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Solutions for Chapter 1

Section 1.1

1. Alis2x2; Bis2x2; Cis2x2; DIis4x2; Eis4x2; Fis 4x2:
G is 2x3; H s 3x3; Jis1x5.

2. a,=2 a,, does not exist
b,=6 b,, does not exist
c,=0 c,, does not exist
d,=1 d;,; =3

&, =2 €, =5
f,=1 f;,; =0

O, = 1 g, does not exist

3
h,=v3  hy=v5

j,=0 j,, does not exist

3. a,=1 a,=3 b, doesnotexist; d,=-2, e,=-2 g,p=-—;
h, =~/3; j,, does not exist.

4. A(2x2);B(2x2);C(2x2);H(3x3) are square matrices.

5. J IS arow matrix; none are column matrices.
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:
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27. 2A+3B

1A +.2C

29.

0.1[
30.

—2E+F

o ™~

C.Y=C-2B

31. A+X =B; X=B—A=[
32. 2B+Y =

|
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E, X=3D -E

33. 3D -X

LIE-FA

2

34. E-2Y=F; Y

- MmN N
_ _

AN O|N M|

[10C —4A]

1
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35. 4A+5R=10C; R

s _p

2

36. 3F -25=D; S




37. 6A -6B =

2 _ 2_ 2 _
3 0 2911 , 931 6 _ 66 1296 6 . P41 i’
4 - 5 6> +20+1 24 - -3 -6°-26°-96

0 0
-0°+660°+1 60 —6
- 21 —93—292—9+g

38. Prove: A+B=B+A

[a ]+[by]=[a +b; J=[b; +a, ]=[b ]+[a]

39. Prove: A+0=A

[a ]+[0y]=[a,+0, ]=[a +0]=[a]

40. Prove: (A, +1,)A= LA+ 1,A

(1 2)[ 3 ]=[(2+ 2)a; ] = [2aa + dy ] = [ gy [+ [ 223 ] = Au[ 3, ]+ 2. ]
41. Prove: (4,4,)A = 1 (1,A)

(21/12)[3” ] = [(Mlz)aﬂ ] = [’11(’1231'1 )] = ’11[/126‘11 ] = 21(12[6‘11 ])

42. Refrigerators  Stoves Washers  Dryers

3 5 3 4
0 2 9 5
4 2 0 0



43. Reg Firm Ex Firm
Mich
80 12 16
Tex 50 40 16
90 10 50
Utah )

Damage matrix for next year (labeling the same for rows and columns):

72 12 16
45 32 16
81 10 35
44, Purchase Price Int. Rate
1st cert ]
$1000 07
2nd cert $2000 075
| $3000 0725 |
3" cert
45. (a) IBM ATT
[ 200 150 |
(b) IBM ATT
[ 600 450 |
©) IBM ATT
| 550 350 |



46. () [ 15 2 8 6 ] 15Tvsets,2A
8 Refrigertors, 6 Dishwashers

(b)
(5 2 8 6] [4 o 2 3]

(c)

ir Conditioners,

(1 2 6 3]-[5 o 3 3]+[3 2 7 8]=

=9 4 10 8]

47. (@) [ 14000 8000 6,000 |: 14,000 gals regular;

8,000 gals premium; 6,000 gals super

(b)

[ 14,000 8,000 6,000 }—[ 3500 2,000
=[ 10,500 6,000 4,500 }

(c)
[ 10500 6,000 4,500 |- 5000 1,500

+[ 30,000 10,000 0 }=[ 35,500 14,500

Section 1.2

1.

(a) Product 2x4 & 4x2: order is 2x2.
(b) Product 4x2& 2x4: order is 4x4.
(c) Product 2x4 & 4x1: order is 2x1.
(d) Product 4x1 & 2x4: is undefined.

1500 |=

1,200 |

3,300 }



1. (continued)

(e) Product 4x1 & 1x2: order is 4x2.

(F) Product 2x4 & 4x4: order is 2x4.

(g) Product 4x4 & 4x2: order is 4x2.

