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1.1 The Geometry and Algebra of Vectors

1.1 The Geometry and Algebra of Vectors
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3. See Figures 1.15 and 1.16.

4. (a) Similar to Example 1.1, we have the following:
If [0,2, 0] is translated to BC where B = (1,2,3),
then we must have C' = (0+ 1,2+ 2,0+ 3) = (1,4, 3) as the new tail.
In short, we added 1 to the first coordinate, 2 to the second coordinate,
and 3 to the third coordinate. Why is this the correct thing to do?

b) Likewise, if [3,2,1] is translated, C' = (3+ 1,2+ 2,1+ 3) = (4,4,4) is the new tail.

(
(c) If [1,—2,1] is translated, C = (1 +1,—-24 2,1+ 3) = (2,0,4) is the new tail.
(d) If [-1,—-1,—2] is translated, C = (—1+1,-1+2,—-2+3) = (0,1,1) is the new tail.
5. (a) Eﬁ [4-1,2—(~1)] =[3,3].

(b) 2,1 (c) [-3,3] (d) [=5:5)-

Y )

()
24 27 (a)
@ .
-2 e 3 N b, e
e (@)
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Vectors

6. Recall the notation that [a, b] denotes a move of a units horizontally and b units vertically.

7.

12.

13.

14.

15.

During the first part of the walk, the hiker walks 4 km north, so a = [0, 4].

During the second part of the walk, the hiker walks a distance of 5 km northeast.

From the components, we get b = [5 cos 45°, 5sin 45°] = [%, %}

Thus, the net displacement vector isc=a+ b = [#,4—!— %}
|3 20 [3+2| |5 |2 -2
wen= [+ [3]=[023] =[] meee 3]

A Y A Y
6+ 6

-l

b+c

j

e[ e[t

11.

2a+3c=2[0,2,0] +3[1,-2,1] = [2-0,2-2,2-0] + [3-1,3(~2),3- 1] = [3,
2¢—3b—d=2[1,-2,1] - 3[3,2,1] — [-1,-1,-2] = [-6, -9, 1].

u = [cos60°, sin60°] = [l ﬁ], v = [c0s210°, sin210°] = [7§’ f%] = (implies)

u—l—V:{l—ﬁ ﬁ—l},u—v:[%—l—‘/g \/g_'_%}

/@:b—a.
BC=0C-b=(b-a)-b=—a
/m:an.

AC = AB+BC = (b—a)+ (—a) = b — 2a.

(e
—_—
(f) BC + DB+ FA=—a+ (—ﬁ) + (E-f—a) =0.
property e. property b.
distributivity associativity

0
2

)
)
(c)
(d) CF=CB+BA+AF = —BC — 4B+ (~AB —a) - 4B =2(a—b).
)
)

J

-2,3).

2(a—3b) +3(2b +a) = (2a—6b) + (6b + 3a) = (2a+ 3a) 4 (—6b + 6b) = 5a.
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property e. property b.
distributivity associativity
16. —3(a —c) + 2(a + 2b) + 3(c — b) = (—3a + 3c) + (2a + 4b) + (3c — 3b) =
(—3a+2a)+ (4b — 3b) + (3c + 3c) = —a+ b + 6c.

17. x—a=2(x—2a)=2x—-4a=>x—2x=a—4a= —x=—-3a=x=3a.

18. x+2a—b=3(x+a)—2(2a—b)=3x+3a—4a+2b=x—-3x=—-a—2a+2b+b= -2x=
—3a+3b=x=32a—3b.

19. by 20. v~
2= AN v N4
AN / N / P ~ 1 N
1 N/ W ( + -
v AN /. u 1y N
e ARV NI Bt S
p VRN N 5 \ P /| \ 4
u v/ N v N ~ N —u
/ £ \ \/ =€ >
/7 u v AN \ w 4 -~
% N \ 4
v
21. See Exercise 19. 22. See Exercise 20.

23. Property (d) states that u+ (—u) = 0. The first diagram below shows u along with —u.
Then, as the diagonal of the parallelogram, the resultant vector is 0.

Property (e) states ¢(u+ v) = cu + cv. The second figure illustrates this.

/
Y Y

c(u+v)
cu v
u
u+v
u
cv
v

—u L X
Property (d) Property (e)




1 Vectors

24. Let u = [ug, ug, ..., upn), v = [v1,02,...,0,], and let ¢ and d be scalars in R.
Property (d):

u+ (—u) = [ug,ug, ..ty + (=1 [ug, ug, oy tn]) = [ur, tg,y oy upn] + [—u1, —ug, ..y —uy]
[ur + (—u1) ,us + (—u2), ..., up, + (—uy,)] = [0,0,...,00 = 0

Property (e):

clu+v) = c([ur,ug, ., un] + [V1,02, ., v5]) = ¢ (Jur + v1, us + va, ...y Uy + vVy])
= Je(up+v1),¢(ug +v2), ..., c(uy +v,)] = [cur + vy, cus + cvs, ..., cuy + cuy)
= [euy,cug, ..., cuy| + [cv1, cvg, ..., cvp] = ¢ [ug, g, oy un] + v, va, ., 0] = cu+ v

Property (f):
(c+d)u = (c+d)[ur,ug,...,un] =[(c+d)ur, (c+d)ug, ..., (c+ d) uy]
= [eus + duq, cug + dug, ..., cu, + duy,| = [cuq, cua, ..., cuy,] + [duy, dus, ..., duy,)
= cluy,ug, ..., uy] + dug, ug, ..., up] = cu+ du
Property (g):
c(du) = c(dur,ug,...,u,)) = clduy, dusg, ..., du,| = [cduq, cdus, ..., cduy,]
= [(ed) uy, (ed) ug, ..., (cd) up] = (cd) [ug, us, ..., un] = (ed)u
25. u+v=1[0,1+[1,1]=[,0,u-v=0+1=1.
26. u+v=1[1,1,0]+[1,1,1] =[0,0,1], u-v=1+1+0=0.
27. u+v=1[1,01,1+[1,1,1,1] =[0,1,0,0, u - v=1+0+1+1=1.
28. u+v=1[1,1,0,1,00+[0,1,1,1,0] = [1,0,1,0,0, u - v=0+14+0+1+0 = 0.

29. T \ 0 1 2 3 0 1 2 3
0lo 1 2 3 0olo 0 0 o0
111 2 3 0 110 1 2 3
212 3 0 1 210 2 0 2
303 0 1 2 310 3 2 1
30. +]0 1 2 3 3 0 1 2 3 4
0lo 1 2 3 4 0lo 0 0 0 0
111 2 3 4 0 110 1 2 3 4
212 3 4 0 1 210 2 4 1 3
313 4 0 1 2 310 3 1 4 2
414 0 1 2 3 410 4 3 2 1

31. 2+2+2=6=0in Zs. 32. 2:2.-2=3-2+2=21in Zs.
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33.

35.

37.

38.

39.

41.

43.

44.

46.

48.

50.

52.

54.

55.
56.
57.

The Geometry and Algebra of Vectors
22+1+2)=2(2)=3-1+1=1inZ;s. 34.3+1+2+3=4-2+1=1inZ,.
2:3-2=4.3+0=01n Z4. 36. 3(3+3+2)=4-64+0=0in Z4.

2414242+1=2inZ3,24+14+2424+1=0inZ4,24+14+2+2+1=31in Zs.

(3+4)(3+2+4+2)=2(1) =2 in Zs.

8(6+4+3)=8(4) =5 in Z. 40. 2100 — (210) — (1024)'° = 110 — 1 in 7.
2,1,2] + [2,0,1] = [1,1,0] in Z3. 42. [2,1,2]-[2,2,1] =1+2+2=21in Z3.
2,0,3,2] - ([3,1,1,2] + [3,3,2,1]) = [2,0,3,2] - [2,0,3,3] =04+ 0+ 2+ 1 =3 in Z4.

2,0,3,2] - ([3,1,1,2] + [3,3,2,1]) = [2,0,3,2] - [1,4,3,3] =24+ 0+4+1 =2 in Z%.
r=2+4(-3)=2+2=41inZs;. 45. z =1+ (-5)=1+1=2in Zg.
z=(2)""'=2in Zs. 47. No solution. Why? Consider: 3 = 2.
z=(2)""=3inZs. 49. 2= (3)"'4=(2)4 =3 in Zs.

No solution. Why? Consider: g =2 51. No solution. Why? g =3, % =4.
z=(8)7"9=(7)4="6inZy. 53. = (2)"" (24 (=3)) = (3)(242) = 2 in Zs.

z=(4)"" (24 (=5)) = (4)"" (24 1), but (4)"" does not exist in Zg.
Therefore there is no solution.

Add 5 to both sides = 6z =6, so z = 1,5 (because 5- 8 =40 = 8- 4+ 6).
(a)
(a)
(b)
(¢) a and m can have no common factors other than 1,

that is, the greatest common divisor (ged) of a and m is 1.

All values. (b) All values. (c) All values.

All a # 0 in Zs have a solution because 5 is a prime number.

a = 1,5 because they have no common factors with 6 other than 1.






1.2 Length and Angle: The Dot Product

1.2 Length and Angle: The Dot Product

1. Following Example 1.15, u-v = [_;}[i} =(-1)-34+2-1=-3+2=-1.

2. Following Example 1.15, u-v = [ 2}[9} =2-94(-3)-6=18—-18=0.

-3 6
1 2
3. uv=|(2(-13|=1-242-343-1=24+6+3=11.
3] |1
[ 1.5 3.0
4. uv=| 04| 52| =05 (3.0 +04)-(5.2) +(~2.1) (~0.6) = 7.84.
|21 | -06
1 4
5. u-v= g . _\/g =14+ (vV2)- (—V2)+V3:0+0-(-5)=4—-2=2.
0 5
1.12 —-2.29
—3.25 1.72
6. u-v= 907 | 133 | = —1.12-2.2941.72-4.33 + 1.83 - 1.54 = 3.6265.
| 183 | | —1.54

7. In the remarks prior to Example 1.19, we note that finding a unit vector v
in the same direction as a given vector u is called normalizing the vector u.

Therefore, we proceed as in Example 1.19:

Jul| = \/(=1)% + 22 = /5, s0 a unit vector v in the same direction as u is
—1 —1//5
v=a/lu= 05 [ )= %]

8. Following Example 1.19, we have:

Jul| = 1/22 + (—=3)* = V13, so a unit vector v in the same direction as u is
2/V/13

v=(/ =) | 3] =] 3V,

9. Following Example 1.19, we have:
|u|| = V12 + 22 + 32 = /14, so a unit vector v in the same direction as u is
1 1//14
v=(1/ Julyu=(1/vT) | 2 | = | 2/v1d
3 3/V14
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10.

11.

12.

13.

14.

15.

16.

1 Vectors

Following Example 1.19, we have:

|lul| = \/(1.5)2 + (0.4)% + (—2.1)* = v/6.82, so unit vector v in the same direction as u

1.5 1.5/1/6.82 0.57
isv=(1/u)u=(1/v682) | 04|=| 04/V682|~| 0.15
—21 —2.1/1/6.82 —0.80

[[u]| = \/12 + (ﬂ)2 + (\/5)2 + 02 = /6, so a unit vector in the direction of u is

1 1/v6 1/V6 V6/6
V2 V2/V6 1/v3 V3/3
=(1 = (1/v6 = = =
v =(1/]luf)u=(1/V6) /3 VIIVE N Vi
0 0/v6 0 0
|u]| = \/(1.12)2 +(—3.25)> 4 (2.07)* + (—1.83)> = V/19.4507, so the unit vector v is
1.12 1.12/4/19.4507 0.2540
_ _ -3.25 | | —3.25/1/19.4507 —0.7369
v =1/ lul)u= (1/v19.4507) | 557 2.07/v/19.4507 0.4694
—1.83 —1.83/1/19.4507 —0.4149
. -1 3 —4
Following Example 1.20, we compute: u — v = [ 9 } — [ 1 } = [ 1 } , SO
A, v) = Ju—v] = —\/(~4) + 12 = VIT.
. 2 9 -7
Following Example 1.20, we compute: u —v = 3|76l = | gl
d(u,v) = [u=v| = =/(=7)* + (=9)* = V130.
[1 2 ~1
Following Example 1.20, we compute: u—v= |2 | - |3 | =] —-1],s0
| 3 1 2
d(w,v) = [lu— v = /(-1 + (~1)* + 22 = V6.
1.5 3.0 —-1.5
Following Example 1.20, we compute: u — v = 04 | — 52| =| —48 |, so
—-2.1 —0.6 —-1.5

~
~

d(w,v) = [u—v] = =/ (~1.5)> + (—4.8)° + (~1.5)° = V2754 ~ 5.25.
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17.

18.

19.

20.

21.

22,

23.

24.

Length and Angle: The Dot Product

(a) u-v is a real number, so ||u- v|| is the norm of a number, which is not defined.

(b) u-v is a scalar, while w is a vector.
Thus, u- v + w adds a scalar to a vector, which is not a defined operation.

(¢) uis a vector, while v - w is a scalar.
Thus, u- (v - w) is the dot product of a vector and a scalar, which is not defined.

(d) ¢ (u+v) is the dot product of a scalar and a vector, which is not defined.

From trigonometry, we have:

cosf > 0 = 0 is acute, cosf < 0 = 0 is obtuse, and cosf = 0 = 6 is right.

From cosf = we see u - v determines the sign of cos§. Why?

u-v
[l f[v]]’
Therefore, as in Example 1.23, we calculate:
u-v=2-141-1(-3)=-1< 0= cosf < 0= 6 is obtuse.
From trigonometry, we have:
cosf > 0 = 0 is acute, cos < 0 = 0 is obtuse, and cosf = 0 = 6 is right.

From cosf = we see u - v determines the sign of cosf. Why?

u-v

[al Iv]l

Therefore, as in Example 1.23, we calculate:
u-v=2-14(-1)-(-2)+1-(-1) =4 > 0= cosf > 0= 0 is acute.

Following the first step in Example 1.23, we calculate:
u-v=>5-144-(-2)+(-3)-(-3)=5-8+3=0= cosf =0 =0 is right.

Following the first step in Example 1.23, we calculate:
u-v=_(09) (—-4.5)+(2.1) - (2.6) + (1.2) - (—0.8) = 0.45 = cosf > 0 = 0 is acute.

u-v=1-(-3)+2-14+3-24+4-(-2) = -3 = cosf < 0= 0 is obtuse.

Since u - v is obviously > 0, we have cos > 0 which implies 6 is acute.
Note: u-v is > 0 because the components of both u and v are positive.

As in Example 1.21, we begin by calculating u-v (if u-v =0, we’re done. Why?):
u-v=2-141-(=3)=—1, |u = vV2Z2+ 12 =5, |v| = /12 + (—=3)* = V0.

u-v -1

1
vl ~ V510 5-v2

So, cosf =

1
and 0 = cos™! () = 1.7 radians or 98°.
5-v2

11
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25.

26.

27.

28.

1

Vectors

As in Example 1.21, we begin by calculating u - v (because if u-v = 0 we’re done. Why?):

u-v=2-14(-1)-(-2)+1-(-1)=2+2-1=3,

lul = /22 + (~1)? + 12 = V6, and [[v]| = /12 4+ (=2)° + (-1)* = V.
u-v 3 1

lallIvl — V6v6 2

As in Example 1.21, we begin by calculating u - v:
u-v=5-144-(-2)4+(-3)-(-3)=5-8+3=0= cosf =0 = 0 is right.

If we wished to be more explicit, we could continue following Example 1.15:

Therefore, cos =

1
so 6 = cos™! (2> = g radians or 60°.

cosf = = =0,80 0 =cos ! (0) = g radians or 90°.

