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Preface

These are my own solutions to the problems in Introduction to Quantum Mechanics, 2nd ed. 1 have made every
effort to insure that they are clear and correct, but errors are bound to occur, and for this I apologize in advance.
I would like to thank the many people who pointed out mistakes in the solution manual for the first edition,
and encourage anyone who finds defects in this one to alert me (griffith@reed.edu). I'll maintain a list of errata
on my web page (http://academic.reed.edu/physics/faculty/griffiths.html), and incorporate corrections in the
manual itself from time to time. I also thank my students at Reed and at Smith for many useful suggestions,
and above all Neelaksh Sadhoo, who did most of the typesetting.

At the end of the manual there is a grid that correlates the problem numbers in the second edition with
those in the first edition.

David Griffiths

(©2005 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they
currently exist. No portion of this material may be reproduced, in any form or by any means, without permission in writing from the
publisher.



CHAPTER 1. THE WAVE FUNCTION

Chapter 1

The Wave Function

Problem 1.1
(a)

()? =217 =
() = % > iPNG) = i [(142) + (15%) + 3(16%) + 2(222) + 2(24?) + 5(25%)]

1 6434
= ﬁ(196 + 225 4 768 + 968 + 1152 + 3125) = BV 459.571.

Jj A =7-0)
4 14—21=-7
15 | 15—21=—6
(b) 16 | 16 —21 = —5
22| 22-21=1
24| 24—21=3
25 | 25 —21 =4

o? = % Z(Aj)QN(j) = 1—14 [(=7)+ (=6)>+ (=5)* -3+ (1)*- 2+ (3)*- 2+ (4)* - 5]

1 260
= 73 (49+36+75+2+18+80) = = =[18.57L.

o =+18.571 = |4.309.

(5%) — (j)® = 459.571 — 441 = 18.571.  [Agrees with (b).]
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CHAPTER 1. THE WAVE FUNCTION

Problem 1.2
(a)

2
4 2
45 3\/5

(b)

T4
x

ol 1 1
le—/xi mdm:l—m(w}) _:1——h(\/a—\/x—,).

x4 = (x) + 0 = 0.3333h 4+ 0.2981h = 0.6315h; z_ = (x) — o = 0.3333h — 0.2981h = 0.0352h.

P =1-+0.6315+ v0.0352 = | 0.393.

Problem 1.3
(a)

oo
1= / Ae Mo g Tetu=x— a, du =dzx, u: —00 — 0.

1:A/ eCau= AT = la=/
oo A T

(b)

(x) = A/ ze~ M@= gp — A/ (u+ a)e_kuzdu
=A [/ e du + a/ e‘Auzdu} =A (0 + a\/§> =
@ =d [ et N

o0 2 o0 2 o0 2
= A{ uZe M du—|—2a/ ue M du+a2/ e A du}
— 00 — 00
[ T ™

— 00

[\
>
[\
>
>
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CHAPTER 1. THE WAVE FUNCTION

(c)

p(X)

Problem 1.4
(a)

‘A|2 /a 2 |A|2 /b 2 2 ) 1 z® 1
1= de+ 20— a)2de =420 = (2
a? J, * x+(b—a)2 a( @) dz = |4 a? \ 3 0+(bfa)2
b—a b 3
= AP |2 =APRD = |A=4/2
AP 5+ 252] = 1arg = b
b
(b) .
A
a b X

(c) At

(d)

R L e R PO o
(e)

<x>:/:z:|\11|2d:17: A|2{ai2/0ax3dx+ﬁ/abm(bx)2dx}

3 (1 4\ |@ 1 2 3 4N |b
:g{ﬁ (%) +—<b2x——2bx—+x—>

o (b—a) 2 3 4
- ﬁ [a®(b = a)” + 2% — 8b%/3 + b — 20%H 4 8a”b/3 — o]
—a

— 3 f — a2 4 ga?’b = ;(b‘g’ —3a%b 4 2ad%) =
4b(b —a)? \ 3 3 4(b — a)?

2a+b

(©2005 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they
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6 CHAPTER 1. THE WAVE FUNCTION

Problem 1.5

(a)
oo —2Xz \ |*° Al?
1= [10Pde = 2P [ e Pds—2/ap (e > _ AF

0

(b)
() = /x|\I/|2d:17 = \A|2/ ze Mol dy = [Odd integrand.]

— 00

e 2 1
2 2 2 —2Xx
<x>=2|A|/0 x“e d$:2)\[ }:ﬁ

(c)

o? = (2% — (2)? = —; o=—| |U(x0)]? =|APe P = Ne VI = \emVZ = 0.24310.

Probability outside:

0o 00 —2\zx o
2/ 0 |2de = 2|A|2/ e~y = 2 <e )‘ = P = | V2 = (.2431.

—2)

Problem 1.6

For integration by parts, the differentiation has to be with respect to the integration variable — in this case the
differentiation is with respect to ¢, but the integration variable is z. It’s true that

0

Ox 0 0
S @lV) = S a0 = o[,

but this does not allow us to perform the integration:

b b
5' 2 o a 2 2 b
/ax&m dz—/a @l V) (2!

(©2005 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they
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CHAPTER 1. THE WAVE FUNCTION 7

Problem 1.7
From Eq. 1.33, d<p> —ih [ % (\Il*g—‘i’) dx. But, noting that gz; = W and using Eqs. 1.23-1.24:

* . 21T * - . 2 .
0 (\I’*a_\ll)zallf oV \11*8 (0@)2[ th 0*0 EV\II*} oV \P*a [zhalll L

a\" )" Y\ o) T | Tam e T oz "V or |amaaz " h
ih [ 0% 020U i LU0
::§;z{m 97 0T ax}‘+ {V“” o v 5@<”“”ﬂ

The first term integrates to zero, using integration by parts twice, and the second term can be simplified to
Vg gy 2L gV = —|g29Y S

Problem 1.8

Suppose WV satisfies the Schrodinger equation without Vy: ih%—%’ = ;‘; g; + VW¥. We want to find the solution
Uy with V: ih8%e = — 12 8% 1 (v 4 V)w,.