(h) Product 4x4 & 2x2: is undefined.

(i) Product 2x4 & 4x2 & 4x1: is undefined.

(J) Product 1x2 & 2x4 & 4x4: order is 1x4.

(K) Product 4x4 & 4x2 & 2x4: order is 4x4.

(I) Product 4x4 & 4x4 & 4x1 & 1x2: order is 4x2.

5 6 -1 0 1 |_| 18 -12 11
7 8 3 21 17 -16 15

6. CB is undefined



[ 1 -2 | undefined

12
- 3 4_.

10.
11.

[13]

1
2 2
21 0 1
3 21

1

} undefined

(12 1] -1 2

13.

}[ 1 -2 | undefined

[1 2 1]
1 1
-1 2
2 -2

6. |1 -2 ]{

14.
15.

undefined

1 1
-1 2
2 2

10



17.
18.

1 2
-1 -1 0

0
1

[ 11 5]

2 3

19. |12 1]{

Cancellation law is not valid for matrix multiplication.
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4. | L2 x|
3 4 y 3x+4y
10 -1 |[ x

25 3 1 1 y =
13 0 | 2

o {x}:
an A || Y

o7, | Bw Be Ba |
L b21 b22 b23 z

28. A% -4A-51=

29. (A—I)(A+2I) =

([ERE

by, X+ b,y + 0,57

b21X + b22y + bZSZ

|

12



2 .11 2 -11 10 2
30. (I-A)A*-1); A’=|3 213 -=21|={01 2]
0 0 1] 0 01 001
100 2 -1 1|)[ 10 2 100
0103 -21 012 |-]010 ||
001 0 0 1 001 001
11 -1oo02][0oo0o0
=l 33 -1 0021|000
0 00 J]oO0O0O0][0O00O
31. Let A have order n x r and B have order r x p.
Show j™" column of (AB) = Ax (j™" column of B).
Cu
Let C =" column of (AB). ThenC=| “ | where
Cnl
Ca= D Al § Cu= D aby 5 G = Ay
k=1 k=1 k=1
dll
Let D = Ax (i column of B). ThenD =| % | where
dnl
dy=Yaub ; dy=Y b, ; - ; dy=>ab,. Hence C=D.
k=1 k=1 k=1

32. Let A have order n x r and B have order r x p.
Show i" row of (AB) = (i row of A) x B.

13



32. (continued)

Let C = i" row of (AB). Then Cz[ C, G - G, }Where

r r r

Cllzzaikbkl ; Clzzzaikbkz y T Clpzzaikbkp .

k=1 k=1 k=1

LetD = (ith row of A) x B. Then D:[ dy, dp - dy } where

dllzzaikbkl o :Zaikbkz ;o dlpzzaikbkp . Hence C=D.
k=1

k=1

33. Let A have order n x r and B have order r x p. Let C=AB. Then

¢, = > ab, . Suppose the i” row of A is a row of zeros, i.e.,
k=1

r

a, =0, k=1--r,and ¢, =) (0)b, =0 for every value of j. This means the

k=1

i row of C is arow of zeros, i.e., AB has a row of zeros.

34. LetAz[l 2} and Bz{o 0}.Then
3 4 1 3

AB = { :1% }[ 00 }:{ 2 6 } l.e., AB need not have a row of zeros.

2
4 1 3 4 12

35. Let A have order n x r and B have order r x p. Let C = AB. Then

c, = > ahb, . Suppose the j™ column of B is a column of zeros, i.e.,
k=1

b, =0, k=1--r,and ¢, =) a,(0)=0 for every value of i. This means the
k=1

j™ column of C is a column of zeros, i.e., AB has a column of zeros.

14



36. Let A= { } Then

oo
N -
| I |
[e})
>
o
V)
I
1
= W
F QN

AB = { . l.e., AB need not have a column of

0
L

01
02
Zeros.

