = 0, since both transverse-
axis endpoints have negative y-coordinates, so the
e
equation has the form r = . — . Then
1 —ecosf
ep ep ep
-6 = = d2 = ——————
1—esin(m/2) 1-—e¢ a 1 — esin (37/2)
e
= (soa = 2and b = —6). Therefore e = 2
1+e
6
d p = 3 (the directrixis y = —3), = —.
and p (the directrix is y ),sor T —2sind
The directrix must be x = p = 0, so the equation has the
e e e
form r = 7}7. Then 0.75 = P =P
1+ ecos 1+ecosO 1+e
ep ep
and 3 = (soa = 0.75and b = 3).

1+ecosw: 1—e
1.2

3
Thereforee = = = 06and p = 2,507 = 1+ (3/5)cos

_ 6
5+ 3cosh’
Since this is a parabola, e = 1,and with y = p = 0 as the
directrix, the equation has the form r = L . Then
1+ sin6
p p

1= = , p = 2, and theref

1 +sin(m/2) 1+ 1P~ oandiiereior
r = —————. Alternatively, for a parabola, the distance

1+ sinf

from the focus to the vertex is the same as the distance
from the vertex to the directrix (the same is true for all
points on the parabola). This distance is 1 unit, so we
again conclude that the directrix is y = 2.

21 42

- 5 —2cosf - 1 —04cos6
are (7,0) and (3, 7),s0 2a = 10,a = 5,c = ae

= (04)(5) = 2,s0b = Vi -2 =\V25—4=\21.

£

[-6,14] by [-7,6]
e=04,a=5b=V2I,c=2

r .so e = 0.4.The vertices
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32.r = 1 = 11/6 soe = é The vertices
" 6—5sin0 1- (5/6)sin6 6
are (11,1) and (1,3—77-),50 2a = 12,a = 6.
2 2
5
= =Z.6=5
¢ = ae 5 , SO
b= Vi -32=V36-25=VIL
t.r"
[~11,10] by [-2, 12]
e:%,a b= Vl1l,c =5
33.r = 24 - = 6 —,50€e = l The vertices
4+2sinf 1+ (1/2)sin@ 2

are (4, %) and (12

3
,7#),50211 = 16,a = 8.¢ = ae

1
:§-8=4,sob:\/a—c V64 — 16 = 4\/3.
—13,14] by [-13, 5]
e:%,a: 8,b=4V3,c =4
16 16/5 3
34.r = = : = —.Th
" 5 ¥ 3c0s 0 1+(3/5)C0S0soe 50

vertices are (2, 0) and (8, 7),s02a = 10,a = 5,¢ = ae

3
:5(—)—3sob—\/a2—c2=\/25—9=4.

N
e

—10, 5] by [~
e = 0.6,a— S,b— 4,c=3
16 16/3 5
B.r= = , = —.Th
" 3 ¥ 5c056 1+(5/3)C0S0soe 3

vertices are (2, 0) and (=8

5
:§-3=5andb:\/cz—a2=\/25—9=4.

N/
N\

7),802a = 6,a = 3,c = ae

36. r =

37

38

39

40

41

.

.

.

0

.

L., so e = 5.The vertices are (—3, Z) and
1 —5sin6 2
(2,3—77-),50211 =1l,a= l.c = qge = 5-l =§and
2 2 2 2
25 1 2V6
= 2 _ 2: _———_ = — =
c a n 1 > V6.

[—4.4] by [4,0]
1 5
e—S,a—E,b—\/@,c—E
4 2

r =

1
e=3 (an ellipse).

2—sing 1- (1/2)sint9SO
3
The vertices are (4, %) and (3 ;) and the conic is
symmetric around x = 0,so x = 0 is the semi-major axis
16 8 1 8 4
and2a——s0a—§c— ea—— ———and
8 4
Va 3 3 — The center
12 8 4
(h, k) = (0, - - —) = (0, —). The equation for the
3 3 3
ellipse is

(y‘%)2+ coop 0-3) 32

8\ R
(5) ( 3 )
6 .
"= 1T 2c0s9°%°¢" 2 (a hyperbola). The vertices are

(2,0) and (=6, 7) and the function is symmetric about

the x-axis, so the semi-major axis runs along x = 0.

2a = 4,a = 2,s0c = ea = 2(2) = 4 and

b= Ve —a=\V16 — 4 = 27/3. The vertex

(h, k) = (4,0). The equation of the hyperbola is

(=49 -0 (-4
22 V32 4 12

4 2
" 2T 2cosh 1-cosg ¢ Land ke =

Since k = 2p, p = 1 and 4p = 4, the vertex (h, k) =
(=1, 0) and the parabola opens to the right, so the equa-
tionis y> = 4(x + 1).
12 4 4
r= = ,soe= landk = —
34+ 3cosf 1+ cosb e

Since k = 2p, p = 2 and 4p = 8, the vertex (h, k) =
(2, 0) and the parabola opens to the left, so the equation
is y? = —8(x — 2).
Setting e = 0.97 and a = 18.09 AU,
18.09 (1 — 0.97%)

1+ 097cos ~

= 1.

= 2.

QN

= 4.

r =

Copyright © 2019 Pearson Education, Inc.



42

43

44

45

46

47

48

49

50

51

.

o

b

b

b

B

.

.

0

.

The perihelion of Halley’s Comet is

1809 (1 —097) 0.54 AU
T T vo09r '

The aphelion of Halley’s Comet is
~18.09 (1 — 0.97%)
B 1-097
Setting e = 0.0461 and @ = 19.18,
1918 (1 — 0.04617%)
1+ 0.0461cos6
19.18 (1 — 0.0461?)
1 + 0.0461
19.18 (1 — 0.0461?)
1 — 0.0461
(a) The total radius of the orbit is r

1990 km = 1,990,000 m. Then v =
~ 1551 m/sec = 1.551 km/sec.

(b) The circumference of one orbit is 27r =~ 12503.5 km;
one orbit therefore takes about 8061 sec, or about
2 hr 14 min.

The total radius of the orbitis r = 1000 + 2100 = 3100
miles. One mile is about 1.61 km, so r = 4991 km

= 4,991,000 m. Then v = V8,793,800 ~ 2965 m/sec
= 2.965 km/sec ~ 1.843 mi/sec.

True. For a circle,e = 0. But when e = 0, the equation
degenerates to r = 0, which yields a single point, the pole.

r ~ 35.64 AU.

Uranus’ perihelion is ~ 18.30 AU.

Uranus’ aphelion is ~ 20.06 AU.

250 + 1740 =
V2,406,030

True. For a parabola,e = 1. But when e = 1, the equation
degenerates to r = 0, which yields a single point, the pole.

Conics are defined in terms of the ratio distance to focus:
distance to directrix. The answer is D.

As the eccentricity increases beginning from zero, the
sequence of conics is circle (e = 0), ellipse (e < 1),
parabola (e = 1), hyperbola (e > 1). The answer is C.
Conics written in polar form always have one focus at the
pole. The answer is B.

r =1 + 2cos 6 is a limagon curve. (See Section 6.5.) The
answer is A.

(@) When 6 = 0,cos = 1,s01 + ecosf =1 + e.

a(l — &%) a(l — &%)
Then = =a(l — e).
1+ ecosb 1+e
Similarly, when § = 7r,cos§ = —1,s01 + ecosf =
1 - a(l — €% _a(l—ez)_ 1+
R I = a( €)-
(M) a(l —e) = a(l—E): a— a-£: a—c¢
a a
c c
a(1+e):a(1+—):a+a-—:a+c
a a
(¢) Planet Perihelion (in Au) Aphelion
Mercury 0.307 0.467
Venus 0.718 0.728
Earth 0.983 1.017
Mars 1.382 1.665
Jupiter 4.953 5.452
Saturn 9.020 10.090

(d) The difference is greatest for Saturn.
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52. e = Oyields a circle (degenerate ellipse); e = 0.3
and e = 0.7 yield ellipses; e = 1.5 and e = 3 yield hyper-
bolas. When e = 1, we expect to obtain a parabola. But
a has no meaning for a parabola, because a is the center-
to-vertex distance and a parabola has no center.
The equation

. a(l — €%

= ——— yields no parabolas. Whene = 1,r = 0.
1+ ecosé

53. If r = 0, then the point P can be expressed as the point
(r,6 + ) then PF = rand PD = k — rcos 6.
PF = ePD
r = e(k — rcos@)
ke

r = —
1+ ecosf

Recall that P (r, 6) can also be expressed as (—r, 0 — ),
then PD = —rand PF = —rcos (0§ — m) — k

PD = ePF
—r = e[—rcos (0 — m) — k]
—r = —ercos (0 — m) — ek
—r = ercosf — ek
—r — ercosf = —ek
ke
r= —.
1+ ecosf

54. (a) k+rcosf Y

5F P(r,0)
"
D

[
0

£ :
(_ 5

Directrix Conic section
x=-k
PF = rand PD = k + rcos0,so PF = ePD
becomes

r=e(k + rcos9)
r — ercosf = ek

ke

r= ——-:

1 —ecosf
(b) y
5 -

Directrix

D i y=k
k—rsin 6 - 6 F

P(r, 0)

IX? 1 1 1 1
5
J _>sin 0
/

Conic section

PF = rand PD = k — rsin6,so PF = e PD
becomes
r=e(k — rsin@)
r+ ersin@ = ke
ke

1+ esinf
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c s
© Conic section 1 PF = \/(x - C)2 +y = Va2 —2cx + & + y2.To
[, confirm that PF/PQ = c/a, cross-multiply to get
-1 e a PF = ¢ PQ;we need to confirm that
rsing'j P(r. 0) aVx* — 2cx + &+ y* = @ — cx.Square both
I 5 s x sides: a*(x* — 2cx + ¢ + y?) = a* — 2d%cx + X%
Focus at pole F -p sind + & Substitute a*> — b? for ¢?, multiply out both sides, and
Dircctix L D cancel out terms, leaving a*y* — a’h*> = —b?x>. Since
y=—k F P is on the ellipse, x*/a* + y*/b? = 1, or equivalent
- b’x* + a*y* = a’b%; this confirms the equality.
PF = rand PD = k + rsin6,so PF = e PD becomes (b) According to the polgr definition, the eccent?icity is
r=e(k + rsin) the ratio PF /PQ, which we found to be ¢/a in (a).
r—ersing = ek (c) Since e = c/a,aje = 2 - @/c and ae = c; the dis-
_ ke c/a
"T 1 T esing tance from F to Lis a*/c — ¢ = a/e — ea as desired.
16 . .
55. Consider the polar equation r = ——————To transform 59. (a) Let P(x, y) be a point on the hyperbola. The horizon-
5 —3cost tal distance from P to the point Q(a*/c, y) on line L
this to a Cartesian equation, rewrite the equation as is PQ = |&*/c — x| The distance to the focus (c, 0) is
S5r — 3rcos § = 16.Then use the substitutions PF - \/(x Tt = VZ et @+ . To
r =V’ + y*and x = rcos 6 to obtain confirm that PF/PQ = c/a, cross-multiply to get
5Vx? + y? — 3x = 16. a PF = ¢ PQ;we need to confirm that
5VX>+y?=3x+ 16 aVxt —2cx + A+ Y — &> — cx]. Square both
25(x* + ) = 9x> + 96x + 256 sides: a*(x* — 2cx + > + y?) = a* — 2d’cx + X%
: 2 2 2 : :
25x% + 25y = 92 + 96x + 256 Subst11tuti 1: + b1 for.c ,nzluzltflyzcl);t:bogl 21(?5, an;i)
16x> — 96x + 25> = 256 cance houh ermbs, 1eav12ng2a y ' ;)12 : X°. 1.nc&13
. . 1s on the erbola, x“/a” — = 1, or equivalent
completing the square on the x term gives P — };p: 2bth 1/s confif n< S the e ualitq
16(x* — 6x + 9) + 25y* = 256 + 144 ay ; quaity-
16(x — 3)* + 25y% = 400. (b) According to the polar definition, the eccentricity is
x = 3) 2 the ratio PF /PQ, which we found to be ¢/a in (a).
. L Y
The Cartesian equation is 5 + 6= 1. a
: - -4 _ =~ -
56. The focal width of a conic is the length of a chord through (¢) Since e = c/a, afe = c/a @/cand ae = c;the
a focus and perpendicular to the focal axis. If the conic is . . a? - a .
. k . distance from F to Lis ¢ — ST ea—_as desired.
given by r = ——  the endpoints of the chord
1+ ecosé
hen 6 = Z and 6 = . Thus, the point
occur Whent U= 5 and v = Ty Jhus Hie pornts are B Section 8.6 Three-Dimensional Cartesian
3 .
(ke, %) and (ke, %T) and the length of the chord is Coordinate SyStem
ke + ke = 2ke. Quick Review 8.6

The focal width of a conic is 2ke.
1. \/(x =272+ (y + 3)?

57. Apply the formula e - PD = PF to a hyperbola with one
focus at the pole and directrix x = —k, letting P be the 5 (X +2y-3
vertex closest to the pole. Thena + k = ¢ + PD and ) 2 7 2
PF = ¢ — a.Using e = 57 we have: 3. P lies on the circle of radius 5 centered at (2, —3).
a
e PD = PF 4. |v| = V(=47 + (5) = V4T
ela+k—c)=c—a _
e(a+ k — ae) = ae — a 'L=<4’5>=<_4 5>
ae + ke — ae’> = ae — a v V41 VAT V4T
_ 2 —
K e = ~7-v _ (28,735 < 28 =35
e=ae” — a 6. = = .
ke = a(e* — 1). V] VAl VAT VAT
. ke 7. Circle of radius 5 centered at (—1, 5).
Thus, the equation r = ——
, 1 —ecosd 8. A line of slope —2, passing through (2, —4).
becomes r = a(e’ — 1) 9. (x + 1)> + (y — 3)> = 4. Center: (—1,3), radius: 2.

L= ecost 10. (-1 — 2,—4 — 5), = (-3,-9)
58. (a) Let P(x, y) be a point on the ellipse. The horizontal
distance from P to the point Q(a*/c, y) on line L is

PQ = a*/c — x.The distance to the focus (c, 0) is
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Section 8.6 Exercises

5. V@ - (1)) + (4 —272 + (6 - 52 =
L. z 6. V(6 —2)% + (=3 — (=1)) + (4 — (—8))> = 2V4l
8 7. Vi(a— 172 + (b — (=3)2 + (c — 2)?
L =Via—17%+ (b +3P%+ (c — 27
r A RV — 2 Y
i - 8 Vix—pP+(y—ql+(z—1)
r e 3—1—4+26+5) ( 3 E)
- 9.( ) = (L-1L3
RN N T Y Y Y [ |_,J4:|-_J_|_|_|_|_|_|_>y 2+6 -1 _3 -8+ 4
SroGay 8 10.( > )=(4,—2,—2)
A T
ay 2 —2 2y +8 2z +6
© (T = ) = (- Ly 42+ 3)
8 Iy 2
.
X L 3a—a3b—b3c—c _
E‘ 12.( ) )—(a,b,c)
13. (x — 5)2 + (y + 1)2 + (z + 2)2 = 64
4. (x+ 172+ (y =572+ (z— 8)?%=5
15. (x — 12+ (y+ 32+ (z—2)P=a
2 16 (x— pP+ (v — g + (z— 1) = 36
; 17. .
st st
= d
(2,-3,6) L %
[ ] 1 ﬁ/
= z
L
! L
r oz
[
_LJ._I_J._I_LJ._I_/]IL_I_LJ._I_J._I_l_I_>y
L
/-/ !
z r
/ -
L
8/ -
x F 18. .
5_
3. . i
A - (0,8,0
| 1 1 P y
1
1
1
1
1
—_— I/,
A i,
x4
|
4. .
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23.
24.
25.
26.
27.

28.

29.

30.
31.
32.

33.

| I | || A N | y
(3,0,0)

o

X

r+v=<(1,0,-3) + (=3,4,-5) = (-2,4,-8)
r—w=(1,0,-3) — (4,-3,12) = (=3,3,-15)
vew=-12-12 - 60 = —84

w = V42 + (=32 + 122 =13
r-(v+w)=r-((=3,4,-5) + (4,-3,12))
=(1,0,-3)-(1,1,7) =1+ 0 —21 = =20
rv+r-w=(-3+0+15+ (4+0—- 36)=-20
wo 4-312) /4 312

W VPr (a2 <E’ _E’E>
i-r=(1,0,0)-(1,0,-3) =1
(i-v,j-v,k-v) = (=3,4,-5)

(r-v)w = ((1,0, =3) - (=3,4, =5)) (4, =3,12)
= (=3 + 0 + 15)(4,—3,12) = (48, —36, 144)
The plane’s velocity relative to the air is

v; = —200 cos 20° i + 200 sin 20° k.

The air’s velocity relative to the ground is

v, = —10cos 45°i — 10sin 45°.

Adding these two vectors and converting to decimal val-
ues rounded to two places produces the plane’s velocity
relative to the ground:

v =-195.01i — 7.07j + 68.40 k.

The rocket’s velocity relative to the air is

vy = 12,000 cos 80° i + 12,000 sin 80° k.

The air’s velocity relative to the ground is

v, = 8cos45°1 + 8sin45°j.

Adding these two vectors and converting to decimal val-
ues rounded to two places produces the rocket’s velocity
relative to the ground:

v =2089.43i + 5.66j + 11,817.69 k.

For #35-38, the vector form is ry + v with re(xg, yo, Zo), and

34

b

the parametric formis x = xy + ta,y = yy + tb,

z = z9 + tc where v = (a, b, ¢).

35. Vector form:r = (2,—1,5) + (3,2, —7); parametric form:
x=2+3t,y=—-1+2t,z=5-"7t.

36. Vector form:r = (—=3,8,—1) + #—3,5,2); parametric form:
x=-3-3t,y=8+5,t=—1+2t.

37. Vector form:r = (6,—9,0) + #(1,0,—4); parametric form:
x=6+1ty=-92z2= -4

38. Vector form:r = (0,—1,4) + 10,0, 1); parametric form:
x=0,y=-lLz=4+1

39. Midpoint of BC: (1, 1, —1). Distance from A to midpoint
of BC: V(-1 — 12+ (2 — 1) + (4 — (-1))* = V30.

40. (1 — (-1),1 — 2,—-1 — 4) = 2,1, -5)

41. Direction vector: (0 — (=1),6 — 2,-3 = 4)

=(L4,-7),0A=(-1,2,4,r = (-1,2,4) + «1,4,-7)

Direction vector: (2, —1, —5) (from Exercise 34). The vec-

tor equation of the lineisr = (—1,2,4) + 12, —1,—=5).

Direction vector: 2 — (=1),—4 — 2,1 — 4)

= (3,—6,-3),0A = (—1,2,4),s0 a vector equation

of the lineisr = (—1,2,4) + 3, -6, —3)

= (=1 + 3,2 — 6t,4 — 3r). This can be expressed in

parametric form: x = —1 + 3¢,y = 2 — 61,z = 4 — 3t.

Direction vector: 2 — 0,—4 — 6,1 — (=3))

= (2,-10,4), OB = (0, 6, —3) so a vector equation of

the line isr = (0, 6, —3) + (2, —10, 4)

= (2t,6 — 10t, =3 + 4). This can be expressed in

parametric form: x = 2t,y = 6 — 10t,z = —3 + 4¢.

.

42

.

43

o

44

b

45

b

— /1 5
Midpoint of AC: (5, -1, 5) Direction vector:

<l - 07 -1 - 67§ - (_3)> = <l7 _77 £>7
2 2 2 2

e

OB = (0, —6, —3), so a vector equation of the line is

111
r=1(0,6,-3) + t<—, —7,—>
2 2

1 11
= <§ t,6 —7t, =3 + 7t>.This can be expressed in
. 1 11
parametric form: x = Et’ y=6-"Tt,z=-3+ 7t.
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- 1 1
46. Midpoint of AB: (— > 4, E) Direction vector:

1 1 5.1
<_E —2.4- (4.5 - 1> = <—§,8,—5>,

OC = (2,—4, 1), s0 a vector equation of the line is

5.1
r=(2,—4,1) + t<——,8, ——>
27 2

5 1
= <2 — Et’ -4 + 8,1 — §t>.This can be expressed in

5
parametric form: x = 2 — Et,y = —44+8,z=1— ?'

47. The length of AB =
V(O = (1)) + (6 — 2)* + (=3 — 4)? = V66; the

length of BC =
V(2 =0+ (-4 — 62 + (1 — (=3))> = 2V/30; the
length of AC =

V@ = (-1)2 + (-4 —2)2 + (1 — 472 = 3\/6. The
triangle ABC is scalene.
48. M = (1,1, —1) (from Exercise 33). The midpoint of

— 33
AM = (0,5, ).
(’2’2)

49, (a) z
5

LI

|||||y

5
X

—rT—T"

(b) the z-axis; a line through the origin in the direction k.

50. (a) z

%

5
X

(b) the intersection of the yz plane (at x = 0) and xy plane
(at z = 2);a line parallel to the y-axis through (0, 0, 2).

51. (a)

z
5

N

5
X

(b) the intersection of the xz plane (at y = 0) and yz
plane (at x = —3); a line parallel to the z-axis
through (=3, 0, 0).

52. (a)

n

(b) the intersection of the xz plane (at y = 1) and xy
plane (at z = 3);a line through (0, 1, 3) parallel to
the x-axis.

53. Direction vector: (x, — X1, ¥» — V1,22 — Zi)»
E; = (X1, ¥, 23), SO a vector equation of the line is
r= (0 (g x)by+ (= vt + (22— 2)0).
54. Using the result from Exercise 49, the parametric
equations are x = x; + (x, — x)t,y = y; + (y, — y)t,
2=z, % (z — z)t.

S5. z 0 (x93, 2)

’ﬂ R (xp, 3. 21)

-
-

P (xy, y1,21) >y

X
By the Pythagorean theorem,
d(P.Q) = V(d(P,R)}’ + (d(R.Q))
= V(VE =07+ 0= 30 + (- )
=V - + (01— )P+ (@ - o)
56. Letu = (x, y;,z;). Thenu-u = x} + y{ + z}
= (VA + 1 + 47 = Il
57. True. This is the equation of a vertical elliptic cylinder.

The equation can be viewed as an equation in three vari-
ables, where the coefficient of z is zero.

58. False. Because the coefficient of 7 is always 0, the equa-
tions simplify to x = 1, y = 2, z = —5; these represent
the point (1,2, — 5).

59. The general form for a first-degree equation in three vari-
ablesis Ax + By + Cz + D = 0.The answer is B.

60. The equation for a plane is first-degree, or linear; there
are no squared terms. The answer is A.

61. The dot product of two vectors is a scalar. The answer is C.

62. The conversion to parametric form begins with
x =2+ 1t,y = =3 + 0t,z = 0 — 1¢. The answer is E.

63. (a) Each cross-section is its own ellipse.
2 2
x =0: yj + f—6 = 1, an ellipse centered at (0, 0)

(in the yz plane) of “width” 4 and “height” 8.
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2 2 .
y =0: i 1, an ellipse centered at (0, 0) a Chapter 8 Review
. 9 16 . L h=0k=04p=1250p = 3.
(in the xz plane) of “width™ 6 and “height” 8. Vertex: (0, 0); focus: (3, 0); directrix: x = —3,
2 Y focal width: 12
z=0: ) + il 1, an ellipse centered at (0, 0) T
(in the xy plane) of “width” 6 and “height” 4. "
(b) Algebraically, z = V1 — x? — y? has only positive 105
values; 0 = z = 1 and the “bottom” half of the sphere x
is never formed. The equation of the whole sphere is "
x2+y2+22:1- 1 ||||||||6x
(©) z -
2f :
/%2> 2.h=0,k=04p=—-8sop=—2.
Vertex: (0, 0); focus: (0, —2); directrix: y = 2,
2 - focal width: 8.
X L
y
(d) A sphere is an ellipsoid in which all of the x = 0, 2}

y = 0,and z = 0 “slices” (i.e., the cross-sections of
the coordinate planes) are circles. Since a circle is a
degenerate ellipse, it follows that a sphere is a
degenerate ellipsoid.

64. (a) Since i points east and j points north, we determine
that the compass bearing 6 is

22.63
193.88

6 =90° — tan*l( ) ~ 90° — 6.66° = 83.34°,
3.h=-2k=1,4p=—4,sop=—1.
Vertex: (—2, 1); focus: (=2, 0); directrix: y = 2,
focal width: 4.

(Recall that tan 6 refers to the x-axis (east) being
located at 0°; if the y-axis (north) is 0°, we must adjust
our calculations accordingly.)

(b) The speed along the ground is y
V/(193.88)% + (22.63)2 ~ 195.2 mph. 2r

(¢) The tangent of the climb angle is the vertical speed
divided by the horizontal speed, so

125
~ -1 == ) ~ o
0 ~ tan (195.2) 32.63°.
(d) The overall speed is
V/(193.88)2 + (22.63)% + (125)* ~ 231.8 mph.
65. 2 —-3,-6+ 1,1 - 4)=(-1,-5-3)
66. (-2 + 6,2 — 8, —12 + 1) = (4,—6,—11)

4. h=0,k=—2,4p = 16,50 p = 4.

67.i X j=(1,0,0) X (0,1,0)0= (0~ 0,0-0,1-0)= Vertex: (0, —2); focus: (4, —2); directrix: x = —4,
0,0,1) = k focal width: 16.
68. u-(uXxyv)=
(uy, Uy, Us) * (UsV3 — U3V, UzVy — UG5, UVy — UpDY) "
= (u1u2v3 - u1u3v2) + (u2u31}1 - u1u2v3) lOE
+ (wus3v, — upuzvy) E
=0 "
V‘(“XV): II_IIIIIIIéx

V1, V2, V3) * (UaV3 = U3y, UV — U3, Uy — UsUy)
= (U003 = Usv1vy) + (UzV1V, = U yL3)
+ (003 — uyvy03)
=0
So the angles between uand u X v,and vandu X v,
both have a cosine of zero by the theorem in Section 6.2.
It follows that the angles both measure 90°.
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5. Ellipse. Center (0, 0). Vertices: (0, +2V/2); Foci: (0, +V3) y
sincec = V8 —5 = V3. 20}

y I

; L

N

10. Hyperbola. Center: (7, 3). Vertices: (7,3+3) = (7, 0)

and (7,6),¢c = Vi +b0P=V9+12= \/Z, so the
foci are: (7,3+V21).

6. Hyperbola. Center: (0, 0). Vertices: (0, £4);

Foci: (0, £V65) since ¢ = V16 + 49 = V65. 13

< |

10

\

—

t

10 yd

TTTTTTITT
=
TTTNTT[TTTTT
J
=)
=

/

11. Ellipse. Center: (2, —1). Vertices: (2+4,—1) = (6,—1)

and (=2,-1),c = V& -p»P=V16-7= 3, so the
foci are: (2+3,-1) = (5,—1) and (=1, —1).

7. Hyperbola. Center: (0, 0). Vertices: (£5, 0),

c= V& +b=V25+36= \/6_1, so the foci are: M
(+£V61,0). 4r

~
T

RN

12. Ellipse. Center: (—6, 0). Vertices: (—6, +£6)
c= V& -b=V36-20= 4, so the foci are:

(—6, £4).

8. Hyperbola. Center: (0, 0). Vertices: (£7, 0), y
c= V& +62=V49 +9 = \/%,sothefociare: 6
(+£V58,0). i

y [
10: _—LLLLI—>5 X
F 13. (b)
F 14. (g)
i 15. (h)
) 16. (e)

9. Hyperbola. Center: (—3, 5). Vertices: (—3+3V2,5), 17.
c= V& +bp=V18+28 = \/R, so the foci are: ’
(—3+V46,5). 18. (d)
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19. (0 25. B> — 4AC = 0 — 4(1)(0) = 0,
20. (a) parabola (y* — 4y + 4) = 6x + 13 + 4,
21, B2 — 4AC = 0 — 4(1)(0) = 0, s (y — 27 = (x . H).

parabola (x> — 6x + 9) = y + 3 + 9, 6

so(x —3)=y+ 12
y 11

26. B> — 4AC = 0 — 4(3)(0) = 0,
22. B2 — 4AC = 0 — 4(1)(3) =12 < 0’ parabola 3()(2 - 2x + 1) = 4y + 9+ 3,
ellipse (x> + 4x + 4) + 3y* = 5 + 4,

~

40

N

X

T
—_
(=]

I/ T

10

/

so(x — 1) = i(y + 3).

+272 ) 3
sou +2L = 1. y
9 3
9_
y B
n r
>\ 1 1 I 1 1 1 1 X
k// 2 ’ \:\./ i
I 27. B> — 4AC = 0 — 4(2)(=3) = 24 = 0,
hyperbola 2(x*> — 6x + 9) — 3(y* + 8y + 16)
23. B> — 4AC = 0 — 4(1)(-1) = 4 = 0, b+ 42 (x =3
hyperbola (x> — 2x + 1) — (37 — 4y + 4) = 18 — 48 — 60, so T 1.
—1-4+6 (xr — 1) (y_2)2—1
= 150 —— 5 L y
y 10
7F L
- XI 1 1 1 X
L -10 15
1 1 1 1 1 1 1 1 1 1 X B
i 6 -15F
] 28. B> — 4AC = 0 — 4(12)(=4) = 192 > 0,

24. B> — 4AC = 0 — 4(1)(0) = 0, hyperbola 12(x* — 6x + 9) — 4(y* + 4y + 4)
parabola (x> + 2x + 1) = —4y + 7 + 1, B (x =37 (y+2?°
o (x 1P = 42 = 108 — 16 — 44,50 — o= 1

y
y
2
1
/\\ 1 1 -\l 1 1 1 |/| 1 1 X
|/| 1 1 1 1 1 1 1 é X 8
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29. By definition, every point P(x, y) that lies on the parabola
is equidistant from the focus to the directrix. The distance
between the focus and point P is:

Vi(x =072+ (y = p)> = V% + (y — p)° while the
distance between the point P and the line y = —p is:
Vi(x — x)2 + (y + p)> = V(y + p)> Setting these
equal:

Vi +(y—pf=y+p

+(y—p)P=(+ p)

X+ y = 2py+ pP=y+ 2py + p?
x2 = 4py.
30. Let the point P(x, y) satisfy y?> = 4px.Then we have
y2 = 4px

X2 = 2px + pP 4y =22+ 2px + p?
(x=pP+y=@+pP+0
(x=p+ (=07 = (- (=p)+ -y’
Vi =pyP+ (=07 =V - (pl+ -y
distance from P(x, y) to (p, 0) = distance from P(x, y)
tox = —p.
Because P(x, y) is equidistant from the point (p, 0) and
the line x = —p, by the definition of a parabola, y* = 4px
is the equation of a parabola with focus (p, 0) and direc-
trix x = —p,
31. Use the quadratic formula witha = 6,b = —8x — 5, and
¢ =3x>— 5x + 20.Then b* — 4ac = (—8x — 5)?
— 24(3x*> — 5x + 20) = —8x? + 200x — 455, and

1
y=1 8x + 5+V/—8x% + 200x — 455 | — an ellipse.

[0,25] by [0, 17]

32. Use the quadratic formula witha = 6,b = —8x — 5, and
¢ = 10x* + 8x — 30.Then b* — 4ac = (—8x — 5)?
— 24(10x* + 8x — 30) = —176x* — 112x + 745,and

1
y=1 { x + 54V —=176x% — 112x + 745 | — an ellipse.

i
Y

[-5,5] by [-3, 3]

33. Solve the equation for y:
(6 — 2x)y + (3x*> — 5x — 10) = 0. Subtract
3x*> — 5x — 10 and divide by 6 — 2x, and we have
3x* = 5x = 10

y = =6 — a hyperbola.

Chapter 8 Review 345

L

"--HI

—

[-8, 12] by [-5, 15]

34. Use the quadratic formula witha = —6,b = 5x — 17,
and ¢ = 10x + 20.Then b*> — 4ac = (5x — 17)?
+ 24(10x + 20) = 25x* + 70x + 769, and

1
y = { x — 17£V25x% + 70x + 769 } — a hyperbola.

-
/i/—

~15,15] by [-10, 10]

35. (a) B> — 4AC = 2% — 4(1)(1) = Osoitis a parabola.