Following Example 1.21, we calculate:
u-v = (0.9) - (—4.5) + (2.1) - (2.6) + (1.2) - (—0.8) = 0.45,
lul = /(0.9 + (2.1)° + (1.2)> = V666, and
Ivll = \/(—4.5) + (2.6)° + (~0.8) = V2765,
u-v 0.45 0.45
[Vl ~ V6.66v27.65 +1s2.817

0.45
50 6 = cos™! (
Vv 182.817

Note: To minimize error, we do not approximate until the last step.

Therefore, cos =

) ~ 1.5375 radians or 88.09°.

0.
Since ———= ~ 0.0332816 is a positive number close to zero,
182.817

we should expect 0 to be close to but less than 90°. Why?

Following Example 1.21, we calculate:

u-v=1-(-3)+2-1+3-2+4-(-2)=-3,
[u| = 1/1)2 + 22 + 32 + 42 = /30, and

vl = /(=3 + 12+ 22 + (-2)° = V5.

Theref 0 u-v -3 1
erefore, cosf = = S ,

[ull vl v30v18  6V15

1
so0 @ = cos™! [ ———= | ~ 1.70 radians or 97.42°.
( 6/ 15)
Note: To minimize error, we do not approximate until the last step.
1
Since ———— = —0.13 is a negative number close to zero,
618 &

we should expect 6 to be close to but greater than 90°. Why?
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29. Following Example 1.21, we calculate:
u-v=1-5+2-6+3- +3-7+4-8=70,
lu| = V12 +22 + 32+ 42 = /30, and
[l = V52 + 62 + 72 + 82 = V174
u-v 70 35
[ull vl v/30v174 31457

) ~ 0.2502 radians or 14.34°.

Therefore, cos =

35
50 6 = cos™! (
3v145

Note: To minimize error, we do not approximate until the last step.

35
Since ——— ~ 0.9688639 is a positive number close to 1,

3v145

we should expect 0 to be close to but greater than 0°.

30. To show AABC is right, we need only show one pair of its sides meet at a right angle.

So, we let u = E, v = B?, and w = ﬁ, then by the definition of orthogonal
given prior to Example 1.23, we need only show u-v, or u-w, or v-w = 0.

Following Example 1.1 of Section 1.1, we calculate the sides of AABC:"
u=AB=1[1—(-3),0-2 =[4, -2, v=BC=[4-1,6—0] = [3,6],
W:ﬁ:[4—(—3),6—2] =[7,4,sou-v=4-3+(-2)-6=12-12=0=

The angle between u = ﬁ and v = B? is 90° = AABC is a right triangle.
Note: It is obvious that v is not orthogonal to w. Why?

31. To show AABC is right, we need only show one pair of its sides meet at a right angle.

So, we let u = E, V= B?, and w = ﬁ, then by the definition of orthogonal
given prior to Example 1.23, we need only show u-v, or u-w, or v-w = 0.

Following Example 1.1 of Section 1.1, we calculate the sides of AABC:
u=AB=[3-12-1,(-2)— (-1)] = [-4,1, 1],
v=BC=[2—(-3),2 2 (~4— (~2)] = [5,0, 2],
W=AC=[2-1,2-1,(—4) — (-1)] = [1, 1, -3].

Thenu-w=(-4)-14+1-14+(-1)-(-3)=—4+1+3=0=
The angle between u = E and w = ﬁ is 90° = AABC is a right triangle.

13



14 1 Vectors

32. Following Example 1.22, we make a similar argument:

The dimensions do not matter, so we consider a cube with sides of length 1.
Also, the cube is symmetric, so we need only consider one diagonal and adjacent edge.

Orient the cube relative to the coordinate axes in R?, as shown in Figure 1.34.
Take the diagonal to be [1,1,1] and take the adjacent edge to be [1,0,0].

Then the angle 6 between these two vectors satisfies:
1-1+1-04+1-0 1 1
= —, — | &~ 54.74°.
V3V1 V3 (\/§ )

So, the diagonal and adjacent edge meet at 54.74°.

-1

cosf = so 6 = cos

33. Following Example 1.15, we make a similar argument:

The dimensions do not matter, so we consider a cube with sides of length 1.
Also, the cube is symmetric, so we need only consider one pair of diagonals.

Orient the cube relative to the coordinate axes in R?, as shown in Figure 1.34.
Take the diagonals to be [1,1,1] and v = [1,1, —1] (from (1,1,0) to (0,0,1)).

Then dot product between these two vectors satisfies:
u-v=1-14+1-141-(-1)=1+1-1=1#0=

The diagonals of a cube are not perpendicular. How might we generalize this result?

34. To show the parallelogram is a rhombus, we need only show the diagonals are perpendiuclar.

So, all we have to show is that the dot product of the diagonals is zero.

2 1
dy-da= 2] -|-1|=2-142-(-1)40-3=0.
0 3

To find the length of the side, we use the Pythagorean Theorem.

Note that ||dq||2 = 22 +22 + 02 = 8 and ||d22 = 12 4 (—1)* + 32 = 11.

1 1 1
So, the length of the side is 5\/||d1||2 + ||d2]]? = 5\/8 +11 = im ~ 2.18.

35. To resultant velocity of the airplane is the sum of the velocity of the airplane
and the velocity of the wind.

0 —40

So, the resultant velocity r = p + w = [ 200 ] + [ 0 } = { _2918 ] .
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37.

38.
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Since ABCD is a rectangle, opposite sides BA and C'D are both parallel and congruent.
So, we can use the method of Example 1.1 in Section 1.1 to find the coordinates of vertex D.

Specifically, we compute BA = [1-3,2-6,3—(—2)]=[-2,—4,5].
If B71 is then translated to C@, where C' = (0,5, —4), then we must have

D= (04 (-2),5+(—4),—4+5)=(-2,1,1).

Since ABCD is a rectangle, opposite sides BA and C'D are both parallel and congruent.
So, we can use the method of Example 1.1 in Section 1.1 to find the coordinates of vertex D.

Specifically, we compute ﬁ =[1-3,2-6,3—(-2)]=[-2,-4,5].
If E)l is then translated to C@, where C' = (0,5, —4), then we must have

D= (04 (-2),5+(—4),—4+5)=(-2,1,1).

Since vt = d, use the given information to find v, then solve for ¢ and complete d.
Since the speed of the boat is 20 km/h and the speed of the flow is —5 km/h, v = [ _22 ] .

The width of the river is 2 km and the distance downstream is unknown. So, d = [ 5 } .

. 2], |2
That gives us vt = {_5}15 [y}

So, 20t = 2 which implies ¢t = 0.1 and y = —5(0.1) = —0.5. Therefore:

(a) Ann lands 0.5 or half a kilometer downstream.
(b) It takes Ann 0.1 hours or 6 minutes to cross the river.

The river flow does not increase the amount of time it takes to cross. Why not?
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1

Vectors

39. Find the angle between Bert’s resultant vector, r, and his velocity vector upstream, v.

40.

Bert’s velocity vector across the river is unknown, u. So, u = { 0 ] .

. 0
Bert’s velocity vector upstream compensates for the downsteam flow. So, v = [ 1 ] .

So, his resultant vectorisr =u+v = [g} + {(1)} = [210}

Since Bert’s speed is 2 mph, ||r|| = 2. Why?
So, we have, ||r||? = 2% 4+ 1 = 4 which implies z = v/3.

Now we follow Example 1.21 to find the angle between r and v.

cosd v @ So, # = cos™! (?) = 60°.

v 2

So, Bert must swim at a 60° angle to the bank to swim directly across the river.

Could you use Pythagoras’ Theorem to solve this problem? If so, how would you do it?

Following Example 1.17, we compute: 41. Following Example 1.17, we compute:
_ 1 3| _ 3/5 1]
u~v—{_1}-{_l]—4and u~v—{_4/5]-[2}——1and
_ 1 1] _ 3/5 3/5 |
u-u-{_l]-[_l}—lso u~u—{_4/5}~[_4/5}—1,so
roj (v)—(L.V)u—é ! roj (v)—<7u.v>u—_—1 3/5
proju(v) = ()= 5| 1 PRI = G/ " T 1 | —4/5
_| 2 _ |35
—{_2}—2u. —[ 4/5]——u.
A Y LY
x
% % % >~ T
v ~
u
| N/
) / proj,(v
| proju(v) % % o
u
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42.

44.
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Following Example 1.17, we compute: 43.
2/371 [ 2
u-v=|-2/3|-|-2|=2and
| —1/3] | 2

2/37 [ 2/3
u-u=|-2/3|-|-2/3|=1,5s0
| —-1/3] | -1/3
2/3
. u-v 2
proj,(v) = (ﬁ) u=-|-2/3
-1/3
4/3
=|—-4/3 | =2u.
—2/3

Following Example 1.17, we compute:

0.5 2.1
u-v=— [1.5} . {1.2] = 2.85 and

e — {0-5] . [0-5} 2.5, 50

15| |15
. u-v 2.85 (0.5
prou(v) = () u =55 [1.5}
0.57
= {1.71] = 1.14u.

45.

17
Following Example 1.17, we compute:
F 11 T o
-1 -3
u-v= N 6 and
L _1 - - _2 -
F 1T T 1T
-1 -1
u-u= 1 1= 4, so
L _1 - - _1 -
1
0iu(v) (u . v) 6| —1
r v)=(—— = -
-1
3/2
| -3/2 3
— | 32| T2
—3/2
Following Example 1.17, we compute:
3.01 ] 1.34 ]
u-v= | —0.33 4.25 | = —1.5523 and
| 252 | [ —1.66 |
3017 [ 3.01]
u-u= | —0.33 —0.33 | =15.5194, so
| 252 ] | 252
proju() = () 15523 | o
u-u 15.5194 9,59
—0.301 1
~ 0.033 | ~ ——u.
10

—0.252
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o a8, T [ wav=me =10 ] 2]

2-(=1)

(a) We compute the necessary values ...

e [E] 2]

WUZ{H.H]:NWM:¢E%
proia() = (3% u= 93] =

v — proj,(v) = {lim N

Iv = proju(v)l| = /()" + (=§)" = 242

... then substitute into the formula for A:
A= 3l |v = proj,(v)|

— 1yT0 400y

1 Vectors

(-1) 1

(b) We compute the necessary values ...

e[ 2]

lul| = vVIZ+ 3% = V10,

v = V32 +12 = V10 =

u-v 6 _ § N
[ull vl v10v/10 5

singzm:m:%

cosf =

... then substitute into the formula for A:
A= 3 |ull|lv] sin6

—1VIOVIO ¢ =4
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4-3 1 5—-3 2
AT. Letu=AB=| 2-(-1) | =| 1| andv=4C=|0—-(-1) | = | 1
6—4 2 2—4 -2

(a) We compute the necessary values ...

1 2
u-v= -1 . 1 :_37
L 2_ __2_
-
- 2_ . 2_
u-v —1/2
proju(v) = (S )u=| 12| =
u-u
—1
5/2
v —proj,(v) = | 1/2 | =
—1
) 2 2 2
v = proju)ll = /(3)” + (2)° + (-1
_ /30

2

... then substitute into the formula for A:

A= 3 [[u] v = proj,(v)l|

=1 (VO) (4) =2

(b) We compute the necessary values ...

1 2
u-v=| -1 1| =-3,
2 -2
Jull = /12 + (-1)° + 22 = V&,
vl =/224+12+(-2)*=3=>
u-v -3 V6
cosf = ———— =

lal[llvl ~ 3v6 6

2
sinf =1 — cos26 = 1_(—T\/5) :@

... then substitute into the formula for A:
A= 3 |lull[lv] sind

=3 (V) @) (%) =2

S

19
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48.

49.

50.

1

Two vectors u and v are orthogonal if and only if [<] their dot product is zero.
That is u-v = 0. So, we set u-v = 0 and solve for k:

+1 [ 1

Substituting k back into the expression for v we get: v = l )

Ttl—= ot
[S{ P [

We check our answer by computing u - v (it should be zero):

SUEE

=55 = 0 as required.
Two vectors u and v are orthogonal if and only if [<] their dot product is zero.
That is u-v = 0. So, we set u-v = 0 and solve for k:

Gl oo

Vectors

1 k?
u-v=|-1]- k| =0=>k-k-6=(k+2)(k—3)=0=Fk=-2,3.
2 -3
Substituting k& back into the expression for v we get:
(—2)? 4 32 9
When k = -2, vi = -2 = | —21|. When k=3, vo = 3 = 3
-3 -3 -3 -3
We check by computing u-v; and u - vy (they should both be zero):
1 4 1 9
u-vi=|-1|-|-2|=4+2-6=0andu-ve=|—-1]- 3[=9-3-6=0.
2 -3 2 -3

Two vectors u and v are orthogonal if and only if [<] their dot product is zero.
That is u-v = 0. So, we set u-v =0 and solve for y in terms of x:

u-v=— [?}[;} =0=3rx+y=0=y= -3z

o . . 1
Substituting y = —3x back into the expression for v we get: v = [ _3i } =x { B ] .

3

Conclusion: Any vector orthogonal to [ 3 } must be a multiple of [ _il)) ]

1

3

Check: u-v = [1

][ x}:3x—3x:0f0rallvaluesofx.
-3z

_1 1
Note: We could also have solved for z in terms of y yielding v = [ 3Y ] =y [ 3
Y
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51. As noted in the remarks just prior to Example 1.16:

The zero vector 0 = 8 = { (Z ] = @ = b =0 is orthogonal to all vectors in R2.

Having covered this case, we will now assume that at least one of a or b # 0.

Two vectors u and v are orthogonal if and only if [<] their dot product is zero.
That is u-v = 0. So, we set u-v = 0 and solve for y in terms of x.

Case 1: b#0: u-v = [Z} . [z] =0=ar+by=0=y=—3x.
T 1
Substituting y = — 7z back into the expression for v we get: v = l _a, ] =z [ _a 1 .
b b
1 b . . . :
Ifwelet z=bwefindb| o |= ol which clarifies the relationship between u and v.
b %

b

Case 2: b=0(=a#0): u-v= {a]_ i} :O:>ax+by:O:>w:—§y.

Qo

_b _
Substituting x = —gy back into the expression for v we get: v = l a¥ ] =y [ 1 1 .
Y

_b
If we let y = —a we find —a [ ‘1 ] = [ _2} exactly as in Case 1.

Conclusion: Any vector orthogonal to [ Z} (75 [ 8 }) must be a multiple of [ _2 } .

Check: u-v = {CIL)] . [fz} = abx — bax = 0 for all values of z.

21
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52. (a) The geometry of the vectors in Figure 1.26 suggests the following assertion:

For ||[u+ v|| = |Jul| + ||v||, u and v must point in the same direction.
So, the angle # between u and v must be 0 = cosf = cos0 = 1.

So, we have cosf =cos0=1= Tal v =u-v=|ul|v].
u

u-v
I lv
Emulating the statement of Theorem 1.6 (Pythagoras’ Theorem), we state:

For all vectors u and v in R? and R?, |[u+ v| = [Jul| + ||v]|
if and only if u and v point in the same direction.

Again, we must note that pointing in same direction is equivalent to u-v = ||ul|||v||.
Figuring out when to apply this condition will be the key to a successful proof.

PROOF: Proceeding as in the proof of Theorem 1.5 (The Triangle Inequality), we note:

Since both sides of the equality are nonnegative,
showing that the square of the left-hand side, ||u + v/||?,
is equal to the square of the right hand side, (||ul| + ||v|])
is equivalent to proving the condition.