37. Prove: A(BC) = (AB)C

Let the orders of A, B, C berxm, mxn, and n x s respectively. Let
D=BCand E=AB. Theordersof Dand Earemxsandrxn

respectively. Then d, =Y b,c, and ¢, :iqpbpj . So we have
k=1 p:l
A(BC)=AD =

p=1 p=1k=1 k=1| p=1
€k

= EC = (AB)C.
38. Prove: (B + C)A=BC + BA.

(B+C)A=

CARCH ENSCRTN ENE D (ORTAEH D SERIREN| ) FENED 3

- Sha |+ e =0 o]+ e T[]

BA + CA.

»[15]
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5 32 4 | x 5
40 |21 01|y || o0
3220]| z -3
112 3| w 4
2 11 1|~ 1
50. |1 2 -1 2 | Y |=| a2
1 3 2 -3 % 2
w
130
51. (a)pn=| 200 350 500 || 20 |=[38,000]. This is the total revenue
10
for the flight.
130 26,000 45,500 65,000
(b) np=| 20 | 200 350 500 |=| 4,000 7,000 10,000 |. This has
10 2,000 3500 5,000
no significance.
52. (a) hP =
20 a0r 0! 4 a
2 8
1 .5 1 7 |_
[ 100 500 400 || 3 32 3° 4 3. |=[ 9625 9,7625 9,8875 10,100 9,887.5 |
4 "8 72 8
10 92 10! 10 92
4 8 8

This is the value 012 the portfolio at the end of_each day.

40~ 41 41
8

52. (b) Ph= ! 32 3% . % [ 100 50 400 ] This product is

10 9§ 10l 10 9§
4 8 8

undefined so it has no significance.
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02 05 04 || 1050 14
53. Tw=| 12 23 17 | 1400 |=| 65.625 |. This gives the cost of
08 31 1.2 12.25 66.5

producing each item.

14
54. qTw=| 1,000 100 200 || 65625 |=[3386250]. This gives the total
66.5

cost of producing all items on order.

1050 950

020 020 0.15 0.15 1100 1050 613 625
55. FC=| 010 030 0.30 0.40 360 500 =| 887 960 |. This
0.70 050 0.55 0.45 1870 1915
860 1000

gives the number of each gender in each state of illness.

Section 1.3
1(a)AB:30 -1 2 1|_| -36 3
' 4 1 3 -10 -1 7 4
-3 -1
(AB)' =| 6 7
3 4

18



1. (a) (continued)
-1 3

ATB = g i‘} 2 -1 | Product is undefined.
L 1 0
1 3 -3 -

BTA'™=| 2 1 {3 4}: 63 71
10 L2t 3 4

2 3| 8 18 28
ATBT = 24{242} 10 22 34
2 5 12 26 40
1 3 23 18 48
BTAT:[24Z}24:[24 52}
2 5
15 1 6 1 3 17 8 -4
(c) AB=| 2 1 3 2 0 -1 |=| 11 -19 11
07 -8 | -1 -7 2 22 56 -23
17 11 22
(AB)" =| 8 -19 56
4 11 -3
1. 2 06 2 -1 8 2 -15
ATB"=| 5 1 7 1 0 -7 |=| 52 3 2
| .13 8 3 -1 2 27 6 -36

19



1. (c) (continued)

6 2 -1 1 2 0 17 11 22
1 0 -7 5 1 7 |=| 8 -19 56
3 -1 2 -1 3 -8 -4 11 -23

2. (A+ B)' =
)
15 1 6 1 3N [7 6 2 7 4 -1
21 3 |+l 2 0 -1/ =| 4 1 2 |={610
0 7 -8 1 -7 2 10 -6 2 2 -6
1 2 0 6 2 -1 7 4 -1
AT+B"=| 5 1 7 |+|]1 0 -7 1|=|6 1 0
-1 3 -8 3 -1 2 2 2 -6

4. (a) (AB")" = ((B")' AT)=BA'
(b) (A+B) +AT=(AT+BN)+AT=2AT+B

(©) [AB+CN" =[ATB+A'CT]" =(A'B)" + (A'CT) =
— BT(AT)T + (CT)T(AT)T — BTA +CA = (BT + C)A

(d) [(AB)" +CI' =[((AB))" +C']=AB +C'

€ [(A+ANA-AN"=[A’+ATA - AAT - (AT)]" =

— (AZ)T + (ATA)T _ (AAT)T _((AT)Z)T — (AT)Z + ATA _AAT _((AZ)T)T —

= (AN?+ATA —AAT - A?