A-C 1-1
(b) cot(20) = B =T=0,socos(20)=0.
[T+ (0) 1
cosfh = = ——and
2 V2
N e (O
sinf = > =5
x=ucos0—vs1n0—%—%and
y=usin0+vcost9—% %

&

(€) Sox*+2xy+y>+4\V2x+4
(L_L)z (L_L(L+L)
Vi V2 Vi vz2)\v2T vz

v
(5 +vs) + iz vg) 42

(_ + —) + 8 = 0 which simplifies to

y + 8 = 0 becomes

V2 2
w? =4 —1).
(d) The vertex is (0, 1) and the focus is (0, 2).
© v 0 1 V2 d
@) x === — — — = gy
V2 V2 V2 V2 2
w0 0 1 V2
RV RV, RV, IV, A
( V2 V2
so the vertex is (| ——, — |.
272
u v 0 2
R eI
TVITvI v w2 .
u v 0 2
=—t—=—+— =12,
RV, IRV, BV IRV
so the focus is (—V2, V2).
36. (a) B> — 4AC = (—24)2 — 4(91)(84) = —30,000 < 0
so it is an ellipse.
A-C -7-0 7
(b) cot (20) = 5 - a4 - w
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37.

38.

39.

40.

41.

42.

43.

44.

45.

46.

7 [1+(=7/25) 3
so cos (20) = 55 cosf = 5 3 and
oo L4+ (=7/25) 4
sin 0 5 ~ 3

3u 4o

X =ucosf —wvsinf = 5 —?and
sinf + vcos6 4u+3v
=u =422
Y 575

(c) So91x? — 24xy + 84y* = 300 becomes

5 5 5
2 2
implifies to — + — = 1.
simplifies to —- + =
(d) The vertices are (£2, 0) and the foci are (£1, 0).
3u  4v 3(£2)  4(0)
(e) x = s 5 5 s = +1.2 and
du  3v  4(£2)  3(0)
= — 4+ = = -~ _ .
y 5 5 5 5 +1.6, so the
vertices are (£1.2, £1.6).
3u 4o _3(£1)  4(0)
x = - i = 0.6 and
du  3v  4(£1)  3(0)
=2+ = ~2 = 408,50 th
575 s 5 S0 e

foci are (£0.6, £0.8).
h =0,k = 0, p = 2,and the parabola opens to the right
as y> = 8x.
h =0,k = 0,|4p| = 12,and the parabola opens down-
ward,so x> = —12y (p = —3).
h=-3k=3,p=k—y=3—-0=3(sincey = 0is
the directrix) the parabola opens upward, so (x + 3) =
12(y — 3).
h =1,k = -2, p = 2 (since the focal length is 2), and
the parabola opens to the left,so (y + 2)> = —8(x — 1).

h=0,k=0c=12anda = 13,s0b = Vda*> -
2 2
Yy
V16 —144—5—+——1.
o 169 25
h=0k=0,c=2anda = 6,s0b = @ —
2 2
\/36—4—4\/_—+%—1.

h=0,k=2a=3c=2-h(soc=2)and

b=Va-c=\V9-4=1550

2 -2
?-FT:L
h=-3k=—-4a=40= -3+ cc=3,
b=Va - 3= \/16—9=\/§,s0
(x+3)2+(y+4)2_

16 7
h=0k=0,c=6a=35,
b:\/cz—a2=\/36—25=\/ﬁ,so
y X
P T ) )

X
h:0,/(20,1122,;22([):4),504 T 1

47.

48.

49.

50.

S1.

52.

53.

54.

55.

56.

b 4 4
h:2,k:1,a:3,—=—(b:—-3=4),so

a 3 3
- -V
9 6
h=-5k=0,c—k=3(c=3),a— k=2(a=2),
b=V —d=V9—4=1\550
¥ (x+5?
4 s
%—costand%:s1nt5025+yz=1—anelhpse
X y y .
4—s1ntand6—costso 6 36 =1 — an ellipse.
x+2: ostandy—4—s1nts0
(x + 2)> + (y — 4)> = 1 — anellipse (a circle).
x—S y+3 .
3 = cost and = sint,so
x — 5)? + 3)2
G O o 5P e+ 3) =0
9 9
— an ellipse (a circle).
X y 2y
g—sectandgztantso;—g=1—ahyperbola.
X y 2y
1" sectand3 = tant,so T 1 — a hyperbola.

[—8, 3] by [-10, 10]
Parabola with vertex at (2,0),s0h = 2,k = 0,e = 1.

The graph crosses the y-axis, so 4,% = (0,4) lies on the

parabola. Substituting (0, 4) into y* = 4p(x — 2) we have
16 = 4p(=2),p = —2.y* = —8(x — 2).
6

[~10, 10] by [~4, 10]

5
e = 1,s0 a parabola. The vertex is (h, k) = (0, - 5) and

the point (5, 0) lies on the curve. Substituting (5, 0) into

5 5 5
2 _ + 2 = Z ==
X 4p(y 2),we have 25 4p(2),p >

5
2 = 10( + —).
X y 5
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57.

58.

59.

(3,3] by [-2,2]

1
e= 3,s0an ellipse. In polar coordinates the vertices are
(2,0) and (1, 7). Converting to Cartesian we have (2, 0)

and (—=1,0),s02a = 3,a =

Il
&
Il

_3
2
0

¢
) ( ) (since it’s

symmetric about the polar x-axis). Solving for

- vz (-0 - - v

3
the center (4, k) ( >

[~23,23] by [-2,1]

1
e = —,so an ellipse. In polar coordinates the vertices are

3
( ) and ( 777') Converting to Cartesian we have

8 4 1 4 1

(0 5)and( 1),so2a——,a—§,c—ea—Z-g—g,
3 4 -1 . .
the center (h, k) = (0 5 E) = (0, ?) (since it’s

symmetric on the y-axis). Solving for

4\* 1\ 15 3
2 = — = — — — = — = —
voa-a (5) (5) 55

12
25(y + =
(y 5) 5x2
—_—+

6 3"
==
-\_\_\_‘_‘—\q_\_
(-8,8] by [-11,0]
7
e= 5,502 hyperbola. In polar coordinates the vertices

35 3
are (—7, g) and (?’ %T) Converting to Cartesian we

-35 28 14
have (0, —7) and (0, T), so2a = 3 a= 9
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7 14

279

= (0 =5 E) = (0 _—49) (since it’s symmetric on
© 9 9 © 9

the y-axis). Solving for

4
c=ea= = ?9 the center (4, k)

> 49\ 14\ 21V5 TV
= 2 _ 2 = R — R = =
< ( 9 ) ( 9 ) 9 3
49\’
81| y + —
M S
196 245
60.
[-2,6] by [-2,3]
5
e=>.s0a hyperbola. In polar coordinates the vertices

15
are (7, 0) and (=5, 7). Converting to Cartesian we

15 20 10
have (—, O)and (5,0),s802a = = —,
7 7’ 7
5 10
c=ea=7- T—Tthecenter( k)
5+ 15/7 25 . .
=\ 0)= EE 0 | (since it’s symmetric on

the y-axis). Solving for b*> = a* — ¢?

(Z) - (o) -z
7 7 49 7

49( —2—5)2
T 7y2

—
—

—20,4] by [~

e = 1,s0 a parabola. In
polar coordmates, the vertex is

(1, 0) and the parabola crosses the y-axis at (2, %)

Converting to Cartesian form, we have the vertex

(h, k) = (1,0) and a point on the parabola is (0, 2). Since
the parabola opens to the left, y* = 4p(x — 1). Substituting
(0,2),we have 4 = —4p, p = —1.

yi=—A(x — 1)

[

[-1.7.7.7] by [3.1,31]
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63.

64.

65.
66.
67.
68.

69.

70.
71.

72.

73.

74.

75.
76.
717.

78.

e = 1, so this is a parabola. In polar coordinates, the vertex

1
is (5, 77-) and the parabola crosses the y-axis at
(1, %) Converting to Cartesian form, we have the

1
vertex (h, k) = (—5, 0) and a point on the parabola is

(0,1). Since the parabola opens to the right,

1
¥y = p(x + 5) Substituting (0, 1), we have 1 = 2p,

4

1, 1
== y2=2x+=)
P=7 (x 2)

V@B = (m1))2 + (=2 = 02 + (=4 — 3)?
— V6T 474 = V80

(3—1—2+0—4+3)_(1_1_1)
20 2 0 2 )

v+ w=(=31-2)+ (3,-4,0) = (0,3, -2)
v—w=(=31-2) — (3,-4,0) = (—6,5,-2)

vew = (=3,1,-2)-(3,-4,00=-9—-4+ 0= —13
M=V(3P + 2+ (=22 =\V9+1+4=\14

w (3,—4,0) <3 4 >

— = =(—-—=0

W NFrcarre \5 5

(vew)(v + w)=—13(0,-3,-2) = (0,39, 26)

(x+ 1%+ ¥+ (z—3)*= 16

The direction vector P—Q) is(3— (-1),-2 -0,

—4 — 3) = (4,—2,—7). Since the line / through P in the
direction of P—Q) isl = (=1,0,3) + t(4,-2,-7), the
parametric equations are: x = —1 + 4f, y = —2t,
z=3-"Tt

The direction vector is (—3, 1, —2) so the vector equation

of a line in the direction of v through P is
r=(-10,3) + -3,1-2)

—_— 1
The mid-point M of PQ is: (1, -1, —5) (from

—_— 1
Exercise 64) so OM = <1, -1, —E>.The direction

vector is w = (3, —4,0), so a vector equation of the line is
1
v = <1 + 31, —1 — 4¢, —§> This can be expressed in
1
parametric form:x = 1 + 31,y = —1 — 4t,z = >

4p = 18,s0 p = 4.5;the focus is at (0, 4.5).

4p = 15,s0 p = 3.75; the focus is at (3.75, 0).

(a) The “shark” should aim for the other spot on the
table, since a ball that passes through one focus will
end up passing through the other focus if nothing gets
in the way.

(b) Leta = 3,b = 2,and ¢ = V5. Then the foci are at
(=V/5,0) and (5, 0). These are the points at which
to aim.

The total radius of the orbit is r = 0.500 + 6380

= 6380.5 km, or 6,380,500 m.

79.

80

b

(@) v = 7908 m/sec = 7.908 km/sec.

(b) The circumference of the one orbit is 27r ~ 40,090
km; one orbit therefore takes about 5070 sec, or about
1 hr 25 min.

The major axis length is 18,000 km, plus 170 km, plus the

diameter of the Earth,so a =~ 15,465 km = 15,465,000 m.

At apogee, r = 18,000 + 6380 = 24,380 km, so v =~ 2633

m/sec. At perigee,r = 6380 + 170 = 6550 km, so

v =~ 9800 m/sec.

Kepler’s third law: T2 = &, T is in Earth years and a is in AU.

409 days

— T2/3 — ( _
“ 365.2 days/year

2/3
) ~ 1.08 AU = 161 Gm
¢ = ae = (161 Gm)(0.83) ~ 134 Gm
perihelion:a — ¢ = 161 Gm — 134 Gm = 27 Gm
aphelion:a + ¢ = 161 Gm + 134 Gm = 295 Gm

Chapter 8 Project
Answers are based on the sample data provided in the table.

2.

te

L[

[0.4,0.75] by [0.7, 0.7]

The endpoints of the major and minor axes lie at approxi-
mately (0.438,0), (0.700, 0), (0.569, 0.640) and (0.569,
—0.640). The ellipse is taller than it is wide, even though
the reverse appears to be true on the graphing calculator
screen. The semimajor axis length is 0.640, and the
semiminor axis length is (0.700 — 0.438)/2 = 0.131.The

(y =07  (x — 0569
(0.640)> (0.131)>

With respect to the graph of the ellipse, the point (4, k)
represents the center of the ellipse. The value a is the
length of the semimajor axis, and b is the length of the
semiminor axis.

equation is

Physically, 7 = 0.569 m is the pendulum’s average dis-
tance from the CBR, and k = 0 m/sec is the pendulum’s
average velocity. The value ¢ = 0.64 m/sec is the maxi-
mum velocity, and b = 0.131 m is the maximum displace-
ment of the pendulum from its average position.

The parametric equations for the sample data set (using
sinusoidal regression) are

xi7 ~ 0.131 sin (4.807 + 2.10) + 0.569 and

yir = 0.639 sin (4.80T — 2.65).

a moo
uﬂ““ﬂnmnnfa,!.,
+

+ +
+
+

+
+
Fogr

[-0.1, L.4] by [-1, 1] [0.4,0.75] by [-0.7, 0.7]
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H Section 9.1 Basic Combinatorics

Exploration 1
1. Six: ABC, ACB, BAC, BCA,CAB, CBA.

2. Approximately 1 person out of 6, which would mean
10 people out of 60.

3. No. If they all looked the same, we would expect approxi-
mately 10 people to get the order right simply by chance.
The fact that this did not happen leads us to reject the
“look-alike” conclusion.

te

It is likely that the salesman rigged the test to mislead the
office workers. He might have put the copy from the more
expensive machine on high-quality bond paper to make it
look more like an original, or he might have put a tiny ink
smudge on the original to make it look like a copy. You can
offer your own alternate scenarios.

Quick Review 9.1
1. 52
2. 13
3.6
4. 11
5. 10
6. 4
7. 11
8. 4
9. 64

10. 13

Section 9.1 Exercises

1. There are three possibilities for who stands on the left,
and then two remaining possibilities for who stands in the
middle, and then one remaining possibility for who stands
on the right:3-2-1 = 6.

Any of the four jobs could be ranked most important, and
then any of the remaining three jobs could be ranked sec-
ond,andsoon:4+3-2-1 = 24,

Any of the five books could be placed on the left, and
then any of the four remaining books could be placed
next toit,andsoon:5+4-3-:2-1 = 120.

Any of the five dogs could be awarded 1st place, and then
any of the remaining four dogs could be awarded 2nd
place,andsoon:5-4-3-2-1 = 120.

There are 3 - 4 = 12 possible pairs: K0y, K10,, K03,

K0, K20, K705, K705, K,0,4, K304, K30,, K503, and
K30,

1

w

te

wn

6.

10.

11.

12.

13.
14.

15.

16.

17.

18.

19.
20.
21.
22.
23.

24.
25.

26.

There are 3 - 4 = 12 possible
routes. In the tree diagram,
B, represents the first road

B
from town A to town B, etc. !
9! = 362,880
(ALGORITHM)

22-21-20 = 9240
There are 11 letters, where A By
S and I each appear 4 times
and P appears 2 times. The
number of distinguishable
permutations is
By

OnN0 00 0000

11!
ol 34,650.
There are 11 letters, where A
appears 3 times and O and T each appear 2 times.
The number of distinguishable permutations is
11!

an0.an

3001 1,663,200.
The number of ways to fill 3 distinguishable offices from a
13!
pool of 13 candidates is 13P3 = o1 = 1716.
The number of ways to select and prioritize 6 out of 12
12!
projects is 1,Pg = o = 665,280.
4-3.2-1=24
(3:-2-1)(1) =6
6! 6-5-4!
= =30
(6 —2)! 4!
9! 9:8-7!
= =7
(9 -2)! 7!
10! _10-9-8-7!_120
7 -7y 7-3-2-1
10! 10-9-8-7! °9-
_ 987=1098=120
31(10 — 3)! 307! 3-2-1
combinations
permutations
combinations
permutations (different roles)

There are 10 choices for the first character, 9 for the sec-
ond, 26 for the third, then 25, then 8, then 7, then 6:
10-9-26-25-8-7-6 = 19,656,000.

There are 36 choices for each character: 36> = 60,466,176.

There are 6 possibilities for the red die, and 6 for the
green die: 6 - 6 = 36.

There are 2 possibilities for each flip: 2!° = 1024.
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27, = 25! 258! 2300 (d) Number of 5-digit numbers that can be formed using
TR U325 - 3) 31221 only the digits 1 and 2.
52! 52! (e) Number of possible pizzas that can be ordered at a
28. 52Cs = 51(52 = 5)! T Sun T 2,598,960 place that offers 3 different sizes and up to 10
48] 48] different toppings.
29. 43C5 = 31(48 — 3) = 3,45, = 17,296 50. Counting the number of ways to choose the two eggs you
) ) o are going to have for breakfast is equivalent to counting
30. Choose 7 positions from the 20: the number of ways to choose the ten eggs you are not
20! 20! going to have for breakfast.
2()C7 = = = 77,520
7120 — 7)1 713! 51. (a) Twelve
31. Choose AN and K#, and 11 cards from the other 50: (b) Every 0 represents a factor of 10, or a factor of
50! 50! 5 multiplied by a factor of 2. In the product
202 50C1 = 1+ 50C11 = 111(50 — 11)! = 111391 504948 ----- 2. 13 the factors 5, 10, 15, 20, 30, 35,
= 37.353.738.800 40, and 45 each contain 5 as a factor once, and 25 and
T gl ’ gl 50 each contain 5 twice, for a total of twelve occur-
R.;=———=—=156 rences. Since there are 47 factors of 2 to pair up with
38 —3)L 3! the twelve factors of 5,10 is a factor of 50! twelve
33. We either have 3,2, or 1 student(s) nominated: times.
6Cs T 6CotC1=20+15+6 =41 52. (a) Each combination of the n vertices taken two at a
34. We either have 3, 2, or 1 appetizer(s) represented: time determines a segment that is either an edge or a
C3+sC, +5C; =10+ 10 + 5 =25 diagonal. There are ,C, such combinations.
35. Each of the 5 dice have 6 possible outcomes: 6° = 7776 (b) Subtracting the n edges from the answers in (a),
20! 20! : n!
= = = we find that ,C, —n=—————n
36-20Cs = G100 — 8y ~ sz~ 122970 ’ 2!(n - 2)!
37.2° -1 =511 _n=1) 20 r?=3n
38.3 X 4 X3 x2°0=2304 2 2 2
39. Since each topping can be included or left off, the total 53. In the nth week, 5" copies of the letter are sent. In the last

1o £52 4, 36 o
number of possibilities with n toppings is 2". Since week of t.he year, that’s 5 ~ 2222 X 107 copies of t he.
211 = 2048 is less than 4000 but 21 = 4096 is greater letter. This exceeds the population of the world, which is

about 6 X 10°, so someone (several people, actually) has

than 4000, Luigi offers at least 12 toppings. .
had to receive a second copy of the letter.

b

40. Th 2" subsets, of which 2" — 2 bsets. . . .

mere are = subsets, of whie Are proper subsets 54. Six. No matter where the first person sits, there are the
41. 27 = 1024 3! = 6 ways to sit the others in different positions relative
42. 5'° = 9,765,625 to the first person.

43. True (n) _ n! _n n! _ (n) 55. Three. This is equivalent to the round table problem
’ “\a al(n —a)! ab! (n— b)!b! b) (Exercise 54), except that the necklace can be turned
5 5 upside-down. Thus, each different necklace accounts for
44. False. For example, ( 2) = 10 is greater than ( 4) =5. two of the six different orderings.

b

6 56. The chart on the left is more reasonable. Each pair of
There are ( ) = 15 different combinations of vegetables. actresses will require about the same amount of time to
2 interview. If we make a chart showing n (the number of

actresses) and ,C, (the number of pairings), we can see

45

b

The total number of entrée-vegetable-dessert variations is

4 -15-6 = 360. The answer is D. that chart 1 allows approximately 3 minutes per pair
46. oPs = 30,240. The answer is D. throughout, while chart 2 allows less and less time per
) pair as n gets larger.
- Th is B
47. Py (n — n)! /= Lhe answeris . Number Number of Time per Pair Time per Pair
48. There are as many ways to vote as there are subsets of a i Pairs ,C» Chart 1 Chart 2
set with 5 members. That is, there are 2° ways to fill out 3 3 3.33 3.33
the ballot. The answer is C. 6 15 3 2
49. Answers will vary. Here are some possible answers: 9 36 3.06 1.67
(a) Number of 3-card hands that can be dealt from a 12 66 3.03 1.52
deck of 52 cards 15 105 3.05 1.43

(b) Number of ways to choose 3 chocolates from a box
of 12 chocolates

(¢) Number of ways to choose a starting soccer team
from a roster of 25 players (where position matters)
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57. There are 5,C; = 635,013,559,600 distinct bridge hands.
Every day has 60 - 60 - 24 = 86,400 seconds; a year has
365.24 days, which is 31,556,736 seconds. Therefore it will

635,013,559,600

31,556,736
per year, the computation gives about 20,136 years.)

take about ~ 20,123 years. (Using 365 days

58. Each team can choose 5 players in 13Cs = 1287 ways, so
there are 1287 = 1,656,369 ways total.

H Section 9.2 The Binomial Theorem

Exploration 1
3! 3!

LsCo =G = LG =9, =3
3! 3! .
3Gy = ol =3,,Cs = 31010 = 1. These are (in order) the

coefficients in the expansion of (a + b)°.

Section 9.2 Exercises

p—

[S]

w

. (a+b)° = (g)aﬁbo + (f)asbl + (g)a4b2 + (2)a3b3 + (

Section 9.2 The Binomial Theorem 351

2. {1 4 6 4 1}. These are (in order) the coefficients in the
expansion of (a + b)*.

3. {1 510 10 5 1}. These are (in order) the coefficients in
the expansion of (a + b)°.

Quick Review 9.2

1 x* + 2xy + )?

2. a®> + 2ab + b*

3.25x% — 10xy + y?

4. a®> — 6ab + 9b*

5. 952 + 12st + 47

6. 9p*> — 24pq + 164>

7. v + 3u*v + 3w’ + v

8. b* — 3b%c + 3b* — ¢

9. 8x* — 36x%y + 54x)? — 27y°
10. 64m° + 144m’n + 108mn® + 271

4 4 4 4 4
. (a+b)= (0)a4b0 + (1)tz3bl + (2)a2b2 + (3)a1b3 + (4)11%4 = a* + 4a’b + 6a*b* + 4ab® + b*

Z)a2b4 + (g)albs + (Z)aOb6

= a® + 6a°b + 154*b* + 204D + 154%b* + 6ab® + b°

7 7 7 7 7
+ 7= 70+()61+()52+()43+(
(x+y) (O)Xy 1 )FY 5 )XY 5 )XY 4

7 7 7
Yot (D)t + (D)ot + (D)

= x7 + 7x% + 21x°y% + 35x%y° + 35x°%y% + 21x%y° + Txy® + y7

b

10 10 10 10
+ 37+ 28+( )19+( )()10
(7)” (8)” 9 )Y T \40)¥”

10 10 10 10 10 10 10
(x + )10 = (0)x1()y0 + (1)x9y1 + (2)x8y2 + (3)x7y3 + (4)x6y4 + (5)x5y5 + (6)x4y6

= x10 + 10x%y + 45x%)% + 120x7y® + 210x%* + 252x°y° + 210x*y° + 120x°y7 + 45x%y% + 10xy° + y!°

5. Use the entries in row 3 as coefficients:
(x + y)P = x>+ 3% + 3xy* + )°
6. Use the entries in row 5 as coefficients:
(x + y)> = X + 5x*y + 10X + 10x%)°
+ 5xy4 + y5
7. Use the entries in row 8 as coefficients:
(p+ q)° = p* + 8p'q + Wp°q’ + 56p°¢’ + T0p'q"
+ 56p%¢ + 28p%¢° + 8pq” + ¢°

8. Use the entries in row 9 as coefficients:

166 166!
11. (166) ~ 166100
166 166!
12. ( 0 ) ~ 066!
14 14
()= (14) =0
13 13
14.(8)= 5)=1287

(p+ q)’ = p’+ 9p°q + 36p'q” + 84p°¢’ + 126p°¢* 15. (—2)8<12) - (—2)8<12) = 126,720
+ 126p*q° + 84p3¢S + 36p%q" + Ipg® + ¢° 8 4
9 91 9.8 11 11
. =——=—=36 16. —34( )= 34( ):26,730
9(2) 27 T2 (=34 ) = (3 4
| . . .
o, (15) _ 15 _15-14-13-12 .
11/ 114! 4:3-2-1
17. f(x) = (x — 2)° = X° + 5x%(—2) + 10x*(—=2)* + 10x*(—=2)® + 5x(—2)* + (—2)° = x> — 10x* + 40x> — 80x* + 80x — 32
18. g(x) = (x + 3)° = x0 4+ 6x° -3 + 15x*+ 32 + 20x° - 3> + 15x% - 3% + 6x -3 + 3°
= x% + 18x° + 135x* + 540x% + 1215x% + 1458x + 729
19. h(x) = (2x — 1)
= (2x)7 + 7(2x)%(=1) + 21(2x)3(=1)? + 35(2x)*(—=1)* + 35(2x)*(=1)* + 21(2x)%(=1)° + 7(2x)(=1)® + (=1)

= 128x7 — 448x° + 672x° — 560x* + 280x> — 84x* + 14x — 1
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20. f(x)

(Bx + 4)° = (3x)° + 5(3x)* -4 + 10(3x)* - 42 + 10(3x)2- 4 + 5(3x) - 4* + 4
243x° + 1620x* + 4320x° + 5760x% + 3840x + 1024

21 (2x + y)* = (2x)* + 4(2x)°y + 6(2x)%? + 4(2x)y* + y* = 16x* + 32x°y + 24x%y* + 8xy® + y*
22. (2y — 3x)° = (2y)° + 5(2y)*(—3x) + 10(2y)*(—3x)* + 10(2y)*(=3x)* + 5(2y)(-3x)* + (—3x)°
= 32y° — 240y*x + 720y°x*> — 1080y%x> + 810yx* — 243x°
23. (VI = V3)° = (VE)* + 6(VX)* (—V) + 15(V/x)* - (= V)2 + 20(VaP (= Vy) + 15(VD) (—V/y)*
+ 6(\/)_6)(—\/;)5 + (—\/;)6 = x* — 6x72y12 + 15x%y — 20x°/%y%% + 15xy* — 6x'2)°/2 + 3
24. (Vx + V3 = (V) + 4(Vx)PI(V3) + 6(Vx)? - (V32 + 4(VX)(V3)P + (V3) = X2 + 4xV3x + 18x + 12V3x + 9
25. (x 2+ 3P = (xD)°+ 5(x2)* 34+ 10(x72)3 - + 10(x72)2 -3 + 5(x72) -3+ 3

= x10 4+ 15x78 + 90x7° + 270x* 4+ 405x72 + 243

26. (a — b3) = d + Ta5(=b"3) + 21a5(—=b 3 + 35a*(=b3)® + 35a3(—=b3)* + 21a%(=b>) + Ta(—b3)° + (—=b73)

=d — 7a°73 + 21a°b % — 35a*p° + 354°b "% —

27. Answers will vary.
28. Answers will vary.

| |
29.Ifn>:1,(n)= AN
1 (n — 1)!!

T - 1)![nni (n—1D] (n ! 1)
nl nl

30.Ifn>:r>:0,(n)= N
r

rl(n —r)!

(n —r)ir!

T - r)![nni (n—n] (n . r)

B (n —1)! N (n —1)!
Cr=-D[n-1)=--D] rm-1-r)
_ r(n — 1)! N (n—=1Yn—-r)
r(r—=D!n—=r) ri(n—r)(n—-r—1)
B r(n—=1)! (n—r)(n—-1)!
Tl (n =) rl(n —r)!
_(r+n—r)(n—1)!
rl(n —r)!
n!
N rl(n —r)!

-(7)
\r
32. (a) Any pair (n, m) of nonnegative integers — except for

(1,1) — provides a counterexample. For example,
n=2andm = 3: (2 + 3)! = 5! = 120, but
20+ 3l=2+6=8.

(b) Any pair (n, m) of nonnegative integers — except for
(0, 0) or any pair (1, m) or (n, 1) — provides a coun-
terexample. For example, n = 2 and
m=3: (2-3)! =6! =720,but,2! -3 =2-6 =12

! n+ 1)!
33 Letn>:2.(”)+(n+1)= n! N ( )
2 2 2(n—2)!  2l(n —1)!
n(n—1)

(n + 1)(n)

2 2

nz—n+n2+n_
2

21?7 + Tab ' — b

34. Letn>= 2. (n i 2) + (Z t D T (n- 2)![nn!— (n=2)1

N (n+ 1)!
(n=Dn+1)=(n—=1)]
n! (n+1)!
P RCENE
_n(n—1)+(n+1)n
2 2
nw—n+n’+n )
- 2 "

35. True. The signs of the coefficients are determined by the
powers of the (—y) terms, which alternate between odd
and even.

36. True. In fact, the sum of every row is a power of 2.
37. The fifth term of the expansion is
8
(4)(2)()4(1)4 = 1120x* The answer is C.

38. The two smallest numbers in row 10 are 1 and 10. The
answer is B.

39. The sum of the coefficients of (3x — 2y)'”is the same as
the value of (3x — 2y)®whenx = landy = 1.
The answer is A.

40. The even-numbered terms in the two expressions are
opposite-signed and cancel out, while the odd-numbered
terms are identical and add together. The answer is D.

41. (a) 1, 3,6, 10, 15, 21, 28, 36, 45, 55

(b) They appear diagonally down the triangle, starting
with either of the 1’s in row 2.

(c) Since n and n + 1 represent the sides of the given
rectangle, then n(n + 1) represents its area. The trian-
gular number is 1/2 of the given area. Therefore, the

n(n+1)
triangular number is

OO0OO0OO0O0
® OO OO0
® @O0 O0OO0
® e 00O
® e 0 00
o0 000
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(d) From (c), we observe that the nth triangular
n(n+1)
number can be written as . We know that

binomial coefficients are the values of ( ) for
r

r=0,1,2,3,..., n. We can show that

nn +1 +
g = (n 1) as follows:

2 2
nn+1) (n+ 1)nn—1)!
2 2(n-1)!

(n+ 1)!
T2 - 1)
(n + 1!
T 2((n+ 1) =2)

_(n+1
- ( 2 )
So, to find the fourth triangular number, for example,
441 5 5! 5.4-3!
Compute( 2 ) - (2) TG -21 23

5:4
= —— = 10.
2

42. (a) 2 (Every other number appears at least twice.)

(b) 1

(c¢) No (They all appear in order down the second
diagonal.)

(d) 0 (See Exercise 44 for a proof.)

(e) All are divisible by p.

(f) Rows that are positive-integer powers of 2: 2, 4, 8,
16, etc.

(g) Rows that are 1 less than a power of 2: 0, 1, 3,7,

15, etc.

(h) Answers will vary. One possible answer: For any
prime numbered row, or row where the first element
is a prime number, all the numbers in that row
(excluding the 1’s) are divisible by the prime. For
example, in the seventhrow (1 7 21 35 35 21
7 1) 7,21, and 35 are all divisible by 7.

43. The sum of the entries in the nth row equals the sum of
the coefficients in the expansion of (x + y)". But this
sum, in turn, is equal to the value of (x + y)" when

x=1landy = 1:
n n n
— 1n1() + ( )1”*111 + ( )1"*212
(e (D= G

2" = (1 + 1)
+ .-+ (n)l(’l"
n
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45. 3"

(1+2

(0 " )+ ('11)1"712 N (;)1%222 ey (Z)z
(o)) ool

B Section 9.3 Sequences

N

Quick Review 9.3
L3+ (5-1)4=3+16=19

5 5
2. 5[(6 + (5-1)4] = 5(22) =55
3.5-42=280

51 — 4 _

4. ( ) BB 105
(1—4) -3
10
5. =—

apo 1

6. a,=5+ (10— 1)3 =32

. ay 5- 29 = 2560

o= ()0 - (e -
3/\2 3)\512) 384
9.ay=32-17=15
102 100 25

100 =55 = T004 ~ 256

Section 9.3 Exercises
For #1-4, substitute n = 1,n = 2,...,n = 6,and n = 100.

34567101
12,2522 = ;

4 4241 2
2353725
3. 0, 6,24, 60, 120, 210; 999,900
4. —4,—-6,—6,—4,0, 6; 9500
For #5-10, use previously computed values of the sequence to
find the next term in the sequence.
5.8,4,0,—4;-20
6. —3,7,17,27; 67
7. 2,6,18,54; 4374
8. 0.75,—-1.5,3,-6; —96
9.2,-1,1,0;3
10. —2,3,1,4;23

11. lim n? = 00, so the sequence diverges.
n—00

.1
12. lim o 0, so the sequence converges to 0.

n—0o0
1111 1

13— — = —., .

3 17 47 97 167 b n27
1

lim — = 0, so the sequence converges to 0.
n—o0 pn

14. linolo(3n — 1) = 00, so the sequence diverges.

15. Since the degree of the numerator is the same as the
degree of the denominator, the limit is the ratio of the

3 —
leading coefficients. Thus lim 2n T —1. The
n

n—00 -

sequence converges to —1.
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16. Since the degree of the numerator is the same as the
degree of the denominator, the limit is the ratio of the

2 —
leading coefficients. Thus lim 1

= 2. The sequence
n—oo n + 1

converges to 2.

17. lim (0.5)"

n—00 n—00

1 n
lim (5) = 0, so the sequence converges

to 0.

18. lim (1.5)"

n—0o0 n—0o0

3 n
lim (5) = 00, so the sequence diverges.
19. ay = land a,+; = a, + 3 forn = 1 yields 1,4,7,
e s(B3n = 2), ...

lim (3n — 2) = o0, so the sequence diverges.
n—0o0

u
20. u;y = landu,. = ?”for n = 1yields 1,

i1
3 D
. 1
li)noloF = 0, so the sequence converges to 0.