Claim: Uy = We~Vot/h,
Proof: ih% = iha—‘ye_iv"t/h + ihW (—%) e~ Vot/h — [ 5; %1 + V\I/} —Vot/h 4 Yy e tVot/h
0% (V4 Vp)¥.  QED

This has no effect on the expectation value of a dynamical variable, since the extra phase factor, being inde-
pendent of z, cancels out in Eq. 1.36.

Problem 1.9
(a)

oo 1 h 2am\
1:2MF/ e tems Iy = 2] AP = APy 5o A:(am) |
0

2am 7h

(2am/h) /ﬁ)

(b)

ov ov 2amx R 2am ow 2am 2ama?
o aw; = U; - Ul )=— 1- .
at ~ Y B R 022 h ( ”ax) h ( h )
Plug these into the Schrodinger equation, ih%—‘f = 7%%27\3 + VU
K2 2am 2ama?
VW =ih U4+ ——— 1— \VJ
(—ia)¥ + 50 ( h ) ( h )

2 2
= [ha — ha (1 - av;;x )] U = 2a°ma?¥, so ‘ V(z) = 2ma’z?.

(©2005 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they
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8 CHAPTER 1. THE WAVE FUNCTION

(c)
(x) :/ x| 2 : [Odd integrand.]
e 2 1 wh h
2:2A2/ 272amz/hd :2A2 \/ _ )
(=) = 0 ve v =2 |22(2am/h) 2am | dam
d(z
) =m2 _[0]
ho 0%
2\ __ * - — _ 2 *2 =
<p>—/\Il <28x> Vdz h/\ll axde
2
:—ﬁZ/\I/* _2am 1- 2am V| dx = 2amh /\\Il|2dxf 2am/:v2|\ll|2dx
h h h
_ 2am , 5\ 2am h \ 1\
= 2amh (1— - (x )) = 2amh (1 - 4am) —2am7i<2> =|amh.
(d)

02 = () — () = = |oe =T 02 = (%)~ ()? = amh = [0, = Vamh.
am

0z0p = 1/ ﬁ\/ amh = % This s (just barely) consistent with the uncertainty principle.

Problem 1.10
From Math Tables: m = 3.141592653589793238462643 - - -

PO =0 P

=2/25 P(2)=3/25 P(3)=5/25 P(4)=3/25
@) | ps5)=3/25 P6

=3/25 P(7)=1/25 P(8)=2/25 P(9)=3/25

In general, P(j) = %

o —

(b) Most probable: Median: 13 are < 4, 12 are > 5, so median is

Average: (j)=5[0-04+1-2+2-3+3-5+4-3+5-3+6-3+7-1+8-2+9-3]
= L0+2+6+15+12+15+18+ 7+ 16+ 27 = 18 =[4.72.]
() () =50+1%-2+22.3+32.54+42.345%.34+6%-3+7>-1+8%-2+9%2.3
= L[0+2+12+45+48 + 75+ 108 + 49 + 128 + 243] = 70 =[28.4. |

0% = (j%) — (j)? = 28.4 — 4.722 = 28.4 — 22.2784 = 6.1216; o = /6.1216 =|2.474.

(©2005 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they
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CHAPTER 1. THE WAVE FUNCTION

Problem 1.11

(a) Constant for 0 < 0 < 7, otherwise zero. In view of Eq. 1.16, the constant is 1/7.

1w i 0<8<m,
p(0) = { 0, otherwise.

p(B)
1/m

0
—1/2 0 L 3n/2

(b)

= [of course].
0 2

1 [ 1 /03\|" |=?
0%y = 2do == [ — =|—
% 7T/0 7T<3>0 3
2 2 2
S N S S P
o° = (0% — (9) 3 1 o | Wik

(c)

(sinf) = %/Oﬂsinede == (—cosh)|g = %(1 —(~1)) =

S

1
™

1 [" 1
(cost) =+ [ costdt =~ Gno)fj =[0.]
T Jo

™

) 1/” ) 1/” 1
= — = — 1/2 =|-.
(cos® 0) = cos” 6 df = (1/2)do 5

[Because sin” § + cos? @ = 1, and the integrals of sin® and cos? are equal (over suitable intervals), one can
replace them by 1/2 in such cases.]

Problem 1.12

a) x =rcost = dr = —rsin . e probability that the needle lies in range 18 p = =db, so the
0 d infdf. Th babili hat th dle lies i dé i 0)do 71Td6 h
probability that it’s in the range dx is
1 dx 1 d dx

x
xr)dr = — — = — = .
plz) mrsing  we /1 (z/r)2  7V/r? — a2

(©2005 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they
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10 CHAPTER 1. THE WAVE FUNCTION

AP(X)

J

-Zr =T r 2> X
1 .
— L if —r<az<m ,
| plx) = ¢ mVrE-a? , [Note: We want the magnitude of dz here.]
0, otherwise.
Total: f_rr s —r;—;ﬁ dr = %for ——r21—3:2 dx = %sin_1 z g = %Sin_l(l) = % I=1v

(b)

de = @ [odd integrand, even interval].

-4 e

2 2 "
2 |-gva s et (2)]
m r

<x2>_E/rx_2d$_
oo VrP—a

o? = (2?) — (2)* =r?/2 = |0 =1/V2.

To get (x) and (z?) from Problem 1.11(c), use x = rcos @, so (x) = r(cosd) = 0, (x?) = r?{cos® 0) = r?/2.