2
)

lu+v|’=u-u+2u-v)+v-v By Example 1.9
=u|*+2(u-v)+|v YW -W=|W or any vector w
242 2 B 2 f
= [l + 2ful VIl + v By u-v = ||uf[[v| (key condition)

2
= ([[afl + [IvI)™ By 22 + 22y +y? = (z + y)2
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(b) Since the left-hand side, ||u+ v||, is always non-negative,
we have to impose an initial condition of |[ul| > ||v||.

The geometry of the vectors in Figures 1.26 and 1.30 suggests the following assertion:

For ||lu+ v|| = ||ul| — ||v]| u and v must point in the opposite directions.
So, the angle 6 between u and v must be m = cosf = cosm = —1.
So, we have cosf = cosm = —1 = LY L uve= —lul||v]l.
[[al [}l

Emulating the statement of Theorem 1.6 (Pythagoras’ Theorem), we state:

For all vectors u and v in R? and R?, [[u+ v|| = ||ul| — ||v]|
if and only if u and v point in the opposite directions.

Again, we must note that pointing in same direction is equivalent to u-v = —|lul|||v|.
Figuring out when to apply this condition will be the key to a successful proof.

PROOF: Proceeding as in the proof of Theorem 1.5 (The Triangle Inequality), we note:

Since both sides of the equality are nonnegative,
showing that the square of the left-hand side, |Ju + v||?,
is equal to the square of the right hand side, (|Jul| — ||v||)
is equivalent to proving the condition.

2
’

lu+v|?’=u-u+2u-v)+v-v By Example 1.9
=242 v)+|v|? By w - w = ||w]|? for any vector w
= [lufl? = 2[fu] [[v] + [Iv]? By u-v = —|ul|v| (key condition)

2
= ([lalt = {fv[)* By 22 = 2zy + % = (z — y)’
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53. We prove Theorem 1.2(b) by applying the definition of the dot product.

u-(v+w) =uy (v +wy)+ug (va+wse) 4+ + uy (v + wp)
= U101 T Urw1 + UgV2 + UsW2 + + - -+ U Uy + UpWy,
= (W1v1 + Ugve + - - + Upwy) + (Wrwr + Uswa + -+ + U Wy
=u-v+u-w.

54. We prove the three parts of Theorem 1.2(d)
by applying the definition of the dot product and key properties of real numbers.

Part 1: For any vector u, we need to show u-u > 0.
We begin by noting that for any real number z, we have 2 > 0.
SO, U+ U = uyuy + Ugliy + -+ + Unty = 2 +ud + - 4 u2 > 0.
Note: u? +u2 + -+ +u2 > 0 because the u; are real numbers.
Part 2: We need to show if u =0, then u-u = 0.
We begin by noting that if u = 0, then u; = 0 for all 4.
Ifu=0,thenu-u=0-0=w?+u+ - +u2=02+02+---+0%=0.
Part 8: We need to show if u-u =0, then u = 0.
We begin by noting that for any real number z, if 2 = 0 then = = 0.
Ifu-u=wugus +ugug + -+ Uptp =ud +ud+--+u2 =0
then uf = 0 for all ¢ which implies u; = 0 because the u; are real numbers.
Therefore, since u; = 0 for all ¢, by definition u = 0.

55. We need to show d (u,v) = [[u—v|| = |v—ul =d(v,u).
If we let ¢ = —1 in Theorem 1.3(b), then || — w| = ||w||. We use this key fact below.

PROOF: d(u,v)=|u-—v]| By definition
== (v—-u)] By the fact that (x —y) = — (y — )
= v —u By || = wl| = [lw]| (key fact)
=d(v,u). By definition

56. We need to show d (u,w) < d(u,v) +d(v,w). That is, |[u—w| < |[lu—v]| + ||[v — w].
This follows immediately from Theorem 1.5:

Ix+yll <|x[|+|yl] withx=u—-vandy=v-—w.
57. We need to show d (u,v) = |lu — v|| =0 if and only if u = v.
This follows immediately from Theorem 1.3(a): ||w|| = 0 if and only if w = 0, with w =u —v.
58. We will show u-cv = c¢(u-v) by applying the definitions.
u-cv = [ug,ug, ..., Uy - [evr, cug, .. cop] = upcuy + ugcvg + - -+ ug o,

= cu1v1 + Cugve + + - - + cun vy = c(uvy + ugve + - 4 Upvy) = c(u - V)

59. We need to show |ju — v|| > ||u|| — ||v]]. That is, ||ul| < |lu—v]| + V|-
This follows immediately from Theorem 1.5, [|x +y|| < ||x]| + ||y, withx =u—v and y = v.
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60. If u-v = u-w it does not follow that v = w.

An instructive counterexample is suggested by the remarks just prior to Example 1.16.
Since 0 - v = 0 for every vector v in R™, the zero vector is orthogonal to every vector.
So, if u = 0, we know nothing about v and w except that they are vectors in R"™.

However, we note that u-v=u-w impliesu-v—u-w=u-(v—w)=0.
So,if u-v=u-w, it does follow that v — w is orthogonal to u.

61. We need to show (u+v) - (u—v) = |u? — ||v|]? for all vectors in R".
Recall, by the definitions of the dot product and the norm, w - w = || w/||%.
We apply Theorem 1.2(b) and this key fact to complete our PROOF:

(u+v)-(u-v)=u-u—u-v+v-u—v-v By Theorem 1.2(b)

=u-u—v-v By the fact that —xy + yx =0
= [Jul® — ||v|%. By the fact that w - w = ||w||? (key fact)

62. (a) Let u,v € R”. Then

la+ v + u— v

(u+v)-(u+v)+(u—v)-(u—v)
= (uru+v-v+2u-v)+(u-u+v-v—-2u-v)
= (Ilul® + IvI*) +2u- v+ (Jul* + [|v][*) = 20 v = 2][ul* + 2| v]*.

The proof in part (a) tells us that
the sum of the of the squares

of the lengths of the diagonals

of a parallelogram

is twice the sum of the squares

of the lengths of its sides.

63. Let u, v € R", and consider 1|lu+ v||? — 1|lu — v|[%. By definition, we have:

[ut+ vl = flu=v[* = F[(u+v) (u+v)+@=v) (u-v)
[(u-u+v-v4+2u-v)— (u-u+v-v—2u-v)]

[l = [ful®) + (v]* = [[v]?) + 4u-v] = u-v.

1l
4

1
4
1
4
1
4
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64. (a) Let u,v € R". Then

lutvl=lu-v] & [utv|®=u-v|
& Jutv]?—fu-v[*=0
& fllutv|?—Flu—v[*=0

< u and v are orthogonal.

The proof in part (a) tells us that
a parallelogram is a rectangle if and only if
the lengths of its diagonals are equal.

65. (a) We need to show (u+v)-(u—v) =0 in R" if and only if ||u| = ||v||.
By Exercise 55, (u+v) - (u—v) = [[u* — ||v|].

Therefore, (u+v) - (u—v) = |[ul|? — ||v||? = 0 if and only if ||ul|? = ||v]|?.
It follows immediately that u+v and u— v are orthogonal in R™ if and only if |ju|| = ||v]|.
(b)
4+ Yy
u+v The proof in part (a) tells us that

the diagonals of a parallelogram
are perpendicular if and only if
the lengths of its sides are equal.

66. From Example 1.9 and the fact that w-w = ||w||?, we have ||[u+v|]? = |[u||?+ 2 (u - v) + ||v]]>.

Taking the square root of both sides yields |u+v|| = /|[ul> + 2 (u- v) + [[u]]2.
Substituting in the given values of [[ul| =2, [|v|]| =3, and u-v =1

gives us [lu+v] = /22 +2(1) + (vV3)’ = vIT2T3 =0 =3.
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67. We need to show |ju|| =1 and ||v|| = 2 imply u-v # 3.
From Theorem 1.4 (the Cauchy-Schwarz Inequality), we have |x - y| < ||x|| [ly]]-
Substituting in the given values of |Ju|| = 1 and ||v|| = 2 shows |u-v| < 2.
Therefore, —2 < u-v < 2. It follows immediately that u - v # 3.

68. (a) Assume that u is orthogonal to both v and w,sou-v=u-w = 0.
Thenu-(v+w)=u-v+u-w=0+0=0, so uis orthogonal to v+ w.

(b) Assume that u is orthogonal to both v and w,sou-v=u-w =0.
Thenu- (sv+tw)=u-(sv)+u-(tw)=s(u-v)+t(u-w)=s(0)+t(0)=0+0=0,
so u is orthogonal to sv + tw.

69. Two vectors (u and v) are orthogonal if their dot product equals zero. So we evaluate:

u- (v—proj,(v)) = u~<v—(£)u> :u~v—u-<u)u

u-u u-u
u-v

:u~v—(ﬁ)(u-u):u-v—u-v:0.

u) (Z )pI‘OJu ( )u:proju(v).
0 o) =i - ) - () (20) ()
(

D (a0

. . . u-v
70. (a) proj, (proj,(v)) = proj, (7

v
u
\%
u

vV —

From the diagram, we see that proj, (v) || u,

80 projy (projy (v)) = projy (v)-
Also, (v — proj, (v)) L u,

50 Proj, (v — projy (v)) = 0.

—proj,(v)
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71.

72 pros ) = (22 ) <

73. We have proj, (v) = cu. From the figure, we see that cosf =

(a)

u
which we solve for ¢ to get ¢ =

1 Vectors

The Cauchy-Schwarz Inequality tells us |u - v| < |lul|||v]|.

Squaring both sides, we get [u - v|*> < |[u]|?|v|2.
In R? with u = [ Zl ] andv = [ 21 ] , this becomes (ujvy + uzv2)2 < (u% + u%) (vf + v%) &
2 2

2
0< (uf +u3) (v +v3) — (wrv1 + ugve)” & 0 < wdvd + udvi — 2uguguive &
2 2
0 § % (ul’l)g — "U,Q’Ul) -+ % (UQ”Ul — Ul’UQ) .
Since the final statement is true, all the statements are true.
Let u and v be elements of R3. Then |u - v|*> < |[ul?||v]? <
2
(u1v1 + ugva + ugws)” < (uf +ud + u3) (v +v3 +03) &
2
0< (uf +u3 +uj) (vF+03 +0v3) — (V1 + ugve + ugvs)” &
0 < ufvd + udvd + udv? + udvd + udo? + uldvd — 2uiv1ugVs — 2u VU3V — 2ugVausY3 &
2 2 2
0 § % (ul’l)g — "U,Q’Ul) + % (UQ”Ul — Ul’UQ) + % (ulvg — U3’Ul)
2 2 2
+ % (U31}1 - U11}3) + % (UQU3 - U31}2) + % (’U,gvg — u2U3) .
Since the final statement is true, all the statements are true.

il cos ]

||u||||V|0089H Il ||u|||| I

[[ullu]

= ||v]| [cos 0| < ||v]| (since |cos @] < 1).

YV Thus, proj, (v) = (u) u since |[ul|? =u-u.
u-u

[[ulf?

ol

vl
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74. Proof by Induction
See Appendix B for further discussion and examples of Mathematical Induction.
Also see Chapter 3 of this Study Guide.

Using induction, we will prove the generalized Triangle Inequality:

1:

k+1:

lvi+ve+...+ vl < |Ivil| +||vall+ - .. + ||vn] for all n > 1.

Vil < [lvall
This is obvious, so there is nothing to show.

vi+ve+. Vil < vall+ [lvall + .. 4 [[vill
This is the induction hypothesis, so there is nothing to show.

Vit ve+. v+ Vil < [vill + [lvall + . A [ vel + Vel
This is the statement we must prove using the induction hypothesis.
The Triangle inequality, ||u + v|| < ||u| + ||v]], will also be key.

Let vi + vi41 by the kth vector in the induction hypothesis. Then:
by
induction

vitve+ . tvitveall < vall+llvell + - (Ve + Vil

Applying The Triangle Inequality, we have ||vi + Vi1l < ||[vel + |[Ve+1]l. So:
b
Tri }I,nq
vitvet o +vit vl < lvall el + -+ Vel + Vel

We have proven (by induction) that

lvi+ve+ ...+ v < ||vil + vl + - .. + ||vn] for all n > 1.

Induction can seem a little bit like magic at first glance.
Pay close attention to how the induction hypothesis is used to in the proof.
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Exploration: Vectors and Geometry
Since Explorations are self-contained, only solutions will be provided.

1. Like Example 1.18: m-—a=AM = 11@ )=>m=a+i(b—a)=1i(2a+Db).
Ingeneral,m—azm 1%@ )=>m=a+i(b-a)=2L((n-1)a+b).
Note as n — oo, m — a.

2. We use the notation that the vector beginning at the origin and ending at the point X is x.

Therefore, from Exercise 1, we have: p=(a+c) andq=3(b+c) =
PO=q-— p=3(b+c)—3(a+tc)=3(b—a)= %ﬁ

3. Draw in ﬁ Then from Exercise 2, we have: ]@ = %ﬁ = S*}%
Draw in Eﬁ Then from Exercise 2, we have: ﬁ = % Eﬁ = Cﬁ =

PQRS is a parallelogram (opposite sides are parallel and congruent).

4. Following the hint, we find m, the point that is two-thirds of the distance from A to P.
From Exercise 1, we have: p=4(b+c) = m= f(2p+a)=1(2-1(b+c)+a) = s(a+b+c).
Next, we find m’, the point that is two-thirds of the distance from B to Q.
From Exercise 1, we have: q = 3(a+c¢) = m’ = }(2q+b) = 3(2-i(a+c)+b) = i(a+b+c).
Finally, we find m”, the point that is two-thirds of the distance from C to R.

From Exercise 1, we have: r = (a+b) = m” = ;(2r+c) = 1(2- 3(a+b)+c) = f(a+b+c).

W=

We have shown m = m’ = m”. That is, the medians intersect at the centroid, G.

5. We are given ﬁ is orthogonal to lﬁ, that is E-B_(}:O and
Lﬁ is orthogonal to ﬁ, that is B_}fﬁ:o.
We need to show C’4H> is orthogonal to 1@, that is C—H}ﬁ =0.
ﬁ-B?:O:(h—a)-(b—c)zo h-b-h-c—a-b4+a-c=
BH -AC=0= (h—b)-(c—a)=0  h-c—h-a-b-ctab=
O:h~b—h-a—c~b+a-c:(h—c)-(b—a):ﬁ-ﬁ:Oé
C’4H> is orthogonal to 1@, so all the altitudes intersect at the orthocenter, H.

(I
oo
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. Let O be the origin, then we have: b = —a and |ja||* = ||c||* =

1 Vectors

— —
6. We are given QK is orthogonal to ﬁ, that is QK - jﬁ =0 and

]7( is orthogonal to C@, that is ﬁ(@ =0.

We need to show ]?ﬁ( is orthogonal to zﬁ, that is ﬁ(ﬁ =0.

By Exercise 1, we have g = 1(a+c) and p = (b +c). So:

QK AC=0= (k—q)-(c—a)=0 = (k—L(a+c) (c—a)=0

PK - CE=0= (k—p)-(b—c)=0= (k—L(b+c)) (b—c)=0
k-c-k-a—ja-c+ia-a—gzc-c+za-c =0
k-b-—k-c—ib-b+ib-c—Llc-b+icc=0 -
0=k-b-k-a—lb-btlaa=(k—1(b+a)) (b—a)=(k—r)-(b—a)=RK AL =0=
}7{ is orthogonal to /@, so all perpendicular bisectors intersect at the circumcenter, K.

2 r = radius of the circle.

We need to show ﬁ is orthogonal to B?, that is 1@ . B? =0=
(c—a)-(c—b)=(c—a)-(ct+a)=|c|*+c-a—|a]*~a-c=(a-c—a-c)+ (12— =0=

1@ is orthogonal to BTK so ZACB is a right angle.

