Chapter 1 — Electric Circuit Variables

Exercises

Exercise 1.2-1 Find the charge that has entered an element by time 7 when i = 87 — 4¢ A, t > 0.
Assume ¢(¢) =0 for z <O0.

Answer: q(t):§t3—2t2 C

Solution:
= 8 -4t A

~.
—~
~
~
|

¢, t 8 t 8
jozdr+q(0)= jo(grz —4T)dT+0=§T3 —2#\0 =§t3—2t2 C

=

~
~

~

Exercise 1.2-2 The total charge that has entered a circuit element is g(¢) = 4 sin 3t C when >0
and ¢(¢) = 0 when ¢ < 0. Determine the current in this circuit element for # > 0.

Answer: i(t) = %4sin 3t=12cos3t A

Solution: i(t):%:%4sin3t:12cos3t A

Exercise 1.3-1 Which of the three currents, i1 = 45 uA, i = 0.03 mA, and i3 =25 % 10% A, is
largest?
Answer: i3 is largest.
Solution:
i1=45 A =45x10°A<i,=0.03mA=.03x10°A=3x10"A< i3=25x 10" A
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Exercise 1.5-1 Figure E 1.5-1 shows four circuit elements identified by the letters 4, B, C, and
D.

(a) Which of the devices supply 12 W?

(b) Which of the devices absorb 12 W?

() What is the value of the power received by device B?

(d) What is the value of the power delivered by device B?

(e) What is the value of the power delivered by device D?
Answers: (a) Band C, (b) 4 and D, (c¢)-12 W, (¢) 12 W, (e)-12 W

+ 4V - - 2V o+ + 6V - - 3V +
3A 6A 2a ah
(A) (B) (€) (D)

Figure E 1.5-1

Solution:
(a) B and C. The element voltage and current do not adhere to the passive convention in B and C
so the product of the element voltage and current is the power supplied by these elements.

(b) 4 and D. The element voltage and current adhere to the passive convention in 4 and D so the
product of the element voltage and current is the power delivered to, or absorbed by these
elements.

(c) =12 W. The element voltage and current do not adhere to the passive convention in B, so the
product of the element voltage and current is the power received by this element: (2 V)(6 A) =
—12 W. The power supplied by the element is the negative of the power delivered to the element,

12 W.
(d12W
(e) —12 W. The element voltage and current adhere to the passive convention in D, so the product

of the element voltage and current is the power received by this element: (3 V)(4 A) =12 W. The
power supplied by the element is the negative of the power received to the element, —12 W.
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Problems
Section 1-2 Electric Circuits and Current Flow

P1.2.1 The total charge that has entered a circuit element is g(f) = 1.25(1—¢ >

q(?) = 0 when ¢ < 0. Determine the current in this circuit element for > 0.

Answer: i(f) = 6.25¢ ' A

) when > 0 and

Solution: i(1) =%1.25(1—e-5’)= 6.25¢ A

P 1.2-2 The current in a circuit element is i(f) = 4(1—e ") A when ¢> 0 and i(f) = 0 when 7 < 0.
Determine the total charge that has entered a circuit element for # > 0.

. t 0
Hint: q(O):j_ i(r)zj_ 0dz =0
Answer: ¢(f)=4t+0.8¢ - 08 C for >0

Solution:
‘. t s, t t s, 4 4
q(t)=joz(r)dr+q(o)=j04(1—e s )dr+0=j04dr—jo4e s dr=dr+e Sf—g C

P 1.2-3 The current in a circuit element is i(f) = 4 sin 3¢ A when ¢ > 0 and i(f) = 0 when 7 < 0.
Determine the total charge that has entered a circuit element for ¢ > 0.

Hint: ¢(0)= [ itz =] 0dr=0

Solution:
q(t)=.[0ti(r) dr+q(0)=J-(:4sinST dT+0=—§COS3TtO =—§cos3t+% C
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0 <2

2<t<4
P 1.2-4 The current in a circuit element is i(¢) = | 4<:<8 where the units of current are A
— <t<
0 8<t
and the units of time are s. Determine the total charge that has entered a circuit element for # > 0.
Answer:
0 <2
2t—4 2<t<4 .
q(t)= where the units of charge are C.
8—t 4<t<8
0 8<t
Solution:

q(t)=jj i(r)dr=fjw0dr= 0C fort<2s0¢g(2)=0.

d7+q(2) :L’Z dr = 2r|'2 = 2t—4 C for2 <¢<4. In particular, g(4) =4 C.