Problem 1.13

Suppose the eye end lands a distance y up from a line (0 < y < 1), and let  be the projection along that same
direction (—! < z < l). The needle crosses the line above if y +x > [ (i.e. @ > 1 —y), and it crosses the line
below if y +x < 0 (i.e. < —y). So for a given value of y, the probability of crossing (using Problem 1.12) is

_y ! - :
P = [ oty /l_yp<w>dx=%{/_l vl \/%—xdx}

= 1 {Sin_1 (f) ‘_y + sin™? (%) ‘l } = 1 [— sin™!(y/1) + 2sin" (1) —sin ' (1 — y/l)}

T 11— I—y T

I L)

Now, all values of y are equally likely, so p(y) = 1/, and hence the probability of crossing is

pP= %/Ol [w _ sin~? (%) _ sin~? (l_Tyﬂ dy = %/Ol [ —2sin™" (y/1)] dy

= il [ﬂ'l -2 (ysinfl(y/l) +ZW)‘;} —1_ %[lsinfl(l) =1-1+ % _

™

S

(©2005 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they
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CHAPTER 1. THE WAVE FUNCTION 11
Problem 1.14
(a) Pt f W (z,t)%dz, so a :fa 21|?dx. But (Eq. 1.25):
owlr o ovr  9U* 0
> Ull=—-—=
ot o ox oz ot/ (@)
dPa
b= / oy (@ e = — [J(z,0)]]> = J(a,t) — J(b,t).  QED
Probability is dimensionless, so J has the dimensions 1/time, and units
(b) Here U(z,t) = f(x)e™", where f(z) = Ae—om="/h 5o GO = feiatdl piat — fdI
and \P*%—‘i’ = f% too, so | J(x,t) =0.
Problem 1.15
(a) Eq. 1.24 now reads % = 2177; a;gg + 5 Ly*@* and Eq. 1.25 picks up an extra term:
0 ) ) 2
2 = 2|2V — ————— i — D) =---— |2
9w +h\|<v V)=t LR 4 - 1 ) L,
and Eq. 1.27 becomes 22 = —2L [* |@|2dy = -2 P, QED
(b)
ap 2T _2r — “ort/n _h
= hdt:>1nPf ht+constant:> P(t) = P(0)e | so|T=ox
Problem 1.16
Use Eqgs. [1.23] and [1.24], and integration by parts:
d [~ >0 [0V oA 2%
— Uiy da = UiW,) do = Ly, + 03 d
dt/_OOle 8t( 2) /_m(at 2t 18t>x
o —ih 0?W% i ih 0?0y 4
= VU | U+ 0] [ ——— — VU d
/_Oo{<2m5‘ +ﬁ ) 2+ 1(2m 0x2 h 2)] v
ih [ (0%V% 0%V,
- C oy, prZ 72
2m ( Ox? ' Ox2 ) d
ih oy |~ oV 0¥y oWy | oV 0¥y
= —— - —dr— Vj— dr| =0. QED
Ox ~ /00837 ox ox OOJF/OO@@" Ox Q

(©2005 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they
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12 CHAPTER 1. THE WAVE FUNCTION

Problem 1.17
(a)

a a 3 5712
1= \A|2/ (a® — x2)2dx = 2|A\2/ (a* — 2a%2® + 2*)dz = 2|A|? [a‘lx — QaQ% + %]
a 0

2 1 16 15
=2|A%d® (1 —3 + g) = 1—5a5|A|27 so| A=/ 1605

0

(b)

(x) = / x| U2 dr = (Odd integrand.)
(c)

(p) = E_’A2/ (a2 _ x2) di (a2 — x2) dr = (Odd integrand.)
¢ a \x_\{__’

Since we only know (x) at t = 0 we cannot calculate d(z)/dt directly.

(d)

15 x3 x5 27
—9 " gt _942 4
16a5 {a 3 T 7}
_ 15a% (35— 42+ 15 a*
8 3-8-7 8

(x?) = AZ/ 22 (a2 — J:Z)Qda: = 2A2/ (a4x2 —2a%z* + xG)dm
0

a

a

_ B (o2, !
0_8a5(a)<3 5+7)

a2

7

8
7

(e)

a 2 a
<p2> = —A2h2/ (a2 — x2) %(a2 — :102) dr = 2A2h22/ (a2 — xg)dx
e x 0

4a2 3 |2a2°

15R2 (a3_ a3> 1502 2 | 5R?

0 4ab 3

(f)

@
7 VT

(g)

5 h? 5h
R B L L

(©2005 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they
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CHAPTER 1. THE WAVE FUNCTION 13

(h)

_i.\ﬁfz_ [5,_ JWOR &,
= g Ve TV V727 2

Problem 1.18

L > d = T < h—2
3mkgT 3mkpd?’

(a) Electrons (m = 9.1 x 10731 kg):
(6.6 x 10734)2
T : : —11.3x 10° K.
- 3(9.1 x 10731)(1.4 x 10—23)(3 x 10~10)2 X

Sodium nuclei (m = 23m, = 23(1.7 x 10727) = 3.9 x 10725 kg):

(6.6 x 10734)2
T ~[3.0K.
S 3B.9x 10-20)(1.4 x 10-29)(3 x 10-10)2

(b) PV = NkgT; volume occupied by one molecule (N =1, V = d*) = d = (kgT/P)"/>.

B2 P 2/3 h2 p2/3 1 h2 3/5
T<— | —— = TP < T <— [ — P25,
< 2mkp <k:BT> < 3m k%/3 < kg \3m

For helium (m = 4m,, = 6.8 x 10727 kg) at 1 atm = 1.0 x 10° N/m?%:
_ 1 (6.6 x 107342\ ¥/° (1.0 x 10%)2/5 —
(1.4 x 10-23) \ 3(6.8 x 10~27) ' e
For hydrogen (m = 2m, = 3.4 x 10727 kg) with d = 0.01 m:

(6.6 x 10734)? -
r —[31x10 K.
< 3(34 % 10-27)(14 x 10-B)(10-2)2 2110

At 3 K it is definitely in the classical regime.

(©2005 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they
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14 CHAPTER 2. THE TIME-INDEPENDENT SCHRODINGER EQUATION

Chapter 2

Time-Independent Schrodinger
Equation

Problem 2.1
(a)
\I/(ﬁ,t) _ ,L/}(x)e—i(Eo—&-iF)t/h _ ,(/)(x)eFt/he—iEot/h — ‘\I/|2 — |’L/J|2€2Ft/h.