. As in Exercise 5, we find m, the point that is one-half of the distance from P to R.

From Exercise 1, we have: p=1(a+b)andr = 1(c+d) =
m=1(p+r)=3(3(a+b)+i(c+d)=1@a+b+c+d).

Next, we find m’, the point that is one-half of the distance from @ to S.
From Exercise 1, we have: q = £(b+c¢) ands = (a+d) =

m' =Llqg+s)=L(lb+c)+Liat+d)=1at+b+c+ad)

We have shown m = m’.

That is, PR and QS bisect each other because they intersect at their mutual midpoint.



1.3 Lines and Planes 33

1.3 Lines and Planes

1. Following Example 1.27, we will:
(a) find the normal form by substituting into n-x = n - p and
(b) find the general form by computing those dot products.

@ n=[2]ox=[=] =[] = oo mosmat s [2]-[2] = [2] 2]

(b) [;} - [;] = 3x + 2y and [g][g] = 0 = The general form is 3z 4+ 2y = 0.
2. Following Example 1.27, we will:

(a) find the normal form by substituting into n-x = n - p and

(b) find the general form by computing those dot products.

o D[] s 2] (1] 2] ]

(b) [ 3] : [m} = 32 — 4y and [ 3} : [1} = 2 = The general form is 3z — 4y = 2.
—4 y —4 2
3. Following Example 1.28, we will:
(a) find the vector form by substituting into x = p + td and
(b) find the parametric form by equating components.

(a) x = {z],p: [é],amdd: [_é} = The vector form is [z}

r=1-—t
y=3t

1 -1
o]+l 5]
(b) The vector form in (a) implies the parametric form is

4. Following Example 1.28, we will:
(a) find the vector form by substituting into x = p + ¢td and
(b) find the parametric form by equating components.

(a) x= {z],p: {_g],andd: [_1] = The vector form is [z]

e

(b) The vector form in (a) implies the parametric form is z f _??: ;i .
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5. Following Example 1.28, we will:

(a) find the vector form by substituting into x = p + td and
(b) find the parametric form by equating components.

x 0 1

x
(a) x=|y|,p=|0]|,andd= | —1 | = The vector formis |y | = |0 | +¢ | —1
z 0 4 z

rT= 1
(b) The vector form in (a) implies the parametric form is y = —t .
z= 4t
6. Following Example 1.28, we will:

(a) find the vector form by substituting into x = p + td and
(b) find the parametric form by equating components.

T -3 1
yl|l,p= 1|{,andd= |0

= The vector form is
z 2 5

N e R

r=-3+t
(b) The vector form in (a) implies the parametric form is y = 1

z= 245t
7. Following Example 1.30, we will:

(a) find the normal form by substituting into n-x = n - p and
(b) find the general form by computing those dot products.

3
= The normal form is | 2

1

IS IS )
Il

— DN

O =

3 x 3 0
M) |2 |y|=3x+2y+zand |2 |- |1

= 2 = The general form is 3z + 2y + z = 2.
1 z 1 0

8. Following Example 1.30, we will:

(a) find the normal form by substituting into n-x =n - p and
(b) find the general form by computing those dot products.

1 x 1 -3
(a) n=|0|,x=|y|,p= = Normal form | 0 y| =10 1
5 z i 5 z 5 2

3
1
2
1 T 1] -3
(b) O] -|y|=x+5z [0]- 1 | =7 = The general form is z + 5z = 7.
5 2
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9. Following Example 1.31, we will:
(a) find the vector form by substituting into x = p + su + tv and
(b) find the parametric form by equating components.

T 0 2 -3
() x=|y|,p=|0|,u=|1|,andv= 2| =
z 0 2
T 0 2 -3
The vector formis |y | = |0 | +s| 1|+t 2
z 0 2 1
r=25—3t
(b) The vector form in (a) implies the parametric form is y = s+ 2¢ .
z=25s+ 1

10. Following Example 1.31, we will:
(a) find the vector form by substituting into x = p + su + tv and
(b) find the parametric form by equating components.

z 4 1 —1
(a) x=|yl|l,p=|-1|,u=|1|,andv= 1=
z 3 0 1
z 4 1 -1
The vector formis |y | = | =1 | +s| 1|+t 1
z 3 0 1
r= 44+s5-—t
(b) The vector form in (a) implies the parametric form is y = —1+s+1¢ .
z=-3+ t

11. Following Example 1.31, we realize we may choose any point on ¢,
so we will use P (@ would also be fine).

A convenient direction vector is d = }@ = [ ; } (or any scalar multiple of this).

Thus we obtain: x=p+td
1 2
-]+ 3]

12. Following Example 1.31, we realize we may choose any point on ¢,
so we will use P (@ would also be fine).

-2
A convenient direction vector is d = }% = 2 | (or any scalar multiple of this).
0
Thus we obtain: x=p+td
4 -2
=|-1|+t 2

3 0

35
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13.

14.

15.

1 Vectors

Following Example 1.31, we realize we need to find two direction vectors, u and v.
Since P = (1,1,1), @ = (4,0,2), and R = (0,1, —1) lie in plane &, we compute:

3 -1
u:@:q—p: -1 andv:ﬁ:r—p: 0
1 -2

Since u and v are not scalar multiples of each other, they will serve as direction vectors.
If u and v were scalar multiples of each other, we would not have a plane but simply a line.

Therefore, we have the vector equation of Z: x 1 3 -1
y|l=1]+s] 1|+t 0
z 1 1 -2

Following Example 1.31, we realize we need to find two direction vectors, u and v.
Since P = (1,0,0), @ = (0,1,0), and R = (0,0, 1) lie in plane &, we compute:

-1 -1
u:%:q—p: 1 andV:P—})%:r—p: 0
0 1

Since u and v are not scalar multiples of each other, they will serve as direction vectors.
If u and v were scalar multiples of each other, we would not have a plane but simply a line.

Therefore, we have the vector equation of &2: T 1 -1 -1
y|l=10]|+s 1|+t 0
z 0 0 1

The parametric equations and associated vector forms x = p + td found below are not unique.

(a) As in the remarks prior to Example 1.20, we begin by letting « = ¢.
When we substitute = ¢ into y = 3z — 1, we get y = 3(t) — 1. So, we have the following:

. . T = t T 0 1
Parametric equations y=—1+3t and vector form { y } = [ 1 ] +t [ 3 ] .

(b) In this case since the coefficient of y is 2, we begin by letting z = 2t.
When we substitute = = 2t into 3z + 2y = 5, we get 3(2t) + 2y = 5.
Solving for y yields y = —3t 4+ 2.5. So, we have the following:

. . T = 2t x 0 2
Parametric equations: y=25-3t and vector form { Y ] = { 95 ] +1 { _3 } .

We discover the following pattern: if line ¢ has equation ax + by = ¢, then d = [ _2 } .
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16. By convention, u is the vector with its tail at the origin and its head at the point U.
So, when x = u, the line described by x = p + td passes through the point U.

We note x = p + td where d = q — p is the line that passes through P and @,

since it passes through P (when ¢ = 0) in the direction of PQ (= q — p).

(a)

To show x describes the line segment PQ as t varies from 0 to 1, we need to show:
when ¢t = 0, x = p which implies the line described by x passes through the point P and
when ¢t = 1, x = q which implies the line described by x passes through the point Q.

Whent=0,x=p+0(q—p) =p.
Whent=1,x=p+1(q—p)=q.
Therefore, x = p +t (q — p) describes the line segment PQ as t varies from 0 to 1.
As shown in Ezploration: Vectors and Geometry to find the midpoint of PQ,
we start at P and travel half the length of m in the direction of the vector PQ) = q — p.
In the language of vectors, we add 1]@ (q — p) to the vector p.
So, the vector whose head is the midpoint of PQisp+ 5 1(qa—p).
Equating this to our expression for x yields: p + % (g—p)=p+t(q—p).
It follows immediately that ¢ = % and x =p + % (g—p) = % (p+9q).
Given p = [2,—-3], = [0,1], and x = 1 (p + q), we have:
= 1([0,1] + [2,—3]) = [1, —1]. So, the midpoint of PQ is (1,-1).
Given p = [1,0,1], q = [4,1,—2], and x = 1 5 (P +q), we have:

x=1([1,0,1]+[4,1,-2)) = [3,1,-1]. So the midpoint of PQ is (3,4, —1).

We want two points (parameterized by t1, t2) to split PQ into three equal segments.
As in (c), the vectors whose heads are one and two-thirds of PQ from P are
p+i(q—p)andp+2(q—p).
Equating these to our expression for x yields:
P+g(@a-p)=p+ti(a-—p)andp+3(qa—p)=p+t2(q—p)
It follows immediately that ¢t; = % and to = %, SO
=p+i(@-p)=:(2p+q)andxs =p+Z(q—p)=1(p+2q).
Given p =1[2,-3],q=[0,1], x; = % (2p + q), and X2 = % (p + 2q), we have:
x1 =3 (2[0,1] +[2,-3]) = [§,-3] and xo = 1 ([0,1] + 2[2,-3]) = [%,—1].
2

So, the two points that divide PQ into three equal parts are (7, —7) and (g —7)

Likewise p = [1,0,—1], q =[4,1,-2], x; = % (2p+q), and x3 = 3 L(p +2q), yields:

x1 =3 (2[1,0,—-1] + [4,1,-2]) = [2, 5, 3], x2 = 5 ([1,0,—1] + 2[4,1,-2]) = 3,2, -1].

So, the two points that divide PQ into three equal parts are (2 %, 75) and (37 % f%)
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17. Need to show ¢; with slope m; is perpendicular to {5 with slope my if and only if mimo = —1.

By definition, one possible form of the general equation for ¢, with slope my is —miz +y = by.

So, the normal vector for £; is ny = { _Tlnl } and the normal vector for ¢, is ngy = { _Tlnz } .

Now we note ¢; is perpendicular to line /5 if and only if n; - ny = 0, so we have:

n;-ng — { —71711 } . { _Tlnl } = mimso + 1 = 0 which implies m;my = —1 as we were to show.

18. Given d is the direction vector of line ¢ and n is the normal vector to the plane &, we have:
If d and n are orthogonal which implies d - n = 0, then line ¢ is parallel to plane Z.
If d and n are parallel which implies d = ¢n (scalar multiples), then ¢ is perpendicular to £2.

2
(a) Since the general form of & is 2z + 3y — z = 1, its normal vector is n = 3| =d.
—1
Since d = 1n, £ is perpendicular to £2.
e
(b) Since the general form of &2 is 4z — y + 5z = 0, its normal vector isn = | —1
5
2 4
Since d -n = 31| -1]1=2-443-(-1)+(-1)-5=0, ¢ is parallel to Z.
-1 )
1
(¢) Since the general form of & is x — y — z = 3, its normal vector isn = | —1
—1
2 1
Sinced - n = 3] -1]1=2-143-(-1)+(-1)-(~1) =0, £ is parallel to £.
—1 —1
4
(d) Since the general form of &2 is 4x 4+ 6y — 2z = 0, its normal vector is n = 6
-2
2 1 4 1
Since d = 3| = 3 6| = in, ¢ is perpendicular to £2.
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19. Given n; is the normal vector of | and n is the normal vector of &, we have:
If n; and n are orthogonal which implies n; - n = 0, then &?; is perpendicular to &2.
If n; and n are parallel which implies n; = ¢n (scalar multiples), then &7 is parallel to &2.

2
(a) Since the general form of & is 2z 4 3y — z = 1, its normal vector is n = 3
-1
4 2
Sincen; -n=| -1 |- 3| =4-2+4+(-1)-345-(-1) =0, &, is perpendicular to 2.
5 -1
4
(b) Since the general form of &2 is 4z — y + 5z = 0, its normal vector isn = | —1
5
Since ny = 1n, &2, is parallel to Z2.
1
(c) Since the general form of & is x — y — z = 3, its normal vector isn = | —1
-1
4 1
Sinceny; -m=| =1 || =1 | =0, & is perpendicular to Z.
5 -1
4
(d) Since the general form of &2 is 4z + 6y — 2z = 0, its normal vector is n = 6
-2
4 4
Sincen; -n=| —1| - 6 | =0, & is perpendicular to Z.
5 -2

20. Since the vector form is x = p + td, we use the given information to determine p and d.

The general equation of the given line is 22 — 3y = 1, so its normal vector is n = { _§ ] .

Our line is perpendicular to the given line, so it has direction vector d = n = [ _3 } .

Furthermore, since our line passes through the point P = (2, —1), we have p = [ _% } .

So, the vector form of the line perpendicular to 2z — 3y = 1 through the point P = (2, —1) is

MR
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21.

22.

1 Vectors

Since the vector form is x = p + td, we use the given information to determine p and d.

. . L . . 2
The general equation of the given line is 2x — 3y = 1, so its normal vector is n = { _3 ] .

Our line is parallel to the given line, so it has direction vector d = [ 9 } .

This comes from the solution of Exercise 45 in Section 1.2: n-d = [ Z ] . [ _2} =ab—ab=0.

Continuing, since our line passes through the point P = (2, —1), we have p = { _? ] .

So, the vector form of the line parallel to 2z — 3y = 1 through the point P = (2, —1) is

MEEHEGH!

Since the vector form is x = p + td, we use the given information to determine p and d.

A line is perpendicular to a plane if its direction vector d = n the normal vector of the plane.

1
The general equation of the given plane is x — 3y + 2z = 5, so its normal vector isn = | —3
2
1
Therefore, the direction vector of our lineisd =n= | —3
2
-1
Furthermore, since our line passes through the point P = (—1,0,3), we have p = 0
3
So, the vector form of the line perpendicular to  — 3y + 2z = 5 through P = (—1,0, 3) is
z 1 1
y | = 0f+2t] -3

z -3 2
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23. Since the vector form is x = p + td, we use the given information to determine p and d.

r=a+et T a e
A line with parametric equations y = b+ ft has vector form |y | = | b | +¢t | f
z=c+ gt z c g
e
Therefore, its direction vector isd = | f |. We use this key observation below.
g
r= 1—1
Since the given line has parametric equations y = 2+ 3t ,
z=-2—1
T 1 -1 [ —11]
it has vector form | y | = 2|+t 3 |. So, its direction vector is 3.
2 —2 -1 =y
e
Since our line is parallel to the given line, its direction vector is also d = 3.
-1
-1
Furthermore, since our line passes through the point P = (—1,0,3), we have p = 0
3
So, the vector form of the line parallel to the given line through P = (—1,0,3) is
T -1 -1
y | = 0]+t 3
z 3 -1

24. Since the normal form is n-x = n - p, we use the given information to determine n and p.

A plane is parallel to a given plane if their normal vectors n are equal.

Since the general form of the given plane is 6z — y + 2z = 3, its normal vector isn = | —1
6
Since our plane is parallel to the given plane, its normal vector is alson = | —1
2
0
Furthermore, since our plane passes through the point P = (0,—2,5), we have p = | —2
5
So, the normal form of the plane parallel to 6z — y + 2z = 3 through P = (0, —2,5) is
6 z 6 0 6 x
—“1|-|ly|l=]-1]-(-2|or |—-1]|--|y]| =12
2 z 2 ) 2 z
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25. Following Example 1.23, we will determine the general equations in two simple steps:
First, we will use Figure 1.31 in Section 1.2 to find a normal vector n and a point vector p.
Then we will substitute into n - x = n - p and compute the dot products to find the equations.

(a) We start with &7; determined by the face of the cube in the yz-plane.