20
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5. (a) hence a submatrix

I~ A
o
1© o

=
N
w

@] 4 5 hence a submatrix

\‘
0o
o o»

hence not a submatrix

(©)

N DR
10 U1 1N
o o w

hence a submatrix

(d)

N AN P
ol
1O 1o W

6. Submatrices of { ‘Z‘ 2 } are:

| —
O 9
o T
|
| —
Q
o
—
| —
(@)
o
—
| —
o o
|
1
o T

4 1 0 0
2 2 00
7. A= ={g
0 o0 10
0 0 1 2
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7. (continued)
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B> O

10. (continued) A?=
O C?

1 0
0 4
= 0 0
0 0
0 0
0 0
A% = B° O |_
o ¢Cd
1 0
0 8
= 0 0
0 0
0 0
0 0
Forn>3:
An — Bn O —
o C"
1 0
2n
= 0 0
0 0
0 0
0 0

o O O o |o o OO O o o |o o

O O o o |[o o©

0
0
0
0
0
0

o O O o | o©

o O o o |[o o

o O

o O o =

o O O o | o

o O o o (o o

o o r»r O (O o

o O

o O o Bk

o O O o (o o
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11. The matrices in row-reduced formare: A,B,F, M, N, R, T.

The matrices not in row-reduced form are: C (row 4), D (row 2),

E (rows 1, 2, 3), G (row 3), H (row 1), J (row 2), K (row 2), L (rows 1, 2),
Q (rows 1, 2), S (row 2).

12. The upper triangular matrices are: E, F, K, L, M, N, R, T.

13. Yes because of requirements (iii) and (iv) of definition 1.

14. No. See matrices H and L in problem 11.

15. Yes. See matrix L in problem 11.

-1 00 5 00 -5 0 0

16. AB=| 0 3 0 0O 30 (= 0 90

0 01 0 0 2 0O 0 2
5 00 -1 0 0 -5 0 0
BA=|0 30 0O 3 0= 0 920
0 0 2 0 01 0O 0 2

17. 1f A and B are diagonal matrices, then a, =0 and b, =0 for i = j.

ayby, 0 - 0 by, 0 - 0
AB = |:a11i||:b|li|:|:;a1kblq:|: O azz:bzz 0 - O bzz:azz 0 =

= BA

18. No. For example:
10 11|_| 1 1 |11 1 0 |_|1-3
0 3| 11 -3 3| |11 0 -3 1 -3

25



19.

AD

1
1
e e
e =
o
1

(0 1 2 0 0 0 3 -10
BD=| 3 4 5 3 0 |=| 6 12 -25

6 7 8 0 -5 12 21 -40
Conclusion:

Let D =[d,] be adiagonal matrix and A any square matrix for which the
product AD is defined. Then the j™ column of AD is the j"™ column of A

multiplied by d;.
20.

2 0 0 111 2 2 2
DA=| 0 3 0 111 1|= 3 3 3

0 0 -5 111 -5 -5 -5

2 0 0 01 2 0 2 4
DB=| 0 3 0 3 4 5 |= 9 12 15

0 0 -5 6 7 8 -30 -35 -40
Conclusion:

Let D =[d,] be adiagonal matrix and A any square matrix for which the

product DA is defined. Then the i" row of DA is the i row of A
multiplied by d. .

T

21. LetA=[a]. Then (AT = ([%]T)

[a]) =[a]=A

22.LetA=[a]. Then (2A)" =[1a,] =[2a,]=1[a,]=2A".

ji

26



23. (A+B)" = ([a]+[0]) =[a,+b,] =[a, +b,]=[a,]+[n,]= AT+ BT,
24. (ABC)" = ((AB)C)" = (C"(AB)") =C'B'A".