4

(7)
=[li(z)dr+q(4)=[ -1dr+4=—1,+4= 81 C for4 <¢<8. In particular, ¢(8) =0 C.
(7)

dr+q(8)=[ 0dr+0=0C for8<t.

P 1.2-5 The total charge ¢(?), in coulombs, that enters the terminal of an element is

0 t<0
q(t)=<2t 0<tr2
3+ 20D 452

Find the current i(f) and sketch its waveform for ¢ > 0.

Solution:
(i)
0 t<0
2 T
i(t)qud(zt) i(t)=42 0<t<2

I
_26—2(1‘—2) t>2 a z E/ "t
-2 4
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P 1.2-6 An electroplating bath, as shown in Object to
Figure P 1.2-6, is used to plate silver uniformly be plated
onto objects such as kitchen ware and plates. A

current of 600 A flows for 20 minutes, and

each coulomb transports 1.118 mg of silver. Bath
What is the weight of silver deposited in
grams?

Silver bar

Figure P 1.2-6

Solution:
. C
i =450 A=450 —
S
. o C . S mg s
Silver deposited = 450—x20 minx60 ——x1.118 © 6.0372x10° mg=603.72 g
S min —_—
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P1.2-7 Find the charge ¢(¢) and sketch its 3
waveform when the current entering a terminal
of ab element is as shown in Figure P1.2-7.
Assume that g(¢) = 0 for ¢ < 0.

|
I
|
|
1 2 3 4 t(s)

Figure P1.2-7
Solution:
) 1 when 0<¢<2
i(1) =
t—1 when 2<¢
t t
and q(t) = joi (r)d7 +q(0) = joi(r)dr
since ¢g(0) =0.
When 0 <¢ <2, we have q(t)
(€)
q= ng dr=t C 6
5 |
When ¢ > 2, we have 4 -
t 2 t
q=j0i(r)df=j01dr+j2(r—1)dr .
2 th t_p |
=7|,+5], —7,=5-t+2 C 2
1
The sketch of g(¢) is shown to the right:. | | | | |
0 1 2 3 4 5 1)
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Section 1-3 Systems of Units

P 1.3-1 A constant current of 3.2 pA flows through an element. What is the charge that has
passed through the element in the first millisecond?
Answer: 3.2 nC

Solution:
Ag = iAt = (32x10° A)(1x107 s) =3.2x10" As=3.2x10" C= 3.2x10” nC

P 1.3-2 A charge of 45 nC passes through a circuit element during a particular interval of time
that is 5 ms in duration. Determine the average current in this circuit element during that interval
of time.

Answer: i =9 uA

Solution:
i—ﬂ B 45%x10~°

-6 __
At sx107 =9x107=9 uA

P 1.3-3 Ten billion electrons per second pass through a particular circuit element. What is the

average current in that circuit element?
Answer: i = 1.602 nA

Solution

i= [IObillion ele"tmn}{lﬁoleol" C} [IOXIOQ elecmn}[lﬁoleo“’ C}
S electron S electron

— 1010 %1 602)(10_19 electron C

S electron

=1.602x10" ¢ = 1.602 nA
g -



P1.3-4 The charge flowing in a wire is plotted in Figure P1.3-4. Sketch the corresponding
current.

q(t),nC
15
t, Us
| L >
2 4 7
Figure P1.3-4
P1.3-4
-9
%=7.5x10‘3 =7.5mA when 0 <?¢<2us
2x10
| p 15%107° 3
z(t) _ z‘](t) — the slope of the ¢ versus 7 plot = 10 =-5x10"" =—=5 mA when 4us <t <7us
’ X
0 otherwise
A i(f),mA
7.5 F—
I, Us
] | L >
2 4 7
_5 —
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P1.3-5 The current in a circuit element is plotted in Figure P1.3-5. Sketch the corresponding
charge flowing through the element for > 0.