[ opde =t [ g

—o0 —o0

(e2Tt/") must

The second term is independent of ¢, so if the product is to be 1 for all time, the first term
also be constant, and hence I' =0. QED

(b) If ¢ satisfies Eq. 2.5, —% dmz + Vi = Ev, then (taking the complex conjugate and noting that V' and

E are real): _%8;/;:@* + Vy* = Ey*, so ¥* also satisfies Eq. 2.5. Now, if ¥; and 5 satisfy Eq. 2.5, so
too does any linear combination of them (¢35 = c191 + catb2):

I 0 B9 9P
Tom @ TV T T, <Cl 2 T2 ) + V(ergr + catp)
h2 d2 h? d2
=a ¢1+V1/11 +e2|—5— ¢2+ Vipy
" 2m da?

= c1(EYn) + ca(Evpz) = E(c1yr + 021/J2) = Ev3.

Thus, (¢ + ¢¥*) and i(¢p — ¢¥*) — both of which are real — satisfy Eq. 2.5. Conclusion: From any complex
solution, we can always construct two real solutions (of course, if ¢ is already real, the second one will be
zero). In particular, since ¢ = [(¢ + ¥*) — i(i(¢) — ¥*))], % can be expressed as a linear combination of
two real solutions. QED

(c) If ¢(z) satisfies Eq. 2.5, then, changing variables  — —x and noting that 9?/9(—z)? = 0% /022,

2 TCD 4 v (—app(—w) = By(-a);
so if V(—z) = V() then ¢)(—z) also satisfies Eq. 2.5. It follows that ¢ (z) = w(m) + ¢ (—z) (which is
even: ¥y (—x) = ¥4 (x)) and ¥_(z) = ¥ (x) — Y(—=z) (which is odd: ¥_(—x) = —_(x)) both satisfy Eq.

(©2005 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they
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CHAPTER 2. THE TIME-INDEPENDENT SCHRODINGER EQUATION 15

2.5. But ¢(z) = 1 (¢4 (z) +1¥_(x)), so any solution can be expressed as a linear combination of even and
odd solutions. QED

Problem 2.2

Given ‘;2715 = %—T[V(x) — E, it E < Vigin, then ¢ and ¢ always have the same sign: If ¢ is positive(negative),
then ¢” is also positive(negative). This means that ¢ always curves away from the axis (see Figure). However,
it has got to go to zero as x — —oo (else it would not be normalizable). At some point it’s got to depart from
zero (if it doesn’t, it’s going to be identically zero everywhere), in (say) the positive direction. At this point its
slope is positive, and increasing, so ¥ gets bigger and bigger as x increases. It can’t ever “turn over” and head
back toward the axis, because that would requuire a negative second derivative—it always has to bend away
from the axis. By the same token, if it starts out heading negative, it just runs more and more negative. In
neither case is there any way for it to come back to zero, as it must (at £ — oc0) in order to be normalizable.

QED

s

\/

<Y

Problem 2.3

Equation 2.20 says ‘%ﬁ = —2mEy: Eq. 2.23 says ¢(0) = ¥(a) = 0. If E =0, d*y/dz* = 0, so ¢(z) = A+ Bu;
Y(0)=A=0=1%=DBx;(a) =Ba=0= B=0,s0%=0. If £ <0, d*/dz? = k*, with k = /—2mFE/h
real, so ¥(z) = Ae"® + Be "*. This time ¥(0) = A+ B =0 = B = —A, so ¢y = A(e"® — e "%), while
P(a) = A (e"‘“ — ei’“‘) = 0 = either A =0, so 1 = 0, or else e"* = e~ "% 50 €2"* = 1, s0 2ka = In(1) = 0,
so £k = 0, and again ¢ = 0. In all cases, then, the boundary conditions force ¢ = 0, which is unacceptable
(non-normalizable).

Problem 2.4

2 a
(z) = /:r|z/)|2d:c = —/ zsin® (n_wz) dx. Let y = n—ﬁx, so dx = ialy; y:0— nm.
a Jo a a nmw

2 nm

:z(i)z/mySiHdey: 2a |y~ ysin2y cos2y
a\nw/) Jy n2m? 4 8

2 2,2 ) 1
= ngig {nz’ - Cosgmr + g] = (Independent of n.)

(©2005 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they
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CHAPTER 2. THE TIME-INDEPENDENT SCHRODINGER EQUATION

2 a 2 3 nm
(x?) = —/ 22 sin? (Mm) de = = (—) / y? sin® y dy
a fo a a\nm/ Jo

_ 242 y_37 y_?’il sin2yfyCOS2y "
6 8 0

(nm)? 4 4
_ (725:33 [mg)i% - n7rcoz(2nﬂ')} [ E } ﬁ}

(p) = me - = (Note : Eq. 1.33 is much faster than Eq. 1.35.)

0= v (B ) vde = a2 [ (500
) s (2

ﬁ

nrh\ 2 nmh
=) -0 = (") ¢ o =2 =

The product 0,0, is ‘ smallest for n = 1; | in that case, 0,0, = \/7 —2=(1.136)h/2 > h/2. V

Problem 2.5

(a)

(b)

|02 = W20 = [AP (¥} + ¢3) (1 + b2) = [AP 51 + P + 3 + iea).

1= / UPdr = |A] / (1] + 05n + 50br + ol = 2| AP = [ A = 1/v2.

[¢16—1E1t/h + ¢26—1E2t/h:| (but ? _ an)

1 \/5 |: . ™ —iwt <27T ) i4wt:| 1 —iwt |: : ™ : 27 —3iwt
= ——14/— |sIn (—x) + sin x|e =| —=e sin (—x) +sm | —x]e .
2V a a a Va a a

2 : : 2
{Sinz (zl‘) + sin (zx) sin (_ﬂ-x> (e*BZwt + e?nwt) + sin2 (_Wx>:|
a a a @
1 2 9
== {sin2 (zx) + sin? (_Wx) + 2sin (Za:) sin (_ﬂx> Cos(3wt)] .
a a a a a

S
—
&
~
~—
s

I

Q|
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CHAPTER 2. THE TIME-INDEPENDENT SCHRODINGER EQUATION

(c)
(z) = /x|\Il(a:,t)|2da:

1 [ 2 2
= —/ x [Sin2 (Ex) + sin? (—Wx> + 2sin (Ex> sin <—7rx> cos(3wt)} dz
aJo a a a a

a 2 s (2w 2 @ 2 a
Lo (T _ |z® s (Tx) _ cos (Tf) _a” _/ . 9 2_7r
/0  sin (ax)dx— [4 in/a 8(r/a)2 0— o ; 2 sin ax dx.