1
It is clear that a normal vector for ?; isn = | 0 | or any vector parallel to the z-axis.
0
0
Also we see that &) passes through the origin P = (0,0,0), so weset p= | 0
0
1 T 1 0
Substituting inton-x=n-pyields |0 |-|y | =[0]-|0| or 1-24+0-y+0-2=0.
0 z 0 0

So, the general equation for &2; determined by the face in the yz-plane is x = 0.
Likewise, the general equation for &2, determined by the face in the xz-plane is y =0
and the general equation for &3 determined by the face in the zy-plane is z = 0.

We have found equations for the planes that pass through the origin.

We will use this information to find equations for the planes that pass through (1,1, 1).
We begin with &4 passing through the face parallel to the face in the yz-plane.

1
Since &, is parallel to the face in the yz-plane, its normal vector isn = | 0
0
1
As previously noted £, passes through the point P = (1,1,1), soweset p= | 1
1
1 T 1 1
Substituting inton-x =n-p yields | 0 yl =11 0| or 1-24+0-y4+0-2z=1.
0 z 1 0

So, the general equation for &, is z = 1.
Likewise, the general equations for &5 and &4 are y = 1 and z = 1 respectively.
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(b) We will use the given information to determine n and p, then compute n-x =n- p.

We begin by observing the two key facts that will enable us to find n and p:
Two planes &1, & are perpendicular if their normal vectors are orthogonal, so ny -n = 0.
Every vector u in the plane £; is orthogonal to its normal vector ny, so n; - u = 0.

Condition 1: Our plane must be perpendicular to the xy-plane, so n; - n = 0. From (a),

0 z] [0 x
n=|0f,son;-n=|y|-]0|=0=2=0. So, n; is of the form | y
1 K2 1 0
Condition 2: n; must be perpendicular to the vector u from the origin to (1,1, 1).
1-0 1] x 1
Sinceu= | 1-0 1|, wehaven; - n=|y | -|1|=0=>zx+y=0=>y=—zx.
1-0 1| 0 1
x 1 1
So, &1 must be of the foomn; = | —x | =2 | —1 |. Letting x =1 yields n; = | —1
0 0 0

0
As previously noted &7 passes through the origin P = (0,0,0), so we set p= | 0
0

1 T 1 0
Nown-x=n-pyields | -1 | -|y|=|-1]-[{0] or 1-2z+(=1)-y+0-2=0.
0 z 0 0

Therefore, the general equation for the plane perpendicular to the xy-plane and
containing the diagonal from the origin to (1,1,1) is x —y = 0.

As above, use u = [0,1,1] and v = [1,0, 1] from Example 1.15 of Section 1.2 to find n
[ 0
Fromn-u=|y |- |1 |=0=2y+2=0=y=—=2
| # 1
[z 1
Fromn-v=| -2 |- |0 | =0=2z4+2=0=>2=—=z.
I 1
—z -1 1
So, the normal vectorn= | —z | =z [ —1 |. When z = —1, we have n = 1
1 1 -1
0
It is obvious the side diagonals pass through the origin P = (0,0, 0), so we set p= | 0
0
1 x 1 0
Now n-x = n - p yields 11|y | = 1{-]10for 1-z+1-y+(-1)-z=0.
-1 z -1 0

The general equation for the plane containing the side diagonals is ¢ +y — z = 0.
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26.

27.

1 Vectors

Finding the distance between points A and B is equivalent to finding d(a,b).

Given x = [z,y, 2], p = [1,0, —2], and q = [5, 2, 4], we have the condition d(x,p) = d(x,q).

We simplify that equation to find the condition all points X = (x,y, z) must satisfy.

dx,p) = \(r— 17+ (- 07 + (2 427 = @ — 52+ (y— 2 + (:— 4)° = d(x,q).

Squaring both sides, we have: (z —1)°+(y—0)°+(z+2)> = (z -5+ (¥ —2)°+(z —4)° =
(m2 —2x+1) +9% 4+ (22+4z—|—4) = (x2 — 10m+25) + (y2 —4y+4) + (22 —82—!—16).

Noting the squares cancel and combining the other like terms, we have: 8x + 4y + 12z = 40.
Dividing both sides by 4, we see all points X = (z,y, z) lie in the plane 2z 4+ y + 3z = 10.

b
We will first follow Example 1.25, then use d(Q,¢) = W and compare results.
a
. T -1 1 1
Comparing | = 9 + 1 tox =p +td, we see £ has P =(—1,2) and d = e

As suggested by Figure 1.63, we need to calculate the length of @,
where R is the point on ¢ at the foot of the perpendicular from Q.

Now if we let v = PO, then PR = proj4(v) and RQ = v — projy(v).
st v-Fé-a-p-[2]-| ] [2]
Step 2. projg(v) = (3 Z)d: (1_11.112_(1_)1.)(._010 [_H :g [—H - {—gg]

Step 3. The vector we want is v — projg(v) = [ g } — [ _gg } = [ g?; }

3/2

2
;WH:%.

Step 4. The distance d(Q, ¢) from Q to £ is ||v — projq(v)| = H [ 3/2 } H
. . . 3 1
So Theorem 1.3(b) implies ||v — projgq(v) || = 3 H [ 1 ] H —

lazo + byo — ¢
Now in order to calculate d(Q, ¢ —_—
@.6= a® + b2

Ifd= {Z],thenn:{ because [Z}[_S] =0. For ¢, d = [_1] son = {1]

Fromn-x=n- pwehave{ ] { ]: {1}[_;] sor+y=landa=b=c=1.
2) =
3

we need to put £ into general form.

1

Furthermore, since Q = (2, (x0,Y0) we have zg = yo = 2.

2+2-1]

So d(Q, 0) = Niix=rinivoAn

32
= T\[ exactly as we found by following Example 1.25.
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28. We will follow Example 1.25, then use d(Q,¢) =

Lines and Planes 45

lazo + byo + czo — d|

and compare results.

Va? +b% + 2
b —d
Even though the formula d(Q,¢) = [0 + byo + czo | was developed for planes,
Va 2 + b2 + C2

it can work for lines in R with the proper choice of n = [a, b, c].

T 1 -2 —2
Comparing |y | = | 1| +¢ 0| tox=p+td, wesee P=(1,1,1) and d = 0

z 1 3 3

As suggested by Figure 1.63, we need to calculate the length of }@,
where R is the point on ¢ at the foot of the perpendicular from Q.

Now if we let v = F@, then ﬁ = proj4q(v) and ]@ = v — projq(v).

0 1 -1
Stepl.v:@:q—p: 1]1-11]= 0
0 1 -1

d- V)d_ ((—2)-(—1)+(3)-(—1)> 2] |

Step 2. projg(v) = (d d (=2)-(-2)+3-3

3| | -3/13
-1 2/13 ] [ -15/13
Step 3. The vector we want is v — proj4(v) = 0] - 0 = 0
-1 —3/13| | —10/13
715/13
Step 4. The distance d(Q, ¢) from Q to £ is ||v — projq(v)| =
—10/13
5 5v13
So Theorem 1.3(b) implies ||[v — projg(v) || = 13 H 13 —VI9+4d= 3

lazo + byo + czo — d|

Now in order to calculate d(Q, ¢) = we need to put £ into general form.

Va? 4+ b2+ 2
The appropriate choice of n mentioned at the top follows from the following observation:
3 3
Vector | 0 | found using Theorem 1.3(b) in Step 4 is orthogonal to d, so let n = | 0
2 2
3 T 3 1
Fromn-x=n-p, |0 |- |y |=[0]-|1]s03zx+2z2=5anda=3,b=0,c=2,d=>5.
2 Z 2 1

Furthermore, since @ = (0,1,0) = (xo, Yo, 2z0) we have g =0, yo = 1, and 2z = 0.
0+0+0-5 5  5/I3

S0dQ0 =" “ U5~ B

exactly as we found by following Example 1.25.
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29.

30.

1 Vectors

lazo + byo + czo — d|
A /a2 + b2 + CQ

By definition ax + by + ¢z = d implies n = [a, b, ¢, so x + y — z = 0 implies n = [1,1, —1].

As suggested by Figure 1.64, we need to calculate the length of }@ = proj,(v), where v = ]@

Step 1. By trial and error, we find P = (1,0, 1) satisfies x +y — z = 0.

We will follow Example 1.26, then use d(Q, &) = and compare results.

2 1 1
Step2. v=PO=q-p=|2|-|o|=]|2
2 1 1
, n-v 1o1+12-1-1\ | Y| 2| ! 2/3
Step 3. proj,(v) = (—) n= 2 1| =< 1| = 2/3
d-n 12 +12 + BN N —2/3
2/3 1
2 2v/3
Step 4. The distance from @ to & is ||proj,(v 2/3 = 1 = i
—2/3 3 -1 3

lazo + byo + czo — d|

Now for d(Q, &) =

we need identify a, b, ¢, d, and xg, yo, 29-

VaZ 4+ b+ ¢
Sincex+y—z2=0,a=1,b=1,¢=-1,d=0. From Q = (2,2,2), 29 = yo = 20 = 2.
242-2 2 2
So d(Q, Z) = 2+ +0 =— ias we found by following Example 1.26.

2+12+(-1)2 V3 3

lazo + byo + czo — d|
Va2 4+ b2+ ¢

By definition ax + by + ¢z = d implies n = [a, b, c], so x — 2y + 2z = 1 implies n = [1, -2, 2].

As suggested by Figure 1.64, we need to calculate the length of ]@ = proj,(v), where v = ]@

Step 1. By trial and error, we find P = (1,0,0) satisfies  — 2y + 2z = 1.

We will follow Example 1.26, then use d(Q, &) = and compare results.

0 1 -1
Step2. v=PO=q-p=|0|—|0o|=] o
0 0 0
1 1 ~1/9
n-v -1-1+0-0+0-0 1
Step 3. proj,(v) = (—) = ( 5 5 > —2 =—|-2|= 2/9
d-n 12+ (—2)2+2 9 5 )9
—1/9 ) 1 .
Step 4. The distance from @ to &7 is ||proj,(v 29 1l==1| 2| =5
—2/9 M 2 3

lazo + byo + czo — d|

Now for d(Q, &) = we need identify a, b, ¢, d, and xg, yo, 20-

\/ 2+b2+02
Since z —2y+2z2=1,a=1,b=-2,¢=2,d=1. From Q = (0,0,0), g = yo = 20 = 0.
— —1 1 1
So d(Q, &) = 0-0+0-1| = — = - as we found by following Example 1.26.

24+ (-22+22 V9 3
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31.

32.

Lines and Planes 47

Similar to Example 1.25, Figure 1.63 suggests we let v = Pﬁ, then w = ﬁ = projg(v).

Comparing {i} = [;] +t{_1] tox =p +td, we see £ has P =(—1,2) and d = {_1]
2 -1 3
Stepl.v-l@_q—p_{2]—[ 2}_[0}
) d-v 1-34+(-1)-0 1 3[ 1 3/2
2_ = = — d: = — = .
s 2. w=pod) = (357 ) 4= (s o) [ =2 4] = 502
- - . . -1 3/2|  [1)2
Step 3. So,r—p+ﬁ—p+pr03d(v)—p+w— [ 2] + [_3/2] = {1/2]
Therefore, the point R on ¢ that is closest to Q is (3, 3)-
Similar to Example 1.25, Figure 1.63 suggests we let v = }@, then w = ]?}% = projq(v).
x 1 -2 -2
Comparing |y | = | 1 | +¢ 0| tox=p+td, wesee ¢ has P=(1,1,1) and d = 0
z 1 3 3

0 1 -1
Stepl. v=PO=q-p=|1]-|1]=] o
0 1 -1
21 [ 2/13
d- —2)-(=1)+3- (-1
Step2.w:pr0jd(v):<v>d:<( ) ( g+32( )> 0] = 0
d-d (=2)"+3 3] | -3/3
1 2/13 7 [ 15/13
StepS.So,r:p+]34}>%:p+projd(v):p+w: 1]+ 0 = 1
1 -3/13 | | 10/13

Therefore, the point R on ¢ that is closest to @ is (%, 1, }—g)
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33. Similar to Example 1.26, Figure 1.64 suggests we let v = Pﬁ, then w = Cﬁ}{ = —proj,(v).

By definition ax + by + ¢z = d implies n = [a, b, ¢, so x + y — z = 0 implies n = [1,1, —1].

Step 1. By trial and error, we find P = (1,0, 1) satisfies x +y — 2z = 0.

2 1 1
Step2.v:@:q—p: 2 —10|=1{2
2 1 1
1 2/3
. 1-14+1-2 —-1)-1
Step 3. w = proj,(v) = (H) n= + + g 1| = 2/3
n-n 12+ 12+ (-1) -1 -2/3
1 1 2/3 4/3
Step 4. So,t=p+ PO+ QR=p+v—projv)= 0|+ |2 || 2/3|=]4/3
1 1 —2/3 8/3

Therefore, the point R in &2 that is closest to @ is (%, %7 %)

34. Similar to Example 1.26, Figure 1.64 suggests we let v = P@, then w = Q? = proj,(v).

By definition ax + by + ¢z = d implies n = [a, b, c], so x — 2y + 2z = 1 implies n = [1, -2, 2].

Step 1. By trial and error, we find P = (1,0,0) satisfies  — 2y + 2z = 1.

0 1 -1
Step2.v:1@:q—p: 0|—-1]0|= 0
0 0 0
1 ~1/9
. 1.(—1
Step 3. w = proj,(v) = (n—v) n= % -2 | = 2/9
N A I B
1 ~1 ~1/9 ~1/9
Step 4. So,r:p+ﬁ+6ﬁ:p+v+projn(v): 0+ 0+ 2/9 | = 2/9
0 0 —2/9 —2/9

Therefore, the point R in &2 that is closest to @ is (—é, %, —%).



1.3 Lines and Planes

35. Since the given lines ¢; and {5 are parallel, we can simply choose Q) on ¢1, P on /5.
Following Example 1.25, we have:

From ¢, Q = (1,1). From {5, we have P = (5,4), d =[-2, 3], and n = [3,2] = [a, ].
Step 1. v=PO=q—p=[1,1] - [5,4] = [-4, 3.

N e G N I B

Step 3. The vector we want is v — projy4(v) = [ :g} — { _gﬁg } = [ :ggﬁz }

Step 4. The distance d(Q, ¢2) from ¢; to ¢3 is ||v — projq(v)| = H [ :ggﬁg } H

18\/ﬁ
13

So Theorem 1.3(b) implies [|v — proja(v) || = H [ } H

Fromn-p = [3}[2} =23, ¢ =23. Since Q = (1,1) = (20, yo0), we have xg = yo = 1.

byo — 3+2—-23 18 18v/13
Now compare: d(¢1,43) =d(Q, l2) = lazo +byo — | _ = 13+ | = = V13

Va? + b2 V32 + 22 V13 13
36. Since the given lines ¢; and {5 are parallel, we can simply choose @ on ¢1, P on /5.
Following Example 1.25, we have:

From [z,y,z] = [1,0,—1] + ¢ [1,1,1], we see {1 gives us Q = (1,0, —1).

From [x,y,2z] =[0,1,1] +¢[1,1,1], we see ¢3 has P = (0,1,1), d =[1,1,1], and n = [1, -2, 1].

Step 1. v = PQ =q—p=[1,0,—1] - [0,1,1] = [1, -1, 2]

V42

1 1 —2/3
d-v 1-1—-1-1—-1-2 2
Step 2. projy(v) = ( )d = ( CEET R ) 1|l=—-x|1]|=1|-2/3
d-d P+12+1 . 3, 23
1 —9/3 5/3
Step 3. The vector we want is v — projg(v)= | -1 | — | —=2/3 | = | —1/3
2 —2/3 —4/3
5/3
Step 4. The distance d(Q, ¢2) from ¢; to £3 is ||v — projg(v)|| = || | —1/3
—4/3
So Theorem 1.3(b) implies ||v — proj4(v || V25 +1+16 = 3

Set n =[5, —1, —4] = [a, b, ¢] we found in Step 4 because it is orthogonal to d.