Solution:

A (1), LA

450

t, ms

80 140

—600 -

Figure P1.3-5

.[(:450,uA dr when 0 <t <80 ms

(450x10°)(80x107)+ [ (~6004A)dr when 80 ms < <140 ms

80 ms
t

(450><10-6)(80><10-3)+(—600><10-6)(60x10-3)+j

140 ms

0dr

(450><1o-")z when 0 < ¢ < 80 ms

(36x10‘6)+(—600x10‘6)t when 80 ms < ¢ < 140 ms
0C when 140 ms <t

While 0 <7< 80 ms ¢(¢) increases linearly from 0 to 36 uC and while 80 <7 <140 ms ¢(¢)
decreases linearly from 36 to 0 uC. Here’s the sketch:

g(t), uC
36
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P1.3-6 The current in a circuit element is plotted in Figure P1.3-6. Determine the total charge
that flows through the circuit element between 300 and 1200 ps.

A (1), nA

/ t, 1S
| | | o

/ 400 800 1200
— 70

Figure P1.3-6

720

Solution:
1000 us
q(1)= _[300 i(7) dr ="area under the curve between 300 s and 1000 zs"
us

A (1), nA

/ t, Us

| | | | | >

/ 400 800 1200
720

a(1) :(Mxlo9](100><106)+(720x109)(600x106) — (54+432)x107 = 486 pC

720




Section 1-5 Power and Energy

P1.5-1 Figure P1.5-1 shows four circuit elements identified by the letters A, B, C, and D.
(a) Which of the devices supply 30 mW?

(b) Which of the devices absorb 0.03 W?

(c) What is the value of the power received by device B?

(d) What is the value of the power delivered by device B?

(e) What is the value of the power delivered by device C?

+ 10V - + 5V - - BV o+ - 15V +
Ot O (@, O (@, O O —{
3 mA 6 mA 5mA 2 mA
(A) (B) (C) (D)
Figure P1.5-1
Solution:

(a) 4 and D. The element voltage and current do not adhere to the passive convention in Figures
P1.5- 4 and D so the product of the element voltage and current is the power supplied by these
elements.

(b) B and C. The element voltage and current adhere to the passive convention in Figures P1.5-1
B and C so the product of the element voltage and current is the power delivered to, or absorbed
by these elements.

(c) 30 mW. The element voltage and current adhere to the passive convention in Figure P1.5-18B,
so the product of the element voltage and current is the power received by this element: (5 V)(6
mA) =30 mW. The power supplied by the element is the negative of the power received to the
element, —30 W.

(d) 30 mW

(e) =30 mW. The element voltage and current adhere to the passive convention in Figure P1.5-
1C, so the product of the element voltage and current is the power received by this element: (5
V)(6 mA) = 30 mW. The power supplied by the element is the negative of the power received to

the element, —30 W.



P 1.5-2 An electric range has a constant current of 10 A entering the positive voltage terminal
with a voltage of 110 V. The range is operated for two hours. (a) Find the charge in coulombs
that passes through the range. (b) Find the power absorbed by the range. (c) If electric energy
costs 12 cents per kilowatt-hour, determine the cost of operating the range for two hours.

Solution:
a) g = [idt=iAt=(10A)(2hrs)(3600s/hr)=7.2x10'C
b) P=vi=(110V)(10 A)=1100 W

0.12$

Whr

c.) Cost = x1.1kW x2hrs = 0.264 $

P 1.5-3 A walker’s cassette tape player uses four AA batteries in series to provide 6 V to the
player circuit. The four alkaline battery cells store a total of 200 watt-seconds of energy. If the
cassette player is drawing a constant 10 mA from the battery pack, how long will the cassette
operate at normal power?