For #21-24, subtract the first term from the second to find the
common difference d. Use the formula a, = a; + (n — 1)d
with n = 10 to find the tenth term. The recursive rule for the
nth term is a,, = a,_, + d, and the explicit rule is the one
given above.
2. (a) d = 4

(b) ajp= 6 + 9(4) = 42

(¢) Recursive rule:a; = 6;a, = a,_; + 4forn =2

(d) Explicit rule:a, = 6 + 4(n — 1)

22. (a)d =5
(b) ap= —4 + 9(5) = 41
(¢) Recursive rule:a; = —4;a, = a,_, + Sforn =2
(d) Explicit rule:a, = —4 + 5(n — 1)

23. (a)d = 3
(b)ay,=-5+93) =22
(¢) Recursive rule:a; = —5;a, = a,_; + 3forn =2
(d) Explicit rule:a, = =5 + 3(n — 1)

24. (a) d = 11
(b) ay= -7+ 9(11) = 92
(¢) Recursive rule:a; = —7;a, = a,_; + 11 forn =2
(d) Explicit rule:a, = =7 + 11(n — 1)

For #25-28, divide the second term by the first to find the
common ratio r. Use the formula a, = a, + ¥"~ ' withn = 8 to
find the eighth term. The recursive rule for the nth term is
a, = a, _ - r,and the explicit rule is the one given above.
25. (ar=3

(b) ag = 2-37 = 4374

(¢) Recursive rule: a; = 2;a, =

(d) Explicit rule:a, = 2 -3"!
26. (a) r =2

(b) ag = 3-2" = 384

(¢) Recursive rule:a; = 3;4a, =

(d) Explicit rule:a, = 3 -2"!

3a,_,forn =2

2a,_,forn =2

27. @) r = -2

(b) ag = (—-2)" = —128

(¢) Recursive rule:a; = 1;a, = —2a, forn =2

(d) Explicit rule: a, = (—=2)""!
28. @) r=—1

b)ag=-2-(-1)Y=2

(¢) Recursive rule:a; = —2;a, =

forn =2

(d) Explicit rule: @, = =2+ (—=1)" "' = 2+ (=1)"
29.a,= —-8=a, +3danda; = 4 = a; + 6d,so

a; — a; = 12 = 3d.Therefore d = 4,so

a,=-8—3d=—-20anda, = a,_, + 4forn = 2.
30. as;= =5 =a, + 4danday = —17 = a; + 8d,so

ay — as = —12 = 4d.Therefore d = —3,s0

a,=-5—4d = T7anda, = a,_ — 3forn = 2.
3l.a,=3=a,-r'andag = 192 = a,- 7, s0

ag/a, = 64 = 1% Therefore r = 2,50 a; = 3/(£2)

_1an—1 = T4y

3 3
= iE and a, = - (=2)"1=3-(=2)"%or
3
= =2l =320
ay =7

32.a;,=—-75=a,-r*and as = —9375 = a, * r°,s0
ag/ay = 125 = 3. Therefore r = 5,50 a; = —75/5* = =3
and aq, = —3-5""L

33.
[0,5] by [-2, 5]
34.
[0,10] by [~3, 1]
3s.
[0, 10] by [~10, 100]
36.

[0,10] by [0, 25]

37. The height (in cm) will be an arithmetic sequence with
common difference d = 2.3 cm, so the height in week # is
700 + 2.3(n — 1):700,702.3,704.6,706.9, ... ,815,817.3.
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38.

39.

40.

41

.

42
43

.

o

45.

46.

47.

The first column is an arithmetic sequence with common
difference d = 14. The second column is a geometric

. . 1
sequence with common ratio r = >

Time Mass
(billions of years) (2)
0 16
14 8
28 4
42 2
56 1

The numbers of seats in each row form a finite arithmetic
sequence with a; = 7,d = 2,and n = 25. The total
number of seats is

25

> [2(7) + (25 — 1)(2)] = 775.
The numbers of tiles in each row form a finite arithmetic
sequence with a; = 15,a, = 30,and n = 16.The total
number of tiles is

+
1(52) s

The ten-digit numbers will vary; thus the sequences will
vary. The end result will, however, be the same. Each limit
will be 9. One example is:
Five random digits: 1,4,6,8,9
Five random digits: 2,3,4,5,6
List: 1,2,3,4,4,5,6,6,8,9
Ten-digit number: 2,416,345, 689
Ten-digit number: 9, 643,128, 564
a, = positive difference of the ten-digit numbers
= 7,226,782, 875
a,.; = sum of the digits of a,, so
a, = sum of the digits of a; = 54
az = sum of the digits of a, = 9.
All successive sums of digits will be 9, so the sequence
converges and the limit is 9.

Everyone should end up at the word “all.”

True. Since two successive terms are negative, the common
ratio r must be positive, and so the sign of the first term
determines the sign of every number in the sequence.
False. For example, consider the sequence 5, 1,—3,—7, ...
a; = 2and a, = 8impliesd = 8 — 2 =6

c=a —dsoc=2—-6=—4

a, = 6-4+ (—4) = 20.

The answer is A.

lim \/l; = lim I’ll/ = 00, so the sequence diverges.
9
n—00 n—00

The answer is B.

ap 6
=—=—=3
" ay 2
ag=ar’ =23 =486 and a, = 6, so
ag 486
—=—=81.
an 6

The answer is E.

48.

49

.

50.

51

52.

Section 9.3 Sequences 355

The geometric sequence will be defined by a,,,; = a, + 3
forn = 1 and a; # 0.
a, = 3
ap a1/3 ay
a3 =—= = —
3 3 9
_a @)Y a
M3 T3 T

ay . .
a, = ——, which represents a geometric sequence.
n 3n 17

The answer is C.

(a) a; = 1 because there is initially one male-female pair
(this is the number of pairs after 0 months). a, = 1
because after one month, the original pair has only
just become fertile. a; = 2 because after two months,
the original pair produces a new male-female pair.

(b) Notice that after n — 2 months, there are a,_ pairs,
of which a,_, (the number of pairs present one
month earlier) are fertile. Therefore, after n — 1
months, the number of pairs will be a, =

+ a,_,:to last month’s total, we add the number of
new pairs born. Thus a, = 3, a5 = 5, ag = 8§,

a; = 13, a3 = 21, a9 = 34, a;y = 55,a,; = 89,

a,, = 144, a,5 = 233.

(¢) Since a, is the initial number of pairs, and a, is the
number of pairs after one month, we see that a3 is the
number of pairs after 12 months.

ap—1

Use a calculator:a; = 1,a, = 1,a3 = 2,a, = 3,as = 5,
as = 8, a; = 13.These are the first seven terms of the
Fibonacci sequence.

(a) For a polygon with n sides, let A be the vertex in
quadrant / at the top of the vertical segment, and

let B be the point on the x-axis directly below A.
Together with (0, 0), these two points form a right
triangle; the acute angle at the origin has measure
9 = 2m w
21 n
up the polygon. The length of the side opposite this

, since there are 2n such triangles making

. . .
angle is sin @ = sin —, and there are 2x such sides
n

making up the perimeter of the polygon, so sin T ;l—”,
n n

or a, = 2nsin(w/n).

(b) a,y = 6.1803, a,yy ~ 6.2822, a4y ~ 6.2832,

a0 ~ 62832 =~ 2. It appears that a, — 27 as

n — 00, which makes sense since the perimeter of

the polygon should approach the circumference of

the circle.

<

P, = 525000; P, = 1.0175P,_,,n =2
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53. The difference of successive terms in {log (a,)} will be of 3.a; =6 and a3 = 21
Ap+1 . . ay; = a; + 2d and ag = a; + 7d
the form log (a,4+,) — log (a,) = log . Since {a,} is (@, + 7d) — (a, + 2d) = 21 — 6 50 5d = 15 = d = 3.
Ly . Ay 6=a +23)soa =0
geometric, is constant. This makes log con- ajy = 0+ 9(3) = 27
” " ayy = 27

stant, so {log (a,)} is a sequence with a constant difference

. . 4.a;= 3, and a,,y = a,+ Sforn =1 = ag,=3+5=28
(arithmetic).

as=3and ag=8 = d=5
54. The ratios of successive terms in {10”"} will be of the form as=a; + 4d so 3 =a; + 4(05) = a; = —-17
10 + 10P = 10>~ b Since {b,,} is arithmetic, b,,; — b, ap = —17 + 9(5) = 28
is constant. This makes 10+ ~ > constant, so {10”} is a a, = 28

sequence with a common ratio (geometric).

55.a;=[1 1],a, = [1 2],a3= [2 3],a,= [3 5],
as =[5 8],as = [8 13], a; = [13 21].The entries in

2
S.alzlanda2:2yieldsr=T=2
ap=1-2°=512

= 512
the terms of this sequence are successive pairs of terms o 5 s
from the Fibonacci sequence. 6. a, = 51 ar;d as = a;*r;as=2and ag= a,-r
ap - r
1d a°° .z
56. a, = [1 4] r={01} a-rr 1
az:m'r:[l a+d} r2:2:>r=\/§ 1 1
az=ayr=[1 d+a+dl=1[1 a+ 2d] 1= a (V2 a = -
ay=ay r=[1 d+a+2d=[1 a+ 3d] 1(V2) ! (\/5)3 2V2
a,=[1 a+ (n— 1)d].
So, the second entries of this geometric sequence of ayy = L( 2)? = M =8
matrices form an arithmetic sequence with the first term a _ 2V2 2V2
and common difference d. =8
7.a; = Sandr= -2 = 5= q(-2)°
. . 5 5 —2560
B Section 9.4 Series @ =p @ =5 (=2) === 40
ayp = —40

Exploration 1
L3+6+9+12+15=45

8.a;,=10andag = a,-r; ap=40=a,=a,-r

ap- r'' 40

11

2.5+ 6>+ 7+ 8 =25+ 36+ 49 + 64 = 174 a- 10
3. cos(0) + cos(m) + -+ + cos(11lw) + cos(127) rf=4;s0r = (4)V
=1-1+1+--=-1+1=1 L 10
4. sin(0) + sin(7) + --- + sin(kw) 10=a(()7)" a= ez
+ .- =0+0+ --+0+---=0 . _10(41/4)9_10(49/4)_10(42/4)_10 , 2
0=~ = = ==
5.i+i+i+...+#+...:l 47/4 47/
10 100 1,000 1,000,000 3 ayp = 20
5
Exploration 2 9. ¥n*=1+4+9+16 +25=755
L 1+ 2+ 3+ - +9+ 100 "
2.100 + 99+ 98+ -+ 2+ 1 10. Y (2n—1)=1+3+5+7+9=25
3. 101 + 101 + 101 + --- + 101 + 101 =l
4. 100(101) = 10,100 Section 9.4 Exercises
5. The sum in Exercise 4 involves two copies of the same 1 i (6k — 13)
progression, so it doubles the sum of the progression. The =1
answer that Gauss gave was 5050. 10
2. D3k — 1)
Quick Review 9.4 k=1
l.ay=4,d=2soay=a + (n— 1)d 3r§k2
ap=4+ (10— 1)2=4+ 18 =22 =
ayy = 22 n+1l
3
2a,=3a=1s0od=1-3=-2 4';Zlk
aypg=a; + (n— 1)d 00
ag=3+ (10— 1)(-2) =3 — 18 = —15 5. > 6(—2)F
a,, = —15 k=0
[ee]
6. > 5(-3)k
=0
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@ +a, ~2[1 - (-12)"
For #7-12, use one of the formulas S, = n s or 22. Geometric withr = —12: W
S, = 3[2111 + (n — 1)d]. In most cases, the first of these is _ 2. (1 — 12%) = 66,151,030
13 b b
e"‘smfl(“_nff the last term g, is given); note that 23. (a) The first six partial sums are {0.3,0.33, 0.333, 0.3333,
n=—+—",41 0.33333, 0.333333}. The numbers appear to be approach-
d ing a limit of 0.3 = 1/3.The series is convergent.
7.6 - ( —7+ 13) = = (b) The first six partial sums are {1, —1, 2, =2, 3, —3}. The
numbers approach no limit. The series is divergent.
8. 6- ( —8 +27 .19 = 57 24. (a) The first six partial sums are {~2, 0, =2, 0, =2, 0}. The
’ numbers approach no limit. The series is divergent.
1+80) _ (b) The first six partial sums are {1, 0.3, 0.23, 0.223,
9. 80 ( ) = 40+ 81 = 3240 0.2223, 0.22223}. The numbers appear to be approach-
ing a limit of 0.2 = 2/9. The series is convergent.
10. 35 - ( )=35-36=1260 1
I 25.r = 5750 it converges to S = (1/2) = 12.
11. 13-(7)=13-75=975 1 4
2 26. r = -, soit convergesto S = ———— = 6.
111 + 27 3 - (1/3)
12. 29( ) =29-69 = 2001 27. r = 2,50 it diverges.
a;(1 =" 28. r = 3,so it diverges.
For #13-16, use the formula §,, = 1 . Note that 3/4
- 29. r = — so it converges to § = ———— = 1.
a, In |a,,/a1| 4 1-(1/4)
n:1+10g‘,‘ —| =14+ ——
Inr]. 30. r = -, so it converges to § = ﬂ =10
3(1 - 2) ) & 1—(2/3) '
13— = 2451 14_ 693 14 _ 707
3.7+ — —
5(1 — 3'9) 9" 99 "9 99
14. ————— = 147,620
1-3 325+ 3 o542l 19
U= WO 5 40— 69 ~ 504 7 -
. = 50. — ~ 50. 268 17,251
1= (1/6) 3. 17 ~ 555 = 999
T 1= (=1/6) 34 -12 - 2= —12 - -==
999 333 333
n
For #17-22, use one of the formulas S, = 5[2111 + (n— 1)d] 35. (a) The ratio of any two successive account balances is
a(1 —r") r = 1.1.That s,
ors, = R $22,000  $24200  $26,620  $29282
$20,000  $22,000  $24.200  $26.620

10
17. Arithmetic with d = 3:7[2 <2+ (10 = 1)(3)]
=5-31= 155

9
18. Arithmetic with d = —6: 5[2 14+ (9 - 1)(—-6)]

=9 (=10) = =90
12
19. Geometric with r = _%%
- ? (1 —272) ~ 2,666
1 6[ ( 1/2)11}

20. Geometric with r = —5. W

=4-(1+27") =~ 4.002

—1[1 = (-11)%]
1 - (-11)

1

=05 - (1 + 11°) = —196,495,641

21. Geometric with r = —11:

(b) Each year, the balance is 1.1 times as large as the year
before. So, n years after the balance is $20,000, it will
be $20,000 (1.1)".

(¢) The sum of the eleven terms of the geometric
$20,000(1 — 1.1'")

1-11
(a) The difference of any two successive account balances
is d = $2016. That is $20,016 — $18,000
= $22,032 — $20,016 = $24,048 — $22,032
= $26,064 — $24,048 = $2016.
(b) Each year, the balance is $2016 more than the year
before. So, n years after the balance is $18,000, it will
be $18,000 + $2016n.

(¢) The sum of the eleven terms of the arithmetic
sequence is

121[ ($18,000) + (10

sequence is = $370,623.34.

36

b

)($2016)] = $308.880.
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37.

38.

39.

40,

b

41.

42

.

43.

44.

(a) The first term, 120(1 + 0.07/12)°, simplifies to 120.
The common ratio of terms, r, equals 1 + 0.07/12.

(b) The sum of the 120 terms is
120 [1 — (1 + 0.07/12)'2°)
1 - (1+0.07/12)

= $20,770.18.

(a) The first term, 100(1 + 0.08/12)°, simplifies to 100.
The common ratio of terms, r, equals 1 + 0.08/12.

(b) The sum of the 120 terms is
100 [1 — (1 + 0.08/12)'%]
1 — (1 + 0.08/12)

= $18,294.60.

The heights of the ball on the bounces after the first
bounce can be modeled by an infinite geometric series.
The total height traveled by the ball on the subsequent
bounces is:
2+[2(0.9) + 2(0.9)* + 2(0.9)* + 2(0.9)* + -]
=4-7(09) + (0.9)> + (0.9)> + (0.9)* + ---]
.. { 0.9
1-09
Since the ball was dropped from 2 m, the total distance
traveled by the ball is 36 m + 2 m = 38 m.

This is an example of a divergent infinite series; the ball
would travel forever and traverse an infinite distance.

} = 36 m.

False. The series might diverge. For example, examine
the series1 + 2 + 3 + 4 + 5 + --- where all of the
terms are positive. Consider the limit of the sequence
of partial sums. The first five partial sums are {1, 3, 6,
10, 15}. These numbers increase without bound and do
not approach a limit. Therefore, the series diverges and
has no sum.

False. Justifications will vary. One example is to examine

Zn and Z(—n)

[ee] (o8]
Both of these diverge,but > (n + (—n)) = >0 = 0.
n=1 n=1

So the sum of the two divergent series converges.
3437433+ 434 =

1 1 1 1 1 1

e e e el SRR S

39 27 81 243 3"
14 13 40 121

The first five partial sums are {—, - —,—, —} These
3°9°27 81 243

appear to be approaching a limit of 1,2, which would
suggest that the series converges to 1/2. The answer is A.

[ee]
If D x" =4, thenx = 038.
n=1

00
20.8” = 0.8 + 0.64 + 0.512 + 0.4096 + 0.32768
n=1

+0.262144 + -

45.

46.

47

B

The first six partial sums are {0.8, 1.44,1.952, 2.3616,
2.68928,2.951424}. It appears from this sequence of
partial sums that the series is converging. If the
sequence of partial sums were extended to the 40th
partial sum, you would see that the series converges
to 4. The answer is D.

The common ratio is 0.75/3 = 0.25, so the sum of the infi-
nite series is 3/(1 — 0.25) = 4.The answer is C.

The sum is an infinite geometric series with |r| = 5/3 > 1.
The answer is E.

(a) Heartland: 20,505,437 people.
Southeast: 48,310,650 people.

(b) Heartland: 517,825 mi>.
Southeast: 348,999 mi>.

20,505,437 5

(c) Heartland: W ~ 39.60 people/mi-.
48,310,650 5
Southeast: 7348099 ~ 138.43 people/mi‘.

(d) The table is shown below; the answer differs because
> population |

the overall population density TS area is

generally not the same as the average of the

1 (population

population densities, —> ) The larger
n

area
states within each group have a greater effect on
the overall mean density. In a similar way, if a
student’s grades are based on a 100-point test and
four 10-point quizzes, her overall average grade
depends more on the test grade than on the four
quiz grades.

Heartland: Southeast:
Towa ~54.13 Alabama ~92.44
Kansas ~34.68 Arkansas ~54.82
Minnesota ~62.84 Florida ~320.60
Missouri ~85.93 Georgia ~164.45
Nebraska ~23.61 Louisiana ~94.94
N. Dakota ~9.51 Mississippi ~62.22
S. Dakota ~10.56 S. Carolina  ~148.66
Total ~281.26 Total ~938.14
Average ~40.18 Average ~134.02
S0 - 2)
=1
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directly to the destination peg if the smaller stack’s size n
is odd and to the other available peg if n is even. The fact
that the winning strategy follows such predictable rules is

49. The table suggests that S,, = sz =F,.,— L
=1

n L Su Py — 1 what makes it so interesting to students of computer pro-
1 1 1 1 gramming.
2 1 2 2
3 2 4 4 Exploration 2
4 3 7 7 1. 43,47, 53, 61,71, 83,97, 113, 131, 151. Yes.
5 5 12 12 2. 173,197, 223,251, 281, 313, 347, 383, 421, 461. Yes.
6 ] 20 20 3. 503,547,593, 641, 691, 743, 797, 853, 911, 971. Yes.
7 13 3 3 Inductive thinking might lead to the conjecture that
n? + n + 41 is prime for all n, but we have no proof
8 21 54 54 as yet!
9 34 88 88 4. The next 9 numbers are all prime, but 40> + 40 + 41
50. The nth triangular number is simply the sum of the first n is not. Quite obviously, neither is the number
consecutive positive integers: 417 + 41 + 41.
1+n) nnt+l)
L+2+3+ - tn=n——]=—> Quick Review 9.5
2
(n—=1n nn+1) L n®+ 5n
51. Algebraically:7,_, + T, = 5 + ) 2.n” —n—6
7n2_n+n2+n_2 3. k3 + 3K + 2k
- 2 - 4. (n +3)(n — 1)
Geometrically: The array of black dots in the figure 5. (k+1)
represents 7, = 1 + 2 + 3 + --- + n (that is, there are 6. (n—1)°
T, dots in the array). The array of gray dots represents _ _ _
" 7. f(1)=1+4=5ft)y=t+4
T, =1+2+3+ -+ (n— 1).The two triangular ;:Et)-i- H=r+1 ’_i_fg): (45 ’
arrays fit together to form an n X n square array, which L L i
has #? dots. 8. =2 (k) =
w1 F) = 1+1 2’f() k+1
) k+1 k+1
® k+1 =
L) # )= k+1+1 k+2
o o
2-1 1
° ° 9. Pl)=———==
° ° 3+1+1 2
ne ° n-1 2(k + 1) 2k +2
P(k s P(k +
° ° (k) = 3k+1° ( b= 3(k + )+1 3k + 4
. *. 10. P(1) = 2(1)? —1—3——2,P(k) 2k -3,
- — 92
. . Pk +1)=2(k +1)*— (k 1)—3 2k + 3k — 2
P ; eeeee Section 9.5 Exercises
"y LP:2+4+6+-+2n=n">+n
52. If > — = Inn for all n, then the sum diverges since as Pistrue: 2(1) = 17 + 1.
=ik Now assume P, istrue: 2 + 4 + 6 + --- + 2k
n—>00,In n— 0. = k*> + k. Add 2(k + 1) to both sides:
24446+ + 2k +2(k + 1)
iponoct =k+k+2k+1)=kK +3k+2
L =k>+2k+1+k+1=(k+1)>+ (k+1),5s0
" Py ., is true. Therefore, P, is true for all n = 1.
l]/ 2.P:8+10+ 12+ -+ 2n + 6) = n* + Tn.
Piistrue: 2(1) + 6 =12+ 7- 1.
[—1,10] by [-2, 4] Now assume P, is true: -
8+ 10+ 12 + --- + (2k + 6) = k™ + 7Tk.
. . . Add2(k + 1) + 6 = 2k + 8 to both sides:
H Section 9.5 Mathematical Induction 8+ 10+ 12 + - + (2k + 6) + [2(k + 1) + 6]
=k+ Tk +2k+8= (kK> +2k+1)+7k+7
Exploration 1 = (k+ 1>+ 7(k + 1),50 Py, is true.
1. Start with the rightmost peg if n is odd and the middle Therefore, P, is true for all n = 1.
peg if n is even. From that point on, the first move for 3P 6+10+ 14+ -+ (4n +2) = n(2n + 4).
moving any smaller stack to a destination peg should be Piistrue: 4(1) + 2 =1(2 + 4).
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10.

11.

Now assume P;, is true:

6+ 10+ 14+ - + (4k + 2) = k(2k + 4).
Add4(k + 1) + 2 = 4k + 6 to both sides:

6+ 10+ 14+ -+ (4k+2)+ [4(k+ 1)+ 2]
=k(2k+4)+ 4k + 6=2k>+8k+ 6

= (k+ 1)2k+6)= (k+ 1)[2(k + 1) + 4],s0

Py . is true. Therefore, P, is true for alln = 1.

P;: 14+ 18+ 22 + --- + (4n + 10) = 2n(n + 6).
Pyistrue: 4(1) + 10 = 2+ 1(1 + 6). Now assume P;, is
true:

14 + 18 + 22 + --- + (4k + 10) = 2k(k + 6). Add
4(k + 1) + 10 = 4k + 14 to both sides:

14 + 18 + 22 + --- + (4k + 10) + [4(k + 1) + 10]
= 2k(k + 6) + (4k + 14)

2(k* + 8k + 7) = 2(k + 1)(k + 7)

2(k + 1)(k + 1 + 6),s0 Py, is true. Therefore, P,
is true for all n = 1.

P, 5n — 2. Pyistrue: a; = 5-1— 2= 3.

Now assume P, is true: a;, = Sk — 2.

To get a, . 1, add 5 to a;; that is,

ag.1 = (5k —2) + 5= 5(k + 1) — 2 This shows that
P, ., is true. Therefore, P, is true for alln = 1.

P, a,=2n+ 5 Pyistrue: ay =21+ 5=17.

Now assume P, is true: a;, = 2k + 5.
To get a; . 1, add 2 to a;; that is,
ag1= (2k + 5) + 2 = 2(k + 1) + 5. This shows that

P, ., is true. Therefore, P, is true for alln = 1.
P;a,=2-3"1

P,istrue: a; = 2-3""1=2.30= 12,

Now assume Py is true: a; = 2+ 3%~ 1.

To get a; . 1, multiply a; by 3; that is,

ap ;= 3-2-31= 2.3k =2-3Kk+*D-1 This shows
that Py ., is true. Therefore, P, is true for all n = 1.
P, a,=3-5""1

P istrue: a; = 3-5'"1=3.50= 3,

Now assume P, is true: a, = 3 -5~ 1

To get a; . 1, multiply a, by 5; that is,
ap.,=5-3-51=3.5¢=3.5Kk"D"1 Thjs shows
that P, ., is true. Therefore, P, is true for all n = 1.

11+1
1:1: ( )
2
Kk + 1)
Pui 1424 k= ——5—
(k+1)(k +2)
Prpip 14 24 ot kot (k1) = ————,
12-1)(2+1
ooy 2 1070020

k(2k — 1)(2k + 1)
3 :
Py 124 3+ o+ 2k — 1)+ (2k + 1)?
(k+1)(2k + 1)(2k + 3)
3 :
1
T

P12+ 34+ .+ (2k— 1) =

Pl:

1k
k(k+1) k+1

—_
N

[\]

—_

Py: +—t -+

1
2-3

1-

[\e}

12.

13.

14.

15.

16.

1 + 1
k(k +1)
1 _k+1
(k+1)(k+2) k+2
Pl = 1(1+1)2+1)(3+3-1) ‘
30
P14+ 24+ o+ i
k(k + 1)(2k + 1)(3k*> + 3k — 1)
30 '
Poop 14+ 28+ -+ K+ (k+ 1)
(k + 1)(k + 2)(2k + 3)(3k*> + 9k + 5)
30 '
P:1+5+9+ -+ (4n—-3) = n2n—-1).
Pyistrue: 4(1) =3 =1-(2-1-1).
Now assume P, is true:
1+5+9+ -+ (4k — 3) = k(2k — 1).
Add4(k + 1) — 3 = 4k + 1 to both sides:
1+5+9+ -+ (4k — 3) + [4(k+ 1) — 3]
k(2k — 1) + 4k + 1 =2k>+ 3k + 1
(k+ 12k +1)= (k+ 1[2(k + 1) — 1],
so P, . is true.
Therefore, P, is true for all n = 1.
P:l4+2+22+ . +2n =011,
Pyistrue: 2171 =2 — 1.
Now assume Py, is true:
14+ 2422+ o+ 27 =2k— 1
Add 2* to both sides,
142427+ -+ 28714 2k
=2k—1+28=2-2"-1=2"""— 1,50
P, ., is true.
Therefore, P, is true for all n = 1.
1 1 1 n

P:——F—— 4 o + = :
1.2 2-3 nn+1) n+1
1

+

. 1
P, is true: T2 - 1+1

Now assume P, is true:
1 1 1

— =t
1.2 23 k(k + 1)

Add to both sides:

1
(k+1)(k +2)
LR NN S 1
1-2 2-3 k(k+1) (k+1)(k+2)

k 1 k(k +2)+1
= +

k+1 (k+1)(k+2) (k+1)(k+2)
kDAY k+1 0 k+1
(k+1)(k+2) k+2 (k+1)+71
SO Py, s true.

Therefore, P, is true for all n = 1.

1 1 1 n

Pi—+——+ -+ = .
1.3 3-5 2n-1)2n+1) 2n+1
1 1
P, is true: it that — = ———.
1is true: it says that 7=—= = >—=——

Now assume P, is true:
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17.

18.

19.

20.

21.

1 k

1
2k — )2k +1) 2k +1

1-3

1
+—+ o+
3:5

1

A T D — 2+ D) + 1]

1
= 2k + 1)(2k + 3) to both sides, and we have

b
1-3

1
(2k — 1)(2k + 1)
1

[2(k + 1) — 1][2(k + 1) + 1]
_ ko 1
S 2k+ 1 (2k + 1)(2k + 3)

(2k + 1)(k + 1)
T 2k + 1)(2k + 3)

SO Py, s true.
Therefore, P, is true for all n = 1.
P, 2" =2n.
Py is true: 2! = 2 - 1 (in fact, they are equal). Now assume
P, is true: 2F = 2k.
Then 2" =2:28=2-2k =2+ (k + k)
so P, is true. Therefore, P, is true for all n
P, 3" = 3n.
Py is true: 3' = 3 - 1 (in fact, they are equal). Now assume
P, is true: 3 = 3k.
Then3**! = 3-3*=3-3k=3-(k + 2k) =3(k + 1),
so P, is true. Therefore, P, is true for alln = 1.
P,: 3is a factor of n® + 2n.
P,is true:3is afactorof 1> + 2 -1 = 3.
Now assume P, is true: 3 is a factor of k*> + 2k.
Then (k + 1) + 2(k + 1)

= (K + 3>+ 3k+ 1)+ 2k + 2)

= (K> + 2k) + 3(kK* + k + 1).
Since 3 is a factor of both terms, it is a factor of the sum,
so P, is true. Therefore, P, is true for all n = 1.

P,: 6is a factor of 7" — 1.

P, is true: 6 is a factor of 7! — 1 = 6.

Now assume P, is true, so that 6 is a factor of
7F—1=6.

Then 7**!' — 1 =7-7 = 1 = 7(7* — 1) + 6. Since 6 is
a factor of both terms of this sum, it is a factor of the sum,
so Py, is true.

Therefore, P, is true for all positive integers n.

L
3.5

+

k(2k +3) + 1
(2k + 1)(2k + 3)

k+1
20k + 1)+ 1

20k + 1),
1.

=
=

P,: The sum of the first n terms of a geometric sequence

- . cm(l—r")
with first term a; and common ratio r # 1 is -,
-r
1
) a(l —r)
P,is true:a; = ———.
1—r

Now assume P, is true so that

a (1 — %)
k-1 !
a + aqr + - = aqr :ﬁ.
—-r
Add a;r* to both sides:
ap+ ayr + - = aqpt?
k
a(1 —r")
+ ark = 7+ark
1 1-r 1

22.

23,

b

24.

Section 9.5 Mathematical Induction 361

a(1 — ) + a1 — 1)
1-r
_a - ark — ar* a - ayr
- 1-r o 1=r
so P, is true. Therefore, P, is true for all positive
integers n.

k+1

Py S, = §[2a1 + (n— 1)d].
First note thata, = a; + (n — 1)d. P, is true:

1)d] = ~(2a)) = a

1
= —[2a; + (1 —
Sy [2a ( )

2
. k
Now assume P, is true: §; = 5[2{11 + (k — 1)d].

Add a;,, = a; + kd to both sides, and observe that
S+ a1 = Sire
Then we have

k
Sk+1 = 5[2{11 + (k - 1)d} + aq + kd
1
= kay + Sk(k = 1)d + a; + kd

1
= (k + Day + Jk(k + 1)d
k+1

[2a; + (K + 1 = 1)d].

Therefore, P, is true, so P, is true for alln = 1.
" n(n + 1)

P, Zk = —
J=s| 2

1

P is true: Zk =1=
=1

1-2
2
k k(k + 1)
Now assume P, is true: };i = —
Add (k + 1) to both sides, and we have
ktl o k(k + 1)
=H
k(k+1) 2k+1) (k+1)(k+2)
-T2 T2 T 2
(k+1)(k+1+1)

= > , S0 Py, s true.

Therefore, P, is true for alln = 1.

n n*(n + 1)

Py Dk =———
= 4
Now assume P, is true so that

Kk + 1)?