25. B= (A+AN2. B =((A+A")2)'=(AT+A)2=B;ie,Bisa
symmetric matrix.

26. C=(A-ANR2. -C'=—(A-ANR) =-(-A+AN2=
= (A - AN)/2=C:; i.e. Cis a skew-symmetric matrix.

27. A= (A+ANR2 + (A - AN/2

15 -1
28. From problem1(c) A=| 2 1 3 |. From problem 27:
0 7 -8
A=
1/l 15 -1 1 2 0 15 -1 120
Sf2 1 3 |% 5 1 7+ 21 3 |- 5 17 =
0 7 -8 -1 3 -8 0 7 -8 -1 3 -8
1 £ 1 o 21
2 7 -1 0 3 -1 2 2 2 2
1 - 1 B 7 3
=5 7 2 10 +§—30—4=§15+—§0—2
-1 10 -16 1 4 0 1 !
-~ 5 -8 = 2 0
_2 __2 -

27



6 1 3

29. From problem1(c) B=| 2 0 -1 |. From problem 27:
-1 -7 2
B =
1] 6 1 3 6 2 -1 6 1 3 6 2 -1
Sl 2 0 -1 ¥ 1 0 7 |#1) 2 0 -1 |- 1 0 -7 |7
-1 -7 2 3 -1 2 -1 -7 2 3 -1 2
6 > 1 o -1
1) 12 3 2 0 -1 4 2 2
== 3 0 -8 (t+Zz] 1 O 6 |=| 3 1
2 8 4] ?% 460 2 0 2 03
1 4 2 | [ -2 -3 0|

30. (AANY = (ATTAT= AA"T hence AAT is symmetric for any matrix A.

31. If A is skew-symmetric, then A= - A",

The diagonal elementsin A are: a,, a,, -, a,,.

The diagonal elements in — AT are : —a,, —a,, -, —a_.

Since a, =-a, for k=1,---,n, this means a, =0 for all values of k. Hence
the diagonal elements of a skew-symmetric matrix must be zero.

32. LetA= { ‘Z‘ g } and D = { é 8 } Suppose A commutes with every

diagonal matrix. Then

AD=ab 10
d 0 O

o

28



32. (continued)

(11

o

a
C

b
d

|

Since AD = DA, we have {

33. LetA=[a, | beannxnmatrix and D;an n x n diagonal matrix with
d, =0 forall k=i. Then

[0 0 a,
00 - a,
ADi: 00 ay;
00 - a

0 0 0

0 0 0

DA = : :
a, a, aj

0 0 o0

34. D*=

a
0

St

Hence A must be a diagonal matrix.

c

a, =0 forall i=j,ie., Aisadiagonal matrix.

b
0

|

o T

d> 0
0 dj
0O O

.. d.2

0
0

nn

] This means b=0 and c=0.

29



34. (continued)
le, D*=[d?].

35. Let A=[a, | and B =[b; | benx n upper triangular matrices.
Let AB= C =g |. Wanttoshow that ¢ =0 i>j.

n j n
¢, =>ahb, =>ab,+ Y ab,. Since Aand B are upper triangular
k=1 k=1

k=j+1

matrices, a,=0; i>k; b;=0; k>j. Hence ) ab,= > a.(0)=0.
k=j+1 k=j+1
j j
Further, if i > j >k, then Y ab, =Y ,(0)b, =0. Hence ¢, =0 i>]j.
k=1

k=1

Note the following notation will be used to indicate elementary row
operations: cR; - i" row is multiplied by ¢; cR; + R; —entries in the i row
multiplied by ¢ are added to the j"" row; R; « R;- entries in the i" and j"
rows are interchanged.

Section 1.4

1.
(a) Substituting x=1, y=-3 z=2 into the given system of equations we

have: 1-3+4=2 1+3-4=0; 1-6+4=-1. Since the last equation is not
satisfied by these values, the proposed values are not a solution to the given
system.