Solution:
P=(6V)(10 mA) = 0.06 W
Ar = A _ 200 Ws 07 s
P 0.06 W -



P 1.5-4 The current through and voltage across an element vary with time as shown in Figure P
1.5-4. Sketch the power delivered to the element for # > 0. What is the total energy delivered to
the element between ¢ = 0 and ¢ = 25 s? The element voltage and current adhere to the passive
convention.

v (volts) i (amp)
30 oF————- |
I
I
5 51 |
| |
1(s) 0 10 15 25 1(s)
(b)
Figure P 1.5-4

Solution:

for 0<t<10s: v=30V and i=f2t =2tA .. P=302¢t) =60t W

25

for 10 < ¢ < 15s: v(t):—?t+b = v(l =30V = bH=80V

0)
v(1)=-5t+80 and i(t) = 2t A = P=(2t)(-5t+80)= —10>+160r W
0

for15 <t <25s: v=5V and i(t)=—fot+bA

i(25=0 = b=75 = i(t)=-3t+75A
S P =(5)(-3t+75) = —15t+375 W

F.
boo |

Pit) Watls 500

400 — abua,dl'"a-'[' fe

-

2o |
LY
oo

i 1 =
7

o 1= 2= 1 {see )

Energy = [Pdt = [ 60tdr+ | (1600-10¢)de+ [ (375-15¢)dr

15

25 _
=58333J

15

- 3Ot2‘;0 + 8072 —%ﬁ +375¢ —%12
10




P 1.5-5 An automobile battery is charged with a constant current of 2 A for five hours. The
terminal voltage of the battery is v= 11 + 0.5¢ V for ¢ > 0, where ¢ is in hours. (a) Find the energy
delivered to the battery during the five hours. (b) If electric energy costs 15 cents/kWh, find the
cost of charging the battery for five hours.

Answer: (b) 1.84 cents

Solution:
a.) Assuming no more energy is delivered to the battery after 5 hours (battery is fully

charged).

w= [ Pdt = [ vidz :jos(m)z[ln g;ogjdr — 221+ 306'30 72
0

= 441x10°J =441 kJ

5(3600)

wit) kT
44

0 "lol:‘.:c: 1%eoo St (g{)

Lhr 15¢ ) gag
3600s kWhr —

b.) Cost =441kJ x




P 1.5-6 Find the power, p(?), supplied by the element shown in Figure P 1.5-6 when

v(£) =4 sin 3¢ V and i(r) = (1/12) sin 3¢ A. Evaluate p(¢) at =0.5 s and # = 1 s. Observe that the
power supplied by this element has a positive value at some times and a negative value at other
times.

Hint: (sinat)(sinbt) = %(cos(a —b)t—cos(a+b)t)
Answer: p(f) = (1/6)cos(67) W, p(0.5) = 0.0235 W, p(1) = -0.02466 W

Solution:

p(t) = v(t)i(t) =(4cosSt)(%sin3tj =%(sin0+sin6t) =%sin6t Y
p(0.5) zésinfi =0.0235 W

p(l)= %sin 6=-0.0466 W

Here is a MATLAB program to plot p(¢):

clear
t0=0; % initial time
tf=2; % Final time
dt=0.02; % time increment
t=t0:dt:tf; % time
v=4*cos(3*t); % device voltage
i=(1/12)*sin(3*t); % device current
for k=1:length(t)

p(k)=v(k)*i(k); % power
end
plot(t,p)

xlabel ("time, s");
ylabel ("power, W*%)

File Edit View Insert Tools Desktop Window Help

DedE b @aaM® € 08 80

20 T T T

power, W




P 1.5-7 Find the power, p(¢), supplied by the element shown in Figure P

1.5-6 when v(¢) = 8 sin 3¢ V and i(¢) = 2 sin 3¢ A.