+ (k+1)

1222
. P, istrue: 137 = —,

P+22+ .-+ 2= .Add (k + 1)*to both

sides and we have

P+ 24+ oo+ B+ (k+ 1)

Kk + 1)° Kk + 1)% + 4(k + 1)°
=———+ (k+1)= 7

(k + 1)%(k* + 4k + 4)  (k+ 1)%((k+ 1) + 1)?
B 4 B 4

so Py is true. Therefore, P, is true for all positive
integers.
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500 (500)(501)
25. Use the formula in 23: Zk = — = 125,250
=1

250 (250)(251)(501)
26. Use the formula in Example 2: > k? = 6
=1

= 5,239,625
27. Use the formula in 23: Zk = Zk — Zk

nin+1) 3.4 9 +n—12_(n—3)(n+4)

2 2 2 B 2
(A (75%)(76%)
28. Use the formula in 24: > k° = —, = 8122500
k=1

35
29. Use the formula in 14: > 257! = 235 — 1 ~ 3.44 x 10"

15 (15%)(16%)
30. Use the formula in 24: Zk3 =—

14,400 =

2 K =3k +4)= Dk*— D3k + >4
k=1 k=1 k=1 k=1

nn +1)2n + 1) n(n+1)
6 - { > } + 4n
n(n* = 3n + 8)
- 3
32. i(zlé +5k—2) = En:2k2 + En:Sk - iz =2
=1 =1 =1 i=1
n(n+1)2n + 1) n(n+1)
= 6 } + 5{ ) } —2n
ndn® +21ln +5)  n(n+5)(4n + 1)
- 6 - 6
n n’(n + 1)?

33.

M:

D
n(n® + 2n* + n — 4) n(n —1)(n* + 3n + 4)
4 4

=~
I
—_

n

34. > (K + 4k —5) = Zk >ak - D5
k=1 k=1 k=1
n*(n + 1)? { n+1}
= +
4
n(m® +2n% +9n —12)  n(n — 1)(n* + 3n + 12)

4 4

The inductive step does not work for two people. Sending
them alternately out of the room leaves one person (and
one blood type) each time, but we cannot conclude that
their blood types will match each other.

35

b

36. The number k is a fixed number for which the statement
P, is known to be true. Once the anchor is established, we
can assume that such a number k exists. We cannot

assume that P, is true, because 7 is not fixed.

b

37. False. Mathematical induction is used to show that a state-

ment P, is true for all positive integers.

True. (1 + 1)® = 4 = 4(1). P,, is false, however, for all
other values of n.

B

38

&

39,

B

The inductive step assumes that the statement is true for
some positive integer k. The answer is E.

40.
41.

42

.

43.

4.

45

b

46

b

47.

48.

49.

The anchor step, proving Py, comes first. The answer is A.

Mathematical induction could be used, but the formula
for a finite arithmetic sequence with a; = 1,d = 2 would
also work. The answer is B.

The first two partial sums are 1 and 9. That eliminates all
answers except C. Mathematical induction can be used to
show directly that C is the correct answer.

P,: 2isafactor of (n + 1)(n + 2). Py is true because 2
is a factor of (2)(3). Now assume P, is true so that 2 is a
factor of (k + 1)(k + 2).Then

[(k+ 1)+ 1][(k+ 1)+ 2]
=(k+2)(k+3)=kK+5k+6

=k +3k+2+2k+4

= (k + 1)(k + 2) + 2(x + 2). Since 2 is a factor of
both terms of this sum, it is a factor of the sum, and so Py, ;
is true. Therefore, P, is true for all positive integers n.

P,: 6isafactor of n(n + 1)(n + 2). P, is true because 6
is a factor of (1)(2)(3). Now assume P, is true so that 6 is
a factor of k(k + 1)(k + 2). Then (k + 1)[(k + 1) + 1]
[(k+ 1)+ 2] = k(k + 1)(k+2) + 3(k + 1)(k + 2).
Since 2 is a factor of (k + 1)(k + 2),6 s a factor of both
terms of the sum and thus of the sum itself, and so P, is
true.

Given any two consecutive integers, one of them must be
even. Therefore, their product is even. Since n + 1 and

n + 2 are consecutive integers, their product is even.
Therefore, 2 is a factor of (n + 1)(n + 2).

Given any three consecutive integers, one of them must
be a multiple of 3, and at least one of them must be even.
Therefore, their product is a multiple of 6. Since n, n + 1
and n + 2 are three consecutive integers, 6 is a factor of
n(n+ 1)(n + 2).

n
P;.F,.,— 1= ZFk. P, is true since
=1

Fi.,=1=F;—1=2- 1= 1,which equals
1

sz = 1. Now assume that P, is true:

=1

k
Freo— 1= D F.Then F;, )., — 1

i=

=Friz— 1= Fryg + Frip— 1

k
= (Frso— 1)+ Fryn = (ZFI) + Fr+1
=1

k+1
= ZFI», so P, ., is true. Therefore, P, is true
=1
foralln = 1.
P, a, <2 Pjiseasy:a; = V2 < 2. Now assume that
Py is true: a;, < 2. Note that a,,; = V2 + ai, so that

Pri1 <2+ a, <2+ 2= 4;therefore a. | < 2,50 Py,
is true. Therefore, P, is true for all n = 1.

P,: a — 1is afactor of " — 1. P, is true because a — 1
is a factor of a — 1. Now assume P, is true so thata — 1
is a factor of a* — 1. Thena**!' — 1 = a-ak — 1

= a(a* — 1) + (a — 1).Since a — 1 s a factor of both

terms in the sum, it is a factor of the sum, and so P, is
true. Therefore, P, is true for all positive integers n.
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50. Let P(a) = a" — 1.Since P(1) = 1" — 1 = 0, the Factor
Theorem for polynomials allows us to conclude that
a — 1is afactor of P.

51. P,:3n — 4 =nfor n = 2. P, is true since
3.2 — 4 = 2. Now assume that P, is true:
3k —4=2.Then3(k + 1) - 4=3k+3 -4
= Bk —4)+3k=k+ 3=k + 1,50 P, is true.
Therefore, P, is true for all n = 2.

52. P,: 2" = n? for n = 4. P, is true since 2* = 42. Now assume
that Py is true: 2¥ = k% Then
2kt =022k =2 k2 =2- k2= k> + 2k + 1
= (k + 1) The inequality 2k*> = k> + 2k + 1, or
equivalently, k> = 2k + 1, is true for all k = 4 because
kK* = k-k=4k = 2k + 2k > 2k + 1.) Thus P, is
true, so P, is true for all n = 4.

53. Use P; as the anchor and obtain the inductive step by
representing any n-gon as the union of a triangle and an
(n — 1)-gon.

H Chapter 9 Review

12 12! 12!
1. =" =" =79
( 5 ) 5112 = 5)1 57! g
789 789! 789!
2. = = = 310,866
(787) 7871(789 — 787)!  78712! ’
18! 18!
. = = = 18,564
3 152 121(18 — 12)!  12!6! ’
4. 3sCog = 3! = B a0
T T 08135 — 28)1 28171 T
5. 0Py = —2 12 5501680
R S I ) TR TH

Chapter 9 Review 363

15! 15!
7(15 — 9 === 259,459,200
7. 26 - 36 = 43,670,016 code words
8.3+ (3-4) = 15 trips
9. 36P; * 10P4 + 19P5 * 56P3 = 14,508,000 license plates
10. 4sC; =
11. Choose 10 more cards from the other 49:
3C5* 49Cip = 4Ci9 = 8,217,822,536 hands
12. Choose a king, then 8 more cards from the other 44:
4Cy - 4Cy - uCq = ,C; » 14Cg = 708,930,508 hands
13. sC, + sC5 + sC, + Cs = 2° — «Cy — sC; = 26 outcomes
14. Gy 4Gy =
15. P, + P, + sP; + sP, + sPs = 325
16. 2* = 16 (This includes the possibility that he has no coins
in his pocket.)

17. (a) There are 7 letters, all different. The number of distin-
guishable permutations is 7! = 5040. (GERMANY
can be rearranged to spell MEG RYAN.)

(b) There are 13 letters, where E, R, and S each appear
twice. The number of distinguishable permutations is
!
B 778,377,600.
212121
(PRESBYTERIANS can be rearranged to spell
BRITNEY SPEARS))

18. (a) There are 7 letters, all different. The number of distin-
guishable permutations is 7! = 5040.

6. 15P8=

14,190 committees

19,110 committees

(b) There are 11 letters, where A appears 3 times and
L, S, and E each appear 2 times. The number of

distinguishable permutations is = 831,600.

!
31212121

19. (2x + y)° = (2x)° + 5(2x)* + 10(2x)%y* + 10(2x)%y* + 5(2x)y* + »° = 32x° + 80x*y + 80x°)y? + 40x%y* + 10xy* + »°

20. (4a — 3b)" = (4a)’ + 7(4a)5(—3b) + 21(4a)*(=3b)* + 35(4a)*(—3b)* + 35(4a)’(—3b)* + 21(4a)*(—3b)’ + 7(4a)(—3b)° + (—3b)’
= 16,384a’ — 86,016a°h + 193,536a°b* — 241,920a*b® + 181,440a°b* — 81,6484°h> + 20,412ab® — 2187h’

2L (3x% + ) = (3x%)° + 5(3x°)*(y) + 10327’ (') + 10(3x°)*(y*)° + 5(3x°)(y))* + (')

= 243x10+ 405x8y + 270x%y° + 90x*y’ + 15x%y'2 + yb°

1 6
22. (1 + —) =1+ 6(x 1)+ 15(xH>+ 20(x ) + 15 H* + 6(x 1)’ + (x71)°
X
=1+ 6x"+ 15x2+20x 3+ 15x°*+ 6x° + x©

23. (2a* —

— 2016a"p' + 6724°p" —

P = (2a%)° + 92a)¥(—b) + 362°) (—b2) + 84(2a)(—7)° + 126(2a°)(—17)* + 126(2a°)(—17)° + 842’ (— )’
+ 36Q2a* X~ 1) + 92a)(—b)* + (—b?)° = 51247 -
144a%D™ + 18a°b'® — b*

2304a**b* + 4608a*'b* — 5376a'%hS + 4032a'°b®

24. (24 ) = (Y AT + 6RO AT () = Ay ey ey

11 11!8 11-10-9-8
25. 1)8(=2)3 = = = —1320
5(8)()( ) 813! 3.2-1

8 84 8-7-4
26. (2)(2)2(1)6 = Sel - o - 12
For #27 and 28, substitute n = 1,n = 2, ... ,n = 6,and n = 40.
27.0,1,2,3,4,5;39

4 16 16 64

28. —1,-,-2,—, ——, — ~2.68 X 10"
8 737 757 3777 68

For #29-34, use previously computed values of the sequence
to find the next term in the sequence.

29.-1,2,5,8, 11, 14; 32

30. 5,10, 20, 40, 80, 160; 10,240

31 —5,-35,-2,-05,1,25; 115
111 1 4 1

2.3,1, -, —, -3 " =
32.3,1, 37972781 59,049
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33.-3,1,-2,—-1,-3,—-4; =76
34. -3,2,-1,1,0,1; 13

For #35-42, check for common difference or ratios between
successive terms.

35. Arithmetic withd = —2.5;
a,= 12+ (=25)(n — 1) = 145 - 25n
Arithmetic with d = 4;
a,=-5+4n-1)=4n-9
37. Geometric with r = 1.2;

a, = 10- (1.2)"!
38. Geometric with r = —2;

_ 1 n—1 _ _i _9\n
ay= 5+ (207t = —(-2)
Arithmetic with d = 4.5;
a,=—11+ 45(n—- 1) = 45n — 155

36

b

39,

B

1
40. Geometric with r = Z;

1\" 1\"
by=7-(~) =28-(=
=7 (3) ()
41. a, = a;r"',50 =192 = a;* and 196,608 = a,7%. Then

—-192
r’=—1024,s0r = —4,and q, = 2 _ 3;

(~4
a, = 3(—4)".

42.4a,=a + (n— 1)d,so14 = a; + 2d, and
—35 = a, + 7d. Then 5d = —17.5, so
d = -35anda, = 14 — 2(=3.5) = 21;
a,=21—-35n—1) = 245 — 35n.

a + a,
For #43-46, use one of the formulas S, = n — or

S, = 3[2111 + (n — 1)d]. In most cases, the first of these is

easier (since the last term a,, is given); note that

R
n= p .
—11 + 10
43. 8(—) =4-(-1)=-4
2
13 - 11
4.7 \— =7
(554)
25 =755 1
45. 27 - (7) =—-27-(=73) = =985.5
2 2
-5+55
46. 31 - (#) =31-25=1775
a(1 = r")
For #47-50, use the formula §,, = =, Note that
—-r
In |a,/a
n:1+10g‘,‘@ :1+M.
o In |r|

41 - (-1/2° 21
"o Tw

=3(1-(1/3)) 121

.

1 - (1/3) 27
2(1 _ 310)
49, ——— = 59,048
1-3

(1= (-2)")
50. 1_—(_2) = —5461

| =

51. Geometric with r =
2187(1 — (1/3)'%) 29,524 _
0= = = 3280.4
1 - (1/3) 9
52. Arithmetic with d = —3:
10
S = 7[2(94) + 9(=3)] = 5-161 = 805

Z W

53.

[0,15] by [0, 2]
54. T

[0,16] by [ 10, 460]

55. With a; = $150,r = 1 + 0.08/12, and n = 120, the sum
becomes
$150 [1 — (1 + 0.08/12)'2]

1 - (1 + 0.08/12)
56. The payment amount P must be such that

0.08° 0.08\!
+ -] + +—] + ...
p(1 12) p(1 12)

= $27,441.91.

0.08\'"?
+ P(l + —) = $30,000.
12
Using the formula for the sum of a finite geometric series,
P[1— (1+0.08/12)!]
1 - (1 + 0.08/12)

= $30,000

—0.08/12

or P = $30,000
$ 1 — (1 + 0.08/12)%

~ $163.983
~ $163.99 rounded up.
L 3 3
57. Converges: geometric with a; = > andr = 750
S = 32 32
11— (3/4) 14
L 2 1
58. Converges: geometric with a; = -3 andr = 350
S = -2/3  =2/3 1
S 1-(=1/3) 43 2
4
59. Diverges: geometric with r = 3
. L 6
60. Diverges: geometric with r = 3
61. Converges: geometric with a; = 1.5 and r = 0.5, s0
1.5 1.5
STT-05 05
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62.

63.
64. >
65.
66.

67.

68.

69.

70.

71.

72.

Diverges; geometric with r = 1.2
21 21

D8+ 5k —1)]= D (5k — 13)

=~
Il
iy
=~
Il
iy

Mg

(2k + 1)%or i(zk - 1)
k=

.
i

»
Mz
—
N =
N——
<

)

=
N7
/N
N | =
N——
<
L

(3k + 1) =3ik+ il

1 =1 =1
n(n + 1) 3n® + 51 n(3n +5)

+n
2 2 2
n n n(n+1)2n + 1)
>3k =3Dk*=3-
k=1 k=1

n(n+1)2n + 1)

M=

=~
Il

2
S 25.26-51 . 25-26
(K> = 3k + 4) = —3.
k=1 6 )
+ 425 = 4650
< 175 - 176 - 351
Sk -5k +1) =3 —
k=1 6
n(n +1 nn+ 1)(n+2
Pil+346+ -+ (2 ) _ ;( )
1(1+1) 1(1+1)(1+2)
P, is true: 5 - - .

Now assume Py istrue:1 +3 + 6 + --- +
k(k + 1)(k +2) (k+ 1)k +2)

= .Add ) to both sides:

6

k(k +1)  (k+ 1)(k +2)

1+3+6++ >
k(k +1)(k +2)  (k+1)(k +2)
+
6 2

=)

so P, ,, is true. Therefore, P, is true for all n = 1.

Pil-2+2-3+3-4+ - +n(n+1)

nn+1)(n+2)
= P, is true:

) 11+ 1;(1 + 2).

Now assume Py istrue:1 -2 +2+3 + 34 + ---
+ k(k + 1)
k(k + 1)(k +2)

3 .

k(k + 1)

Chapter 9 Project

Add (k + 1)(k + 2) to both sides:

12423+ +k(k+1)+ (k+1)(k +2)

k(k + 1)(k + 2)

I
=
+
=
=
+
D

so P,is true. Therefore, P, is true for alln = 1.

365

73. P,: 2" < nl. Py is true: it says that 2'"! =< 1! (they are

equal). Now assume Py is true: 2" < k!. Then

2T = 0 okl < 2kl < (k + 1)k! = (k + 1), 50

P, ., is true. Therefore, P, is true for all n = 1.
74. P,:n® + 2n is divisible by 3. P is true because

13 + 2+ 1 = 3is divisible by 3. Now assume P is true:

k* + 2k is divisible by 3. Then note that
(k+12+2(k+1)=(k+3K+3k+1)
+ 2k +2) = (k¥ + 2k) + 3(K> + k + 1).

Since both terms are divisible by 3, so is the sum, so P

is true. Therefore, P, is true for all n = 1.
75. 193684 126126843691

76. ,P.X, P = & O
Y 2D j_(n_k')! [(n—Fk)—j!
Tk
n!
BT

Chapter 9 Project

Answers are based on the sample data shown in the table.

308.7 — 248.7

L
@ 010 = 1990

= 3.0 million persons/year

(b) Since the year 2000 was 0 years after 2000, p, = 281.4.

©) py = pp1 *+3

(d) p, =3n+ 2814

(e) 2010: p, = 3(10) + 281.4 = 311.4 million
2020: p,, = 3(20) + 281.4 = 341.4 million
2030: p,, = 3(30) + 281.4 = 371.4 million

2. (a) w, = w, 10162

(b) w, = 3.0-1.0162"

(c) 2010: w, = 3.0 - 1.0162°' ~ 6.81 billion
2020: w,, = 3.0 - 1.0162°" ~ 8.00 billion
2030: w,, = 3.0 - 1.01627" ~ 9.39 billion

11.511
(@) w, = 1 + 2.849000%81n
11.511 L
2010: w, = 1 & 2.8290-00I6D ~ 6.85 billion
11.511 L
2020: w, = L & 2.849-00%16D ~ 7.61 billion
11.511
2030: w, = ~ 8.30 billion

1+ 2.8496*().0281(71)
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3. (a)
(b)

(©)

(d)

b, = 0.75 b,_, + 800

[0, 47] by [-500, 4000]

P,: b, = 3200 — 2100(0.75)"

P is true: by = 3200 — 2100(0.75)° = 3200 —
2100 = 1100

Py b = 3200 — 2100(0.75)*
Py, Since b, = 0.75 - b, + 800,

it 0.75(3200 - 2100(0.75)k) + 800

bre1 = 0.75(3200) — 2100(0.75)(0.75)F + 800
bre1 = 3200 — 2100(0.75)(0.75)%*!

So, P, is true. Thus, P, is true for all n = 0.

Since (0.75)" approaches zero as n increases, the long-

run population of blue gill is 3200.

4. (@)

[0, 400] by [-50, 400]

(b)

[0, 400] by [-20, 100]

(¢) The populations move in cycles, with each rising and
falling in turn. If the current trend continues, neither
population would die out. If foxes die out, the rabbit
population would begin to grow, since there would no
longer be foxes to eat the rabbits. The population
would grow exponentially until lack of resources
moved the growth to a logistic model.
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Statistics and Probability

H Section 10.1 Probability

Exploration 1

1. —
Antibodies
present
p=0.9953
2.
p=0.9953
3.

Antibodies ¥y
present

p=0.003

p=0015 A+)p=001493

Antibodies
@
absent

4. P(+) = (0.0047)(0.997) + (0.9953)(0.015) = 0.0196154
P(antibody present and +)
P(+)

p=0.9953

5. P(antibody present |+) =

(0.0047)(0.997)

(0.0047)(0.997) + (0.9953)(0.015)
than 1 chance in four)

~ 0.239 (A little less

Quick Review 10.1

1.2

2.6

3.=38

4. 6° = 216

5. ,Cs = 2,598,960
6. 1C, = 45

7.5! = 120
8. sP; = 60
5!
g 3G 320 _ 1
TGy 100 12
317!
5!
c, 2131 2
10 =2 == =2
1€y 100 9
218!

Section 10.1 Exercises

For #1-8, consider ordered pairs (a, b) where a is the value of
the red die and b is the value of the green die.

1 E = {(3.6), (4.5), (5.4), (6,3)}: P(E) = % =%

2. E = {both dice even, both dice odd}:
PE) = 3 33+63 3=%=%

3. E={21),(31),(3,2),(4,1),(4,2),(4,3),(5,1), (5,2),
(5.3),(5.4),(6,1),(6,2), (6,3), (6,4). (6,5)}:

4. E = {(1,1),(1,2),...,(6,2),(6,3)}

6. P(E) = % - %

7. E = {(1,1),(1,2),(1,4),(1,6),(2,1),(2,3),(2,5), (3,2),
(3.4),(4.1),(4,3),(5.2), (5,6), (6,1), (6,5)}
P(E) = % %

8 E = {(1,6),(2,5),(3,4),(4,3),(5,2), (5,6), (6, 1), (6,5)}:

9. (a) No.0.25 + 020 + 0.35 + 0.30 = 1.1. The numbers
do not add up to 1.

(b) There is a problem with Alrik’s reasoning. Since the
gerbil must always be in exactly one of the four
rooms, the proportions must add up to 1, just like a
probability function.

10. Since 4 + 3 + 2 + 1 = 10, we can divide each number
in the ratio by 10 and get the proportions relative to the
whole. The table then becomes

Compartment | A [ B | C
Proportion 04 10302 (0.1

Yes, this is a valid probability function.
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11.
12.

13.
14.
15.

16.

17.
18.
19.

20.
21.

22.

23.

24.

25.

26.

27.

28.

P(BorT) = P(B) + P(T) = 03 + 0.1 = 04
P(RorGorO) = P(R) + P(G) + P(O)
=02+01+01=04

P(R) = 02
P(motR)=1— P(R)=1-02= 08

Plnot (OorY)]=1- P(OorY)
=1-(02+01) =07
Plnot (BorT)]=1—- P(BorT)=1- (03 + 0.1)
= 0.6
P(B,and B,) = P(B,) - P(B,) = (0.3)(0.3) = 0.09

P(Oyand 0,) = P(Oy) * P(O;) =

P[(R,and G,) or (G, and R,)] = P(R;) -
+ P(Gy) - P(Ry) = (0.2)(02) + (02)(0:2) = 0.08

P(B,and Y,) = P(B,) - P(Y,) = (03)(0.2) = 0.06

P (neither is yellow) = P(not Y, and not Y,)
= P(notY,) - P(notY,) = (0.8)(0.8) = 0.64

P(not R, and not O,) = P(not R;) - P(not O,)
= (0.8)(0.9) = 0.72

There are ,,Cs = 134,596 possible hands; of these, only one

(0.1)(0.1) = 0.01
P(G,)

. S 1
consists of all spades, so the probability is 13459

Of the ,4C¢ = 134,596 possible hands, one consists of all
spades, one consists of all clubs, one consists of all hearts,
and one consists of all diamonds, so the probability is

4 1
134596 33,649

Of the »,,Cs = 134,596 possible hands, there are

4C4 * 20C; = 190 hands with all the aces, so the probability
. 190 5

13459 ~ 3542°

There are ,C, - ,C4 = 7315 ways to get both black jacks
and 4 “other” cards. Similarly, there are 7315 ways to get
both red jacks. These two numbers together count twice
the ,C; + 2,C5 + 20C, = 190 ways to get all four jacks.
Therefore, altogether we have 2 - 7315 — 190 = 14,440
distinct ways to have both bowers, so the probability is
14,440 190

134,596 1771

(a)

(b) 0.3
(¢) 0.2
(d) 0.8

P(Aand B
(e) Yes. P(A|B) = (Aand B) 03

—rE - 0 = 0.6 = P(4)

(a)

29.
30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

() 0.5
(c) 0.1

@05 P(Aand B) 02

(e) No. P(A|B) = P(B) = m =05 # P(A)

P(John will practice) = (0.6)(0.8) + (0.4)(0.4) = 0.64

(a) P(meatloaf is served) = % = 0.20

(b) P(meatloaf and peas are served) = (0.20)(0.70)

(o) P(p(t)e.;:are served) = (0.20)(0.70) + (0.80)(0.30)
= 038

If all precalculus students were put on a single list and a

name then randomly chosen, the probability P(from

12 6
Mr. Abel’s class| girl) would be » -1 But when one of

the two classes is selected at random, and then a student
from this class is selected, P(from Mr. Abel’s class | girl)
P(girl from Mr. Abel’s class)

Con
JEEEEE

Within each box, any of the coins is equally likely to be
chosen and either side is equally likely to be shown. But a
head in the 2-coin box is more likely to be displayed than
a head in the 3-coin box.

P(H from 2-coin box)
P(H)

5)6)
SONEL

P(from 2-coin box|H) =

20C2 _ 190 _ 19
C, 300 30
P(none are defective) = ,Cy + (0.037)°(0.963)*

= (0.963)* ~ 0.860

(a) P(cardiovascular disease or cancer) = 0.45 + 0.22
= 0.67

(b) P(other cause of death) = 1 — 0.67 = 0.33
s = o (1 = 1
e =26/ T 12%

The sum of the probabilities is greater than 1 — an impos-
sibility, since the events are mutually exclusive.

P(at least one false positive)
= 1 — P(no false positives) = 1 — (0.993)% ~ 0.344.

172 86

(a) P(a woman) = ﬁ = E
124 +58 91
(b) P(went to graduate school) = s 17
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(¢) P(a woman who went to graduate school)

_ 124 _ 62
254~ 127
C 3003 77
40. (@) =2 = =—
0Cs 125970 3230
(b) 14C5 ¢ 6C3 _ 40,040 _ ﬁ
50Cs 125,970 ~ 969
14Ce * 6C2 + 14C7 + 6C1 + 14C3 + ¢Co
(©) C
20%~8
45045 + 20,592 + 3003 68,640 176
h 125,970 T 125,970 323
g L1
oCy 36

42. This cannot be true. Let A be the event that it is cloudy
all day, B be the event that there is at least 1 hour of sun-
shine, and C be the event that there is some sunshine, but
less than 1 hour. Then A, B, and C are mutually exclusive
events,so P(Aor BorC) = P(A) + P(B) + P(C)

= 022 + 078 + P(C) = 1 + P(C).Then it must be
the case that P(C) = 0. This is absurd; there must be
some probability of having more than 0 but less than
1 hour of sunshine.

43. Answers will vary. One possible answer: The 90% proba-
bility comes from the doctor’s knowledge of outcomes of
similar surgeries in the past.

44. Answers will vary. One possible answer: Predictions about
weather come from observing the outcomes of similar
weather conditions in the past.

45. P(no preference) = 1 — P(favor right) — P(favor
left) = 1 — 0.60 — 0.10 = 0.70

(a) P(none show preference)
=P(N,and N, and N;) =
=(0.30)(0.30)(0.30) = 0.027

(b) P(one hand or the other)
=P(BRor3Lor2Rand 1Lor2Rand 1L) =
=(0.60)* + (0.10)* + 5C, - (0.60)%(0.10)" +

5C5 - (0.10)2(0.60)"

=0.343

(¢) P(same hand)
=P(R;and R, and Ry or L; and L, and L;) =
=(0.60)* + (0.10)* = 0.217

46. (a) P(noreds) = P(not R, and not R, and not R;) =

8 7 6 14
N
(b) P(3 of same color)

=P(3R or 3W or 3B)

(EE®) @)
EYE R

47.

48.

49.

50.

51

52.
. Of the 36 different, equally likely ways the dice can land,

Section 10.1 Probability 369

(c) There are3 -2+ 1 = 6 ways to select the three colors.
= P(a set of red, white, and blue)
=6+ P(1R and 1W and 1B)

o)) - 5
20/\19/\18 19
P(first type A is fourth in line) = P(not A and not A and

not Aand A) = (0.60)(0.60)(0.60)(0.40) = 0.0864
P(buy 5) = P(not B; and not B, and not B; and not B,

s BB -3

Use the Venn diagram below to answer the exercise.
Garage Basement
0.40

(a) P(neither) = 1 — 0.05 — 0.25 — 030 = 0.40
(b) P(garage or basement) = 0.05 + 025 + 0.30 = 0.60

25
(c) P(garage | basement) = 055~ 0.455

0.25
(d) P(basement | garage) = 030 "~ 0.833

(e) No, P(garage | basement) # P(garage)

Use the Venn diagram below to answer the exercise.
Spanish Biology
0.10

(a) P(neither course) = 1 — 0.30 — 0.45 — 0.15 = 0.1
(b) P(Spanish or Biology) = 0.30 + 045 + 0.15 = 0.9
0.45

(¢) P(Biology | Spanish) = 075 = 0.6
(d) P(Spanish | Biology) = % =0.75

(e) Yes, P(Biology | Spanish) = P(Biology)

False. A sample space consists of outcomes, which are not
necessarily equally likely.

False. All probabilities are between 0 and 1, inclusive.

4 ways have a total of 5. So the probability is 4/36 = 1/9.
The answer is D.
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54. A probability must always be between 0 and 1, inclusive.
The answer is E.

55. P(Band A) = P(B) P(A|B), and for independent
events, P(Band A) = P(B)P(A). It follows that the
answer is A.

56. A specific sequence of one “heads” and two “tails” has
probability (1/2)* = 1/8. There are three such sequences.
The answer is C.

57. (a) Type of Bagel Probability
Plain 0.37
Onion 0.12
Rye 0.11
Cinnamon Raisin 0.25
Sourdough 0.15

(b) (0.37)(0.37)(0.37) ~ 0.051

(¢) No. They are more apt to share bagel preferences if
they arrive at the store together.
58. (a) P(atleast one king) = 1 — P(no kings)
—q o G I 34 = 340
- 2Cs  S4145 T TP
(b) The number of ways to choose, e.g., 3 fives and 2 jacks,
is 4C5 + 4C,. There are 3P, = 13 - 12 different combi-
nations of cards that can make up the full house, so
13‘12‘4C3‘4C2_ 6
52Cs 4165

P(full house) = ~ 0.0014

= 0.14%.
59. (a) P(all Republicans) = P(R; and R, and R; and R,) =

(10 ONENY -3 ooss s
_(17)(16)(15)(14) =337 0.088 = 8.8%

The chosen group all being Republicans is plausible,
but not likely.

(b) The calculations were based on the assumption that
all names were equally likely to be chosen, which may
not be the case if the selection was indeed rigged in
some way.

60. (a) P(5red lights) = P(R;and R, and R; and R, and R,) =

40\ 40\/40\/ 40/ 40 32
=== l—= =) =— ~ = %,
(5)(&) (G0)(&) &) = 26 ~ 0232 - o2
Hitting 5 red lights in a row is plausible, but not likely,

so it could have been bad luck.

(b) The calculations were based on the assumption of the
independence of hitting red lights.

61. (a) $1.50

2 4 6 4 1
@3-+ e=6"673
62. (a) 0, 0.000000715
13,983,816

(b) Value Probability
=10 13,983,806

13,983,816

+4,999,990 10

13,983,816

(c) 4,999,990 - + (—10)

13,983,816

(1 - L) ~ —6.42
13983816/

(d) In the long run, Gladys is losing $6.42 every time she
buys the 10 tickets. Given the low probability of a
positive payoff, she stands to lose a lot of money if
she does this often.

B Section 10.2 Statistics (Graphical)

Exploration 1

1. We observe that the numbers seem to be centered a bit
below 13. We would need to take into account the
different state populations (not given in the table) in
order to compute the national average exactly; but, just
for the record, it was about 12.8 percent.

2. We observe in the stemplot that five states have
percentages above 15.

3. We observe in the stemplot that the bottom five states are
all below 10%. Returning to the table, we pick these out
as Alaska, Colorado, Georgia, Texas, and Utah.

4. The low outlier is Alaska, where older people would be less
willing or able to cope with the harsh winter conditions.
The high outlier is Florida, where the mild weather and
abundant retirement communities attract older residents.

Quick Review 10.2
1. =15.48%
2. ~20.94%
3. =14.44%
4. ~27.22%
5. ~1723
6. 9200
7. $235 thousand
8. 238 million
9. 1 million
10. 1 billion

Section 10.2 Exercises

1. (a) 292 ~ 29.0% (b) £~131°/
~® 008 T T 1008 =
()£~268°/ (d)£~452°/
AT R 202~ T
818 202
2. —— ~ 02.1% —— ~ 153%
@ 316 ® 16
123 123
— = 15.0% — ~ 37.8%
© 318 @ 35
3. (a) Pie charts; stemplots are not appropriate for categorical
variables.

(b) No. Men are more likely than women to be interested
in the game (57% to 39%); women are more likely
than men to be interested in the commercials (30% to
16.5%) or not to watch at all (31% to 27%).

Copyright © 2019 Pearson Education, Inc.



4.

10.

(a) Bar graph; histograms are not appropriate for cate-
gorical variables.

(b) No; while 62% of first-class passengers survived, only
41% of second-class and 25% of third-class passengers
did.

210 30

(@ ——-48=42 (b) 240

210 30

192 = 168 @ 5
390
600
390
600
390
600

48 =6
192 = 24

<220=177 (b) <220 = 143

- 240 = 84 (d) - 240 = 156

140 = 49 (e) - 140 = 91

1 is an outlier.

0579

68

3

0035566
12278

247

There are no outliers.