2

[a—z(cos(ﬂ) — cos(0)) — ;?(cos(?m) - cos(0>)] = —“—Z (1 - é) = ‘S%z'

a® a®>  16a®
4 4 72

a” o 16a® cos(Swt)] - % [1 - 9372 cos(3wt)].

2
Amplitude: 93—2 (g) =0.3603(a/2); angular frequency: | 3w = ——
T

(d)

(p)=m——=m (E) < 32 ) (—3w) sin(3wt) = % sin(3wt).

2/ \ on?

(e) You could get either ‘ E, = 72h?/2ma® ‘ or ‘ By = 21% 12 /ma?,

with equal probability | P, = P, = 1/2. ‘

5m2h2 _

1

it’s the average of 1 and FEs.

Problem 2.6

From Problem 2.5, we see that

U(z,t) = ﬁe*m [sin (T2) + sin () e~3tei?];

a

a a

W (z,t)]* =| L [sin® (Z2) +sin® () + 2sin (Z2) sin (Zz) cos(3wt — ¢)];
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18 CHAPTER 2. THE TIME-INDEPENDENT SCHRODINGER EQUATION

and hence | (z) = ¢ [1 — 2% cos(3wt — ¢)]. | This amounts physically to starting the clock at a different time

(i.e., shifting the ¢ = 0 point).

If ¢ = g, so U(xz,0) = A[th1(x) + itha(x)], then cos(3wt — ¢) = sin(3wt); (x) starts at g.

It ¢ =, so ¥(z,0) = Ay () — a(a)], then cos(3wt — ¢) = — cos(3wt); () starts at (1 + %)

Problem 2.7

Y(x,0)
Aal2

(a)
a/2 a 3

1:A2/ xQda:+A2/ (a—x)de:A2[—

0 a/2 3

_ A N A 23
3 12 Va3

a/2 (a —z)3

o 3

a/2:|

8 8

(b)
29 a/2 a
C":\/gﬁ{/ T sin (%x)dx—l—/ (a — x)sin (%33)0!93]
0 a/2
2\/6{Ka>2 _ (mr ) ra (mr ) a/2
:—2 —_— Sin —X — — COS —X
a nm a nm a
_26[(a\ L (e @ ey @ e
T a2 nm 2 T 2 T n 2
2

2
2v/6 /aZ . (nﬂ' 4V6 . <n7r> { 0, n even,
=727 _—sin|— | = =

(—1)(n=D/2.4Y6 44,

(nm)2>

46 /2 1 212p2
So | ¥(x,t) = F_{\/; > (_1)(n_1)/2p sin (Z—WCE) e Ent/h | where B, = .

2ma?
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CHAPTER 2. THE TIME-INDEPENDENT SCHRODINGER EQUATION 19

(c)

P = el = 250 = [0.9855 ]

(d)

173

96 m2h% [ 1 1 1 1 48h% 72 67>

H) = ’E,=——— = — = )
(H) Z|Cn| " 14 29ma? m2ma? 8§ ma?

w2/8

Problem 2.8
(a)

ISHE N

0, otherwise.

A 2; a/2
\I’(x,()):{ » 0<z<a/Z 1:A2/ dz = A%(a)2) = | A
0

(b) From Eq. 2.37,

c = A\/g/oa/2 sin (g:p) dx = % [f% cos (gx)}

Py = |er? = (2/m)? = 0.4053.

Problem 2.9

. n [ n [ 2?2 23
* _ 2 o — 2 <o
/\Il(x,()) HY(z,0)dz = A m/o z(la—x)de=A - (a 5 3)

A2h—2 (a3 a3> B @hQ a® 5k

2 3

m a®m 6 ma?

(same as Example 2.3).
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20 CHAPTER 2. THE TIME-INDEPENDENT SCHRODINGER EQUATION

Problem 2.10
(a) Using Egs. 2.47 and 2.59,

174 ..
ayihg = ( h— + mwx) (—7:;;) e~ B
1/4 mw w2 1 mw\ 1/4 Cmw 2
( ) [ ( ) 2x + mwx] e 22 = (—) 2mwze” 2n T,
2h 2hmw \ Th

1/4 d _mw 2
(ay)*2po = 2hmw ( ) <h% + mwx) xe 2h

mw 1/4 /2 mew
( [ (1 — J;m—Qx) + mwxﬂ e BT — (E) ($$2 — 1) e~ B’

2h
Therefore, from Eq. 2.67,

1 2. | 1 rmwN/t2mw , _mw 2
T N e

(c) Since 1y and v, are even, whereas 91 is odd, [ 9§¢1dz and [ ¢31);dz vanish automatically. The only one
we need to check is [ 93 da:

/ 2 me 42
/¢2¢0 de — \/_ m;;/ ( mw 2 1) z° o
T
mw .2 2 o mw .2
_ /M(/ fwd_ﬂ/ g zdx)
T
/ 7rh Qmw h | 7wh
( mw  h 2mw )_O v

(b)

Problem 2.11

(a) Note that vy is even, and ¢; is odd. In either case |[¢|? is even, so (z) = [z|¢|?dz = Therefore
(p) = md(x)/dt = (These results hold for any stationary state of the harmonic oscillator.)