(b) Substituting x=1, y=-1, z=1 into the given system of equations we

have: 1-1+2=2; 1+1-2=0; 1-2+2=1. Since all the equations are
satisfied by these values, the proposed values are a solution to the given
system.

30



2.
(a) Substituting x, =1, x, =1 x,=1 into the given system of equations we

have: 1+2+3=6; 1-3+2=0; 3-4+7=6. Since all the equations are
satisfied by these values, the proposed values are a solution to the given
system.

(b) Substituting x, =2; x,=2; x,=0 into the given system of equations we

have: 2+4+0=6; 1-3+0=-2. Since the second equation is not satisfied
by these values, the proposed values are not a solution to the given system.

(c) Substituting x, =14; x, =2; x,=-4 into the given system of equations we

have: 14+4-12=6; 14-6-8=0; 42-8-28=6. Since all the equations are
satisfied by these values, the proposed values are a solution to the given
system.

3. Substituting x=2; y=k into the given system of equations we have:
6+5k=11% 4-7k=-3. The solution to this system of equations is k=1. So
a solution of the given system of equations is x=2; y=1.

4. Substituting x=2k; y=-k; z=0 into the given system of equations we
have:

2k—2k+0=0; —4k+4k+0=0; 6k+6k+0=1. The solution to this system of
equations is k = % So a solution of the system of equations is

1 1
X=—; y=—— z=0.
6 y 12

5. Substituting x=2k; y=-k; z=0 into the given system of equations we
have:
2k—2k+0=0; —4k+4k+0=0; —6k+6k+0=0. This system is satisfied for

all values of k. Hence any value for k will yield a solution for the system
of equations .

31



6. The system of equations is
X+2y=5
y=8
Substituting the value y =8 into the first equation gives
Xx+16=5 or x=-11. The solutionis x=-11; y=8.

7. The system of equations is
X—2y+3z=10
y—5z=-3
z=4

Substituting the value z= 4 into the second equation gives y—20=-3 y=17.
Substituting the values z=4; y=17 into the first equation gives
Xx—34+12=10; x=32. Thesolutionis x=32;, y=17;, z=4.

8. The system of equations is

X —3x, +12x, = 40
X, — 6%, =-200
X; =25
Substituting the value x, =25 into the second equation gives

X, —150 =-200; x, =-50. Substituting the values x, = 25; x, =-50 into the
first equation gives
x, +150+ 300 = 40; x, =-410. The solution is x, =-410; x, =-50; x, = 25.

9.
The system of equations is
X+ 3y =10

y+4z=2
Substituting y=2- 4z into the first equation gives

X+6-12z=-8 x=-14+12z. The solutionis x=-14+12z y=2-4z
where z is arbitrary.

32



10. The system of equations is

X — 71X, +2%,=0
X, =% =0

Substituting x, = x, into the first equation gives

X, — 7%, + 2%, =0; X =5x,. Thesolutionis x, =5x,; x, =x,; where x, is
arbitrary.

11. The system of equations is

Since the last equation is invalid, the system has no

0=1
solution.

122.| L 2|5 | =w ) 1 =215 | 7pegecond row gives us y=23.
-3 7 | 8 0O 1 |23

Substituting y =23 into the equation represented by the first row gives
x—2(23)=5; x=51. The soution is x=51, y=23.

13.
4 24120 & |1 6|5 | 2ren |1 6] 5 | = | 16|65
—— —— —
2 11| -8 2 11| -8 0 -1]|-18 0 1|18
Substituting y =18 into the equation represented by the first row gives
x+6(18) =5 x=-103. The solution is x=-103 y=18.

33



5] W |1 L2 1
0 -1 6 0

PN~
N

Substituting y=-6 into the equation represented by the first row gives

x+£(—6)=—g; x=18.5. The solution is x=185; y=-6.