Fromn-p=d=1[5—-1,—-4]-[0,1,1] = —5. Since Q@ = (1,0,—-1), 20 =1, yo =0, 20 = —1.
b —d 4 14 V42

Now compare: d(Q,¢2) = lazo + byo + c20 ‘ [5+4+5] = — )

Va2 +b% + 2 124+ (=2)2412 V42 3
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1 Vectors

37. Since the given planes #; and &, are parallel, we can simply choose @) in &1, P in &,.

38.

Following Example 1.26, we have:
Step 1. Since 2z +y — 2z =0, Q = (0,0,0) is on H;.

Since 2 +y — 22 =5, P =(0,5,0) ison &y and n = [2,1, —2] = [a, b, ¢].
Step 2. v=PQ = q—p = [0,0,0] — [0,5,0] = [0, 5, 0]

. n-v 2.0-1-5-2.0\| 2 5| 2 —10/9
Step 3. proj,(v) = ( ) =\ 5 57 1| = -5 1= -5/9
non 1+ (=2) —2 2] | 1009
—10/9 ]
Step 4. The distance d(Q, %5) from £ to P, is ||v — proj,(v)|| = -5/9
10/9 |
5 2 5 )
So Theorem 1.3(b) implies ||proj,(v) || = 9 1= §\/4 +1+4= 3
—2

Fromn-p=d=12,1,-2]-[0,5,0] = 5. Since Q = (0,0,0), zg = yo = 29 = 0.

b —d 04+04+0-5 ) )
Now compare: d(Q,@g):|ax0+ yotezo—dl _ _0+0+ | -2 _°

VaZ £ 02 £ 2 /2P 1r (-2 VO3

Since the given planes £2; and &, are parallel, we can simply choose @ in &1, P in .
Following Example 1.26, we have:

Step 1. Sincez +y+ 2 =1, Q = (1,0,0) is on ;.
Since t +y+2=3, P=(3,0,0) ison & and n = [1,1,1] = [a, b, c].
Step 2. v = PQ = q — p = [1,0,0] - [3,0,0] = [~2,0,0]

1 1 —2/3
: 1-(=2)+1- 1- 2
Step 3. projy(v) = (2" ) n = ( s 0) S Y .
nen A 1 1 ~2/3
-2/3
Step 4. The distance d(Q, %5) from £; to Py is ||[v — proj, (V)| = ||| —2/3 | ||-
-2/3
1
2 2 2
So Theorem 1.3(b) implies ||proj,(v) | = 3 1 H = §\/1 Fl+l= g
1

Fromn-p=d=11,1,1]-[3,0,0] = 3. Since @ = (1,0,0), 2o =1, yo = 0, 20 = 0.

b _ _
Now compare: d(Q, P5) = |20 + byo + c20 — d| = [1+0+0—3] _ 2 _ 27\/3

/a2—|—b2—|—02 /12+12+12 \/g 3
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39.

40.

41.

42.

Lines and Planes 51
Will show d(B,¢) = w, where n = { ¢ ], n-a=c, and B = (z9,¥o)-
Va2 +b? b
Step 1. From Figure 1.61, we see d(B, ) = ||proj,(v) || = H (E : Z) nH = |nnﬁ’|
Step 2. Sincev=b—-a,n-v=n-(b—a)=n-b—n-a= {c;} . [zo} —c=axo+ by, —c.
0
) n-v In-v| |azo+ byo — ¢
Step 3. So, d(B,¥¢) = ||proj,(v :H(—)nH: =
lazo + byo + czo — d| a
Will show d(B, &) = ,wheren= | b |, n-a=d, and B = (z0, Yo, 20)-
Va? + b + +c? c
Step 1. From Figure 1.62, we see d(B, &) = |proj,(v) || = H (%) nH = |n|nﬁ’|
a o
Step 2. Sincev=b—a,n-v=n-(b—a)=n-b—n-a= | b || yo | —d = axg+byo+czo—d.
C 20
. n-v In-v| |axzg+ byo + czo — d|
Step 3. So, d(B, 2) = :H7 H: _
o 8. 80, (. 2) = ot 1= | () ml = Ty = e e
. . In - v|
We will apply the formula from Exercise 39, d(B,¢) = W

Step 1. We select B = (xg,y0) on ¢1 so that n-b = {Z] . [52] = axo + byo = c1.

Step 2. We select A on {5 so that n-a = cs.

Step 3. Set v =b — a, then d(B, &) = B = Bkl

We will apply the formula from Exercise 40, d(B, &) = |r|1n\|7|
a To
Step 1. We select B = (xg,Y0,20) on &y sothatn-b= | b | - | yo | = axg+ byo + cz0 = ds.
20
Step 2. We select A on &5 so that n-a = ds.
n-v] |n-(b—a)] n-b—mn-a] |d —dy]

Step 3. Set v =b — a, then d(B, #) =
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43.

44.

As in Example 1.14 of Section 1.2, we note that cos = M
[[all[|v]]
So, given two planes &, with n; and &2, with ns, we have cosf = H|nl”|n2|
n; no

Step 1. Since &; has equation x +y + z =0, n; = [1,1,1].
Since &5 has equation 2z +y — 2z =0, ny = [2,1, —2].
Step 2. Therefore, n; =[1,1,1]-[2,1,-2]=1-24+1-1-1-2=1,
Ing|| = V12 +12 4+ 12 = /3, and ||ng| = /22 + 12 + (—2)2 = 3.

1 1

Step 3. So cosf = ——= and 0 = cos™? () ~ 78.9°.

P 3v3 3V3

. . |u-v|
As in Example 1.14 of Section 1.2, we note that cosf = .

[alf{]v]
So, given two planes &) with n; and &2, with ns, we have cosf = ”|nnl”|11112|
1 2

Step 1. Since £; has equation 3z —y + 2z =5, n; = [3,—1,2].

Since &5 has equation x + 4y — z = 2, ny = [1,4, —1].
Step 2. Therefore, n -ny; =[3,-1,2]-[1,4,-1]=3-1-1-4—-2-1= -3,
Iny|| = /32 4+ (—1)2 + 22 = V14, and ||ny|| = /12 +42 + (—1)2 = 3V/2.

3 VT ot (YT ~ 10090
328 14

Step 3. S 0=—
ep 0 COS 11
Since we need an acute angle, we take 180° — 100.9° = 79.1°.

1

Vectors



1.3 Lines and Planes

45. As in Example 1.14 of Section 1.2, we note that cosf = H|u||”v|
u|||v
. . . In-d|
So, given & with n and ¢ with d, we have cos = YT
n

Step 1. To show &2 and /¢ intersect, we note:
r+y+22=024+t)+(1—-2t)+2(3+¢) =9+t =0 implies t = —9.

So, & and /¢ intersect at the point [2 + (=9),1 —2(—9),3 + (-9)] = [-7, 19, —6].
Step 2. Since & has equation z +y + 2z =0, n = [1,1,2].
r=2+ 1 T 2 1 1
Given y=1—2t , {satisfies [y | =| 1| +t| -2 |. So,d=| -2
z=3+ z 3 1 1

Step 3. Therefore, n-d=[1,1,2]-[1,-2,1]=1-1—-1-2+4+2-1=1,
In|| = V12 +12 4+ 22 = /6, and ||d|| = /12 + (-2)2 + 12 = /6.
Step 4. S 0 ! 1 do _1<1) 80.4°
ep 4. So cos) = ——= = — and 6 = cos — | ~ 80.4°.
b NGV 6

u- vl

46. As in Example 1.14 of Section 1.2, we note that cosf = Tal v
ul|||v

n - d|
il

So, given & with n and ¢ with d, we have cosf =

Step 1. To show &2 and / intersect, we note:
dr—y—z=4(t) — (1+2t) — (2+3t) = —3 — ¢t = 6 implies t = —9.

So, & and /¢ intersect at the point [(—9),1 + 2(-9),2 + 3(-9)] = [-9,—17, —25].
Step 2. Since & has equation 4o —y — 2z =0, n = [4, -1, —1].
T = t T 0 1 1
Given y =142t , ¢ satisfies | y | =1 | +¢t|2|. So,d= | 2
z=2+4+3t z 2 3 3

Step 3. Therefore, n-d =[4,-1,-1]-[1,2,3] =4-1—-1-2—-1-3=—1,
In|| = /42 + (-1)2 + (-1)2 = 3v/2, and ||d|| = V12 + 22 + 32 = V14,

1
- = —ﬂ and 0 = cos™ ! —ﬂ ~ 93.6°.
31/28 42

42
Since we need an acute angle, we take 180° — 93.6° = 86.4°.

Step 4. So cosf = —

53
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47. Will find an expression for p in terms of v and n given n is orthogonal to p, that is p-n = 0.

Step 1. We solve for ¢ starting from the given equation p = v — cn.

P =Vv—cn =
m=v-—p
(n)-n = (v—p)'n =
¢cn'n) =v-n—p-n

Given

Byxz=y—zimpliesz=y —x

Taking the dot product of n with both sides.
By properties of the dot product

¢cm-n) =n-v Byv.-n=n-vand p-n=0
n-v
= 0 Dividing both sides by n - n (a scalar)
Note: Figure 1.66 also shows cn = proj,(v) = (H) n which implies ¢ = v
n-n n-n
Step 2. Letting ¢ = n inp=v-—cn, we have p=v — (u) n.
n n-n
48. We will find p = projz(v) using p=v — (n:i) n and v = [1,0, —2].
(a) Step 1. Sincez +y+2=0,n=1[1,1,1].
Son-v=[1,1,1]-[1,0,-2] =1-1+1-0—1-2=—1,
. 1
n-n=[,1,1-[11,1]=1-1+1-141-1=3, and e = ¥ = =
n-n 3
1 1 1 1/3 2/3
n-v 1
StepQ.Sop:v—(—)n: 0 —3 1| = 0| —-|1/3|=1-1/3
n-n -2 1 —2 1/3 —-7/3
(b) Step 1. Since 3z —y+2z=0,n=[3,—1,1].
Son-v=[3-1,1][1,0,-2] =3-1-1-0—1-2=1,
. 1
n-n=[3-1,1-[3-1,1]=3-3+1-1+1-1=11 and e = % = —.
n-n 11
. (R 1 1/11 10/11
Step2.Sop:v—(—)n: 0| -3 |1]=] of-|vi|=] -yu
n-n —2 1 -2 1/11 —23/11
(c) Step 1. Since 3z — 2z =0, n = [3,0, —2].
Son-v=1[30-2[1,0-2=3-1-0-0+2-2=7,
. 7
n-n=[30-2[30-2=33+0-0+2-2=13, and c = —~ = -
n-n 13
. 1l L[t 1 7/13 6/13
StepZ.Sop:Vf(—)n: 0l - (1] =| of- |7/ —7/13
n-n —2 1 -2 7/13 —33/13

(d) Step 1. Since 2z —3y+2 =0, n=[2,-3,1].
Son-v=[2-31]-[1,0,-2]=2-1-3-0—-1-2=0.
1
Step 2. Sop=v = 0
—2
Note: The projection is the vector itself because the vector is parallel to the plane.
That is equivalent to the vector being orthogonal to the normal of the plane.



Exploration: The Cross Product

Exploration: The Cross Product

Since Explorations are self-contained, only solutions will be provided.

1(2) — 1(-1) 3 -3
1. (a) uxv=] 13)-0(2) | = 3. (b) uxv=|-3
0(—-1) —1(3) -3 3
0] 1
(¢) uxv=|[0]. (d) uxv=| -2
0 1
11 [o] [o-o0(1) 0
2.e1Xex=|(0| x|1] = 0-0 =|0]| =es,
| 0] | 0] | 1(1) -0 1
[0 ] [0 ] 1 0 1 0
eaxeg= |1 x[0]=|0|] =ej,andegxe;=|0|x|[0]|=]|1] =es.
| 0] | 1] | 0 1 0 0

3. Two vectors are orthogonal if their dot product equals zero. Check:

U20V3 — U3V2 U1
(uxv)-u = | ugvy —ugvs | - | ug
| U1V2 — U201 | us

= (U2U3 — Ugvg) up + (U3’U1 — Ul’Ug) U + (ul’l}g — ’LLQ’Ul) us
= (UQ’U:_),Ul — U1’03U2) —+ (U3’01U2 — U2U1U3) + (u1v21L3 — U3U2U1) = O

U2V3 — U3V2 U1
(uxv)-v = | ugvy —uvg | - | va
| U1V2 — U201 | U3

= (ugu3 — ugva) vy + (uzv1 — u1v3) V2 + (U1v2 — U2V1) V3
= (ugv3v1 — ugv1v3) + (ugv1v2 — Ugv1V2) + (U1V2V3 — U v3v2) = 0.
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0 3 3
4. (a) A vector normal to the planeisn=uxv=| 1| x | =1 | = 3
1 2 -3
Thus, the normal form for the equation of this planeisn-x=n-p <
3 x 3 1
31|y | = 3 0l e3x+3y—32z2=9<zx+y—2=23.
-3 z -3 -2
(b) Two vectors on the plane are u = ]@ =[2,1,1] and v = PR = 1,3, 2],
2 1 -5
so a vector normal to the planeisn=uxv=| 1| X 3| = 5
1 -2 )
Thus, the normal form for the equation of this planeisn-x=n-p <
=5 x -5 0
511y | = 5 -1 -52+5y+52=0& —zxz+y+2=0.
) z 5 1
[ vous — vuy U3 — U3V
5. (a) vxu= | wvsus —vus | =— | ugvy —uvs | = —(uxv).
L ViU — V2Uq U1V2 — U2V
[ (751 0 UQ(O) — Us (0) 0
(b)) ux0=|uz | x |0 uz(0) —u1(0) [ =10 [ =0
L us 0 U1l (0) — Uz (0) 0
U2U3 — U3UL 0
(¢c) uxu= | ugu; —wuz [ = [ 0| =0.
| urug — uguy 0
ng’l)g, - U3k"02 U2V3 — U3V
(d) ux kv = | ugkvy —urthkvs | =k | ugvy —ugvs | = k(uxv).
Ulk?)Q — ’U,Qk"Ul U1V2 — U2V
() uxku=k(uxu)=%k(0)=0.
(f) We compute the cross product as follows:
I u2 (’03 + ’lU3) — Us (’UQ + ’LUQ)
ux (v+w) = | ug(v1 +wi)—ug (vs +ws)
| w1 (vo +wa) —ug (v1 + w1)
[ (ugus — uzv2) + (ugws — uzwy)
= | (uzv1 —uivs) + (usw1 — uws)
| (u1v2 — upv1) + (ugwe — ugwy)
I (’LLQUg — U3’U2) (’U,QU)g — U3w2)
= | (ugv1 —wivs) | + | (ugw1 —wqws) | =uxv+uxw.
| (u1v2 — upvr) (ugwe — ugwy)

1

Vectors
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6. (a) We compute the cross product as follows:

U1 VoWs — V3W2
u-(vxw) = |ug || vsws —viws
us V1w — VW1

= UIV2W3 — UIV3W32 + UV3W] — U2V W3 + UV W2 — UZV2W]
= (UQ’Ug — U3’U2) wy + (U3U1 - ulvg) wo + (ulvg — ’11,21}1) ws
= (uxv)- w.
(b) We compute the cross product as follows:
uy VaW3 — V3Wo ug (V1wa — vowy) — uz (V3w — V3W3)
uy | % | vsw; — viws 3 (’Ugﬂ)g — 1}3’11}2) — uy (vywe — vawy)
| us ViWwy — Vawy 1 (v3w1 — viws) — uz (Vows — v3wy)

ux (vxw)

(u1wr + uswa + usws) v1 — (u1v1 + ugva + Usvs w1
(urwy + ugwz + ugws) vo — (u1vy + ugve + usvs W
(Ulwl + ugwz + U3w3) vg — (u1v1 + u2v2 + ugvsy) w3

= (wiwy + uows + uzws) — (u1v1 + ugv2 + uzvs)

= (u-w)v—
(¢) We compute the cross product as follows:

U2V3 — U3V

2 2 2
U3V] — UIV3 = (ugv3 — ugva)” + (urvg — uzv1)” + (u1v2 — ugvy)
U1V2 — U2V1

a5 v

= (ui +ud+ u%)Q (v? +v3 + v%)Q — (uyv1 + upvy + usvs)®
2, 2 2
al* [ v]” = (u-v).