From Eqs. 2.59 and 2.62, ¢y = ae~¢/2, 4 = \2age /2. So

n =0:

B 2 h 3/2 poo 2 1 h ﬁ h
2y _ 2 2 —£2/2 — A2 2,-¢ — - (=2 M2
(%) = « [mm e dz =a (mw) [mf e d¢ ﬁ(mw) 5 py
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CHAPTER 2. THE TIME-INDEPENDENT SCHRODINGER EQUATION 21

R R s

ffmhw/ 2 1) €/2ge = @(ﬁﬁ)_ %

= 7= 3
n=1
> > 3/2 oh 37 | 3n
2y _ 9.2 262 -2 _ 4, g0 _ _
(%) =2« /_Oox e de = 2072 ( ) / e S dE = NN 5
<p2> = _h22a2 % /Oo 56_52/2 d_2(€e_£2/2) dé—
h ) o dg?
_ 2mwh [, o e, 2mwh VT 3mhw
o IRGEE S I S CV RS O R R
(b) n=0:
=4/ (z?) = 1/ V(p P2 = | i
I mwh  h ) . o
0a0p =\l5 A\ "5 =5 (Right at the uncertainty limit.)v’
n=1
3h 3mhw h_h
Oyp = M, Op T, O'IO'p—3§>§ v
(c)
1 ihw (n=0) ) Lhw (n =0)
(T) = 2—<P2> = i (V)= §mw2<x2) =
" §hw (n=1) Shw (n =1)
shw (n =0) = Eq
(T)+(V)=(H) = , as expected

Problem 2.12
From Eq. 2.69,

[ h h
T = 2mw(a++a—)7 p:Z Tgw(a’-‘r*a—%
SO
[ h
<CC> = %/1/}:((14_ +a_)wn dl‘
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22 CHAPTER 2. THE TIME-INDEPENDENT SCHRODINGER EQUATION

But (Eq. 2.66)
a’+'(/}n =vn+ lwn-i-h a—wn = \/ﬁ’(/)n—l-

So
(x) =1/ % {\/n + 1/¢2¢n+1 dzr + \/ﬁ/z/):bwn_l dw} = @ (by orthogonality).
(p) = m% = z? = %(mr +a )= %(ai +ara_ +a_aq +a*).
(x2> — % /q/;;(ai +ara_+a_ay +a2_)z/)n. But
aiwn :a-l-g\/n"i'lwn-‘rl) = Vn+1vn+2¢n+2 = (n+1)(n+2)wn+2'
ata_, = a4 \/ﬁwnfl) = \/ﬁ\/ﬁ% = np.
a_asth, =a_ (\/n + 1¢n+1) =v/n+1)vn+ 1y, =n+1)Y,.
a2—wn =a- (\/51/%—1) = \/ﬁ\/ n—1n_2 =V (n - 1)n¢n—2-
So
h h 1\ &
(x?) = CTo [0+n/|1/1n|2d:c+(n+1)/|¢n|2dﬂc+0] = %(Qn—kl) = (n+§>%.
p? = 7hﬂ21w (ay —a_)? = 7h?721w (af_ —aya_ —a_ay + a2_) =
(p?) :—hmTw[O—n—(n-i-l)—FO] = hmTw@n—i-l) = (n—k%)mfw.
(@) = /2m) =| 5 (4 5 )
0r =/ (22) — (2)2 = n+% %; oy =V (p2) — (p)2 = n+%\/m; 0,0, = <n+%)h2 g v

Problem 2.13
(a)

1:/wwmwwww/@mﬁuwmﬁuw%+wwﬂm

= |A(94+0+0+16) =25|A* =| A =1/5.
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CHAPTER 2. THE TIME-INDEPENDENT SCHRODINGER EQUATION 23

(b)

Wi, t) = ¢ [Buo()e B/ 4 ay (2)e P = 2 [Buo(e)e Y2 4+ g ()]

(Here 1o and v are given by Eqgs. 2.59 and 2.62; E; and E> by Eq. 2.61.)

1 . . . _
W (z, 1) = o [977[}3 12001 et/ 2e=31t/2 | 12w0wleﬂwt/263wt/2 4 167/’%}

= 2—15 (99§ + 1697 + 24911 cos(wt)] .

(x) = % {g/wg dx + 16/1:1/)% dx + 24 cos(wt) /xwowl da:} .

But [a¢fdx = [x¢? dz =0 (see Problem 2.11 or 2.12), while

fmw [2mw mw e 2 /rmw > e
/x’(/}()wl dqj = E T/xe 5h xee L xde _ ; (T> [m 1‘26 E ;czdx
3
2 /mw 1 h h
7r( h ) v (2 mw) 2mw

So

24 h d 24 [mwh .

() = 5\ 2mw cos(wt); | (p) = ma<$> =735 5 sin(wt).

(With 2 in place of ¢ the frequency would be (E; — Ep)/h = [(5/2)fw — (1/2)Aw]/h = 2w.)
Ehrenfest’s theorem says d(p)/dt = —(0V/dx). Here

d 24 h 1 oV
dip) =——1/ %w cos(wt), V= imexZ = — = mwr,

SO

so Ehrenfest’s theorem holds.

(d) You could get| Eg = 3w, |with probability [co|? =|9/25, |or | Ey = 3hw, | with probability |c1|? =|16/25.

Problem 2.14

The new allowed energies are E, = (n + 3)hw' = 2(n + $)hw = hw,3hw,5hw,.... So the probability of
getting 17w is The probability of getting hw (the new ground state energy) is Py = |cg|?, where cq =
J ¥(z,0)¢q dz, with

1/4
mw)1/4 _mw g2 m2w) /  m2w 2
e 2n e )

(w,0) = (@) = (2 g, %(@f:(ﬁ
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24 CHAPTER 2. THE TIME-INDEPENDENT SCHRODINGER EQUATION

So
> mw 1 2h 2
_ g /%/ opea? g oua [Ty (1] 20 21/4\ﬁ,
0 wh 7006 ’ * wh v 2V 3mw 3
Therefore

2
Py = g\/5 = (.9428.

Problem 2.15

1/4 2 mw mw | h > 2
e ¢ /2 _ [hed B 3
Yo = (ﬂ'h) , S0 P = 2\/ 7rh/ 2\/ h mw_/go €

Classically allowed region extends out to: %mw 3 =FEy= %hw, or xg = \/m, so & = 1.