Maris
985
643
863
93
4

DN WP O OOk~ W - O

Aaron

023
04679
0244899
0444457

NN WO

1
Except for Maris’s one record-breaking year, his home
run output falls well short of Aaron’s.

Bonds Rodriguez
5(010579
961|168
86554123
77443313/0035566
9665520(4(12278

51247
6

317

With the exception of his outlier season of 73 home runs,
Bonds hit 24-49 almost every other year. Rodriguez’s
production was more variable. Although he had many
seasons with 3048 homers and hit over 50 three times, he
also had 6 seasons with fewer that 20 home runs, com-
pared to only 3 that low for Bonds.

11.

12.

13.

14.

15.

16.

Section 10.2  Statistics (Graphical) 371

Males
8
1222233

N 90
S N

6

This stemplot shows the life expectancies of males in the
nations of South America are clustered near 70, with one
lower value clustered near 64.

Females

899

1

This stemplot shows the life expectancies of females in
the nations of South America are clustered in the high
70s and at 80.

e BRI o)
S 0~ O
S 0~ O

Males Females
416
8 51619 9
3322221074 4
6|78 8 8 9 9
810 0 1

This stemplot shows that the life expectancies of the
women in the nations of South America are higher than
that of the men in the nations of South America.

Difference | Frequency
(years) (nations)
4 2
5 2
6 4
7 3
8 1
Life Expectancy | Frequency
(years) (nations)
60.0-64.9 1
65.0-69.9 2
70.0-74.9 8
75.0-79.9 1
Life Expectancy | Frequency
(years) (nations)
65.0-69.9 2
70.0-74.9 2
75.0-79.9 5
80.0-84.9 3
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17.

18. T

19.

20.

21.

22.

23.

[55, 85] by [-1, 9]

[h

[55, 85] by [-1, 9]

al

[0, 60] by [-1, 5]

1l

1

[0, 60] by [-1, 5]

[+

[~1,25] by [-5, 60]

l/‘%

~1,20] by [-5, 60]

™y

[-1, 25] by [-2, 60]

24.

25.

26.

27.

28

by

29.

[—1,25] by [-5, 50]

[1965, 2020] by [-100, 2000]

The winner’s prize money for the PGA championship has
been growing rapidly since 1995, faster than linearly.

d"a

[1965, 2020] by [-100, 600]

The winner’s prize money for the LPGA championship
appears to be growing faster than linearly, and at a much
more rapid rate since 1985.

o
L]
L]

. #+
H +
:--l!!""

[1965, 2020] by [-100, 2000]
The women’s winner’s prize money grew at a rate similar to
that of the men’s until 1995; then the men’s PGA purse

began increasing rapidly, leaving the LPGA purse far
behind.

When viewed together, women may have had a larger
percentage increase in prize money over the time period,
but still make a far lower amount when compared to that
of the men.

[—1,25] by [5, 60]
The two home run hitters enjoyed similar success, with Mays

enjoying a bit of an edge in the earlier and later years of his
career, and Mantle enjoying an edge in the middle years.
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30.

31.

32.

33.

34.

35

[-1,25] by [-2, 60]

Although Rodriguez had a few seasons with more home

runs, Aaron was the more consistent slugger.

(a) Bimodal

(b) The group on the left are most likely healthier cereals
for adults, while the group on the right are sugary
cereals for children.

(a) Unimodal and skewed to the right

(b) Games between good teams are usually close, but
there are occasional blowouts.

(a) The data are quantitative
(b) Stem Leaf
28 | 2
29 | 37
30
31| 67
32178
33 | 5558
34 | 288
35| 334
36 | 37
37
3815

(¢) Unimodal and symmetric

(a) The data are quantitative

() Stem Leaf
6 2399
7 7999

8 02377899

9 0001123334567
10 23366679

11 0246

12 059

(¢) Unimodal and symmetric

(a) Interval Frequency
25.0-29.9 3
30.0-34.9 11
35.0-39.9 6

®)

—

[20,45] by [~1,13]

(¢) The distribution is unimodal and symmetric, with
most salaries in the interval $30,000—34,999.

36.

37.

38.

39.

40.

41.
42.

43.

44.
45.

46.

Section 10.2 Statistics (Graphical) 373
(a) Interval | Frequency
6.0-6.9 4
7.0-7.9 4
8.0-8.9 8
9.0-9.9 13
10.0-10.9 8
11.0-11.9 4
12.0-12.9 3

OF

[5,14] by [2, 15]

(¢) The distribution is unimodal and symmetric, with
most wind speeds averaging between 8 and 11 mph.

[1890, 2010] by [-4, 40]
— = CA + = NY H=TX

[1890, 2010] by [-4, 40]
— = PA + =1L H=FL
False. If the graduation rates are the same, then the likeli-

hood of graduating is independent of a student’s gender;
there is no association.

False. They are outliers only if they are significantly
higher or lower than the other numbers in the data set.

A time plot uses a continuous line. The answer is C.

Back-to-back stemplots are designed for comparing data
sets. The answer is B.

The histogram suggests data values clustered near an
upper limit — such as the maximum possible score on an
easy test. The answer is A.

45°1is 1/8, or 12.5%, of 360°. The answer is B.

Answers will vary. Possible outliers could be the pulse
rates of long-distance runners and swimmers, which are
often unusually low. Students who have had to run to
class from across campus might have pulse rates that
are unusually high.

Answers will vary. Female heights typically have a
distribution that is uniformly lower than male heights,
but the difference might not be apparent from a stemplot,
especially if the sample is small.
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47. 48. Models will vary substantially on the assumptions made

about maximums, minimums, period lengths, and phase
/\ shifts. Using the given data with technology yields:
High temperature: f(¢) = 15.6 + 16.3 sin[0.463(r — 3.35)]

= <
Low temperature: g(¢) = 5.78 + 15.5 sin[0.500(¢ — 3.90) ]
[0, 13] by [-15, 40]

M Section 10.3 Statistics (Numerical)

Exploration 1
1. The ranges are approximately the same.
2. Figure (b) has the greater IQR since the data values are more spread out.

3. Figure (b) has the greater variability since the data values are more spread out.

Exploration 2
1. Figure 10.18(b) has a longer “tail” to the right (skewed right), so the values in the tail pull the mean to the right of the (resis-
tant) median. Figure 10.18(c) is skewed left, so the values in the tail pull the mean to the left of the median. Figure 10.18 (a) is
symmetric about a vertical line, so the median and the mean are close together.

Quick Review 10.3
7

L > xi=x; +x+ x5+ x4+ x5+ x6 + X7
i=1

1

5
20 —-X)=(x - %)+ (0 -X)+(3—X)+ (—%X) +(xs—%) =x + x,+ x5+ x, + x5 — 5%
=1
1 5
Note that, since X = 3 le», this simplifies to 0.
=1
1 1
3.72xi=7(x1+ Xy + X3+ X4+ X5+ X6+ X7)
=1
12 1 1 _ 13 .
4. 3 >(x;— %) = g(x1 + X+ x5+ x4+ x5 — 5%) = g(x1 + x, + x3 + x4 + x5) — x.Note that,since x = gle», this
i=1 i=1

simplifies to 0.

5. The expression at the end of the first line is a simple expansion of the sum (and is a reasonable answer to the given question).
By expanding further, we can also arrive at the final expression below, which is somewhat simpler.
5

%’Zl(xi —-%) = %[(xl — X2+ (=) .+ (x5 — X))

1

= g[(xf — 20X+ X2) + (33— 20X + X2) + ... + (X2 — 2x5% + X2)]
1

= g[x%+x§+ e+ 2= 2% F X+ L+ xg)] + X2
1 -2

1
g(x%-i-x%-i- +x§)—2f2+fz=§(x%+x%+ ot xd) %

6. The square root does not allow for further simplication. The final answer is the square root of the expression from Exercise 5:

1 1
either\/g[(xl X))+ (- X+ ...+ (x5 — X)) or \/g(xf+x§+ e e

8 1 50 5
1.2, x5fi 9. — i — X
2 EOICRE)
10 12
8. z(xi—f)z 10. /5 3 (x = %)’
= i=1
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Section 10.3  Statistics (Numerical)

Section 10.3 Exercises

1. (a) Statistic. The number characterizes a set of known data values.
(b) Parameter. The number describes an entire population, on the basis of some statistical inference.

2. (a) Parameter.The number describes an entire population, on the basis of some statistical inference.
(b) Statistic. The number is calculated from information about all rats in a small, experimental population.

3. (a) Mean. A pitcher’s earned run average (ERA) is total earned runs divided by number of nine-inning blocks pitched.
(b) Median. The middle height is considered average.

4. (a) Median.The middle time is considered average.

(b) Mean. Grade point averages are total grade points divided by number of units.

5. There are 8 data values, which is an even number, so the median is the middle data value when they are arranged in order.

14+ 2
=38

In order, the data values are {0, 0, 1,2, 14,27, 62, 67}. The median is

6. There are 7 data values, which is an odd number, so the median is the middle data value when they are arranged in order.
In order, the data values are {8112, 9938, 13,209, 17,819, 24,474, 30,065, 44,579} in thousands of km? The median is
17,819,000 km?.

375

7. There are 19 data values, which is an odd number, so the median is the middle data value when they are arranged in order.

In order, the data values are {28.2,29.3,29.7,31.6,31.7,32.7, 32.8, 33.5, 33.5, 33.5, 33.8, 34.2, 34.8,34.8, 35.3, 35.4, 36.7,

37.3, 38.5}.The median is $33,500.
92 +93

2

9. For {28.2,29.3,29.7,31.6,31.7,32.7,32.8,33.5, 33.5,33.5,33.8,34.2,34.8,34.8,35.3, 35.4,36.7,37.3, 38.5}, range = $38,500 —
$28,200 = $10,300 and IQR = $35,300 — $31,700 = $3,600.

10. Range = 12.9 — 6.2 = 6.7 mph, IOR = 10.6 — 8.5 = 2.1 mph.

8. There are 44 data values. The median is between the 22nd and 23rd data values, so median = = 9.25 mph

11. IOR = 165 — 143 = 221b,Q; — 1.5 X IQR = 143 — 1.5 X 22 = 110lb and O3 + 1.5 X IQOR = 165 + 1.5 X 22 = 198 Ib.

Since 210 Ib > 198 1b, it is an outlier.

12. IQR = 72 — 49 = 23 thousand miles, Q; — 1.5 X IQR = 49 — 1.5 X 23 = 14.5 thousand miles and
03+ 1.5 X IQR =72 + 1.5 X 23 = 106.5 thousand miles. Since 7000 miles < 14,500 miles, it is an outlier.

5+5

13. There are 25 data values, so Q; is between the 6th and 7th data values so Q; = > = 5, the median is the 13th data value,

7+8
so the median = 5, and Qs is between the 19th and 20th data values, so Q3 = -
{1,5,5,7.5,8. IR =75 -5=250, — 15 X IQR=5— 15X 25 = 125, and

Q3+ 15 X IQR =175 + 1.5 X 2.5 = 11.25. The outliers are 1 and 1.

= 7.5. The five-number summary is

6+ 6

14. There are 32 data values, so Q; is between the 8th and 9th data values so Q; = > 6, the median is between the 16th
8+ 38 10 + 10
and 17th data values, so the median = — = 8, and Qj; is between the 24th and 25th data values, so Q3 = — = 10.

The five-number summary is {1,6,8,10,14}. IOR =10 -6 =4,0; — 1.5 X IQR =6 — 1.5 X 4 = 0, and
03 + 1.5 X IQR = 10 + 1.5 X 4 = 16. There are no outliers.

15. There are 30 data values, so Q; is the 8th data values so Q; = 33, the median is between the 15th and 16th data values, so the

42 + 42
median = — = 42, and Qj is the 23rd data value, so Q3 = 48. The five-number summary is {10, 33, 42,48, 73}.

IQR=48 —33=15,0, — 1.5 X IOR = 33 — 1.5 X 15 = 10.5,and Qs + 1.5 X IQR = 48 + 1.5 X 15 = 70.5. The outliers

are 10 and 73.

07

139

023335
0112224458888
3567

7

3

NN s W
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376 Chapter 10 Statistics and Probability

16.

17.

B

18

&

19

B

20.

21.

While a stemplot is not needed to answer this question, the sorted stemplot below is more compact than a sorted list of the

24 numbers. The underlined numbers are the ones used for the five-number summary, which is {8.0,10.55,11.05, 11.6, 13.4}.
10.5 + 10.6 11.0 + 111 11.6 + 11.6

0= — - 10.55, median = — - 11.05, 05 = — - 11.6. IQR = 11.6 — 10.55 = 1.05,

01— 15X IQR =10.55 — 15 X 1.05 ® 898 and O3 + 1.5 X IQR = 11.6 + 1.5 X 1.05 = 13.18.8.0 and 13.4 are outliers
(and possibly 8.9 and 8.9).

81099
915

10(0567799

111013455667

12[469

1314

In general, NHL teams do win more games at home than on the road; the median for home wins is about 4 games higher and
is greater than the third quartile for away wins. With the exception of a couple of outliers, there’s much less variability in
home wins, and over 75% of teams won fewer games on the road than the average for teams at home.

Although the variability in wins among NBA teams is roughly the same at home and on the road, the median is about 6 wins
higher at home. In fact, 25% of the teams won fewer games on the road than even the weakest team won at home.

The ordered data for Babe Ruth is {0, 1, 3, 3,6, 11, 22, 25, 29, 34, 35,41, 41, 46, 46, 46, 47,49, 54, 54, 59, 60}, so the median is

35+ 41
2

Five-number summary: {0, 11, 38, 47, 60}

Range: 60 — 0 = 60

IQR:47 — 11 = 36; there are no outliers.

The ordered data for Barry Bonds is:

{5,16,19,24, 25,25, 26, 28, 33, 33, 34, 34, 37, 37, 40, 42, 45, 45, 46, 46, 49, 73}, so the median is

34 + 34
2

Five-number summary: {5, 25, 34, 45, 73}

Range: 73 — 5 = 68

IQR:45 — 25 = 20;73 could possibly be an outlier.

= 38.

= 34.

The ordered data for Willie Mays is:

{4,6,8,13,18,20,22,23, 28,29, 29, 34, 35, 36,37, 38, 40, 41, 47, 49, 51, 52}, so the median is
29;234 = 31.5,0; = 40,and Q; = 20.

Five-number summary: {4, 20, 31.5, 40, 52}

Range:52 — 4 = 48

IQR:40 — 20 = 20

No outliers

The ordered data for Mickey Mantle is:

{13,15,18,19,21,22,23,23,27,30, 31, 34, 35, 37, 40, 42,

52,54} so the median is

27 + 30
— = 28.5, 05 = 37,and Q, = 21.
Five-number summary: {13, 21, 28.5, 37, 54}
Range: 54 — 13 = 41

IQR:37 — 21 = 16

No outliers

- 22. F

— [ & i —
I Dj Bonds I EDMantle

Copyright © 2019 Pearson Education, Inc.



Section 10.3  Statistics (Numerical) 377

1 172
23. X = 6(0 +0+1+2+67+62+27+14)= 3 ~ 21.625 satellites, which is much larger than the median because

2 planets have over 60 moons.
1 1
24. x = 7(30,065,000 + 13,209,000 + 44,579,000 + --- + 17,819,000) = 7(148,196,000) = 21,171,000 km?, which is a bit larger

than the median
5 282 +293+ 297 + --- + 373 + 385

25. ) ~ $33,542, which is approximately the same as the median.
62463+ --- + 125+ 129
26. v ~ 9.4 mph, which is a bit larger than the median.
— (5)(74,486) + (4)(53467) + (3)(53,533) + (2)(30,017) + (1)(94,712) 911,643 5 06
"t 74.486 + 53,467 + 53,533 + 30,017 + 94,712 308215 7
— (5)(60.632) + (4)(19,191) + (3)(21.441) + (2)(7.212) + (1)(16,455) 475,126 2.80
-t 60,632 + 19,191 + 21,441 + 7,212 + 16,455 T 124931
1)(2) + (2)(2) + (3)(0) + (4)(1) + (5)(12) + (6)(0) + (7)(2) + (8)(6) 132
29. The mean is % = (D(2) + 2)(2) + (3)(0) + (H(A) + (5)(12) + (6)(0) + (7)(2) + (8)(6) 132 e he median is the
2424+0+14+12+0+2+6 25

better summary since the distribution is skewed to the right, which pulls the mean toward the high values.

MOD) + @D + (@) + -+ + (A2)2) + (A3)(D) + (14)(1) _ 254
1+1+2+1+2+2+4+4+5+3+3+2+1+1 32
could be used, since the distribution is roughly symmetric.

30. The meanis x = ~ 7.94. Either the mean or median

1 212
31. (a) Non-weighted: X = D) (1.6 + 40 + 113 +--- + 19.0 + 10.1 + 3.3) = BT} ~ 17.67°C
1.6)(31) + (4.0)(28) + (11.3)(31) + --- + (19.0)(31) + (10.1)(30) + (3.3)(31 6473.9
(b)Weighted:Y=( )(31) + (4.0)(28) + (11.3)(31) (19.0)(31) + (10.1)(30) + 33)(31) _ ~ 17.74°C
31 +28+31+30+---+30+ 31 365
(¢) The weighted average is the better indicator.
1 77.9
32. (a) Non-weighted: X = o (=94 + (—=6.9) + (=0.6) +---+ 73 + (=04) + (=6.9)) = 7~ 6.49°C
(b) Weighted:
_(94)(31) + (—6.9)(28) + (—0.6)(31) + -+ (7.3)(31) + (—0.4)(30) + (—6.9)(31) 2396.4 6.57°C
T 31+ 28 +31 430+ + 30+ 31 Co365
(¢) The weighted average is the better indicator.
For #33-38, the best way to do the computation is with the sta- 41. It is possible for the standard deviation of a set to be
tistics features of a calcuator. zero, but all the numbers in the set would have to be
3.5~ 971,5° = %3 the same.
34. s ~ 2529 s = 639.6 42. The standard deviation of a set can never be negative,

since it is the (positive) square root of the variance.
43. (a) 68%

() 2.5%

(c) A statistic
44. (a) 16%

Q

s
35. s ~ $66.8 billion; s> ~ 4462

36. s ~ $216.3 billion; s> ~ 46,793 (46,785.7 using technology)
37. s = $2673, s> = 7,150,000 (7,144,929 using technology)
38. s ~ 1.55 mph, s* = 2.40

39. (a) The standard deviation of the first is smaller; the values

Q

Q

are closer to the mean. (b) 33
(b) For the first data set, s ~ 2.58, which is smaller than (¢) No.The mean would have to be weighted according to
s ~ 2.94 for the second data set. the number of people in each state who took the ACT.
40. (a) The standard deviation of both data sets are the same; 45. (a) 16%
the values are the same distance apart. (b) 13.5%
(b) The standard deviation for both data sets is s = 7.91. (c) Over 101 g

(d) Individuals more than 3 standard deviations below
the mean are very rare.
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46. (a) 0.025 47. False. The median is a resistant measure. The mean is
(b) 0.815 strongly affected by outliers.
(c) Falling, or rising by less than 3% 48. True. The box extends from the first quartile, Oy, to the

L third quartile, Q;, and — is the interquartile range.
(d) Occurrences more than 3 standard deviations above 4 s & 4 &

the mean are very rare. 49. The plot of an ideal normal distribution is a symmetric
“bell curve.” The answer is A.

10(3) + 9(3) + 8(5) + 7(6) + 6(4) + 5(3) + 4(1) + 3(0) + 2(0) + 1(0)

L X = =728

50. x >
The answer is B.

51. The total number of points from all 30 exams combined is 55. There are many possible answers; example data sets are
30 X 81.3 = 2439. Adding 9 more points and recalculat- given.
ing produces a new mean of (2439 + 9)/30 = 81.6. The (a) {1,1,2,6,7} — median = 2 and X = 3.4.

median will be unaffected by an adjustment in the top

score. The answer is B. HiD

52. In a normal distribution, 95% of the data values lie within
2 standard deviations of the mean. The answer is C.

53. There are many possible answers; examples are given.

(a) {2,2,2,3,6,8,20} — median = 3, Hedzz
- B 16 (=1, 107 by [-1, 3]
7
b) {1,2,3,4,6,48,48} — median = 4,% = 16.
®) | } — median = 4, % M) {1,6,6,6,6,10) — 2 X IQR = 2(6 — 6) = 0 and
(¢) {~20,1,1,1,2,3,4,5,6) — x = 3 median = 2. range = 10 — 1 = 9.

54. There are many possible answers; examples are given.

Filz |
(a) 2,4,6,8) — o =~ 224andIQR =7 — 3 = 4.

() {1,5,5,6,6,9) —IQR = 6 — 5= 1,and o ~ 2.36.

U:I.I:E
[-1,12] by [-1, 5]

(¢) {1,1,2,6,7} —range = 7 — 1 = 6 and
2 x IOR = 2(6 — 1) = 10.

T——#

I
Q3=6.F

[-1,12] by [-1, 5]

56. One possible answer: {1, 2, 3, 4,5, 6, 6, 6, 30}.
(80)(42.2) + (69)(11.0) + --- + (80)(3.4) + (78)(31.3)  29,600.5
57. % = = ~ 71.6 years
422 +110+ --- +34 + 313 413.7

(73)(42.2) + (65)(11.0) + --- + (73)(3.4) + (72)(31.3)  32,530.5

422 +110+ --- +34 +313 4137
59. Since o = 0.05 mm, we have 200 = 0.1 mm, so 95% of the ball bearings will be acceptable. Therefore, 5% will be rejected.
60. Use u = 12.08 and o = 0.04.

Then u — 20 = 12.00 and u + 20 = 12.16, 50 95% of the cans contain 12 to 12.16 oz of cola, 2.5% contain less than 12 oz,
and 2.5% contain more than 12 oz. Therefore, 2.5% of the cans contain less than the advertised amount.

58.x = ~ 78.6 years
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H Section 10.4 Random Variables and Probability Models

Exploration 1
Plan A: E(cost) = $350
Plan B: E(cost) = 0(0.2) + 250(0.4) + 500(0.3) + 750(0.1) = $325
Plan C: E(cost) = 300 + 0(0.2) + 0(0.4) + 50(0.3) + 100(0.1) = $325
Either plans B or C should cost the least.

Quick Review 10.4
1. There are two possible outcomes: {H, T}.
2. There are eight possible outcomes: {(HHH, HHT, HTH, THH, HTT, THT, TTH, TTT}.

3. There are four possible outcomes: {0, 1, 2, 3}.

44 44!

4. There are ( 5 ) = m = 1,086,008 possible outcomes.
52 52!

5. There are ( 3 ) = m = 22,100 possible outcomes.

6. There are 5-4-+3+2 -1 = 120 possible outcomes.

(4)_ 41 __4 4
2) 24 -2 20-20 4

N

g (10) B 10! _ 1o
“\o 0!'-(10 —0)! 1-10!
8 8! 8-7-6-5! 336
. (3)_3!-(8—3)! T
100 100! 100 - 99 - 98! 9900
10. (98) 98!+ (100 — 98)!  98t-2! 2 4930
Section 10.4 Exercises
1. E(X) = 10(0.5) + 20(0.3) + 30(0.2) = 17
2. E(X) = 2(0.1) + 4(0.2) + 6(0.3) + 8(0.4) = 6
3 2 1
. =5(=)+10{=)+25=)=
3. E(X) 5(6) 10(6) 25(6) 10
1 - 0.60
4. P(X =1)=P(X =2) = P(X =3) = P(X =4) = P(X = 5) = ——— = 008
E(X) = 1(0.08) + 2(0.08) + 3(0.08) + 4(0.08) + 5(0.08) + 6(0.60) = 4.8
1 1-3/4 1
S PX=D=PX=2)=PX=3)=7PX=4)=PX=5=—7—=2

o 1(2) 22 o(2) 0 o(2) e o(2) -2 -

o500 =1(2) + () + 02) ==

7. For each person, the expected value the carnival earns is $2(0.72) + ($2 — $5)(0.21) + ($2 — $10)(0.07) = $0.25. So, each
day, the carnival can expect to win 300 X $0.25 = $75.

. 12 4 4 4 4 4 4
8. The expected payout of the game is $0(52) + $1(52) + $2(52) + $3(52) + $4(52) + $5(52) + $6(52) +

4 4 4 4
$7(§) + $8(§) + $9(§) + $10(§) ~ $4.23. Since this is less than the $5 to play, it would not be a good idea to play
the game.
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9.

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

@[ Y T 2 3 4
PY) | 5 | 3 | T | 4
20 | 2 2 2

w500 =1(2) o 2) + (2) o) 4 (L) - B 26
20 20 20 20 20 20

4 3 1
The expected payout of the game is $0(§) + $6(§) + $10(§) = $3.50. Since it costs $5.00 to play, you would expect to

5
N
20

S
S
S

lose $1.50 per game, so it would not be a good idea to play.

P(X =$0) =1 — 0.04 — 0.01 = 0.95. The expected loss is $0(0.95) + —$200(0.04) + —$300(0.01) = —$11. Since this is less
than the expected loss of —$79 to purchase the warranty, puchasing the warranty is not a good idea.

The expected cost for repairs is $0(0.94) + $300(0.05) + $500(0.01) = $20. Since this is less than the $49 to purchase the war-
ranty, then you should probably not buy the extended coverage.
(a) | Family G BG BBG or BBB

X = children | 1 2 3

P(X) 1 (1)(1)_1 L 1.1

2 2/\2 4 2 4 4
w200 =1(2) + 2(2) +5(2) = 17
4 4

(a) [Shots good? N YN YY

X 0 1 2

P(X) 0.20 | (0.80)(0.20) = 0.16 | (0.80)(0.80) = 0.64

(b) E(X) = 0(0.20) + 1(0.16) + 2(0.64) = 1.44

For the game to be fair, its expected value (—$5)(%) + (—$5 + $5)(%) + (—$5 + $10)(%) + (—$5 + x)(51_2) = $0 so
1
5)( 5 SO X $75

999

The expected winnings on one ticket are ($0.50) (m) + (= $250)(1000) ~ $0.25. Since the state sells 1,000,000 tickets, the

expecting daily profit for the state is $0.25(1,000,000) = $250,000.

(@ P(X = 1) = (4)(%)1(%)3 ~ 0.386

o o= = (5)(5) (3) = o
@ ror=2=()(E) @) - ()EE) - GG E) =0
s (Y o
(b) P(X = 8) = 1803(1) (1) ~ 0,044

GG+ (GG (0)E) () ~ oo

2)
=5)
(¢) P(X = 8)
5)
2)

<
<
o
&
<
<
<

(a) P(X =5) = g)(o.g)S(o.z)l ~ 0.393
(b) P(X =2) = (6))(0.8)0(0.2)6 + (f)(o.g)l(o.z)5 + (g)(o.s;)z(o.z)“ ~ 0.017
(@) P(X =3) = 15)(0.12)3(0.88)12 ~ 0.170

3
15

0 )(0.12)“(0.88)15 + (115)(0.12)1(0.88)14 + (125)(0.12)2(0.88)13 ~ 0.735

(b) P(X <2) = (
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26.

27.

28.

29.

30.

31.

32.

33.

34.

35.
36.

37.
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1
5

S

(@ P(X =5) )(0.40)5(0.60)5 ~ 0.200

S

b) P(X =8) = (18 )(0.40)8(0.60)2 + (190)(0.40)9(0.60)1 + (18)(0.40)“’(0.60)" ~ 0.012
@ P(X=1)= (112)(0.11)1(0.89)“ ~ 0.366

b PX=2)=1-PX=1)=1- (102)(0.11)"(0.89)12 - (112)(0.11)1(0.89)11 ~ 0.387

(a) The value of X can take on more than two values.
(b) Let X = the numbers of times you roll a “5” in 10 rolls.
(a) The value of X can take on more than two values.

(b) Let X = the numbers aces drawn if five cards are drawn from the deck, with replacement.

(@) n = np = 75(0.300) = 22.5
(b) o = Vnpg = V75(0.300)(0.700) ~ 3.97
(@) n = np = 50(0.85) = 42.5
() o = Vnpqg = V50(0.85)(0.15) ~ 2.525
X — 8 — 82 X — 8 — 86
For the math test, z = g 2 7 ~ 2.29. For the English test, z = g 2 1 = 3.0. You did better on the
g g
English test.
X — 102 — 104 X — 22 — 20
For the 100-m dash, z = E = 03 ~ —0.67. For the long jump, z = E = 25 0.80. The athlete did
g . g .

better in the long jump.

(a) P(z > 1.5) = 0.067

(b) P(z < 0.75) = 0.773

(¢) P(-18 < z<—-105)=0273
(a) P(z > — 1.2) =~ 0.885

(b) P(z < —0.6) = 0.274

(¢) P(—2 < z<125) = 0872

(a) InvNorm(0.97) =~ 1.88
(b) InvNorm(0.60) = 0.25
(¢) InvNorm(0.10) ~ —1.28,s0 £1.28
(a) InvNorm(0.15) =~ —1.04
(b) InvNorm(0.92) =~ 1.41
(¢) InvNorm(0.05) =~ —1.645,s0 +£1.645
70 — 63.8
(@) 5'10" =5-12+ 10 = 70". z = g - 2214 and P(z > 2.214) = 0.013
66 — 63.8
(b) 56" =512+ 6 =~ 66". 7 = — 58 - 0.786 and P(z < 0.786) ~ 0.784
650 — 500
@ z= T 1.5and P(z = 1.5) = 0.067
420 — 500
(b) z=—7———=-08and P(z = —0.8) = 0.212
100
Using the grapher’s inverse Normal function, z = —1.645,s0 x = 63.8 — 1.645(2.8) = 59.2 inches.
Using the grapher’s inverse Normal function, z = 2.054,s0 x = 500 + 2.054(100) = 705.
10 — 13
@ z= - —2.5.P(z = —2.5) = 0.994 = 99.4%
15 — 13 14 — 13
b) z = o~ 1.667 and z = 2~ 0.833. P(0.833 < z < 1.667) ~ 0.155

(c¢) Using the grapher’s inverse Normal function, z ~ —1.75,so x = 13 — 1.75(1.2) = 10.9 hours.
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40,000 — 37,200

. = ~ 1.00. < L ~ V. = 5%

38. (a) 2 o 1.06. P(z < 1.06) ~ 0.855 = 85.5%
by ¢ = 200 = 37200 s and g = 2200~ 37200 g6 p(—1.96 < 2 < —0.83) ~ 0178 = 17.8%
) z="g50 7 T0Bandz = Toey T ¥ T POELI6 < 2 < 2 083) < 0478 = 17.8%

(¢) Using the grapher’s inverse Normal function, z = —1.28,so x = 37,200 — 1.28(2650) ~ 33,800 miles.
39. (a) Yes;np = ng = 250(0.5) = 125 > 10
() p = np =250005) = 125
o = Vnpg = V250(0.5)(0.5) ~ 7.91
140 — 125
(¢) No;z = T =190<2
40. (a) Yes;np = 320(0.04) = 12.8 > 10 and nqg = 320(0.96) = 307.2 > 10
(b) n = np = 320(0.04) = 12.8
o = Vnpg = V/320(0.04)(0.96) ~ 3.505
26 — 12.8

1 =————=2377>
(¢) Yes;z 3505 377 >3

1
41. We would expect someone to pick the right card 1 of the time, so u = np = 100(0.25) = 25 and

o = Vnpg = V100(0.25)(0.75) ~ 4.33.

An unusually high number of correct choices would need z > 3. If we let x = the number of correct choices, then
z>3
X — [
g
x —25
4.33
x > 25+ 3(4.33)
x =38

We would need to see at least 38 correct choices to convince us ESP really exists.

>3

>3

1 1
42. Since D of the frogs showed the defect, u = np = 150(5) =125and o = Vnpqg = 150(%)(%) ~ 3.385.

An unusually high number of correct choices would need z > 3. If we let x = defects found, then

z>3
X = p

x > 12.5 + 3(3.385)
x =23
We would need to see at least 23 defects to convince us the condition is becoming more common.
43. False; The expected value is calculated from the probability model, not sample data.
44. False; such percentages apply only to Normal distributions.
45. E(X) = 50(0.1) + 20(0.3) + 5(0.6) = 14. The correct answer is D.

46. All other options violate at least one requirement of the binomial probability model. The correct answer is B.
3 3
47. P(X =1) = (1)(0.5)1(0.5)2 = 0375 = 3 The correct answer is C.

48. P(—0.5 < z < 0.5) = 0.38 = 38%. The correct answer is C.
49. (a) We expect (8)(0.23) = 1.84 (about 2) to be married.
(b) Yes, this would be an unusual sample.

(¢) P(5 or more are married) = ¢Cs * (0.23)°(0.77)° + 3Cq - (0.23)%(0.77)% + sC; -+ (0.23)7(0.77)*
+ 4Cs - (023)%(0.77)° ~ 0.01913 = 1.913%.
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(@) Cy7* (0.75)17(0.25)" ~ 0.00396 = 0.396%

() Silo:Cr + (0.75)K(0.25)7% ~ 0.00596 = 0.596%

(¢) The university’s graduation rate seems to be exaggerated; at least, this particular class did not
fare as well as the university claims.