Hint: (sinat)(sinbt) = %(cos(a —b)t—cos(a+b)t)

Answer: p(f) = 8 — 8cos 6t W

Solution:

p(t)=v(t)i(t)=(8sin3¢)(2sin37)=8(cos0—cos6¢)=8—8cos67 W

Here is a MATLAB program to plot p(¢):

clear

for k=1:length(t)

pUO=v(k)*i(k);

end

plot(t,p)
xlabel ("time, s");
ylabel ("power, W%)

%
%
%
%

%

initial time
final time
time increment
time

device voltage
device current

power

J Figure 1

Fil=  Edit ‘“iew Insert Tools Desktop Window Help N

Deds8 W RaAMe & 08 =50

20

Figure P 1.5-7



P 1.5-8 Find the power, p(?), supplied by the element shown in Figure P

1.5-6. The element voltage is represented as v(7) = 4(1—e **)V when 7 > 0
zde0=Owhmw<OwaebmaﬁammﬁﬁnmmmMuth0=2ém
A when >0 and i(¢) = 0 when ¢ < 0.

Answer: p(7) =8(1 —e ¥)e ¥ W

Solution:

p(t)=v(0)i(r)= 4(1—6_2t)><2€_2t = 8(1—6_2t)€_2t W

Here is a MATLAB program to plot p(¢):

clear

1t0=0;

tf=2;
dt=0.02;
t=t0:dt:tf;

v=4*(1-exp(-2*t));

i=2*exp(-2*t);

for k=1:length(t)

p()=v(k)*i(k);

end

plot(t,p)

xlabel("time, s");

ylabel ("power, W*©

) Figure 1

)

%
%
%
%

%
%

%

initial time
final time
time increment
time

device voltage
device current

power

power, Wy

2

151

05

File Edit Yiew Insert Tools Desktop ‘Window Help N

DS | RAN® €| 08B 8O0

time, s

Figure P 1.5-7



P 1.5-9 The battery of a flashlight develops 3 V, and the current through the bulb is 200 mA.
What power is absorbed by the bulb? Find the energy absorbed by the bulb in a five-minute
period.

Solution:
The power is P =V [=3x0.015=0.045 W . Next, the energy is w= PAt=0.045x5%x60=13.5].



P1.5-10 Medical researchers studying
hypertension often use a technique called “2D
gel electrophoresis” to analyze the protein
content of a tissue sample. An image of a
typical “gel” is shown in Figure 1.5-10a.

The procedure for preparing the gel
uses the electric circuit illustrated in Figure
1.5-10b. The sample consists of a gel and a
filter paper containing ionized proteins. A
voltage source causes a large, constant voltage,
500V, across the sample. The large, constant
voltage moves the ionized proteins from the
filter paper to the gel. The current in the
sample is given by

i(t)=2+30e™ mA

where ¢ is the time elapsed since the beginning
of the procedure and the value of the constant a
is

a=0.85 i
hr

Determine the energy supplied by the voltage
source when the gel preparation procedure lasts
3 hours.

Solution:

energy = w(t) = IOTp(t) dt= J.OTv(t)i(t) dt

- -

. - _
Devon Svoboda, Queen’s University

(a)

/7 sample

i1

Figure 1.5-10 (a) An image of a gel and (b)
the electric circuit used to preparation a gel.

/— sample

=% (24306705 d1 ol 4 E/ _
:J.:dt+15I:(e*°'85f)dt @
=(3—0)+_é:585(e_2‘55—1) 00V
=3+163=193]



Section 1.7 How Can We Check...?

- 5V + -5A
P 1.7-1 Conservation of energy —
requires that the sum of the power . I_ — MRV
absorbed by all of the elements in a 2A
circuit be zero. Figure P 1.7-1 shows a -2V 3V
circuit. All of the element voltages and T |2a - l3n 5A
currents are specified. Are these
voltage and currents correct? Justify + 1V -
your answer. Figure P 1.7-1

Hint: Calculate the power absorbed by each element. Add up all of these powers. If the sum is
zero, conservation of energy is satisfied and the voltages and currents are probably correct. If the
sum is not zero, the element voltages and currents cannot be correct.

Solution:
Notice that the element voltage and current of each branch adhere to the passive convention. The
sum of the powers absorbed by each branch are:

(-2 V)2 A5 V)2 A)+(3 V)3 A)+(4 V(-5 A1 VIS A) =4 W+10W+9W 20 W +5 W

=0W
The element voltages and currents satisfy conservation of energy and may be correct.
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P 1.7-2 Conservation of energy requires that the sum of the power absorbed by all of the
elements in a circuit be zero. Figure P 1.7-2 shows a circuit. All of the element voltages and
currents are specified. Are these voltage and currents correct? Justify your answer.