\/_ / Cag = 2(1 — F(v/2)) (in notation of CRC Table) =

Problem 2.16
5—1

S B R _ _—2(5-3 __1
n=5j=1= a3 = W —§a1,]—3:>a5—W(3+)2)a3——3a3—15a1,]—5=>a7—0So
H5(€) = a1€ — 30183 + £ a18® = 9 (15€ — 20€% + 4€°). By convention the coefficient of £° is 2°, so a; = 15- 8,

and | Hs(€) = 120€ — 16053 + 3255 (which agrees with Table 2.1).

n==6:7=0= a = 7(0121(ﬁ622)a0 = —6ag; ] =2 = a4 = 7(2;21(ﬁ;i)2)a2 = —%ag = 4dap;j =4 = ag =
%0}4 =—2a;=—2ap; j=6=as=0.S0 Hg(&) = ap — 6ao&? + 4ao&* — £&8ag. The coefficient of &8

is 26,50 20 = —&ap = ap = —15-8 = —120. \Hﬁ(g) = —120 + 720€% — 480¢* + 64¢5.

Problem 2.17
(@)
2
e =€ () o = ) = (2

(&) ¢ = Llaragnee] = [aes (-2 ae)-20)]e € = (126 e

4
(i) e ¢ = % {(125 - 8§3)e—52] = {12 — 24€2 4 (12¢ — 853)(—25)} e=¢ = (12 — 48¢2 4+ 16¢4)e ¢

3 4
H3(¢) = -3 (%) et = Hy(&) = €S’ (%) e = ‘ 12 — 48¢% + 16¢%. ‘
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(b)

Hs = 2¢Hy — 8Hz = 26(12 — 48¢% + 16¢%) — 8(—12¢ + 8¢3) = ] 120€ — 160€3 + 32¢°. ]

Hg = 26Hs — 10H, = 2£(120€ — 16063 + 32€°) — 10(12 — 48¢2% + 16¢%) = \ —120 + 720£% — 480&* 4 64£6.
(c)

dd—f? =120 — 480&% + 160¢* = 10(12 — 48¢% + 16¢*) = (2)(5)Hy. v/

dg‘i = 1440¢ — 1920€3 + 384£5 = 12(120€ — 160€> + 32€%) = (2)(6)Hs. v/
(d)

d

I(e*zmzé) = (—22 + €)™+ setting z = 0, | Ho(€) = 2¢.
z

d 2 — 224226\ _ d —2242z2¢

= {— 24 (—2z+ 25)2] 67z2+2z£; setting z = 0,

(%)3 (e H228) = %{ [ —24(—22+ 2§)2] e—zz+zzf}

= {2(—2z +26)(=2) + [ -2+ (—22+ 25)2] (—2z + 25)}e—z2+225;

setting z = 0, Hy(&) = —8¢ + (—2 +4€%)(2¢6) =

(6) = =2+ 4€2.

Problem 2.18

Ae*® 4 Be~™*® — A(coskx + isin kx) + B(coskx — isinkz) = (A + B) cos kx + i(A — B) sinkzx

= Ccoska + Dsink, with|C = A+ B; D=i(A - B).|

1kz —ikx
Ccoslm—l—Dsinkx:C< +€ )

lk?l _ —lk?l 1 ) 1
( ) = 5(C—iD)e + (C 4+ iD)e e

1
= Ae™ 4 Be 7T with | A = (C—ZD); B = §(C+iD).
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Problem 2.19
Equation 2.94 says ¥ = Aei(’”*%t), SO

2i_h (\Ifﬁ\l’* i 3\11) \A|2 { i(ko—Bk2 ¢ (_ik)e—i(kz—g—’fft) e (kz——t)(lk)ei(k$—g—’fft)}

4 ox ox

ih hk
= AP(=2ik) =| —| AP
AP (-2ik) = | 4]

It flows in the positive (z) direction (as you would expect).

Problem 2.20
(a)

> an . . > bn . i
(E) = by + Z 2_2 (eznﬂw/a - efznﬂ'x/a> + Z ? (eznﬂ'z/a te znﬂw/a)
n=1

n=1

:bo+zl<(;—;?+%”) ’"”/“JFZ(——JF ) e~inm/a

Let
co = bo; cn 2%(—ian+bn), forn=1,2,3,...; cn E%(ia_n—kb_n), forn=-1,-2,-3,....
Then f(z Z cne™™ /e QED

n=—oo

(b)

f( ) 7zm7rz/adl,7 Z Cn/ i(n— m)Tr:L’/adx But fOI‘?’L#m,

n=—oo

a B ei(nfm)Tr _ efi(nfm)ﬂ' (_1)nfm _ (_1)n7m

i(n—m)r/a - iln —m)r/a =0

a i(n—m)rz/a
/ ez(nfm)mr/adx _ 6
i(n—m)r/a

—a —a

whereas for n = m,

/ etn—m)mz/a g, :/ dr = 2a.

So all terms except n = m are zero, and

a

@ ) 1 .
f(x)e—zmwm/a = 2ac¢,,, SO ¢, = 2_/ f(l‘)e_mﬁm/adx. QED
—a a

—a

(c)
1 )
Z \/ 5 g F(k)e™ = N > F(k)e™ Ak,

n=—oo
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where | Ak

IS

is the increment in k from n to (n + 1).

b=y 2on 3o | f@e s = o [ e e

(d) As a — oo, k becomes a continuous variable,

f@) = Yelke ks F(k) = —— / T @) da

E/_OOF Nz

Problem 2.21
(a)

—2ax |°°

1:/ \\I/(x,O)\2dx:2|A|2/ e e = 2| AP
0

— 00

R

(b)
ok \/_/ ealzlg—ikz g.. \/2_/ a\r\ (coskx — isinkz)dx.
™

The cosine integrand is even, and the sine is odd, so the latter vanishes and

ax zka: +e—ikx) dx

o(k) = 2—/ W cos kx dx = \/ﬁ/ -

ik—a)x —(ik+a)x
/ (ik—a)z + e*(ikJra)x)dx _ A |:e( ) n e (tk+a) :|
Vor Vor | ik—a @ —(ik+a)

B -1 n 1 A —ik—a+ik—a a 2a
T Vor\ik—a  ik+a) Vor —k2 —q? IV on k24 a2

oo

(c)

1 [a3 e 1 ; hk? a3/2 o 1 : hk?
U )= 9/ — 2<k177t)d/€ — / Z<kx77t>dk.
(IEa ) /_271' o [m k2 T a2€ 2 - . k2 n aze 2