Choice 1: E(X) = 10(0.20) + 20(0.20) + 50(0.20) + 100(0.20) + 5000(0.20) = $1036

2 1
Choice 2: E(X) = 0(5) + 240 - 20 - (5) = $1600

Choice 3: E(X) = 1000(1) = $1000.

Opinions will vary. Choice 2 has the highest expected value, so it is the option most contestants would choose, but many would
opt for the guaranteed $1000. Choice 3 has the lowest expected value, so that is the choice the sponsors would prefer contes-
tants take.

(a) Choose green.

5\/4
P(green wins) = P(red shows 2 and green shows 3) = (—)(—)

20 4
s\ & = —and P(red wins) = 1 — P(green wins) = >

T 36 9
(b) Choose red.
5

1
For each roll of the red die, E(roll) = 2(6) + 6(6) = 2.7, while for each roll of the green die

E(roll) = 1(%) + 3(%) ~ 23

(a) E(X) = 0(0.80) + 10(0.15) + 50(0.04) + 100(0.01) = $4.50
() o = V(0 — 4.50)%(0.80) + (10 — 4.50)%(0.15) + (50 — 4.50)2(0.04) + (100 — 4.50)2(0.01)
= $13.96
(c¢) The standard deviation is large because the values of $50 and $100 are far from the mean of $4.50.

(d) Opinions will vary. The expected winnings of the game are larger than $5.00, so in the long run, playing the game would
result in a net gain.

(@) | X = heads P(X)
0 (3)(0.5)(’(0.5)4 = 0.0625
1 (‘1‘)(0.5)1(0.5)3 = 0.2500
2 (‘2‘)(0.5)2(0.5)2 = 0.3750
3 (‘3‘)(0.5)3(0.5)l = 0.2500
4 (i)(O.S)“(O.S)“ = 0.0625

(b) E(X) = 0(0.0625) + 1(0.2500) + 2(0.375) + 3(0.2500) + 4(0.0625) = 2
© o = V(0 —2)*-(0.0625) + (1 — 2)2+(0.2500) + (2 — 2)>- (0.3750) + (3 — 2)>+ (0.25) + (4 — 2)? - (0.0625)

=1
(d) np = (4)(0.5) = 2.0 and Vnpg = V4(0.5)(0.5) = 1, which match the results for (a) and (b).
325
= _ — %
(@) 25 0.52 = 52%

(b) 625ﬁ 300 ~ 12.4
625 )\ 625 ) = 1249

(¢) Yes;np = 325 > 0 and ng = 300 > 10.

12.4
(d) 2(?59) =~ 0.04, so the margin of error is +4%.

(e) The confidence interval would be 52% +4% or 48% to 56%. Since the interval contains 50%, it is not possible to
determine if Candidate A has a majority of the votes.
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56. If np > 10 an ng > 0, then Vnp > 3 abd Vng > 3.

For 0 0—np np \/np< 3 < 3 < _3
Or ’Z= = —_— = —_— _——_— _—7SOZ p—
Vnpq Vnpq \Z q 1
n—n n(l — n \V n 3 3
For n,z = P _ ( p)_ a__ q> >—50z7>3

Vapg  Napg  Napg  Np

Section 10.5 Exercises

B Section 10.5 Statistical Literacy

Exploration 1
1. Correlation begins with a scatter plot, which requires
numerical data from two quantitative variables (like
height and weight). “Gender” is a categorical variable.

2. The sample did not represent the population of all voters
very well, as many subgroups were underrepresented (for
example, office workers). It was also not a good idea for
the mayor to use his own staff to gather this kind of data.

3. The doctor’s “experiment” proves nothing about the
effect of vanilla gum on headache pain unless we can
compare these subjects with a similar group that does not
use vanilla gum. Many headaches are gone in two hours
anyway.

4. The negative correlation simply showed that students
with more absences tended to have lower GPAs. This
does not imply that the absences caused the grades to go
down. Perhaps getting low grades caused students to skip
school. Or another variable, such as parental involvement,
might have influenced both grades and absences.
Correlation does not imply causation.

0

The percentages make the difference seem large, but it
actually amounts to only 6 of the 50 people. The results
may not be statistically significant.

Quick Review 10.5

1
1. —

sl=3=8l+ gl
I
o

® ~
/N 7 N 7 NP2

sle 5[~ 3|-

10

11

®

1. Correlation is being used incorrectly. Intelligence might be
associated with some quantitative variable, but beauty is
categorical.

2. Correlation is being used incorrectly. The correlation coeffi-
cient is usually not the slope of the regression line.

3. Correlation is being used incorrectly. The high correlation
coefficient does nothing to support Sean’s crazy theory,
because the great blue whale (with a long name and a huge
weight) is an unusual point that lies far away from the other
three.

4. Correlation is being used correctly. Notice that Jenna’s first
observation does not commit her to a linear model, but her
second sentence does. Her observation about the model is
then appropriate.

0

Correlation is being used incorrectly. Marcus is OK with his
first observation, but not with his second. While his linear
model is a bad fit, he should not conclude that “there is no
significant mathematical relationship.” In fact, check out
this sinusoidal fit:

a

Correlation is being used incorrectly. Correlation does not
imply causation! (If you are wondering, though, the rain-
water theory has been confirmed for several sea snake
species through controlled laboratory experiments.)

7. This is a random sample (technically pseudo-random, but it
should suffice).

This is not a random sample, since the students will come in
five chunks of ten, each chunk probably being alphabetical.
This could result in an unusual number of students in the
sample who are related to one another.

*

©

This is not a random sample of all Reno citizens. All 50
selected are likely to be from early in the alphabet.

b

This is not a random sample, although there is quite a bit of
chance involved. Notice, for example, that the five chosen
students will probably not include any pairs of best friends,
since they would probably have lined up together.

.

This is not a random sample, nor does it apparently try
to be.

This is not a random sample, because it relies on human
choice. It might appear to be random, but what would hap-
pen if one of the winners turned out (even by chance) to be
related to one of the ushers?
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14.

15.

16.

17.

18.

19.

20.

21.

22.
23.
24.

25.

26.

27.

Voluntary response bias. The students most likely to
respond were those who felt strongly about suggestions for
improvement, so the rate of negative responses was proba-
bly higher than the parameter. He could have gotten a less
biased response with an in-class census of all his students
(ideally in multiple-choice form so that their handwriting
would not betray their identities).

Response bias. By giving free samples and money to the
respondents, the company was influencing them to respond
positively. The support for the new cereal was likely to be
higher in this sample than in the population. The company
would have gotten more reliable data with a comparative
study of the new flavor against an established product.

Undercoverage bias. The survey systematically excluded the
students who were not actually eating in the dining hall, so
the sample statistic was bound to be higher than the popu-
lation parameter. A better method would have been to
choose a random sample from the student body first, then

seek them out for the survey (perhaps in their homerooms).

Response bias and undercoverage bias. The question itself
was clearly designed to elicit a positive response, and the
sampling frame (PTA parents) was designed to survey only
people who actually had children. The support in the sam-
ple was probably higher than in the population. Getting a
truly random sample for polling purposes is notoriously dif-
ficult, but even a random sample from the phone book
would improve on this one.

Response bias. The question was designed to elicit a nega-
tive response, and it never even mentioned stop signs. The
97% was much higher than it would have been with a sim-
ple question like, “Should citizens be allowed to ignore stop
signs?”

Undercoverage bias. Mrs. Bohackett (who never attempted
to sample randomly) is making a global conclusion on the
basis of her own back yard, which might reflect white-
throated sparrow migration in unusual ways. The evidence
would be more persuasive if similar observations were
made at many other feeders, but causation could not be
established without experimentation.

This is an observational study since no treatment was
imposed.
This is an observational study since no treatment was
imposed.
This is an observational study since no treatment was
imposed.
This is an experiment since a treatment was imposed.
This is an experiment since a treatment was imposed.
This is an observational study since no treatment was
imposed.

Using random numbers, select 12 of the 24 plots to get the
new fertilizer. Use the original fertilizer on the other 12
plots. Compare the yields at harvest time.

The plots can be arranged in pairs of similar productivity,
then one member of each pair can be randomly assigned to
receive the new fertilizer.

This requires three treatments. Split the 24 plots randomly
into three groups of 8: new fertilizer 1, new fertilizer 2, and
original fertilizer.

28.

29

B

30.

31

32

.

33

by

34

b

35

by

36.

37.

38.

39.

40.

41.
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This requires four treatments. Split the 24 plots randomly
into four groups of 6: crop 1 with new fertilizer, crop 1 with
original fertilizer, crop 2 with new fertilizer, and crop 2 with
original fertilizer.

Fatigue may be a factor after they have driven 20 golf balls.
They could gather the data on different days, or they could
randomly choose half the golfers to drive the new ball first.

The tasters should be blinded to the containers. Ideally, the
drinks should be poured into identical cups for presentation
(being careful not to lose the fizz).

The music assignment should be randomized, not left to the
choice of the mother. Otherwise, the mother’s music prefer-
ence (with possible lifestyle implications) becomes a poten-
tially significant confounding variable.

Because of the nature of the experiment, it should be
blocked for gender to be sure that each group contains an
equal mix of male and female listeners.

One possible solution: Use the command “randInt(1, 500,

50)” to choose 50 random numbers from 1 to 500. If there

are any repeat numbers in the list, use “randInt(1, 500)” to
pick additional numbers until you have a sample of 50.

One possible solution: Use the command “randInt(1, 400,
100)” to choose 100 random numbers from 1 to 400. If there
are any repeat numbers in the list, use “randInt(1, 400)” to
pick additional numbers until you have a sample of 100.

One possible solution: Enter the numbers 1 to 32 in list L1
using the command “seq(X, X, 1,32) — L1” and enter 32
random numbers in list L2 using the command “rand(32)
— L2 .” Then sort the random numbers into ascending
order, bringing L1 along for the ride, using the command
“SortA(L2,L1).” The numbers in list L1 are now in random
order.

One possible solution: Enter the numbers 1 to 28 in list L1
using the command “seq(X, X, 1,28) — L1” and enter 28
random numbers in list L2 using the command “rand(28)
— L2 .” Then sort the random numbers into ascending
order, bringing L1 along for the ride, using the command
“SortA(L2,L1).” Read off the randomly sorted numbers in
L1 in order by pairs.

Number the plants 1-16. Use “randInt(1, 16)” to generate
8 distinct random numbers. Grow those 8 plants with the
plant food and the other 8 without it.

Number the bowls 1-10. Use “randInt(1, 10)” to generate
5 distinct random numbers. Fire those 5 bowls in her
friend’s kiln and the others in her own.

One possible solution: Use the command “randInt(1, 8)” to
generate random numbers between 1 and 8.

One possible solution: Use the command “randInt(1, 6)” to
generate random numbers between 1 and 6. Push ENTER
twice to get a roll of two dice. (Note that you do not want to
generate random totals between 2 and 12. You learned in
Section 9.3 that those totals are not equally likely.)

One possible solution: Use the command “randInt(1, 5, 20)”
to generate 20 random numbers from 1 to 5. Let 1 and 2
designate donors with O-positive blood. Do this nine times
and keep track of how many strings have fewer than four
numbers that are 1 or 2.
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42.

43,

by

44

b

45

by

46,

b

47

B

48.

49

B

50.
51.
52

.

53

by

54

b

55.

56.
57.

One possible solution: Number the cards from 1 to 52. Use
the command “randInt(1, 52,5) to choose 5 random num-
bers from 1 to 52. If there are any repeat numbers in the
list, use “randInt(1, 52)” to pick additional numbers until
you have a sample “hand” of 5.

Results will vary. Use “randInt(1, 6)” to generate a series
of random rolls of the die. Keep a running total, but don’t
add rolls that would make the sum greater than 21. Stop
when the total equals 21. Report the number of rolls.

Results will vary. Use “randInt(1, 4)” to generate a series
of random spins. Keep a running total, but subtract any
spin that would make the sum greater than 10. Stop when
the total equals 10. Report the number of spins.

Yes, there is enough evidence to warrant suspicion. In
only 10 of the 500 simulated trials did 8 or more 6’s show
up. There’s only a 2% chance that rolling a die fairly
would produce a result like this.

(a) A difference at least this high happened often just by
chance.

(b) Based on the dotplot, it appears differences of 1.5 and
above happen by chance less than 5% of the time.

False. Observational studies can show strong associations,
but experiments would be required to establish causation.

False. The underlying relationship might not be linear, in
which case the magnitude of the r value is not a relevant
measure.

Freshman science grades is the only quantitative variable
among the choices. The answer is B.

The answer is A.
The answer is C.

People late in the alphabet are less likely to be chosen. The
answer is D.

Answers will vary. Note that you should not expect all the
counts to be exactly the same (that would suggest nonran-
domness in itself), but “randomness” would predict an
approximately equal distribution, especially for a large class.

Answers will vary, but the count is likely to be low. For
example, a class of 20 would be looking at 500 two-digit
numbers, about 50 of which should be double digit.

(a) The correlation coefficient will increase and the slope
will remain about the same.

(b) The correlation coefficient will increase and the slope
will increase.

(¢) The correlation coefficient will decrease and the slope
will decrease.

The points in (b) and (c) are influential points.

One possible picture:

58. One possible picture:

59.

60.

(a) The size of the hospital is not affecting the death rates
of the patients. The lurking variable is the patient’s con-
dition. Bigger hospitals tend to get the more critical
cases, and critical cases have a higher death rate.

(b) The number of seats is not affecting the speed of the jet.
The lurking variable is the size of the aircraft. Larger
jets generally have more seats and go faster.

(¢) The size of the shoe does not affect reading ability. The
lurking variable is the age of the student. In general,
older students have larger feet and read at a higher
level.

(d) The extra firemen are not causing more damage. The
lurking variable is the size of the fire. Larger fires cause
more damage and require more firefighters.

(e) The salary is not generally affected by the player’s
weight. The lurking variable is the player’s position on
the team. Linemen weigh more and tend to earn less
money than the (usually lighter) players in the so-called
“skill” positions (e.g., quarterbacks, running backs,
receivers, and defensive backs).

(a) Prospective
(b) Retrospective
(c) Retrospective
(d) Prospective
(e) Retrospective

H Chapter 10 Review

1.

2.

3.

4.

This is not a valid probability function. The sum of the
probabilities 0.45 + 0.25 + 0.15 + 0.05 = 0.9 # 1.

P(B) = 2P(A); P(C) = %P(A)
P(A) + P(B) + P(C) = 1
P(A) + 2P(A) + %P(A) =1

10
SPA) =1

3
P(A) =15 =03
P(B) = 2P(A) = 2(0.3) = 0.6

P(C) = %P(A) = %(0.3) =0.1

There are 4Cs = 658,008 different possible outcomes, so

P(Winning) = ~ 0.00001824

658,008
There are 5,Cs = 2,598,960 possible poker hands and
13Cs = 1287 ways to draw all hearts, so

1287
P(all hearts) = m ~ 0.0005.
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4 3 6 1
P(caramel on third pick) = —+—+— = —

09 8 10

3 2 1
P(red, white, blue) = —-—-— = —
(red, white, blue) 093"

. (a) P(All) = (0.85)° ~ 0.444

(b) P(4th) = (0.85)(0.85)(0.85)(0.15) ~ 0.092

Chapter 10 Review 387

(¢) P(Atleast one is not wearing seatbelt) = 1 — P(All are wearing seatbelts) = 1 — (0.85)° ~ 0.556

. (a) P(First strike in third frame) = (0.60)(0.60)(0.40) = 0.144

(b) P(Atleast one strike in 5 frames) = 1 — P(No strikes) = 1 — (0.60)° ~ 0.922
(¢) P(No strikes in 10 frames) = (0.60)!° ~ 0.006

. (a) P(Refrigerator or TV) = P(Refrigerator) + P(TV) — P(Refrigerator and TV)
= 0.66 + 041 — 032 = 0.75
. P(Refrigerator and TV)
(b) P(TV | Refrigerator) = -
P(Refrigerator)
0.32
=066 " 0.48

There are not independent, P(TV | Refrigerator) # P(TV).

P(campylobacter or salmonella)
= P(campylobacter) + P(salmonella) — P(campylobacter and salmonella)
=081 + 0.15 - 0.13 = 0.83

P(bacteria free)
= 1 — P(campylobacter or salmonella) = 1 — 0.83 = 0.17

0.13
Possibly; P(salmonella | campylobacter) = —— = 0.16, which is close to P(salmonella) = 0.15.

0.81
(a) P(brand A) = 0.5
(b) P(cashews from brand A) = (0.5)(0.3) = 0.15
(¢) P(cashew) = (0.5)(0.3) + (0.5)(0.4) = 0.35
0.15
(d) P(brand A | cashew) = 035~ 0.43
(a) P(track wet and Mudder Earth wins) = (0.80)(0.70) = 0.56
(b) P(track dry and Mudder Earth wins)
= (0.20)(0.40) = 0.08

(¢) 0.56 + 0.08 = 0.64

0.56
(d) P(track wet | Mudder Earth wins) = i 0.875

22
(a) P(high blood pressure and high cholesterol) = i 0.25

22
(b) P(high cholesterol | high blood pressure) = ) ~ 0.647

28
(c) No; P(high cholesterol | high blood pressure) ~ 0.647, but (high cholesterol) = rriad 0.318

Boys Girls

84 96
At b —(150) = 70 —(150) = 80
or above 180( ) 180( )

84 96
Below 500 =14 | 5560 =16
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388 Chapter 10 Statistics and Probability

17. (a) 2

AR LW
B UO N WN
wn o

5

(b) Unimodal and slightly skewed left.

18. (a) For the data {2249, 3313, 3739, 3747, 4002, 4040, 4131,

19.

20.

4135,4200, 4267, 4397, 4500, 4557, 4659, 4700, 4727,
5477}, so the median = 4200 yd.

Range = 5477 — 2249 = 3228

3747 + 4002

Q1= = 38745,
4557 + 4659

Qs =————— = 4608

IOR = 4608 — 3874.5 = 733.5yd
Five number summary is {2249, 3874.5, 4200,
4608, 5477}.

(b) x = 4167.1 yd; s = 693.5 yd
(¢) The median and IQR; there is an outlier.

Yardage Frequency

2500-2999 1
3000-3499
3500-3999
40004499
45004999
5000-5499

— 9N =

— T

[2000, 5500] by [~10, 10]

Q) — 1.5 X IQR = 3874.5 — 1.5 X 733.5 = 2774.25 and
0; — 1.5 X IQR = 4608 + 1.5 X 733.5 = 5708.25;
2449 yds is an outlier.

21. (a) 12]0 0 4 4

13
14
15
16
17
18
19
20
21
22
2310

2679
4 8

1
3

NOO WO~
— O
~

(b) Unimodal and skewed to the right.

22. (a) For the data {120, 120, 124, 124,131,131, 132, 136, 137,

139,140,143, 144,148,156, 163,177, 179, 180, 190, 191,
143 + 144 87
197,202,230}, so the median = ———— =

—— =1435
2 2

23.

24. T

25.

26.

Range = 230 — 120 = 110

131 + 132 179 + 180
Q1 =——F—— =1315.0; = 9T = 179.5;

IQR = 179.5 — 131.5 = 48

Five-number summary is {120, 131.5, 143.5, 179.5, 230}.
(b) x = 155.6 sec; s ~ 30.5 sec
(¢) The median and I/QR; the distribution is skewed

Length (in seconds) Frequency

120-129
130-139
140-149
150-159
160-169
170-179
180-189
190-199
200-209
210-219
220-229
230-239

~

R OO, WRN R~ A

AL

[100, 250] by [1, 1

0, — 15 X IQR = 131.5 — 1.5 X 48 = 59.5 and
05+ 1.5 X IQR = 179.5 + 1.5 X 48 = 251.5; there are
no outliers.

400[12|4

92113167
8430|14
156
3116
7(17(9
180
19({017
20(2
21
22
2310
The songs released in the earlier years tended to be shorter.

Earlier years are in the upper box plot. The range and
interquartile range are both greater in the lower graph,
which shows the times for later years.

IT—
4 [

[100,250] by [-5, 10]
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27.

[~1,25] by [100, 250]
Again, the data demonstrates that songs appearing later
tended to be longer in length.

o

[0,7] by [50, 250]
The average times are {130.5, 132.75, 157, 142.5,
168.75,202}. The trend is clearly increasing overall, with
less fluctuation than the time plot for Exercise 27.

29. (a)
H‘Hl i

[0, 250] by [-2, 12]
(b) Unimodal and skewed to the right.

30. (a) For the data {35, 39, 40,43, 43, 44, 44, 45, 46, 46, 55, 62,
63,67,79,98, 105, 115, 115, 146,176, 177, 181, 211,
238}, so the median = 63.

Range = 238 — 35 = 203

44 + 44
0= ) =44;,05 =

IQOR = 130.5 — 44 = 86.5
Five-number summary is {35, 44, 63, 130.5, 238}.

(b) X = 92.52 million visitors; s =~ 61.36
million visitors

(¢) The median and IQR; the distribution is skewed.

28.

115 + 146

= 130.5

3L [ Visitors (millions) Frequency
25-49 10
50-74 4
75-99 2
100-124 3
125-149 1
150-174 0
175-199 3
200-224 1
225-249 1
32. T

[0, 250] by [-1, 15]

Chapter 10 Review 389

0, — 15X IQR =44 — 1.5 X 86.5 = —85.75 and
05 + 1.5 X IQR = 130.5 + 1.5 X 86.5 = 260.25; There
are no outliers.

33. (a)
Aﬂﬂﬁ -

[0, 350] by [-2, 10]

(b) Unimodal and slightly skewed.
180.4 + 175.5
2

Range 305.400 — 97.300 = 208.1 = $208,100
IQR = 210.400 — 149.900 = 60.5 = $60,500;
Five-number summary: {$97,300, $149,900, $177,950,
$210,400, $305,400}

(b) ¥ = 180.69 = $180.690; s ~ 48.887 = $48,387

(¢) Mean and standard deviation; the distribution is nearly
symmetric.

Median price (in $1000s)
75-99
100-124
125-149
150-174
175-199
200-224
225-249
250-274
275-299
300-324

T

34. (a) Median = = 177.95 = $177,950

35

by

Frequency

—

— = O W ooWn bW

36.

[75, 325] by [-1, 11]

0, — 15X IQR =149.9 — 1.5 X 60.5 = 59.15 = $59,150
and O; + 1.5 X IQR = 210.4 + 1.5 X 60.5 =
301.15 = $301,150; $305,400 is an outlier.

32%

37. (a) 0.299 = 0.273 + 1(0.026) ,so 100% — = 84%

(b) Between 0.273 — 2(0.026) = 0.221 and
0273 + 2(0.026) = 0.325

0.338 — 0.273
(¢) z = —o0m6 = 2.5; This batting average is
pretty high.

38. (a) Between 1309 — 1(157) = 1152 Ib and
1309 + 1(157) = 1466 Ib.

(b) Above 1309 + 2(157) = 1623.0 Ib.

2527 — 1309

(© z 157

unusual.

= 7.76 This weight is extremely
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39. E(X) = 100(04) + 150(0.3) + 200(0.2) + 500(0.1) = 175
40. E(X) = —10(0.60) + 1(0.25) + 5(0.10) + x(0.05) =0
= 0.05x — 5.25 = 0=0.05x = 525=x = 105.
The missing prize should be worth $105.

41

.

P(Calipers need cleaning) = 0.35,
P(Calipers need replacing) = (0.65)(0.90) = 0.585, and
P(Calipers need overhaul) = (0.65)(0.10) = 0.065.
E(Cost) = 50(0.35) + 160(0.585) + 350(0.065)

= $133.85.

42. P(Gets neither contract)

= 1 — P(Gets 1st or 2nd contract)

= 1 — (P(Gets 1st contract) + P(Gets 2nd contract)
— P(Gets 1st and 2nd contract))

=1 - (0.60 + 035 — 0.10) = 0.15

P(Only gets 1st contract) = 0.60 — 0.10 = 0.5,

P(Only gets 2nd contract) = 0.35 — 0.10 = 0.25.

E(Revenue) = 0(0.15) + (8000)(0.50) + (12000)(0.25)

+ (8000 + 12000)(0.10) = $9000, so E(Profit) = 9000

- 500 = $8500.

P(2Hand3T) = (;)(%)36)2 %
P(1Hand3T) = (‘1‘)(%)16)3 %

45. (a) P(no defective bats) = (0.98)* = 0.922

(b) P(one defective bat) = ,C; - (0.98)(0.02)
= 4(0.98)%(0.02) ~ 0.075

43,

by

44

b

46. n = np = 240(0.02) = 4.8 and
o = Vnpg = V240(0.02)(0.98) ~ 2.17
47. No; np = 240(0.02) = 4.8 < 10.

48

&

(@) P(no defective light bulbs) = (0.9996)"° ~ 0.996
(b) P(two defective light bulbs)
= 10C2 *+ (0.9996)%(0.0004)* ~ 7.18 X 10°°
49. u = np = 100,000(0.0004) = 40 and
o = Vnpg = V/100,000(0.0004)(0.9996) ~ 6.23
50. Yes; np = 100,000(0.0004) = 40 > 10 and
ng = 100,000(0.9996) = 99960 > 10
51. (a) u = np = 50(0.65) = 32.5 and
Vnpg = V/50(0.65)(0.35) = 3.37

(b) Yes; np = 50(0.65) = 32.5 > 10 and
ng = 50(0.35) = 17.5 > 10
41 — 325

(¢) Yes;z = 337 = 2.52 > 2, which is statistically

(o

significant.

52

.

Since np = 450(0.08) = 36 > 10 and
ng = 450(0.92) = 414 > 10 a Normal model can be used.

o = Vnpg = V/450(0.08)(0.92) ~ 5.75 and

= 295_7536 = —1.2 < 2, which is not statistically

significant, so the 8% estimate was not misleading.

1500 — 130
53.(a) z = ?9 ~ 1.22 and P(z = 1.22) = 0.11
1100 — 1309
(b) z = 157~ —1.331,
1250 — 1309
z= 157~ —0.376, and

54,

b

55.

56

57
58

59
60

61

62

63

by

B

by

.

0

.

.

b

64.

65

66

b

by

P(— 1331 =z= —0376) ~ 026

(¢) Using the grapher’s inverse Normal function,
z = —1.282,50 10% of steers would weigh less than
1309 — 1.282(157) =~ 1108 pounds.

Using the grapher’s inverse Normal function, for Q,
z ~ —0.6745,s0 Q; = 1309 — 0.6745(157) = 1203.1
pounds.

Using the grapher’s inverse Normal function, for Qs,
z ~ 0.6745,s0 Q5 = 1309 + 0.6745(155) = 1413.5
pounds.

IQR = Q3 — QO = 1413.5 — 1203.1 = 210.4 pounds.
(Using unrounded values, the answer is 211.8 pounds.)

275 — 287
== ~-13and Pz = - 133) ~ 091

290 — 287 300 — 287
b) z = % ~ 0333,z = ———— ~ 444, and

P(0.333 = z =< 1.444) ~ 0.295

(¢) Using the grapher’s inverse Normal function,
z ~ 2.326,s0 1% of all drives would be less than
287 + 2.326(9) =~ 308 yards.
Using the grapher’s inverse Normal function, for Qy,
z = —0.6745,s0 Q, = 287 — 0.6745(9) = 281.0 yards.
Using the grapher’s inverse Normal function, for Qs,
z = 0.6745,s0 Q3 = 287 + 0.6745(9) = 293.1 yards.
IQR = Q3 — Oy = 293.1 — 281.0 = 12.1 yards.

Correlation is incorrect, because color is categorical.

Q

(a) z

(a) Answers will vary. One possible answer is: Correlation
does not imply causation.

(b) Answers will vary. One possible answer is: Perhaps
people who are slower drivers tend to buy white cars.

Correlation does not measure straightness.

The student should not have calculated the correlation,
because the relationship appears to be curved.

Yes, using a random number generator will result in a
random sample.

No, this is not a random sample of all Atlanta citizens. All
people in the sample are likely to be those whose names
come early in the alphabet.

This sampling method will have voluntary response bias.

This is an observational study since no treatment was
imposed.

Randomly divide the students into two groups of 20
(replication). Have one group take the course and the
other group study independently (control). Compare
improvement in scores.

Assign students numbers 1-40. Use randInt(1, 40) to
generate 20 distinct random numbers. Assign those
students to take the course and the others to study
independently.
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67. Randomly divide the swatches into two groups of 10
(replication). Wash one group with the old detergent and
the other with the new additive. Wash each in the same
machine for the same length of time using the same
temperature water (control). Compare the cleanliness of
the swatches.

Number the swatches 1-20. Use randInt(1, 20) to gener-
ate 10 distinct random numbers. Wash those swatches
with the additive and the others without.

68

by

69

.

Use randInt(0, 9) to generate random digits, letting

0 — 4 =red,5 — 7 = white,and 8 — 9 = blue.
Generate a series of digits until one marble of each color
is seen. Record the number of marbles not drawn. Repeat
many times and find the mean.

70. Use randInt(1, 6, 5) to generate 5 random digits repre-
senting the dice. Repeat many times, then calculate the

percent of times a full house appeared.

B

71. (a) No; 21 of the 374 streaks were runs of 5 or more in a

row, which is not unusual.

.

(b) Answers will vary. One possible answer is: 8 or more
in a row seems unusual, but even very long runs can
occur by chance.

72. Yes; differences at least this large are statistically signifi-
cant, because they occurred by chance only twice in

500 trials.

.

Chapter 10 Project
Answers are based on the sample data shown in the table.
1. Stem Leaf

5

519

6 | 1123334444
6 15666788999
7100111223
715

The average is about 66 or 67 inches.

2. A large number of students are between 63 and 64 inches
and also between 69 and 72 inches.

Height Frequency

59-60
61-62
63-64
65-66
67-68
69-70
71-72
73-74
75-76

—

— = WA W

[ T1

[59,78] by [-1,7]
Again, the average appears to be about 66 or 67 inches.

Since the data are not broken out by gender, one can only

Chapter 10 Project 391

speculate about average heights for males and females
separately. Possibly the two peaks within the distribution
represent an average height of 63—64 inches for females
and 70-71 inches for males.

Mean = 66.9 in.; median = 66.5 in.; mode = 64 in.

The mean and median both appear to be good measures
of the average, but the mode is too low. Still, the mode
might well be similar in other classes. The data set is
somewhat symmetric and probably does not have outliers.

The stem-and-leaf plot puts the data in order.
Minimum value: 59
Maximum value: 75

+
Median: w = 66.5
Q,: 64
0570

The five-number summary is {59, 64, 66.5, 70, 75}.

— [ F—

[56, 78] by -1, 7]

The box plot visually represents the five-number summary.
The whisker-to-whisker size of the box plot represents the
range of the data, while the width of the box represents
the interquartile range.

Mean = 67.5;median = 67; The new five-number sum-
mary is {59, 64, 67, 71, 86}.

{1
[

[56,88] by [—1, 7]

The minimum and first quartile are unaffected, but the
median, third quartile, and maximum are shifted to vary-
ing degrees.

The new student’s height, 86 inches, lies 15 inches away
from Qj, and that is more than 1.5(Q; — Q) = 10.5.
The height of the new student should probably be tossed
out during prediction calculations.

10. s = 4.1
Interval Heights Expected Observed
X £ 1s 62.8-70.9 68% 63.3%
X +2s 58.7-75.0 95% 96.7%
X £ 3s 54.6-79.1 99.7% 100%
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Chapter 11

An Introduction to Calculus: Limits, Derivatives, and Integrals

W Section 11.1 Limits and Motion: 5 5(4) = fim S2HM 7 5@
The Tangent Problem h=0 h
y 3h+4)—5-7
Exploration 1 = h
4-1 3 = lim 3 = 3
ILm=——=-=3 h—0
2-1 1 s(2 + h) — 5(2)
'(2) = lim
As  3ft 4.5(2) h—0 h
2 Ve = — = = 3 ft/sec
At 1sec ) 2
3. They are the same. ~ lim h+2+1 3
4. As the slope of the line joining (a, s(a)) and (b, s(b)) h—0 h
3 lim6_2(h+3)-l
Quick Review 11.1 =0 3(h+3) h
1 _—1=3 _-4_ 4 = lim —2h 1
'm_S—(—Z)_ 7 7 =0 h  3(h+3)
3-(-1) 4 2 - lim 2 __2
Z.m:3_7(_B)=g=§ hlg})B(h-l-:” 9
3 3 oS24 h) = s(2)
3.y—3=5(x+2)0ry=§x+6 5.5(2)—%11)% Y
-1-6 -7 7 a(h +22?+5— (4a+5)
ple=s i E S A AL o i
. ah + 4ah
S'y_4_Z(x_1) = Jim h
4 =l =
6. y— 4= _g(x -1 I%lir}) (ah + 4a) = 4a
1+ h) — s(1)
A+4h+ 12 —4  4h+ I iy = g S
7. A ==, —ht4 6. 5'(1) = lim, h
9+ 6h+ W +3+h—12 12 +7Th g M2 V2
8. - = =h+1 m 7
1 1 :hm\/h+ - V2 Vh+2+V2
TR 2-(Q+h | h—0 hh2 , Vh+2+ V2
9, = - — + —
h + h = li
h 1 22+ h 1 e hVh +2+ V2)
= . = — . h 1 . 1
ho 224k 22 T VAT VE MM VETI 42
11 1
10x+h x_x—(x-i—h)-l :—2\/§
g Xt by L S ZFO) 3-2
N _Th 1 D 1 h T 1o !
+ +
el e o[RS0 1o2
YT 1

Section 11.1 Exercises

A 21 mi 9. No tangent
1 v,y = o 2 12mi per hour

we = At~ 175 hours

o, _As_ S40km
© e At 4.5 hours

10. No tangent

= 120 km per hour
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11. f'(2) is negative.