Hint: Calculate the power absorbed by each element. Add up all of these powers. If the sum is
zero, conservation of energy is satisfied and the voltages and currents are probably correct. If the
sum is not zero, the element voltages and currents cannot be correct.

+ 4V - 3,
. . _ L t2a ] f-3a
3V 3V 3V -3V
- - + + 4V - 4+
|13A l2n _»l
~3A
Figure P 1.7-2

Solution:
Notice that the element voltage and current of some branches do not adhere to the passive
convention. The sum of the powers absorbed by each branch are:

-3 V)G A3 V)2 A+ (B V)2A)HE V)3 A3 V)(-3 A4 V)(-3 A)
= OW+6W+6W+12W+9W-12 W
#0W

The element voltages and currents do not satisfy conservation of energy and cannot be correct.
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P 1.7-3 The element currents and —
voltages shown in Figure P 1.7-3 are ~3A
. ) -1V + -2V +

correct with one exception: the . b Lo
reference direction of exactly one of the - -
element currents is reversed. Determine 4A —-2A
which reference direction has been + - -
reversed. 5V f7a v | |f2A -8v| |f-sn

- + +

d
Figure P 1.7-3

Solution:

Let’s tabulate the power received by each element. We’ll identify each element by its nodes.

nodes Power received, W
a c (3)(-3)=-9

@ b -(1)(4)-—4

b e (2)(-2)=—4
a d —(5)(7)=-35

d (-6)(2)=-12
c d (-8)(-5)=40

So
Total power received = —(9+4+4+35+12)+4O =-24=%0

Changing the current reference direction for a particular element will change the total power by
twice the power of the particular element. Since the element connected between nodes b and d
receives -12 W, changing the reference direction of its current will increase the total power
received by 24 W, as required. After making that change

Total power received = —(9+4+4+35)+(12+40) =0

We conclude that it is the reference direction of the element connected between nodes and b that
has been reversed.
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Design Problems

DP 1-1 A particular circuit element is available in three grades. Grade A guarantees that the
element can safely absorb 1/2 W continuously. Similarly, Grade B guarantees that 1/4 W can be
absorbed safely and Grade C guarantees that 1/8 W can be absorbed safely. As a rule, elements
that can safely absorb more power are also more expensive and bulkier.

The voltage across an element is expected to be about 20 V and the current in the element
is expected to be about 8 mA. Both estimates are accurate to within 25 percent. The voltage and
current reference adhere to the passive convention.

Specify the grade of this element. Safety is the most important consideration, but don’t
specify an element that is more expensive than necessary.

Solution:

The voltage may be as large as 20(1.25) = 25 V and the current may be as large as (0.008)(1.25)
=0.01 A. The element needs to be able to absorb (25 V)(0.01 A) =0.25 W continuously. A
Grade B element is adequate, but without margin for error. Specify a Grade B device if you trust
the estimates of the maximum voltage and current and a Grade A device otherwise.
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DP 1-2 The voltage across a circuit element is v(¢) = 20 (1-e )V when ¢ > 0 and v(¢) = 0 when
¢ < 0. The current in this element is i(f) = 30e * mA when ¢> 0 and i(f) = 0 when # < 0. The

element current and voltage adhere to the passive convention. Specify the power that this device
must be able to absorb safely.
Hint: Use MATLAB, or a similar program, to plot the power.

Solution:

p(t)=20(1-€¢")x0.03¢™* =0.6(1-¢*)e™ W

Here is a MATLAB program to plot p(?):

clear

t0=0;

tf=1;
dt=0.02;
t=t0:dt:tf;

v=20*(1-exp(-8*t));
i=.030*exp(-8*t);

for k=1:length(t)
pP(K)=v(K)*i(k);

end

plot(t,p)
xlabel("time, s");
ylabel ("power, W%)

%
%
%
%

initial time
final time
time increment
time

device voltage
device current

power

Here is the plot:

The circuit element must be able to absorb 0.15 W.
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