7. 2: e1 X (e x e3) = (e1 - e3) es — (€1 - e2) eg [by 6(b)] =0 since e, - e; = 0 for i # j.
Thus, since the e; have length 1, we must have e; = e3 x es, by 6(c).
Show e; = e3 X e; and e3 = e; X ey by cyclically permuting the indices.
3:u-(uxv)=(uxu) v by 10(a)]=0-v [by 9(c)]= 0, so u is orthogonal to u x v.
Similarly, v- (ux v) =v-(=1) (v xu) = (vxv)-u=0. So v is orthogonal to u x v.

8. (a) [lux v|* = [luf* [VI* = (u-v)* = [l [vII* — [[u]|* |[v]* cos® 6
= Jul* [|v[I* (1 — cos*8) = [[ul|* | v|*sin*6 =
lux v =l {[v]sin6.
(b) From Figure 1, and recalling the area of a triangle is A = 1(base)(height), we have:
A= 35 (Jlul) (||VH sind). But [ux v|| = 3 [lul [v] sinf, so 4= £ ux v].
) Let u=AB =[1,~1,~1] and v _ﬁ [4,-3,2]. Then(b) =

The area of trlangle ABC’ is A=11, 1,71] x [4,-3,2]|| = $V62.
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1.4 Applications

1. Following Example 1.34, we find the resultant force, r, using f; and f5.

The magnitude of r is ||r| = \/||f1||2 + 1] = V122 + 52 = 13.
) ) . 1 (12 o
The angle 6 between r and east (the direction of f5) is § = tan =~ 67.4°.

The direction of the resultant is closer to north than east. Why does this make sense?

2. Following Example 1.34, we find the resultant force, r, using f; and f5.

The magnitude of r is ||r|| = /|[f1]]2 + [[f1]]2 = V152 + 202 = 25.
N . 1 (20 o
The angle 6 between r and west (the direction of f1) is § = tan )~ 53.1°.

The direction of the resultant is closer to south than west. Why does this make sense?

3. Similar to Example 1.34, we find the resultant force, r, using f; and f5.

_ 138 _ | 8cos(60°) | | 4
If we let f; = [O}Jhenfg— [88111(600)} = [4\/3]

So, the resultant forceisr =f; +f» = {g] + [4%} = [41\35]

The magnitude of r is |r|| =1/122 + (4\/3)2 =8v/3.

4 1
The angle formed by r and f; is § = tan™! —\/?j =tan"! | — | = 30°.
12 V3

The resultant force also forms a 30° with fo. Why does this make sense?
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4. Similar to Example 1.34, we find the resultant force, r, using f; and f5.

If we let f; = [ﬂ,thean [GCOS(135 )} _ [_3@].

6sin(135°) 3v/2
. 4 —3v2 4 —3v2
So, the resultant force isr = f; + f5 = {0] + [ 3%] = [ 3\/%[}

The magnitude of r is ||r|| = \/(4 — 3\/?)2 + (3\/5)2 = /52 — 24v/2 ~ /18 ~ 4.24.

The angle formed by r and f; is § = tan™! ﬂ ~ 93.3°.
432

3V2
4—3V2

5. Similar to Example 1.34, we find the resultant force, r, using f;, f5, and f;.

2 | —6 _ | 4cos(60°) | | 2
Ifweletfl—[o}thenfg—{ O}’ande_[élsin(GOo)}_[2\/3]'

More than one angle has a tangent of . How do you determine the correct one?

So, the resultant force isr = f; + f5 + f3 = {g] + [_g} + {2\2/3] = {2\/23}

The magnitude of r is ||r| = /(—2)* + (2\/3)2 =V4A+12=+16=4.

2
The angle formed by r and f; is § = tan™! <\/2§> = 120°.

2v/3
More than one angle has a tangent of —\g How do you determine the correct one?

6. Similar to Example 1.34, we find the resultant force, r, using fi, f5, f3, and f;.

10 0 -5 0
If we let f; = [ 0 ],thenfgz {13],&;:[ 0},andf4: {8]
. 10 0 -5 0 5
So, the resultant force isr = f; + f5 + f3 + f; = { 0 } + {13} —|—{ 0] + [—8} = [5}
The magnitude of r is ||r|| = v/52 + 52 = v/50 = 5v/2.

5
The angle formed by r and f; is § = tan™! (5) = 45°.
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7. Following Example 1.35, we resolve f into f, and f,.

Specifically, if we let f, = {C(E)] and f, = {S]Jhenfzfx—l—f = {x] + {0} = {x]

Let the angle formed by f and £, be 60°.

Then since ||f|| = 10 = /22 + y2, we have cos ™! L) =cos! (ﬁ)
Va2 +y? 10
1 1
That implies 1£0 = cos60° = 7 So, z = 3 10 =5 and y = V102 — 52 = /75 = 5/3.
Theref f lves into f, = 5 df, = 0
erefore, f resolves into f; = | o | and £, = | ;= 1.

Why can we choose f, = [55} and f, = [2}7

Hint: We are told f is resolved into forces that are perpendicular to each other.

. Similar to Example 1.35, we resolve f into f, and f, where f, is parallel to the ramp

and f, is perpendicular to it.

. . T 0 T 0 r
Specifically, if we let f. = [0} and f, = [p],thenf—fT—i-fp— [0} + {p] = {p]

Note that the angle formed by f and f,. is 60°. Why?

Then since ||f]| =10 = \/m, we have cos~! [ ——— | = cos? (L)
N 0

T 1 1
That implies — = ° = _, =_—.10=5.
at implies 10 cos 60 5 So, r > 0=5

So, the force parallel to the ramp that must be applied to keep the block
from sliding down the ramp is 5 N.

We can choose f,. = { 6 ] and f, = [ g } . Why? Hint: f,. and f, are perpendicular to each other.
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9.

10.

11.

1 Vectors

Similar to Example 1.35, we resolve f into f, and f, where f, is parallel to the ground
and f, is the lifting force perpendicular to it.

. . T 0 T 0 T
Specifically, if we let f, = [0] and f, = {y],thenf—ﬁ—i—fy— {0]4—['@} = [y]

Note that the angle formed by f and f, is 45°. Why?

Then since ||f|| = 1500 = \/22 + 42, we have sin™~* (\/ﬁ#@ﬂ) =cos~! (FyOO)
vy e V2 V2 B
500~ sin5° = =~ So, y = 5+ 1500 = 750v/2.

That implies

So, the vertical force that tends to lift the vehicle off the ground is 75042 N.
We seem to have ignored the mass of the car and the acceleraton due to gravity. Did we?

Similar to Example 1.35, we resolve f into f, and f, where f; is parallel to the ground
and f, is perpendicular to it.

. . T 0 T 0 T
Specifically, if we let f, = [0] and f, = {y],thenf—fx—i—fy— {0]4—[21} = [y]

Note that the angle formed by f and f, is 45°. Why?

Then since ||f|| = 100 = /22 + y2, we have sin~* T ) —eos? (i)
Va2 100
V2 V2

. . X o_ V= _ v+ _
That implies 100 = cos45° = 5 " So, x 5 100 = 504/2.

So, the force that is causing the lawn mower to move forward is 50v/2 N.
We seem to have ignored the mass of the mower and the acceleraton due to gravity. Did we?

Similar to Example 1.36, we find t, the tension in the wire, using ||f,||, the weight of the sign.
Since the mass of the sign is 50 kg, ||f,|| = 50-9.8 =490 N.

1
The angle formed by t and f, is 60°, so ||f,|| =490 = ||t|| cos 60° = 3 It

That implies the tension in the cable is ||t|| = 2 - 490 = 980 N.
We seem to have ignored the horizontal component of the weight of the sign. Did we?
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13.

14.

15.

16.

17.

18.

19.

20.

21.
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Similar to Example 1.36, we find s, the tension in each string, using ||w/||, the weight of the sign.
Since the mass of the sign is 1 kg, ||w||=1-9.8=9.8 N.
Furthermore, since the angle formed by s and w is 45°, the tension in each string is equal to
exactly half of the weight of the sign.

1

1
So, = - ||w]|| = 4.9 = ||s|| cos 45° = - Is]|.
5 vl [s 7 (s

That implies the tension in each string is ||s|| = 4.9v/2 ~ 6.9 N.

Find the sine of the angles the wires make with the ceiling, then follow Example 1.36.

The triangle formed by the wires and the ceiling is right. Why? Hint: What are the lengths of
the sides?

20
So, the angle the 15-cm wire makes with the ceiling has sin 6, = % = 0.8.
1
Likewise, the angle the 20-cm wire makes with the ceiling has sin 8y = % = 0.6.
f f.
Following Example 1.36, we have H il = ” ll = ||rH where |r|| =15-9.8 = 147 N.
sinf; sinfy  sin90°
|Ir|lsinf;  147(0.8) Ir||sinfy 147 (0.6)
f, = = =117.6 N and f; = = =88.2 N.
So- =T io0e 1 TONand b =75 foge 1 58
Following Example 1.36, we have £, = I£2] = (Ll where [|r]| =20-9.8 =196 N.
’ sin30°  sin45°  sin 105°
in30° 196 (0. in45° 196 (0.7071
So, £, — IElsn30% _ 196(0.5) 01 46 N and g, — [EISA57 19607070y \o 4 .

sin 105° 0.9659 sin 105° 0.9659

We require that [1,0,1,1,d]-[1,1,1,1,1]=0=1+1414d=0=d=1.
So the associated parity check code vector is v =[1,0, 1,1, 1].

We require that [1,1,0,1,1,d]-[1,1,1,1,1,1] =0=1+1+1+14d=0=d =0.
So the associated parity check code vector is v =[1,1,0,1,1,0].

We check if v-1=0: [1,0,1,0]-[1,1,1,1]=1+0+1+0=0.
So a single error could not have occurred.

We check if v-1=0: [1,1,1,0,1,1]-[1,1,1,1,1,1] =1+ 1+ 1+1+1=1.
So a single error could have occurred.

We check if v-1=0:[0,1,0,1,1,1]-[1,1,1,1,1,1] =141+ 14+1=0.
So a single error could not have occurred.

We check if v-1=0: [1,1,0,1,0,1,1,1] - [1,1,1,1,1,1,1,1] =14+ 1414+1+1+1=0.
So a single error could not have occurred.

We require that [1,2,2,2,d]-[1,1,1,1,1] =0in Z3. Thus 1 +2+2+4+24+d=0=d = 2.

We require that [3,4,2,3,d]-[1,1,1,1,1] =0in Zs. Thus 3+4+24+3+d=0=d = 3.
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23.

24.

25.

26.
27.
28.

29.

1
We require that [1,5,6,4,5,d]-[1,1,1,1,1,1] = 0 in Z7.
Thus, 1+54+6+4+5+d=0=d=0.
We require that [3,0,7,5,6,8,d] -[1,1,1,1,1,1,1] = 0 in Zs.
Thus 34+7+54+6+84+d=0=>d=".
Let u and v be arbitrary vectors in Z7, that differ in exactly one component.
Sor u = [ug, U2, ..., U, ..., U],V = [U1,V2,...,0;,...,0y], where u; = v;, i # j:
c-(u—v) = [L,1,...,1] ([ur,u2, ... Ui, . .., Up| — [V1,V2,...,0j,...,05])

Vectors

= [1,1,...,1]-([0,0,. .., us, .- .,0] = [0,0,...,0,...,0]) = u; —v; #0

So,c-u#c-v.

cou=0=304+94+6+7+0+7)+B+4+44+0+2)+d=0=7+5+d=0=d=28.

cu=0= 30+4+1+1+44+2)+(1+04+4+8+1)+d=0=6+4+d=0=d=0.

Let u=10,4,6,9,5,6,1,8,2,0,1,5] be a UPC vector.
(a) We check if c-u = 0:

c-u = [3,1,3,1,3,1,3,1,3,1,3,1] - [0,4,6,9,5,6,1,8,2,0,1,5]

=304+6+5+1+2+1)+4+9+6+8+0)+5=5+7+5=T7#0

so, the UPC cannot be correct.

(b) Now u=[0,4,u3,9,5,6,1,8,2,0,1, 5], and we require that ¢ -u = 0:
30+us+5+1+4+2+1)+A+9+6+8+0)+5=0<
S(U3+9)+2=O<:>SU3+7:8<:>3U3=1<=>U3:7.

So, the correct UPC is [0,4,7,9,5,6,1,8,2,0,1,5].

Let u = [uy,ug,...,uis] be a correct UPC.

Let u’ = {ul, ..U, ...,ui2| be a UPC with an error in the th component.

Now we check if u’ is correct, first noting that u’ = u — u;e; + ule;.

We have c-u' =c- (u—u;e; +uie;) =c-u—wu;c-e; +uic-e; =c-e; (u, —u;).
But c-e; =1 or 3 # 0 and ) # u; since the ith component is wrong.

So ¢-u’ # 0, and the UPC will detect the single error.
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30. (a) We check if ¢-u’ = 0:

c-u = [3,1,3,1,3,1,3,1,3,1,3,1] - [0,4,7,9,2,7,0,2,0,9, 4, 6]
=30+74+2404+0+4)+A+9+7+24+9)4+6=9+1+6=6#0

So, the error will be detected.

(b) Transposing the third and fourth components of u gives u’ = [0,7,9,4,2,7,0,2,0,9,4, 6],
while ¢ - u’ = 0 in Z, so the error will not be detected.

(¢) Assume there is a transposition error between the " and (i + 1) components and that

the new UPC =u’' = u+e; (ujr1 — u;) + ;41 (u; — u;y1) satisfies ¢ - u’ = 0. So:

0 = c-(u+te(uip1 — i)+ €ir1 (U — uit1))
c-u+tc-e(Uup1 —u) +c- €1 (U — Uig1)

= ¢ (Uig1 — i) + i1 (Ui — Uip1) = wi(Cip1 — ) + i1 (6 — Cig1)

Case 1: If i is even then ¢; = 1, ¢;41 = 3, and the constraint becomes 0 = 2u; + 8u;41.
Case 2: If i is odd then ¢; = 3, ¢;+1 = 1, and the constraint becomes 0 = 8u; + 2u;41.
So, if u; and w;4;1 are transposed and 8u; 4+ 2u;41 = 0, the error will not be detected.
NOTE: The trivial solution is u; = u;y1, that is the adjacent components are the same.

31. c-u=0=[10,9,8,7.6,5,4,3,2,1] - [0,3,8,7,9,7,9,9,3,d] = 1 + d = d = 10.
32. c-u=0=[10,9,8,7,6,5,4,3,2,1] - [0,3,9,4,7,5,6,8,2,d| =4 + d = d = 7.
33. Let u=1[0,4,4,9,5,0,8,3,5,6] be an ISBN vector.

(a) c-u=[10,9,8,7,6,54,3,2,1]-[0,4,4,9,5,0,8,3,5,6] = 218 = 9 # 0 in Z1,.
Thus the ISBN cannot be correct (because c - u # 0).