AN
[ 1V

—6.6,6.6] by [—4.1,4.1]

12. f'(2) is negative.
1\/&1[/\\ /I
[—6.6,6.6] by [—4.1,4.1]
13. f'(2) is zero.

A
I

[—6.6,6.6] by [—4.1,4.1]
14. ’(2) is positive

UW\

—6.6,6.6] by [—4.1,4.1]

fO0+ k) = f(0)

15. (@) f'(0) = lim 7
3+ 48(0 + h) — 16(0 + h)* —
= lim
h—0 h
. 48h — 16K?
= lim ——— =48
h—0 h

(b) The initial velocity of the rock is f'(0) = 48 ft/sec.

16. @) F(0) = fim L0 =IO

h—0 h
170 (0 + k) — 16(0 + h)? —
= lim
h—0 h

= lim (170 — 16k) = 170

(b) The initial velocity of the rock is f'(0) = 170 ft/sec.

f(=1+h) - f(-1)

17. (@) m = %11)1}) 7
C2h=12=-2 2 —4n+2-2
= lim = lim
h—0 h h—0 h

lim (2h — 4) = —4

h—0

Section 11.1 Limits and Motion: The Tangent Problem 393

(b) Since (—1, f(=1)) = (-1, 2) the equation of the
tangent lineisy — 2 = —4(x + 1).

(©) y
19F
1 1 1 1 E 1 1 1 4I’ X
_fe+h) -1
18 @) m = i =
2 +2)— (h+2?2-0
= lim
h—0 h
2h +4 — W —4h — 4
= lim = lim (=h — 2)
h—0 h h—0
= -2
(b) Since (2, f(2)) = (2, 0) the equation of the tangent
lineis y = —2(x — 2).
(c) y
8
2+ h) -1
D@m= lig = ——
2h+2?=7(h+2)+3—(-3)
= lim
h—0 h
2h* +8h+8—-Th—14+6
= lim
h—0 h

:lm} r+1)=1

(b) Since (2, f(2)) = (2, —3) the equation of the tangent
lineisy + 3 = 1(x — 2),ory = x — 5.

v

(©
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h —
0.0 m = i LD IO

—0
i 3-(h+3) 1
w0 3(h+3) h
—n 1 -1

S 3+ 3 B30+ 3)

= lim =
1
9
1
(b) Since (1, f(1)) = (1, g) the equation of the tangent
L 1 1
line is y 3= 9(x 1).
(c) y

|||||||$I_'|

) \I/

|
[=5.5]by [-1,5]

Atx = -2m= —-l,atx = 2:m= l,atx = 0,
m does not exist.

[-3,3] by [-2,2]
Atx = —-2m= 05atx =2:m= 01,atx = 0,
m = 0.5.

f@2+h) - fQ2)
me— 7T

1—2+h)?—-(1-4)

23. ity h s h
—h* —4h — 4 + 4
B %11)1}) h 111)1}) (Th—4)=—4
2+ h) —
24. lim 1 )~ /2
h—0 h

lim
h—0 h

1
4+2h+§h2+2h+2—6

lim
h—0 h

lim (lh + 4) =4
h—0 \ 2

f(=2+h) - f(=2)

25. lim

h—0 h
3(h =272 +2— (14)
= lim
h—0 h
3n —12h + 12 — 12
= lim = lim (34 — 12) = —-12
h—0 h h—0
1+hn) —f1
26. lim —f( ) — /)
h—0 h
(h+ 12 =3h+1)+1-(-1)
= lim
h—0 h
W+2h+1-3h—3+2
= lim = lim (h —1)
h—0 h h—0
= -1
-2+ h)— f(-2 h—2+2 -0
27. lim I ) —f(=2) = lim —| |
h—0 h h—0 h
. |nl I .
= lim —+ When & > 0,— = 1 while when & < 0,
h—0 h h
h
|h_| = —1.The limit does not exist. The derivative does not
ist.
exis 1 1
-1+ h) —f(-1 “1+2 1
28'hmf( ) — f( ):hmh 1+2 1
h—0 h h—0 h
= li 71_(}14_1).17 li —h, _1
TS h+1 R WS h h+d
i A
: - 2-=-3(x+h)—(2-3x)
2. f'(x) = %1—% h
. 2—=—3x—-3h -2+ 3x . —3h
= lim = lim — = -3
h—0 h h—0 h
/  2-3(x+h)?H) - (2-34
30. f(x) = %1—% h
. 2—3x>— 6xh — 3K — 2 + 3x?
= lim
h—0 h
—6xh — 3h?
= lim ——" = Jim (—6x — 3h) = —6x
h—0 h h—0
31 f'(x)
3x+h)?*+2x+h)—1—- (32 +2x—1)
= lim
h—0 h
3%+ 6xh+ 302 +2x+2h—1-3x> - 2x+ 1
= lim
h—0 h
6xh + 3h* + 2h
= lim === T 20— Jim (6x + 3h +2) = 6x + 2
h—0 h h—0
1 1
(x+h)—2 x-2

1) = fim,———

(x—=2)—-(x+h-2) 1

lim .=

=0 (x+h—-2)(x—-2) h

~ o 2P 1

TS h +h-2)(x-2)

= lim ! = - !
h—=0 (x + h — 2)(x — 2) (x —2)?
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Section 11.1 Limits and Motion: The Tangent Problem 395

32-23 . '
33. (a) Between 0.5 and 0.6 seconds: ———— = 9 ft/sec 36. (@) Y
73 —-58
Between 0.8 and 0.9 seconds: 09 =08 15 ft/sec

(b) f(x) = 8.94x* + 0.05x + 0.01, x = time in seconds L M -

X

(b) From the graph of the function, it appears that the
derivative may exist at x = 2. Using the first definition
of the derivative and taking secant lines on the left

.[—0.1, 1]by [-0.1, 8]

(©) f(2) ~ 359 ft of x = 2 (so that f(x) = 1 + (x — 2)?), we have
) —f2) 1+ (x=2) -1
34. (a) % = —27.4 ft/sec lim——p = lm x—2
L (x-2p
®) s(1) = —16012 + 143t + 3035 = lim ——— = 1.

=2 X —2
Now, taking secant lines on the right of x = 2, so that
f(x) = 1— (x — 2)% we have

fx)—f2)  1-(x-27-1

.
P 2)° i
SimT oy T imCk-m2) =0
[0,1.5] by [0, 31] Since the limits are the same, f'(x) exists at x = 2
and f'(2) = 0.
os(e+ h) = s(t)
© (1) = Jim =
[—16.015(¢ + h)? + 1.43(t + h) + 30.35] — (—16.015¢% + 1.43t + 30.35)
= lim
h—0 h
oy Z32.03th = 16.015h* + 1.43h
h—0 h
= %in%)(—32.03t — 16.015h + 16.015)
= —32.03¢ + 1.43;
s'(1) = —32.03(1) + 143 = —30.6
Att = 1, the velocity is about —30.60 ft/sec.
35. (a) ¥ @
9 3k

L 5 L
(b) Since the graph of the function does not have a defin- (b) Since the graph of the function does not have a defin-
able slope at x = 2, the derivative of f does not exist able slope at x = 2, the derivative of f does not exist
at x = 2. The function is not continuous at x = 2. at x = 2.The function is not continuous at x = 2.

(c) Derivatives do not exist at points where functions

: -0 1O (¢) Derivatives do not exist at points where functions
have discontinuities.

have discontinuities.
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38. (a) v

(b) From the graph of the function, it appears that the
derivative may exist at x = 0.

sin i
, CFO+R) = FO)  Th T
£(0) = /1112) h h 1%11»% h
. sinh—h
= lim ———
h—0 h

This limit cannot be found using algebraic techniques.
The table of values below suggests that this limit

equals 0.
sin x — x
X — 2
-0.1 0.01666
-0.01 0.00167
—0.001 0.00017
0.001 —0.00017
0.01 —0.00167
0.1 —0.01666

The graph supports this since it appears that there is a
horizontal tangent line at x = 0. Thus, f'(0) = 0.

39. Answers will vary. One possibility:

S5+

41. Answers will vary. One possibility:

S+

S+

43. Since f(x) = ax + b is a linear function, the rate of change
for any x is exactly the slope of the line. No calculations are
necessary since it is known that the slope a = f'(x).

@)= ) 1l - o]
44. 1(0) = )lclir}) x—0 - PE}) X
= lin%) _|x| . Looking at secant lines, we see that this limit
x> X

does not exist. If the secant line is to the left of x = 0, it
will have slope m = —1, while if it is to the right of
x = 0,it will have slope m = 1. At x = 0, the graph of
the function does not have a definable slope.

45. False. The instantaneous velocity is a limit of average
velocities. It is nonzero when the ball is moving.

46. True. Both the derivative and the slope equal
. f(x) — fla)
lim ———.
x—a X —a

47. ForY, = x> + 3x — 4,at x = 0 the calculator shows
dy/dx = 3.The answer is D.

48. For Y, = 5x — 3x% at x = 2 the calculator shows
dy/dx = —7.The answer is A.

49. For Y, = x* at x = 2 the calculator shows dy/dx = 12.
The answer is C.

1
50. For Y, = 3 at x = 1 the calculator shows
X —

dy/dx = —0.25. The answer is A.
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51. (a) l

|

[~4.7,4.7] by [-3.1,3.1]

No, there is no derivative because the graph has
acorner at x = 0.

(b) No

52. (a) \V_’

[~4.7,47] by [-3.1,31]

No, there is no derivative because the graph has a
cusp (“spike”) at x = 0.

(b) Yes, the tangent line is x = 0.

53. (a) [/_,

[~4.7,4.7] by [-3.1,3.1]

No, there is no derivative because the graph has
a vertical tangent (no slope) at x = 0.

(b) Yes, the tangent line is x = 0.
54. (a) l

|

[~4.7,4.7] by [-3.1,3.1]

Yes, there is a derivative because the graph has a
nonvertical tangent line at x = 0.

(b) Yes, the tangent line is y = x.
55. (a) The average velocity is
As  16(3)2 = 16(0)?

Ar T 3-0

(b) The instantaneous velocity is

= 48 ft/sec.

16(3 + h)? — 144 9%6h + W2
lim = lim
h—0 h h—0 h
= %in}) (96 + h) = 96 ft/sec.
_ Yy 125 _ )
56. (a) g = 275 T 5m/sec

Section 11.2 Limits and Motion: The Area Problem 397

A 125
(b) Average speed:T); == = 25 m/sec

(c) Since y = 5¢2, the instantaneous speed at t = 5 is

_5(5+ h)? =505 50k + 5K
lim = lim
h—0 h h—0 h
= lim (50 + 5h)
h—0
= 50 m/sec.
57.
1 -
I 1 1 1 1 1 1 1 1 llo X
58. y
10
1 1 1 I[XI 1 1 1 X
5

H Section 11.2 Limits and Motion:
The Area Problem

Exploration 1
1. The total amount of water remains 1 gallon. Each of the
1 gal
10
2. The total amount of water remains 1 gallon. Each of the
1 gal
100
3. The total amount of water remains 1 gallon. Each of the
1 gal
1,000,000,000

10 teacups holds = (.1 gallon of water.

100 teacups holds = (.01 gallon of water.

1,000,000,000 teacups holds = (0.000 000 001

gallon of water.

4. The total amount of water remains 1 gallon. Each of the
teacups holds an amount of water that is less than what
was in each of the 1 billion teacups in step 3. Thus each
teacup holds about 0 gallons of water.

Quick Review 11.2

119 _ 25949 81 25
1' §7 57 §7 27 ?7 57 ?7 87 ?77

81 25 121 9 169 49 225 289 81

.

Copyright © 2019 Pearson Education, Inc.



398 Chapter 11 An Introduction to Calculus: Limits, Derivatives, and Integrals

1 65
5[2+3+4+5+6+7+8+9+10+11}:7
2 + 3 + 4 +---+ n + (n+ 1)
+tn+)+@m +m@—-1)+---+ 3 + 2
n+3)+(n+3)+(n+3)+-+(n+3)+ (n+3)

Thus2 > (k + 1) = n(n + 3),and

=1

< 1

>(k+1)==n(n+ 3).

= 2

1 505
5. S[4+ 9+ 4 121] = =

1 2 2
6.5[1+4+9+---+ (n —1)> + n?]

1{11(11 +1)(2n + 1)} n(n+1)2n + 1)

2 6 B 12
7. (57 mph)(4 hours) = 228 miles

5 gal
8. (120 min) = 600 gallons

(200 ft3) (60 minutes)(60 seconds)
9. ours) :

sec hour minute

= 4,320,000 ft>

560 people .
10. | ———— )(35,000 mi*) = 19,600,000 people

mi

Section 11.2 Exercises

1

5
L DL fk) =
~=

5
- D1 f(k) =
k=1

Let the line y = 65 represent the situation. The area

under the line is the distance traveled, a rectangle,
(65)(3) = 195 miles.

. Let the line y = 15 represent the situation. The area

under the line is the number of gallons pumped, a
rectangle, (15)(30) = 450 gallons.

. Let the line y = 150 represent the situation. The area

under the line is the total number of cubic feet of water
pumped, a rectangle, (150)(3600) = 540,000 ft>.

. Let the line y = 650 represent the situation. The area

under the line is the total population, a rectangle,
(650)(20) = 13,000 people.

As = % - At = (640 km/h)(3.4 h) = 2176 km
As . 5 .
As = A At = (24 m1/h)(46h) = 116 mi

(1) + f(2) + fB) + f(4) + f(5)

1 1 1 3
= 3=+ 4—+ 3=+ 1-— + 0 = 13 (answers will vary)
2 4 2 4

F) + f2) + f3) + f(4) + f(5)

1 1
=1+3+ 45 +4+0= 125 (answers will vary)

10.

11.

12.

13.
14.
15.

16.

5

2 f(0.5) + f(1.5) + f(25) + f(3.5) + f(45)
=35+ 525+ 275 + 0.25 + 1.25 = 13 (answers will
Vary)

21 f(k) = f(05) + f(15) + f(2.5) + f(35) + f(45)
=3+ 15+ 175 + 325 + 5 = 14.5 (answers will vary)
8

> (10 = x7)Ax;

i=1

=(94+975+10+ 975 +9 + 7.75 + 6 + 3.75)(0.5)
= 32.5 square units

8

> (10 — x7)Ax;

i=1

=(975+10+975+9 + 775+ 6 + 3.75 + 1)(0.5)
= 28.5 square units

[ 171 1T, 3]1[3.]

07 _571_, 175_, _572_

[ 171 1][13][3 511531(371[7 ]
_O’Z_’_Z’E , E’Z_’_Z’l_’_l’z_’_Z’E_’ 23/ 172_
N EPIRPEARERY {31} {14}

L 72_7 _27 _7_ 72_7 _27 _7 72 b 27

(3103 101~51[5 .11, 7117 1 919
175_, 572_,_275} _573_, 375_,_574_, 475_, 55

For #17-20, the intervals are of width 1, so the area of each rec-

tangleis 1 - f(k) =

f(k).

17. (@)

b)

RRAM: f(1) +

18

18

L> x

1 2 3 4 5

@)+ f3) +
=1+4+9+16=30

f4)
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(c) y 19.(3) y
18} o
= 2 3 4 5 ¢
LRAM:f()+ f) + f(2) + f(3) (b)
=0+1+4+9=14 st
+
(d) Average: 14 > 0 _ 22 B
18.(3) y
40 i
2 3 4 57
RRAM: f(1) + f(2) + f(3) + f(4)
=34+4+3+0=10
. (©) y
X
7 5k
®d) -
a0t 71 -
Loy
L 1 2 3 4 5
LRAM: £(0) + f(1) + f(2) + f(3)
bbb, =0+3+4+3=10
+
RRAM: f(1) + f(2) + -~ + f(6) (d)Average:10 -1
=3+ 6+ 11+ 18+ 27 + 38 =103 2
(c) s 20.(3) y
40 or
I 1 1 1 X
1 23 4567 oo
LRAM: f(0) + f(1) + ==+ + f(5) ®
=24+34+6+ 11+ 18+ 27 =67 3ot
+ -
(d) Average: 67% =385

-—
1 2

3 4
RRAM: f(1) + f(2) + f(3) =1+ 8 + 27 = 36

X

Copyright © 2019 Pearson Education, Inc.
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() y
30

1 2 3 4
LRAM: f(0) + f(1) + f2) =0+ 1+ 8=9
9+36 _ 45

2

X

(d) Average:

7
21. / 5 dx = 20 (Rectangle with base 4 and height 5)
3

[-1,10] by [-1, 7]
4
22. / 6 dx = 30 (Rectangle with base 5 and height 6)
-1

[=2,10] by [-1,7]

5
23. / 3x dx = 37.5 (Triangle with base 5 and altitude 15)
0

[-1, 6] by [—1, 20]

7
24. / 0.5x dx = 12 (Trapezoid with bases of 0.5 and 3.5 and
1
height 6)

[-1,8] by [-1,5]

4
25. / (x + 3) dx = 16.5 (Trapezoid with bases 4 and 7 and
1
altitude 3)

!
[-1,6] by [-1,12]

4
26. / (3x — 2) dx = 16.5 (Trapezoid with bases 1 and 10
1

and altitude 3)

~

—1,6]by [ 1, 12]

2
27. / V4 — x? dx = 27 (Semicircle with radius 2)
-2

[2,2] by [0.5, 2]

6
28. / \/36 — x* dx = 97 (Quarter circle with radius 6)
0

|
[—1, 8] by [0.5, 6]

29. / sin x dx = 2 (One arch of sine curve)
0

-

[—2m,27] by [-3, 3]
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30. / (sinx + 2)dx = 2 + 27 (Arch of sine curve plus
0

rectangle with base 7 and height 2)

-

[—2m,27] by [-3, 3]

31. / sin (x — 2) dx = 2 (One arch of sine curve translat-
2
ed 2 units right)

l

[—2m,27] by [-3, 3]

£

/2
32. / cos x dx = 2 (One arch of cosine curve, which is
—/2

sine curve translated 77/2 units)

1

[—2m,27] by [-3, 3]

/2
33. / sin x dx = 1 (Half-arch of sine curve)
0

’
l

[—2m,27] by [-3, 3]

/2
34. / cos x dx = 1 (Half-arch of cosine curve, congruent
0

to half-arch of sine curve)

8
l

[—2m,27] by [-3, 3]

Section 11.2 Limits and Motion: The Area Problem 401

35. / 2sin x dx = 4 (Rectangles in sum are twice as tall,
0

yielding twice the sum.)

>

[—2, 2] by [-3, 3]

27
36. / sin(g) dx = 4 (Rectangles in sum are twice as
0

wide, yielding twice the sum.)

l
l

[—2, 2] by [-3, 3]

2w
37. / |sin x| dx = 4 (Two arches of the sine curve)
0

[—2, 2] by [-3, 3]

3m/2
38. / |cos x| dx = 5 (Two-and-a-half arches of the cosine
[—2, 2] by [-3, 3]
39. The graph of f(x) = kx + 3is aline. If k is a number

between 0 and 4, the integral is the area of a trapezoid
with bases of 0k + 3 = 3 and 4k + 3 and height of

curve)

1
4 — 0 = 4.The area is 5(4)(3 + 4k + 3) = 2(4k + 6)
4
= 8k + 12,50 / (kx + 3)dx = 8k + 12.
0

40. The graph of f(x) = 4x + 3is a line. The integral is the
area of a trapezoid with basesof 4+ 0 + 3 = 3 and
4k + 3 and height of Kk — 0 = k.The area is

1 1
5k(3 + 4k + 3) = 5k(4k + 6) = 2k* + 3k,so

k
/ (4x + 3)dx = 2k* + 3k.
0
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41.

42

.

43,

by

44

b

45.

46,

b

47.

48.

The graph of f(x) = 3x + k is a line. The integral is the
area of a trapezoid with basesof 3-0 + k = k and
3.4 + k =12 + k and height of 4 — 0 = 4.The area is

1
S@)(k +12 4 k) = 212 + 2k) = 24 + 4k, s0

4
/ (Bx + k)dx = 24 + 4k.
0

The graph of f(x) = 4x + 3is a line. The integral is the
area of a trapezoid with bases of 4k + 3 and
4-4 + 3 =19 and height of 4 — k.The area is

1 1
5(4 —k)(4k +3 +19) = 5(4 — k)(22 + 4k)

= (4 — k)(11 + 2k) = 44 — 2k* — 3k.
Since g(x) = —f(x), we consider g to be symmetric with
f about the x-axis. For every value of x in the interval,

| (x)] is the distance to the x-axis and similarly, |g(x)| is
the distance to the x-axis; f(x) and g(x) are equidistant
from the x-axis. As a result, the area under f(x) must be
exactly equal to the area above g(x).

The graph of f(x) = V16 — x? is the top half of a circle
of radius 4. The area of the graph from x = Oto x = 4is

1 L. . .
the area of 1 of the entire circle. Thus the desired area is

1 1
(- 4%) = =
ACARE
The distance traveled will be the same as the area under
the velocity graph, v(¢) = 32¢, over the interval [0, 2]. That
triangular region has an area of A = (1/2)(2)(64) = 64.
The ball falls 64 feet during the first 2 seconds.

The distance traveled will be the same as the area under
the velocity graph, v(t) = 6t, over the interval [0, 7]. That

(167) = 4.

triangular region has an area of A = (1/2)(7)(42) = 147.

The car travels 147 feet in the first 7 seconds.

(a)

[0,3] by [0,50]

(b) The ball reaches its maximum height when the veloci-
ty function is zero; this is the point where the ball
changes direction and starts its descent. Solving for
t when 48 — 32t = 0, we find t = 1.5 sec.

(¢) The distance the ball has traveled is the area under
the curve, a triangle with base 1.5 and height 48, thus
d = 0.5(1.5)(48) = 36 units.

(a)

[0, 8] by [0, 180]

49.

50

B

S1.

52.

53

54,

55

56

57

b

b

.

.

B

(b) The rocket reaches its maximum height when the
velocity function is zero; this is the point where the
rocket changes direction and starts its descent. Solving
for t when 170 — 32t = 0,t = 5.31 sec.

(¢) The distance the rocket has traveled is the area under
the curve, a triangle with base 5.3125 and height 170,

1
thus d = (170)(5:3125) ~ 451.6 ft.

(a)

[0,2] by [—=50, 0]

(b) Each RRAM rectangle will have width 0.2. The heights
(using the absolute value of the velocity) are 5.05, 11.43,
17.46,24.21,30.62, 37.06, and 43.47. The height of the
building is approximately 0.2[5.05 + 11.43 + 17.46 +
2421 + 30.62 + 37.06 + 43.47] = 33.86 feet.

Work is defined as force times distance. The work done in
moving the barrel 35 feet is the area under the curve cre-
ated by the given data points, assuming the barrel weighs
approximately 550 pounds after being moved 35 feet. In
this case, the area under the curve is the sum of a rectan-
gle of width 35 and height 550 and a triangle of base 35
and height (1250 — 550) = 700. The total work
performed is

(35)(550) + %(35)(700) = 31,500 ft-pounds.

True. The exact area under a curve is given by the limit as
n approaches infinity. This is true whether LRAM or
RRAM is used.

False. The statement lim f(x) = L means that f(x) gets
x—00
arbitrarily close to L as x gets arbitrarily large.

Since y = 2Vx represents a vertical stretch, by a factor
of 2,of y = \/)_c, the area under the curve between x = 0

and x = 9 is doubled. The answer is A.

Since y = Vx+5s represents a vertical shift, by 5 units
upward, of y = \/)_c, the area is increased by the contri-
bution of a 9-by-5 rectangle — an area of 45 square units.
The answer is E.

y = Vx — 5is shifted right 5 units compared to y = \/)_c,

but the limits of integration are shifted right 5 units also,
so the area is unchanged. The answer is C.

y = V3x represents a horizontal compression, by a fac-
tor of 1/3, and the interval of integration is shrunk in the
same way. So the new area is 1/3 of the old area.

The answer is D.

In the definition of the definite integral, if f(x) is negative,

n
then ', f(x;)Ax is negative, so the definite integral is
=1

=
negative. For f(x) = sin x on [0, 27 ], the “positive area”
(from O to 7) cancels the “negative area” (from 7 to 1), so
the definite integral is 0.
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1
Since g(x) = x — 1 folrms a triangle with area — below

1
the x-axis on [0, 1], / (x — 1)dx = -
0

58. @)

Domain: (—o0, 2) U (2, 00)
Range: {1} U (2, c0)

(b) The area under f from x = 0 to x = 4 is a rectangle
of width 4 and height 1 and a trapezoid with bases of
1 and 3 and height 2. It does not really make any dif-
ference that the function has no value at x = 2.

59. True

[f(x)dx + [g(x)dx

{lim if(xi)Ax} + {lim zn:g(x,«)Ax}

. —00
n—00;=q n—00;=q

Flx)Ax + 2g<x,~)Ax}

=1 i=

Il
5
AMz

b
- / (F(x) + g(x))dx

Note: There are some subtleties here, because the x; that
are chosen for f(x) may be different from the x; that are
chosen for g(x); however, the result is true, provided the
limits exist.

60. True, because multiplying the function by 8 will multiply
the area by 8.

61. False. Counterexample: Let f(x) = 1, g(x) = 1. Then
2 2 2
f(x)g(x)dx = 2but [ f(x)dx- / g(x)dx = 4.

0 0 0

62. True, because (area from a to ¢) + (area from c to b)
= (area from a to b).

63. False. Interchanging a and b reverses the sign of

b —
Ax = —a, which reverses the sign of the integral.
n

a—a

64. True. For any value of n, Ax = = 0.

n

/f(x)dx = nli_)ngoéf(x,«)Ax = lim Y f(a)-0

n—00 =]

= lim0 = 0.

n—00

Section 11.3 More on Limits 403

H Section 11.3 More on Limits

Exploration 1
1. Answers will vary. Possible answers include:
Solving graphically or algebraically shows that 7x = 14
when x = 2,so we know that 14 is the limit.

=

=z ¥=1y
[0, 4] by [-2, 20]

A table of values also shows that the value of the function
approaches 14 as x approaches 2 from either direction.

N

Answers will vary. Possible answers include:

The graphs suggest that the limit exists and is 2. Because
the graph is a line with a discontinuity at x = 0, there is
no asymptote at x = 0.

(e / =R+ /
- /’
#=-.0BE10EY |Y=1.9148926 H=.0BEL06%E |v=z.0BF106Y
[-4, 4] by [-1, 5] [-4, 4] by [-1, 5]

A table of values also suggests that the limit is 2.

To show that 2 is the limit and 1.9999 is not, we can solve
algebraically.
X2+ 2x

lim = lim
x—0 X x—0 X

x(x +2)

Exploration 2
1

L

[-5, 15] by [-10, 60]
lim f(x) = 50, lim f(x) =0
xX—>00 xX—>—00
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2.
3.

The two horizontal asymptotes are y = 50 and y = 0.

Asx—>00,22*—0 and1 + 22" —1.
Asx— —00,23* 00 and1 + 237 — oo,

Quick Review 11.3

Lo - 2
w2t
© f(2) = %is undefined.

2. (a) f(=2) = # = 51’212 ~ 0.45

is undefined.

() £(0) = 300

sin 2

© f(2) = ~ 0.45

. (a) Since x> — 4 = 0 and x = £2, the graph of f has ver-

tical asymptotes at x = —2 and x = 2.
(b) Since lim f(x) = 2and lim f(x) = 2, the graph of
x—>—00 x—00
f has a horizontal asymptote of y = 2.

4. (a) Since x> + x — 2 = Owhenx = —2and x = 1, the
graph of f has vertical asymptotes at x = —2 and
x =1
(b) Since lim f(x) = coand lim f(x) = —oo, the
x—>—00 x—>00
graph of f has no horizontal asymptotes.
3
5. Since = = —2x2, the end behavior asymptote is
-x
(b) y = —2x%
4
6. Since x; = x°,the end behavior asymptote is (¢) y = x°.
7. (a) [-2,00)
(b) None

10.

. (a) (—oo0,—2) U (—2,2) U (2,0)

b)x=-2,x=2

Continuous on (—oo, 1) U (1, co); discontinuous at x = 1

Section 11.3 Exercises

1
2.
3.
4.

(-1)(=2) = -4
(2)"? = 4096
8—4+3=7
-8+ 2+5=-1

5.

%

6. (—6)*° ~ 330

7. lim (e*sin(x)) = lim e* lim sin(x) = 1-0= 0

x—0 x—0 x—0

8. lim In (sing) =1In(1) =0
9.4 -2
-1 )
10. (Since a* + 1 > 0 for all a, we don’t have to

11.

12.

13.

14.

15.

16.

17.

18.

19.

a+1

worry about division by zero.)

(a) division by zero
2 x+4)(x+3
(b)hmx+7x+12_hm( )
x—=3 2 _ 9 x—=3 (x X — )
— lim x+4 _l
x—>-3x —3 6
(a) division by zero
x+3)(x—3 +
) tim ST xx3 63

o3 (x+5)(x—3) x3x+5 8 4
(a) division by zero

(x+1D)(x*—x+1)

1 = 1 2 _ =
(b) xli)rrll x+1 x1i>nfll(x t 1) 3
(a) division by zero

(x —2)(x* + 1)

1 =11 2 =
® lim =l (2 1) = 5
(a) division by zero
i (x +2)(x = 2) i
®) Jim, = i, (=D =
(a) division by zero
_(x+2)(x = 2)] .
(b) lim ———— . Check left- and right-hand
x—=2 x+2
limits.

-D(x+2)(x—2
Right: 1irg+( X A )=

lim (—x + 2)=4

x+2 x—>=2
(x +2)(x — 2)
Left: lim — " = Jim (x —2) = —4
x—>=2" x+2 x—=-2"

Since 4 # —4, the limit does not exist.

(a) The square root of negative numbers is not defined in
the real plane.

(b) The limit does not exist.

(a) division by zero

(b) The limit does not exist.
sin x . sin x

m | sinx . 1
im = lim ———— = lim - lim
—=02x2 —x =0 x(2x—1) >0 x  x—02x — 1

= 1-—-1 = —1 (Recall Example 11 and the product

S
M

[=2,2] by [-2,2]
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i 3 sin (3x sin (3x
20, tim S35 _ i 2O Ly SO
x—0 X =0 (3x) x—0 =0 (3x)
=3-1=3

(Recall Example 11 and the product rule.)

R B

[—4,4]by [-2,4]

2

. sin“x . sinx . . . . sinx
21. lim = lim +sin x = lim sin x - lim
x—0 X x—0 X x—0 x—0 X
=0-1=0

N
Y

[—2m,2m] by [-1,1]

+ si 1 1 i
22, lim 0 = lim 4 lim
x—0 2x 2 x=0 x 2x>0 X
I
2 2

[—2m,2m] by [-1,2]

In Exercises #23-26, the function is defined and continuous at
the value approached by x, and so the limit is simply the func-
tion evaluated at that value.

ex—\/; e"—\fo 1

23. li = =_—"=
3 ax +2)  Tom(0 +2) _ 1)2
24. lim 3s1r.1x —4cosx _ 3s1r.10— 4 cos 0 =—_4= 4
x—0 Ssinx + cosx 5sin0 + cos 0 1
In(2x 1 1
25. lim .(2 ) _ T =TT g
x—=m/2 sin“x  sin (7/2) 1
Vx+9 V36 6

26. i - =2=
O i oenx  Tom27 3

27. (a) lirgl_ f(x)=3

(b) lim, f(x) = 1

(¢) 3 #1,so the limit is not defined.
28. (a) lirgl_ f(x)=2

(b) lim f(x) = 4

(c) 2 # 4, so the limit is not defined.