(d) For large a, ¥(z,0) is a sharp narrow spike whereas ¢(k) = /2/ma is broad and flat; position is well-

defined but momentum is ill-defined. For smalla, ¥(x,0) is a broad and flat whereas ¢(k) = (1/2a?/7)/k>
is a sharp narrow spike; position is ill-defined but momentum is well-defined.
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Problem 2.22

(a)
0o . 1/4
- \A|2/ 2% g = |AP [ s | A= (2—a> .
o 2a s

oo 0o 1 1 oo
/_OO e—(ar2+br)dx _ /_OO e—y2+(b2/4a)% dy \/_ b2/4a - e_dey — \/§€b2/4a.
1 ° 2 . 1 20\ /4 \/? 2 1 R
k)= ——A —aa? —ikeg, _ 1 (29 T —k?/4a _ ey
#(k) V2r /_ooe ‘ v V2r <7r) a’ (27ra)1/4e

1 > —k%/4a i(kx—hk>t/2m)
\Il(x,t) \/—_W/Doe € dk

(b)

e—[(ﬁﬁ»iht/Qm)kz—izk]
1/4  _ax? that/m
_ 1 N o %2 /A int/2m) _ (2_61) /4 g=aa®/(1+2ihat/ ).
V2r(2ma)l/4 [ L+ iht/2m @ 1+ 2ihat/m
a

(c)

2 —az?/(14i0) ,—ax?/(1—i0)
Let 0 = 2hat/m. Then |¥|* = e < . The exponent is

™ /A +i0)(1—1h)

~ax® ax® o (1—i0+1+140) —2ax |\I/|2 2a e—2ax®/(146°)
(1440) (1—1i0) 1+i0)(1—i0) 1+6% T Jit62
2
Or, withw = 1—|C—l—02’ |W|? = \/jwe_mzﬁ. As t increases, the graph of |¥|? flattens out and broadens.
\ T
¥1>

A

(x) = /jo z|U|2dx = @ (odd integrand); (p) = m% =

2 —2w z? 1 2 2 /OO * dQ\I/
. = — U*——dx.
\/7 / de \/> aw? \ 202 | 4w? ) h oo dx? de
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1/4

2a 1 a
Write ¥ = Be_b’cz, where B = | — and b= —.
( T ) V1416 1410

qu 2 2
v _pd (—bee—bm ) = —9bB(1 — 2bz?)ebe".

dx? dx
R o2 a a 2a

U~ — — 9B 2 1 -9 2\, —(b+b™)x=. b b* = _ —9 2'
da2 |BI%( z7)e P o 40 T 1—i0 1xe2 Y

2 1 2 d> 2
|BI* = \/ S S \/jw So U*— = —Qb\/jw(l - 2bx2)6_2w2m2.
T 1+ 62 s dx? T

2 (o)
(p?) = 2bh? \/;w/ (1- 2bx2)672“’212dx

2 T 1 T b
_ 2 /1“2 0 I S — 2 v
= 20h \/;w (\/ 2w? 2b4w2 V 2w? ) 26h (1 2w2) '

b a 1+ 62 (1—i0) 1440 a
But 1— — =1—(—— = = =_
e <1+i9> ( 2 ) %

- 2 2 2b’

1
(p?) = 2bh2% = Op = —; o, = hv/a.

(e)

N |

1
Oz0p = %FL\/EZ g\/l + 02 = g\/l + (2hat/m)2 > —. v

Closest at at which time it is right at the uncertainty limit.

Problem 2.23

(a)

(=2) =3(=2)* +2(-2)—1=-8—-12—4—1=|-25.
(b)

cos(3m) +2=—-1+2=|1]
(c)

@ (z = 2 is outside the domain of integration).
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Problem 2.24

Ifc>0,y:oo%oo.}

1
(a) Let y = cz, so do = dy. {Ifc<0 Y i 00— —o0.

%o ¢ /2o F/0)d(y)dy = LF(0) (> 0); or
/ f(z)dé(cx)dx = {
o e LT /sy = =1 72, F(y/e)d(y)dy = =2 f(0) (e <0).
i - = i _ [ L z. So o(cx) =
In either case, [w f(x)6(cx)dx = |C|f(0) —[m f(x )|c|6( x)dz. So 6(cx) P’ |5( z). v

(b)

/ f(x)%dw = f0’ — / j—fgdx (integration by parts)

—floa) = [ Lo = f(00) - fl0) + 7O = $O) = [ o

So df/dx = 6(x). v [Makes sense: The 6§ function is constant (so derivative is zero) except at z = 0, where
the derivative is infinite.]

Problem 2.25

¥(z) = VI el /52 _ Vma e*m““"’/jﬂ7 (x >0),
h R e (<o)

(x) = 0 (odd integrand).

> > oma_ [ K2 \® h2
2\ _ 2 2 2_—2max/h? _ _ . _
- dr = 27 dz = %9 - .= .
(@) /_0033 ] h? e h? <2ma) om2a2’ 7 V2ma
_ma fmw/fi2 (z > 0) 3
/ € ) x - /
i = v " = ma [—H(x)e_mm/h2 + 9(—x)emo‘$/r‘2} .
dx h mao emaw/h2 (.’E < O) h
G ; <

2 v/ 3 2 2 2 2
M . ( ma) |:_6(x)e—maz/h +%9(x)e—max/h _6(_m)emo¢z/h +@9(_x)emaz/h:|

de? h h?

= (Y [rasta) + Tl

In the last step I used the fact that §(—x) = d(z) (Eq. 2.142), f(x)d(x) = f(0)d(z) (Eq. 2.112), and 6(—x) +
O(x) =1 (Eq. 2.143). Since di)/dx is an odd function, {p) = 0.

<p2> — _h2/ ¢d2¢ N V;na (_Vm‘) /oo e—ma|z\/h2 [_25($)+ %e—mzﬂw\/hz} dx

h
_ (ma ma (% amanpn g| g (MO _ma BE ] man?
_(h){Q 2712/06 dx}‘%h)[l h22ma_(h)'
Evidently
mao © h? \/— >
op = — 030 — = -
p h’ p = \/_ma ﬁ
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