(b) Now u = [0,4,4,9,us,0,8,3,5,6], and we require that ¢-u = 0: [10,9,8,7,6,5,4,3,2,1] -
[0,4,4,9, u5,0,8,3,5,6] = 0 = 1 + 6us = 0 < 6us = 10 < uz = 9.
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34. (a)

()

1 Vectors

u=10,6,7,9,7,6,2,9,0,6] is a correct ISBN.

Consider a transposition between the fourth and fifth components.

Then v’ =[0,6,7,7,9,6,2,9,0, 6].

Now check if u’ is correct: ¢-u’ = [10,9,8,7,6,5,4,3,2,1]-[0,6,7,7,9,6,2,9,0,6] = 9 #£ 0.
So, the error would be detected.

10
In general, an ISBN vector u satisfies the check constraint > (11 — i) (u;) =0,
i=1
but in Z;; (11 —4) = —i, so the constraint becomes Z (=) (u;) = 0.
i=1
Consider a transposition of any two adjacent elements (say the u; and u;y1 elements).
This gives a new vector u’ = u+ e; (uJH uj) +ej1 (uj —ujq1).

The check constraint on u’ becomes Z (=) (u}) =0,
i=1
but w; = u; + (e;), (ujr1 — uj) + (ej41), (u; — ujy1), so this becomes

10 10
Z (=) (uz) = = Z =) (ui) + Z (U —uy) + Z ) (€j41); — Ujt1)
i=1 i=1

=

0

10
=Y (=) (ej); (ujr1 — u, +Z =) (€j41); (uj — uj41)

= (=) (Wi =) + (= (J+1))(uj—uj+1)
= (=) (Wjr1 = ug) + (=7 + 10) (u = ujy1) = 10 (u; — wjp1)

10
So the constraint Z (—1%) (u;) = 0 can only be met if u; = ujy1,

in which case the transposed vector is the same as the original.

So the constraint Z (—1) (u;) = 0 cannot be broken by transposing adjacent components.
i=1

An error made in any two adjacent components of the ISBN will be detected.

See the proof in part (b).

35. Consider the ISBN u=10,8,3,7,0,9,9,0,2,6].

(a)
(b)

(c)

c-u=[10,9,8,7,6,54,3,2,1]-0,8,3,7,0,9,9,0,2,6] = 5 in Zy;. c-u % 0,
so this ISBN cannot be correct (because c - u # 0).

Consider the ISBN u with the first and second components transposed. Then:
u=8,0,3,70,9,9,026], c-u=[10,9,8,7,6,5,4,3,2,1] - [8,0,3,7,0,9,9,0,2,6] = 0.
So, the correct ISBN is u = [8,0,3,7,0,9,9,0,2,6].

Consider the ISBN u = [0,3,8,7,0,9,9,0,2,6]. If a transposition error occurs between the
second and third components we get the vector u’ = [0,8,3,7,0,9,9,0, 2, 6],
where ¢ -u’ =5 # 0, so the error would be detected.

However, this error cannot be corrected because transpositions to both
u=1[0,3,8,7,0,9,9,0,2,6] and u” = [8,0,3,7,0,9,9,0,2,6] give proper ISBNs.
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Chapter 1 Review

1. We will explain and give counter examples to justify our answers below.

(a) True. Follows from the properties of R™ listed in Theorem 1.1 in Section 1.1:

False.

False.

False.

True.

True.
False.

False.

True.

False.

u=u+0 Zero Property, Property (c)
= u+ (w+(—w)) Additive Inverse Property, Property (d)
= (u+w)+(—w) Distributive Property, Property (b)
= (v+w)+(—w) By the given condition u4+w =v+w
= v+ (w4 (—w)) Distributive Property, Property (b)
=v+0 Additive Inverse Property, Property (d)
=v Zero Property, Property (c)

See Example 1.16 and Exercise 54 in Section 1.2. Two key counter examples:
Since 0 - v = 0 for every vector v in R3, 0 is orthogonal to every vector.

That is, if u = 0, we know nothing about v and w.

Let u and v be orthogonal to w then u-w =v-w = 0.

E.g., consider u = [a,0,0], v = [0,b,0], and w = [0, 0, ¢].

Note this property is not listed in Theorem 1.2 in Section 1.2.

Let v=0then u-0 =0 and 0-w = 0, but there is no restriction on u and w.
Let u=wthenu-v=0and v-u=0, but u-u# 0 unless u=0.

E.g., consider u = [a,0,0], v =[0,b,0], and w = [¢, 0, 0], then u-w = ac.

When a line is parallel to plane then d - n = 0, that is d is orthogonal to n.
See Figure 1.57 in Section 1.3.

Every line in plane & and parallel to &2 is orthogonal to its normal vector n.
See Figure 1.62 in Section 1.3.

See the remarks following Example 1.24 in Section 1.3.

In R? many non-parallel lines are skew (non-intersecting lines with d; # d»).
For example, ¢; with x = td with d = [1,0,0] (the z-axis) and

ly with x = p + ¢td with p =[0,0,1] and d = [0, 1, 0]

(the line parallel to the y-axis through [0, 0, 1]).

See Examples 1.27 to 1.29 in Section 1.4.

For example, [1,0,1]-[1,0,1] =14 041 =0 in Z,.

In general, the dot product of any binary vector with an even number of 1s is 0.
See Example 1.37 in Section 1.4.
Wehavec-u=3(04+1+7+54+7+8)+(4+7+1+2+0+2) =100 =0 in Zo.

See Example 1.38 in Section 1.4.
c-u=1[10,9,8,7,6,5,4,3,2,1]-[0,5,3,2,3,4,1,7,4,8] = 162 # 0 in Z1;.
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. See Examples 1.1 and 1.5 in Section 1.1.

10 -1 3 10 9
Let w = {10] thenz-4u+v+w—4[ 5}4—{2]—1-[10] = {12}

So the coordinates of the point at the head of 4u+ v are (9,12).

. See Example 1.5 in Section 1.1. Note: We should do the vector arithmetic first.

. . -1 3 8
2x+u=3x—-v) 1mphesx-u+3v-[ 5} —1—3[2} = {11],

. As in Exploration: Vectors and Geometry, we have B—)ﬁl =b-(—-a)=b+a.

. We proceed as in Example 1.14 of Section 1.2.

Wehaveu-v=—1-24+1-1-2-1=-3, [[ul| = /(-1)2 + 12 + 22 = /6, and ||v| = V6.
3 1

Vove

. We proceed as in Example 1.17 of Section 1.2.

The length of v and the angle it makes with u determines how much of u it covers.
This is basically what proj,(v) = cu says. The projection of v shadows a fraction of u.

1 2
Therefore, cosf = — s0 0 = cos™! (—) ) radians or 120°.

2 3

1[1 1 1 ey 1/9
Sou-v=|-2|1|=Luu=|-2||-2]|=9,proj,(v)= (—)u: -2/9
2| |1 2 2 u-u 2/9

In this case, the projection of v shadows % of u.

. We use the given conditions to find a unit vector in the zy-plane orthogonal to v = [1,2, 3].

Step 1. Figure 1.15 in Section 1.1 implies any vector in the xy-plane has a z-component of 0.
So, the vector u we are looking for must be of the form u = [a, b, 0].

Step 2. Like Exercise 42 in Section 1.2, since u is orthogonal to v, we have

1 a —2b -2
u-v=|2||b|=a+20=0. Soa=-2band u= bl =b 1
3 0 0 0
Step 3. As in Example 1.12 of Section 1.2, we normalize u to create w, the unit vector.
-2
Letting b = 1 above gives us u = 1| and |Jul = /(-2)2+ 12+ 02 = /5.
0

1 ) 1|72 -2/V5

Note: The fact that we got to choose a value for b implies there are infinitely many solutions.

So one vector that works is w = (IH
u



Chapter 1 Review 69

8.

10.

x= 2—t 2 -1 -1
We begin by noting y = 3+ 2¢ implies x = 3|+t 2|,s0od= 2 | =n.
z=—-14+ 1 -1 1 1
-1 1
From Example 1.23 of Section 1.3, we have n-p = 21| =-1-141-241-1=2.
1 1

So the normal equation n - x = n - p becomes the general equation —z + 2y + z = 2.

. Planes that are parallel have parallel normals, so since our plane is parallel to 2z + 3y — z = 0,

2
a normal to given plane and therefore our plane is n = 3
-1
2
As in Example 1.23 of Section 1.3, we find the plane through P = (3,2,5) with n = 3
-1
3 T
Withp=|2|andx= |y |,wehaven-p=2-3+3-2—-1-5=T1.
5 z

So the normal equation n - x = n - p becomes the general equation 2z + 3y — z = 7.

As in Exercise 9, we use the given conditions to find the normal of the plane, n.

Step 1. The normal of the plane n must be normal to every line in the plane.

So, we find d; zﬁ, dy = B? and compute n-d; =0, n-dy = 0.

1 1 0 0 1 -1
di=|0|—-|1]|=|-1]anddy=|1|—-]0] = 1
1 0 1 2 1 1
[a] [ 0] a
ndi=|b|l-|-1|=-b+c=0=>c=b.Son=|b
Lel L1 b
[a] [-1] 2 2
n-do=1|25 1| =—-a+b+b=0=a=2b. Son= bl=bl1
b |1 b 1

Step 2. Take P = A = (1,1,0) and compute n-x = n - p to find the general equation.
Sincen-p=2-1+1-141-0= 3, we have the general equation 2z + y + z = 3.
Note: We could also have taken p =b or c sincen-b =n-c =3. Why?
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11. We proceed as in Exercise 41 of Section 1.2. See the notes prior to Exercise 41.

1-1 0 0-1 -1
Letu=AB=|0-1|=|-1|andv=4C=|1-1|=]| 0
1-0 1 2-0 2
(a) We compute the necessary values ... (b) We compute the necessary values ...
C 01 [
u-v=| -1 01| =2, 0 -1
1 9 u-v=| -1 0] =2,
. 1 2
0 0
wu=|-1|-]-1]=2(lul=v2), [ull = /02 4+ (=1)* + 12 = /2,
L 1 - L 1 -
u-v 0
proj,(v) = (—) u=|-1|=
uo ! IVl = /(-1 02+ 422 = V5 =
-1
v — proj,(v) = 1| = cosf = VY 2 _VviD

1 lalflv] — vio

Vectors

5
2
v — proj (v)|| = v/ (=1)? + 12 + 12 Singzm:,/l_(@> = VI

— V3

... then substitute into the formula for A: ... then substitute into the formula for A:

A= 3 [ufl v = proju(v) A= 1ul||v]sin6
=3V2VB=g =1 VIVE B

12. From Example 1 in Exploration: Vectors and Geometry, we have m = %(a—i— b).

5 3 4
Som=1i(a+b)=1 1L+ |7 =1 -3
-2 0 -1

Therefore, the midpoint of the line segment between A and B is (4,—3,—1).

13. We proceed as in Exercise 61 from Section 1.2.
We need to show |jul]| =2 and ||v|| =3 imply u-v # —7.
From Theorem 1.4 (the Cauchy-Schwarz Inequality), we have |x - y| < ||x|| [ly]]-
Substituting in the given values of |Ju|| = 2 and ||v|| = 3 shows |u-v| < 6.
Therefore, —6 < u-v < 6. It follows immediately that u-v # —7.



Chapter 1 Review 71

14. We will follow Example 1.26 in Section 1.3, then use d(Q, &) =

15.

_awo + byo + czo — d|

/a2 + b2 + 2 ’
By definition ax + by + ¢z = d implies n = [a, b, ¢], so 2 + 3y — z = 0 implies n = [2, 3, —1].
By Figure 1.62 in Section 1.3, we calculate the length of }@ = proj,(v), where v = ]@
Step 1. By trial and error, we find P = (0,0,0) satisfies 2z + 3y — z = 0.

Step 2. v=PQ =q—p = [3,2,5] — [0,0,0] = [3,2,5].

2 2 1
: 2. 2 1. 1
Step 3. proj,(v) = (2) n= 543 25 3| =< 3| = 3/2
dn 224324 (-1) _1 21 4 ~1/2
1 2
1 14
Step 4. The distance from @ to & is ||proj,(v)|| = 3/2 |||== 31| = \/;
—1/2 20 -1 2

_|azo + byo + czo — d
Va2 4+ b2+ 2
Since 2z +3y—2=0,a=1,b=3,c=—-1,d=0. From Q = (3,2,5), x0 = 3,50 = 2,20 = 5.
2:343:-2—-1-5-0 7 V14
So d(Q, Z) = | i | = = as in Example 1.26 in Section 1.3.

V224324 (—1)? 14 2
_awo + byo + czo — d|

We follow Example 1.27 in Section 1.3, then use d(Q,¢) =

Now for d(Q, &)

we need identify a, b, ¢, d, and xg, yo, 29-

Va? + b2 + 2
x 0 1 1
Comparing |y | = | 1| +¢t|1]| tox=p+td, weseef has P=(0,1,2) andd = | 1
z 2 1 1

Now if we let v = Pﬁ, then PR = proj4(v) and ]ﬁ = v — projy(v).
Step 1. v=PO=q—p=[3,2,5 —[0,1,2] = [3,1,3].
1 1 [7/3

d-v 1-3+1-1+1-3 7
Step 2. projy(v) = () d= ( ) =-[1]|=1|7/3
d-d 1-1+1-141-1 1 314 73
3 7/3 2/3 ] 9 1
Step 3. The vector we want is v —projg(v)= | 1| — | 7/3 | = | —4/3 | = ~3 -2
3 7/3 2/3 | 1
2/3 1]
2 2/6
Step 4. The distance d(Q,¥) is ||[v — projg(V)[| = ||| —=4/3 |||== ||| =2 ||| = i
3 3
2/3 1|
1 x 1 0
n-x=n-p, | 2|-|y|l=|-2||1]|sox—2y+z=0anda=1,b=-2,c=1,d=0.
1 z 1 2
-4 — 4
So d(Q,¢) = 3 +5-0 = — = —— as in Example 1.27 of Section 1.3.
124+ (-2)2+12 V6 3
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16.

17.

18.

19.

20

1 Vectors

We follow Example 1.34 in Section 1.4.
3—(2+4)2(4+3)2=3-(1)3(2)2=3-(1)4)=-1=4.
Note: —1=41inZssince 1 +4=5=0=1+(-1).

We begin by noting that 5-3 =15=11inZ; so 3! =5in Z; since 5-3=1=3-371,

(z+2)=5= We multiply both sides by 5
5-3(x+2)=5-5= because 37! =5 in Zs.
r+2=25=4= 25=214+4=7-3+4=41in Zs.
T =2. Simply subtract 2 from both sides.

Note: We should check our answer: 3(2+2)=12=7-14+5=5 in Z;.

It is 4mpossible to solve 3(z 4+ 2) = 5 in Zg since 3 does not have a multiplicative inverse.
Note: Any number that shares a common factor with the base,

like in this case 3 and 9, will not have a multiplicative inverse. Why?
Similar to Example 1.38, we compute the products in the dot product in Zs.
2,1,3,3]-[3,4,4,2] =2-3+1-4+3-44+3-2=14+4+2+1=3.

Similar to Example 1.39, we compute the dot product to find the conditions in Zj.
[1,1,1,0] - [dy,d2,d3,d4) =1-dy +1-dy+1-d3s=dy +da+d3=2.

So, either dy =do =1 and ds3 =0ord; =d3 =1and do =0 or do =d3 =1 and dy = 0.
That is, there are 3 possibilities.

However, since d4 can be 0 or 1 in each case, there are six binary vectors that satisfy u-v = 0.