Copyright © 2019 Pearson Education, Inc.

29. () lim_ f(x)
(b) lim, f(x)
(¢) lim f(x) = 4
30. (@) lim f(x) = 1
(b) lim f(x) =3

(¢) 1# 3,so the limit is not defined.

31. (a) True
(b) True
(c) False
(d) False
(e) False
(f) False
(g) False
(h) True
(i) False
(j) True
32. (a) True
(b) False
(c) False
(d) True
(e) False
(f) False
(g) False

(h) False (The limit does not exist at x = 0.)

(i) True

Section 11.3 More on Limits

33.

l

[-1,1]by [-1,4]
(a) xl_i)r{)l_ flx) = 272
(b) xl_i)r{)g flx) = 272
(0 )%IE%) flx) =272

34.

l

[-1,1]by [-1,4]
(a) xl_i)r{)l_ f(x) = 1.65
(b) xl_i)r{)g f(x) = 1.65
(©) ilg}) f(x) = 1.65
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35. (a) lini (g(x) + 2) =4+ 2= 6(sumrule)
(b) linix-f(x) = lin}‘x- lin}‘f(x) =4(-1) = —4
(product rule)
(c) lim g (x) = lim g(x) - lim g(x)=4-4=16

(product rule)
X lim g(x)
@ iifif(ig j 1 113;(;) —lim 1 —14— 1
(quotient rule) ) )
36. (@) lim (f(x) + g(x)) = lim f(x) + lim g(x)
o 2 — 3 = —1 (sum rule)
(b) lim (£(x) - g(x)) = lim f(x) - lim g(x)

-2

(2)(=3) = —6 (product rule)

(0) lim (3g(x) + 1) = 3 lim g(x) + lim 1
x=a3(_3) - x—a x—a
(constant multiple and sum rules)
flx) _Jm )

>ag(x)  lim g(x)

=373 (quotient rule)

(b) lim f(x) =0, lim f(x) =10
(¢) lim f(x) =0
38. (a) y

(b) liIIll+ flx) =2, linll_ flx)=1
(¢) Limit does not exist because 1ir{1+ f(x)# lim_ f(x).

x—1"
39. (a) y
8

40.

() lim f(x) = 0, lim f(x) = 3

x—0"
(¢) Limit does not exist because lir{)l+ flx)# liI(I)l_ f(x).
(a) y

14
T~

/\é"

() tim f(x) = =8, lm_f(x) = 11

(¢) Limit does not exist because lim3 L f(x)# lim
x——

Fx). =

For Exercises #41-43, use Figure 11.14.

41.

2

lim int x
x—2%

42, lirgl_ intx =1
43. lim intx =0
x—0.0001
4. lir? _int (2x) = 4
+ +
45. lim u= im x—3=1
x—>f3+|x+3| x—>-3"x + 3
S5x S5x 5
46. lim — = _— =
6 xir{)l_ |2x| x—g)l_ —2x 2
COS X
47. li =
(a) x1—>n£}o 1+ x
®) lim =X -
xX—>—00
. X +sinx . sinx
48. (a) lim = lim —+ lim =1+0=1
x—00 x—00 X x—00 X
. x + sin x . sin x
(b) li = lim —+ 1
X—>—00 x—>—00 X x—>-00 X
=14+0=1
49.

50.

S1.

52.

53.

(@ lim (1 + 2%) = oo

®) lim (1+29=1

. X
@ I

® im e T

(a) xli_)ngo (x +sinx) = o©
(b) xli)moo (x +sinx) = —o0

(a) xli)moo (e™ + sin x) is undefined, because e * goes to
zero but sin x oscillates.

(b) xli)r{loo (¥ +sinx) = o0

(a) xli)moo (—e* sin x) is undefined, because sin x oscillates

between positive and negative values.

(b) lim (—e'sinx) =0
x—> —00
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cosx =0

54. (a) lime™
x— 0
cos x is undefined, because cos x oscillates

(b) lim ™
x—> —00

between positive and negative values.

1
55. lim =—00;x =3
=3~ x —3

-
15

[-1.9]by [-5,5]

=o0;x =3

.

56. lim

3" x — 3

R

[~2,8] by [-10, 10]
57. lim =00;x = =2
—-2tx+2
[~7.3]by [-5,5]
58. lim =00;x = =2
x—— x—2
[_n-'—"

1

[~7,3] by [-5, 5]

1
59. 11m7—00;x=5

=5 (x = 5)3

)\

[0, 9.4] by [-1.1, 5.1]

Section 11.3 More on Limits

is undefined; x = 2 and x = =2

60. lim
x—2 x —

L

an

[-5,5] by [-5, 5]
1+x)° -1 3432 +3x+1 -1
6L tim T 3 S
x—0 X x—0 X
x(x? + 3x + 3)
= lim ——
x—0 X
= lin})(xz-i- 3x+3)=3
[-7,3] by [-2, 8]
t 1
+
62, lim > X 3
x—0 X
. 3_(3"‘)‘)1 11 X 1
x1—>() 3(3 + x) X 3x1—>() x x+3
1 (_ 1 )_ 1
3 x—0 x+3 9
[-6,2] by [—4, 4]
t. i i 1
63. lim anx _ lim smx im smx, im
x—0 X x—0 X COS X x—=0 X  x—0 COSX
=1-1=1

5
NV

[—m, 7] by [3, 3]

Copyright © 2019 Pearson Education, Inc.
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64. lim 2_ 4 is undefined. 79. (a) y

x—2 x° — 1

|
NN |

—4,4] by [-5, 5] 9
X 1
65. lim % = lim iz = lim |—| = © (b) ( YU (0, )
x—0 x x—0 | x x—0 [ X (C) X = 1T
2 2 o
66. lim —— = lim |—| = lim |x| = @x=—n
x—0 |x| x—0 x—0 80' (a) y
T
67. lin}) {x sin(;) = (0 because x =0 2r U

1
and —1 = sin(—) =1.
X

. 1 1 T
68. lim cos(—) = cos(—) ~ 0.9993 \/
x—27 X 27 L

2+1 2+1
69. lim o is undefined, since lim_ a = —00. L
=1 x —1 —1" x =1
o+
and lim = () (—m,0) U (0, 7)
=1t x —1 0
c =
o Inx? . 2Inx © x
70. lim = lim =2 dx=—-=
x—c In x x—o In x "
7 lim X = iy 0 L e !
‘x—ooolnx? x—o2Inx 2 2r ®
72. lim 37* = lim l =0 L

x—>00 x—00 3)(
73. False. lim3 flx) = lir131_f(x) = 11r131+f( x) =

74. False. For example, if f(x) = sin(1/x) and g(x) = x,
then lin%)f(x) does not exist but 11m [f(x)-g(x)] =

2 _2x -3 x+1)(x -3
75, tim 22X =3 D7) (b) (—1,0) U (0,1)
x—3 x—3 x—3 x—3 -
= lim (x + 1) = 4.The answer is B. ©x=1
3 @ x=-1
2 2
76, lim TS o i T2 82. (a)
x—3 x—3 x—371 x—3
The answer is A.
2 _ _ 2 _ _
77 dim 2 "% o im 22T
x—37 x—3 x—3* x—3
The answer is C. !
3 x=3)(x*+3x+9
78, tim =2 g 7N )
x—3 x —3 x—3 x—3 /
= lim3 (x? + 3x + 9) = 27.The answer is D.

(b) (=00, =2) U (=2, 0)
(¢) None
(d) None
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83. (a)
oo ?®
a -]
a a
-]
o -]
a
[—2,25] by [0, 60]
57.71
b) f(x) = T 6395005 where x = the number of

months lim f(x) =~ 57.71.
x—00

(¢) The rabbit population will stabilize at a little less than

58,000.

(d) One possible answer: As populations burgeon,
resources such as food, water, and safe havens from
predators become more scarce and the population

tends to stabilize based on the resources available to

it—this is what is often call a maximum sustainable
population.

84. y
10g

__J

_____ y:2
Liriiiini,

10

85.

<

86.

1
1
1
1
4
1
nwwrrrrrrrtT <
_E]
oSr=
|
I

x=-2

87.

88.

89.

Section 11.3 More on Limits 409

y
st x=2
\/!I
1
B 1 X
F
L
L1
1
F
L1
x=1
2 2
(a) 11m—2=00 lim x? = 0; lim — - X¥=1lm?2=2
x—0 x—0 x x—0
3
(b) hnz) <l = 11m Vx = 0; lim £|1s not defined
x—> x—0 |x
= 0o |i — 12 = (-
@ tim [ -] = ooctm (- 12 = o
3(x — 1)2 3(x — 1)2
lim im
x—1t |x—1| —1t x =1
= hIIll 3x—-1)=0
3(x —1)2 3(x —1)2
im —— = lim ———
x—1" |x — 1| x—1" —(x — 1)
= liIIll_ -3(x—-1)=0
Thus, lim1 fg=20
T 12— O
@ fim (e = ool (e = 17 = 0
(x = 1)

Mo Mo
(e) One possible answer: Nothing can really be said—the
limit may be undefined, co, or a number.

(a) For an 8-sided polygon, we have 8 isosceles triangles
1 1
of area Ebh' Thus, A = 8- Ebh = 4bh. Similarly, for
1
an n-sided polygon, we have # triangles of area Ebh'
Thus A = 1 bh = 1 hb
nes > nhb.

(b) Consider an n-sided polygon inscribed in a circle of
radius r. Since a circle always is 360°, we see that each
angle extending from the center of the circle to two

. N 360° .
consecutive vertices is an angle of . Dropping a
n

perpendicular from the center of the circle to the mid-
point of the base of the triangle (which is also one of

o

. Since
n

the n sides) results in an angle of

. (360") _BR) e (3600)
an n = —/’l , W€ have ) = an m

360°
dfinally b = 2h t .
and finally an( o )

1 360°
(¢) Since A = 5 nhb and b = 2h tan (2—), we have
n

1 360° o, 360°
A= 2nh (2htan( o )) = nh tan( o )
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410 Chapter 11 An Introduction to Calculus: Limits, Derivatives, and Integrals

() n A 92. (a) y
4 4 sk
8 33137 i
16 3.1826 B
100 3.1426 -
500 3.1416 N
1,000 3.1416 I
5,000 3.1416 -
10,000 3.1416 -
100,000 3.1416 i
Yes, A — 7 as n — oco. c_5 (x = 5)
(e) n A b) s = (x_5)=—1
g 38.823 © gx) = -1
16 28.643 93. (@ y
100 28.284
500 28275
1,000 28274
5,000 28274
10,000 28274
100,000 28274
Yes, n — 00, A — 9. 11 X
(f) One possible answer: i

i _ i 180° 5
1mA—nLngon tan . x3_1_(x_1)(x +x+1)

e (b) =x’+x+1
= h?lim ntan(@) 1 r=1
n—ee n ©gx)=x>+x+1
= h’mw = wh?
As the number of sides of the polygon increases, the M Section 11.4 Numerical Derivatives
distance between 4 and the edge of the circle and Integrals
becomes progressively smaller. As n — oo, h — radius
of the circle. Exp|oration 1
90. (a) y 1. RRAM value ~ 1.364075504 and the NINT value

~ 1.386294361.

2. The new command is
sum(seq(1/(1 + K *3/100) = 3/100, K, 1, 100)). The calcu-
lated value =~ 1.375114667, which is a better approximation

‘

E— x than for 50 rectangles.
- a=-1 T
i 3. The integral is / sin x dx. The RRAM value is
0
i ~1.999342 and the NINT value is 2.
4. The command is sum(seq(V (4 + K = 5/50) = 5/50,
(b) Since (2)> - 312)+3=4—-6+3=1,a= 1. K,1,50)).The calculated value ~ 12.7166 and the NINT
91. (a) y value is 12.666667.
i Quick Review 11.4
L A 2 _ 12
Ly s b
L Ax 4 -1 3
1 1 1 1 1 1 1 1 1 é X 2 ﬂ B v_ _ VT B 2 _ 1 l
i " Ax 4-1 3 3
i 32710g24—10g2172—072
- " Ax 4-1 3 3
Ay 3*-3'" 81-3
2x + 4 2(x +2) 4. — = = = 26
b) f(x) = = == 5 =2 N
y _
=2 L= =-=3
(© &(x) SAx 4-1 3
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.

.

.

10.

ﬂ710—(—2)7£74
Ax 4 -1 3
sin (1.01) — sin (0.99)
2(0.01)
1.001* — 0.999*
2(0.001)
In 1.001 — In 0.999

2(0.001)

61'0001 _ e().9999

2000000)

~ 0.5403

~ 4.000

~ 1.000

Exercises 11.4

In #1-10, use NDER on a calculator to find the numerical
derivative of the function at the specific point.

1.

b .

b

by B by

N CHE B Y N i

.

10.

—4
4
-12
-1
0

Section 11.4 Numerical Derivatives and Integrals 411

(e) Set s(¢) equal to zero and solve for ¢ using the qua-
dratic equation.

~0.36 — V0.36 — 4(—16.08)(499.77)
2(—16.08)

~ 5.586 sec. (The minus sign was chosen to give ¢ = 0.)
Using NDER at t = 5.586 sec gives v = —179.28 ft/sec.

24. (a) The average rate of change between two data points

=

is found by examining A—y The average rate of
x

change of the population of Clark County, Nevada
48,289 — 3321
1950 — 1910
per year. The average rate of change of the popula-
tion of Clark County, Nevada from 1950 to 1990 is
741,368 — 48,289

1990 — 1950

from 1910 to 1950 is = 1124 persons

= 17,327 persons per year.

(b) The data can best be modeled with a logistic curve. The
2,928,416.35

1 + 2813.97¢ 0078

regression gives the function y =

~ —1.0000

~
~

~
~

1.0000
2.0000

~ —3.0000
~ —3.0000

In #11-22, use NINT on a calculator to find the numerical
integral of the function over the specified interval.

11.

12.

13.

14. —

15.
16.
17.
18.
19.
20.
21.
22.

23.

64
3
64
3
2

(e}

0.69315
~ 3.1416
10

Q

Q

106.61 mi
16.95 mi
435485 =50

(A) Vype = -1 T 1 = =50 ft/sec
(b)

Q

[~1,6] by [0, 550]
(¢) s(t) =~ —16.08> + 0.36t + 499.77
(d) v(1.5sec) =~ —47.88 ft/sec

[—1, 130] by [—100,000, 2.600,000]

(¢) The steepest point on the regression curve appears to
be very close to the data point at x = 100, corre-
sponding to the year 2000. NDER(Y1, X, 100) is
approximately 56,816 people per year.

25. (a) The midpoints of the subintervals will be 0.25, 0.75,

1.25, etc. The average velocities will be the successive
height differences divided by 0.5 — that is, times 2.

Midpoint As/At
0.25 —10 ft/sec
0.75 -20
1.25 —40
1.75 —60
225 =70
2.75 -90
325 —100
3.75 —120
425 —140
4.75 —150
5.25 —170

®) [t

[0, 6] by [-180, 20]
y =~ —3218t + 0.32
(c) Substituting t = 1.5 leads to y = —47.95 ft/sec.

This is close to the value of —47.88 ft/sec found in
Exercise 23(d).
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26. (a) Let 1990 be x = 0. The first subinterval has a midpoint

10 + 20
of > = 15. On that interval, the average rate of
A 4859 — 3321 1538
change is =) - o = = 153.8. The

Ax 20 — 10 10

rest of the midpoints and values of Ay/Ax are com-
puted similarly and are shown in the following table.

Midpoint Ay/Ax
15 153.8
25 367.3
35 788.2
45 3,187.5
55 7,872.7
65 14,627.2
75 18,979.9
85 27,828.1
95 63,437.3

105 57,552.8
113 34,065.8

(b)

[5, 125] by [-10,000, 75,000]

The growth rate increased until the maximum at

(95, 63,437.3) in the year 2005. Shortly thereafter, the
2007 banking crisis led to a major recession that
affected the growth of many cities, especially high-end
destinations like Las Vegas.

27. The average velocities, As/At, for the successive 0.5-sec
intervals are 8, 24,40, 56, and 72 ft/sec. Multiplying each
by 0.5 sec and then summing them gives the estimated
distance: 100 ft.

28. The average velocities, As/At, for the successive 0.2-sec
intervals are as given:

Interval As/At

1 1.09 m/sec
2 0.85

3 0.61

4 042

5 0.32

6 0.37

7 0.615

8 1.095

Multiplying each As/At by 0.2 sec and then summing
them gives the estimated distance: 1.074 m.

29. The program accepts inputs which determine the width
and number of approximating rectangles. These rectangles
are summed and the result is output to the screen.

30. The program accepts inputs which determine the width
and number of approximating rectangles. These rectangles
are summed and the result is output to the screen.

For #31-42, verify the function is nonnegative by graphing it
over the interval.

3. (b) N LRAM RRAM  Average
10 15.04 19.84 17.44
20 16.16 18.56 17.36
50 16.86 17.82 17.34
100 17.09 17.57 17.33
(c) fnlnt gives 17.33; at N, the average is 17.3344.
32.(b) N LRAM RRAM  Average
10 96.72 132.72 114.72
20 105.18 123.18 114.18
50 110.43 117.63 114.03
100 11221 115.81 114.01
(c) fnlnt gives 114; N is very close at 114.01.
33.(b) N LRAM RRAM  Average
10 7.84 11.04 9.44
20 8.56 10.16 9.36
50 9.02 9.66 9.34
100 9.17 9.49 9.33
(c) fnlnt gives 9.33; at N, the average is 9.3344.
34.(b) N LRAM RRAM  Average
10 107.76 132.96 120.36
20 113.79 126.39 120.09
50 117.49 122.53 120.01
100  118.74 121.26 120
(c) fnlnt gives 120; N o has the same result.
35. () N LRAM RRAM  Average
10 98.24 112.64 105.44
20 101.76 108.96 105.36
50 103.90 106.78 105.34
100 104.61 106.05 105.33
(c) fnlnt gives 105.33; at N, the average is 105.3344.
36. (b) N LRAM RRAM  Average
10 136.16 185.76 160.96
20 147.84 172.64 160.24
50 155.08 165.00 160.04
100  157.53 162.49 160.01
(c) fnlnt gives 160, very close to No of 160.01.
37.(b) N LRAM RRAM  Average
10 7.70 8.12 7.91
20 7.81 8.02 7.91
50 7.87 7.95 791
100 7.89 7.93 791

(c) fnlnt gives 7.91, the same result as N .

38.(b) N LRAM RRAM  Average
10 451 4.81 4.66
20 4.59 4.74 4.67
50 4.64 4.70 4.67
100 4.65 4.68 4.67

(c) fnlnt gives 4.67, the same result as N .
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39. (b) N LRAM RRAM Average
10 1.08 0.92 1.00
20 1.04 0.96 1.00
50 1.02 0.98 1.00
100 1.01 0.99 1.00

(c) fnlnt gives 1, the same result as N .

40. b) N LRAM RRAM  Average
10 0.57 0.57 0.57
20 0.57 0.57 0.57
50 0.57 0.57 0.57
100 0.57 0.57 0.57

(c) fnlnt = 0.57, the same result as N .

41. (b) N LRAM RRAM  Average
10 0.56 0.62 0.59
20 0.58 0.61 0.59
50 0.59 0.60 0.59
100 0.59 0.60 0.59

(c) fnInt = 0.594, the same result as N ,.

42. (b) N LRAM RRAM  Average
10 1.17 1.03 1.10
20 1.13 1.07 1.10
50 1.11 1.09 1.10
100 1.11 1.09 1.10

(c) fnlnt gives 1.10, which is the same result as N .

43. True. The notation NDER refers to a symmetric difference

quotient using Ax = kA = 0.001.

44. False. NINT will vary the value of Ax until the numerical

integral gets close to a limiting value.

45. NINT will use as many rectangles as are needed to obtain

an accurate estimate. The answer is B. (Note: NDER esti-
mates the derivative, not the integral.)

46. The most accurate estimate is a symmetric difference quo-

tient with a small 4 (and of course with 24, not A, in the
denominator). The answer is E.

47. Instantaneous velocity is the derivative, not an integral, of

the position function. The answer is C.

48. Area under a curve that represents f(x) is an integral, not

the derivative, of f(x). The answer is D.

49. (a) f'(x)

2(x+h)*+3(x+h)+1-2x2-3x—1

= li
im Y
2(x* + 2xh + h?) + 3x + 3h — 2x* — 3x
= lim
h—0 h
4xh + 2h* + 3h
= lim == 7" — |im (4x + 2k + 3)
h—0 h h—0
=4x + 3
) i (x+h)P+1-x-1
() g'(x) = lim ;
3x%h + 3xh> + B
= lim ———
h—0 h
= %in}) (3x* + 3xh + B?*) = 3x?
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f(2001) - f(2) ~ 15.011002 — 15
(¢) Standard: 0.001 = 0.001 = 11.002
q £(2.001) — £(1.999)
ymmetric: 0.002
_15.011002 — 14.989002 1
0.002

50.

51

52.

53.

(d) The symmetric method provides a closer approxima-
tion to f'(2) = 11.

(2.001) — g(2)  9.012006 — 9

(e) Standard:

0.001 0.001
= 12.006001
g(2.001) — g(1.999)
tric: ~ 12. 1
Symmetric 2(0.000) 00000

The symmetric method provides a closer approxima-
tion to g'(2) = 12.

()
[0, 1] by [0, 4]
(b) =272
(c) =272
(d) Answers will vary but the true answer is e ~ 2.72.
, SO+ R) = FO) i =0
11(0) = %11)1}) h - 1%11»% h
= lim @ =1
h—0 h

if 0 is approached from the right, and —1 if 0 is
approached from the left. This occurs because calculators
tend to take average values for derivatives instead of
applying the definition. For example, a calculator may cal-
culate the derivative of f(0) by taking

£(0.0001) — f(—0.0001)

0.0001 — (—0.0001)

[-5,5] by [-3,3]

f'(0) does not exist because f(x) is discontinuous at

x = 0. The calculator gives an incorrrect answer,

NDER f(0) = 1000, because it divides by 2k = 0.002

instead of letting 7 — 0.

(a) Let y, = abs(sin (x)), which is |f(x)|. Then
NINT (Y, X, 0, 27) gives 4.

(b) Let y; = abs(x*> — 2x — 3), which is |f(x)|. Then
NINT (Y, X, 0, 5) gives =~ 19.67.
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54. Some functions, such as > have a singularity; they

X —

cease to exist at that point and the 1i1112
x—2 X —

our rectangular approximations, however, we can find the
area under the curve with successively smaller widths.
Since each of these widths are finite, we simply determine
“how close” our approximation must be to determine the
finite area under the curve. Eventually the rectangle
“next” to x = 2 becomes so thin as to render its area
“close enough” to zero to be ignored.

55. Since f(x) ) for all values of x on the interval,

(x)
0= S50 50
: Kb w5}
n —a k(b —a
i B (e =)
~ofa+ )]
If the area of both curves is already known and

f(x) = g(x) for all values of x, the area between the
curves is simply the area under f minus the area under g.

5 = oo Using

I
5
M

56. (b) X A(x)
0.25 0.0625
0.5 0.25
1 1
1.5 225
2 4
2.5 6.25
3 9
[0,5] by [-1, 10]
(©y=x

[-1,5]by[-1,15]

(d) The data seem to support a curve of A(x) = x*

flx + h) = f(h) (x + ) — 2

(© A'x) = }lll)r}) h N 1%11»%
. 2xh + KW
= lim =
h—0 h

The two functions are exactly the same.

57. (b) X A(x)
0.25 0.0156
0.5 0.125
1 1
1.5 3.375
2 8
2.5 15.625
=5, 30]
(©) f(x) =

[—2,5] by [-5, 30]

(d) The exact value of A(x) for any x greater than zero
appears to be x°.

) - fx+h) - f(x)  (x+h)P-¥
© Ax) = 1%113) h B %11)1}) h
2 4 2
T S N )
h—0 h

The functions are exactly the same.

58. Answers may vary.

H Chapter 11 Review
1. (a) 2
(b) Does not exist.
2. (a) -1
(b) Does not exist.
3. (a) 2
()2
4. (a) 2
()2
x—1 -1-1

5. li = = -1
Sh 2 2

o
=

[=5,5] by [-2,2]
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Chapter 11 Review 415

sin 5x sin (2x) cos (3x) + cos (2x) sin (3x)
6. lim = lim
x—0 X x—0 X
i (2 sin x cos x)(4 cos’x — 3 cos x) + (2cos?x — 1)(3sin x — 4sin’ x)
h xll)r}) X
= lim (smx) [8 cos* x — 6cos’x + (2cos’x — 1)(3 — 4 sin’x)]
x— X

1-[8=-6+@2-1)B-0)]=5

[—2m,2m] by [-2,5]

7 fim D& 5) = —7 ; 2
.XLIIEQ x +2 _XLH,IZ(X— ) =— . ) xg{)xf T .
10. lim = = undefined
! x—0 1 — 2% i 2 _ o
o0 1 —2¢
[—9.4,9.4] by [-12.2,02] l r_
8. lim |x — 1]
o —6,6] by [-4,4
_ {lir{1+ lx =1 = hnf* (x—1) =0} [—6,6] by [—4,4]
. _ _ P dnd _ + _ )
Jmo o1l = lm o (x4 1) =0 . x| f(x)
-3 -1
1
1
—100 _
t 9604
[—4, 6] by [2, 8] . 1. 0
—1000 — = -
sin! (x) 2.0 996,004 Jm S
9. lin%) 2tan! (x) = lin%) ——— = 7 =0
x x cos™ (x) T 12. ; £
13
s 5
21
l 16 -
[—m, 7] by [—4,4] - 2
29
133
128 E
1029 . -
1024 1021 = lim f(x) =1
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13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

X f(x)
1 1
2 -1
5 —4.6
10 -9.8
100 —99.98
1000 =999.998 = Ilim f(x) = —
x— 00
X f(x)
0 0
1
_1 J—
3
25
_5 J——
7
25
3
_100 5000
51
500,000
~1000 — = lim
=01 im - f(x) =
| = 00
=2t x — 2
lim — = —00
x—=2 x° — 4
11
. 2+x 2 2-(2+4x 1
lim = —
x—0 X =0 2(2+x) x
Tt RS S
=0 x 2(2+x) 4
_ (x+2)° -8 x* 4+ 6x? + 12x
lim ———=lm ————
x—0 X x—0 X
= lin})x2 + 6x + 12 =12
f(x) x5 so f has vertical asymptotes at
)= — =~ 2
(x+5)(x + 1) yimp
x = —land x = —5. Since lingof(x) = Oand liril00
f(x) = 0, f also has a horizontal asymptote at y = 0.
fo) = =L orn tical asymptote at x = 2
x = a2 so f has a vertical asymptote at x = 2.
Since lim f(x) = coand lim f(x) = —oo, f has no
xX—>00 xX—>—00
horizontal asymptotes.
x+5)(x—3
lim M = lim (—x — 5) = -8.
x—3 3—x x—3
x—=3)(x—-1
im L IETD i (-3 =
x—1 x—1 x—1

23.

24. 1 .
x—2cos (3x —6) x—2

25.

26.

27.

28. 1

29.

30.

31. (a)

1 pa—
x—3 3

lim = lim
x—0 X x—0

X 1

= lim = ——— = —

x—0 X 3()( - 3)

sin (3x — 6) 1

im

sin (3(x — 2))

1

= lim ))

x—2 cos (3x — 6

-2

(3sin(x — 2) — 4sin’(x — 2)) 1

= lim
x—2 (x

-2) " cos (3x — 6)

(3 sin (x — 2) B

4sin2 (x = 2)sin (x — 2)) ‘

f(2+ h) —

£(x) = lim

h—0 h

—(h+2)—=2h+2)?*—-(-9)

= lim
h—0

-2 —-8h—-8—h+8

h

/PE}) h
lim (—2h — 9) =

h—0

£(x) = lim fa+h

h—0

2+ h+3)?%-25

- g —2h* = 9h
s h

) —f(2)

W + 10k
- |jm 2T Y0

= lim
h—0 h

= lim &+ 10 = 10
h=0

f(3.01) —1(3)

_12.0801 — 12

i h

V7301 -3

by jim, 2

0.01 = 8.01

fB+h) - fB3)

(h+32%+2h+3)—-3-12

= lim
h—0

K+ 6h +

h
9+2h+6—15

= lim
h—0

. I + 8h
=)
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Chapter 11 Review

39. (a)

[-5, 70] by [-100, 1400]

(b) The cubic regression curve is
y = —0.016x> + 1.68x% — 63.13x + 1104.2.

y

417

— — 0.6
3.01) — f(3
3. @) f301) — fB3) _ 501 __20
301 -3 0.01 167
3 3
fG+h)—f3) . h+3+2 5
L -
; 15-3h+5) 1
TS s(h+5)  h
gL 3
=0 h 5(h+5) 25
f(h+1) = f(1)
3. @ m = lim —————
(h+1P®-2h+1)+1-0
= lim
h—0 h
3+ 2+
— fim AR lim (K2 + 3h+ 1) =1
h—0 h h—0

() (1, f(1)) = (1,0) so the equation of the tangent line
atx =lisy=x— 1

f(h +7) = h(7) VE+3-V3
4. @) m=lim — =
h—0 h h—)() o
. h+3-3
= lim
h—0 h(Vh + 3 + V3)
1 V3

NI T3+ V3 6
®) (7, £(7)) = (7, V3) so the equation of the tangent

line at x = 7 is —ix —i
Y7 % 6
x+ h) — f(x
35. lim —f( ) — /()
h—0 h
Sx+h)?+7(x+h)—1-52—-Tx+1
= lim
h—0 h
_ i 5x%2 + 10xh + 5h® + 7x + 7Th — 5x% — Ix
h hlg}) h
+ 5K +
g XA ESH TR o
h—0 h
x+ h) — f(x
36. lim —f( ) — /()
h—0 h
3x+h)?—8x+h)+2—-3x>+8x—2
= lim
h—0 h
6xh + 30> — 8h
= lim T =% _ Jim (6x + 3h — 8)
h—0 h h—0
= 6x— 8

For #37 and 38, verify the function is nonnegative through
graphical or numerical analysis.

37. (b) LRAM: 42.2976
RRAM: 40.3776
42.2976 + 40.3776

Average: > = 41.3376
38. (b) LRAM: 49.2352
RRAM: 52.1152
49.2352 + 52.1152
Average: ? = 50.6752

2

[-5, 70] by [-100, 1400]

(¢) NINT(—0.016x> + 1.68x> — 63.13x + 1104.2, x, 0, 55)
~ 21,814 million pounds.

(d) The cubic model predicts a negative veal consumption

rate shortly after 2015, which is impossible.

(e) Answers will vary.

40. (a) x A(x)

0 0

0.4 0.38942
0.8 0.71736
1.2 0.93204
1.6 0.99957
2.0 0.90930
24 0.67546
28 0.33499
32 —0.05837
3.6 —0.44252
4.0 —0.75680
4.4 —0.95160
4.8 —0.99616
52 —0.88345
5.6 —0.63127
6.0 —0.27942
6.4 0.11655

[0,7] by [-1.1, 1.1]

(b) f(x) = sinx

N

/

l

NS

[0,7] by [-1.1, 1.1]
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(¢) f'(x) = cos x, the function being integrated.
(d) The derivative of NINT(f(¢), t, 0, x) gives f(¢).

Chapter 11 Project

1. The scatter plot of the population data for Austin, TX, is
as follows. The year 1950 is represented by ¢t = 1950.

[0, 250] by [0, 2,500,000]

2. The average population growth rate from 1950-2015 is
931,830 — 132,459
2015 — 1950
The average population growth rate from 1970-2015 is
931,830 — 253,539
2015 — 1970
The average population growth rate from 1980-2015 is
931,830 — 345,890
2015 — 1980
The average population growth rate from 2000-2015 is
931,830 — 656,562
2015 — 2000

= 12,298 persons per year.

= 15,073 persons per year.

= 16,741 persons per year.

= 18,351 persons per year.

6. Using the logistic regression model y =

3. The logistic regression model for the population data is

2,344,614

YT 11811 0

[0, 250] by [0, 2,500,000]

4. An exponential model would show the population of

Austin increasing at an increasing rate without bound,
which is unsustainable. The logistic model shows the
population leveling off in the long run, which is
realistic.

5. If we use NDER with the given logistic regression model,

the instantaneous population growth rate in 2015
(t = 115) is 21,294 persons per year.
2,344,614
1+ 118117007
to predict the population of Austin yields
B 2,344,614

y= 1 + 118.11¢-00379(120)

2,344,614

1+ 118.116*0.()379(14())
persons for the year 2040.

~ 1,041,777 persons for the

year 2020 and y = ~ 1,478,291

Copyright © 2019 Pearson Education, Inc.
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