15.
{—1 3‘0} " {1 3 o} R, {1 —3‘0} Le, [1 —3‘0}
— — ——
3 5|0 3 510 0 14 |0 0O 1|0
Substituting Y =0 into the equation represented by the first row gives
x-3(0)=0; x=0.. The solution is x=0; y=0.

16 | 1 3]0 = |1 -3[0]| wmw |1 -3]0
3 910 3 9|0 o 0o

The first row gives x—3y=0; x=3y. The solution is x=3y where y is
arbitrary.
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17. (continued)

Substituting z= g—; into the equation represented by the second row gives

y+ 5(3—3) =7, y= —239 . Substituting these values for z& y into the equation

i . 2 41
represented by the first row gives x+ 2(——) + 3(—j =4;x= —i. The
29 29 29
. 3 2 41
solutionis x=—-—; y=——; z=—.
29 29 29
18.
0 1 -2|4 1 3 2|1 13 2|1
1 3 2|1 |—R=2Ry 0 1 2|4 2B 01 2|4 |25,
| 23 1|2 2 3 1|2 0 9 5|4
(13 2] 1 o [13 2] 1
01 2| 4 PE 01 2| 4
| 0 0 23| -32 00 1| 3
23

Substituting z= —2—2 into the equation represented by the second row gives

32

y— 2(—2—3j =4, y= 2—2. Substituting these values for z& y into the equation

represented by the first row gives x+ 3(§) + 2(—§j =Lx= 3. The
23 23 23

28 3

. 3
solutionis x=—; y=—; z=-—.
23 23 23
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1 3 2] o0 13 210 1 3 210
-1 -4 3 | -1 | 3gkis 0 -1 5 |-1| & 0 1 51
—
2 0 -1| 3| ®% "’ 0 -6 -5 3 0 6 5|3 | ™~
2 1 4] 2 0 -7 0] 2 0 -7 0|2
(13 2 ]o 13 2 2 13 2 (1)
1

01 -5|1| 2= | 01 -5 o |_wmrom | 01 5| o
00 -35|9 00 1 |- 00 1 |-
00 -35|9 00 35| ° 00 0 °

Substituting z= —% into the equation represented by the second row gives

y—5(—%) =1 y= —%. Substituting the y& z values into the equation
: . 2 9 48
represented by the first row gives x+3| —-= |+2| -—— [=0; x=—.
7 35 35
The solution is x=§; yz—g; zz—i.
35 7 35
20.
24—10&12‘%0 12 -%10
4 8 2|0 |—%+>| 4 8 2 |0 |—5E> 00 0|0
-2 -4 1 |- -2 4 1 | -1 00 0 |-1

The last row represents the equation 0=-1 which is invalid. Hence there is
no solution.

21.
-3 6 3|0 1 -2 110 1210
1 2 1|0 |—"> 36 3|0|—5%>000]0
1 -2 110 1 -2 10 0 0 0|0

The first row represents the equation x—2y+z=0 or x=2y-z The solution
IS x=2y-z with y and z arbitrary.
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3 3 3|0 1 1 1]o0 11 110
1 -1 2|0 | ror 1 -1 2|0 &% |0 -2 1]0] 5
2 2 110 2 2 1o ™R 70 -4 10
1 1 10 3 -3 3|0 00 0]O0
(11 1 |g ] (11 1 |g] 11 1 |g]
01 -Ylo| ww |01 -Ylo| 4 |01 -Ylo
0o 4 -1 |0 oo 3|0 oo 1 |0
oo o |0 oo o |0] oo o |0

The third row represents the equation z=0. Substituting z=0 into the
equation represented by the second row y—%(o) =0; y=0. Substituting the

values for y& zinto the equation represented by the first row

x+0+0=0, x=0. Thesolutionis x=y=z=0.

23.

B 1
-3 6 -3|0 ROR, 1 -1 1|0 3R +R, 1 -1 1|0 3R
1 -1 1|0 3 6 -3|0 0 3 00
(1 2110

01 0]0

The second row represents the equation x, =0. Substituting x, =0 into the
equation represented by the firstrow x, +0+x,=0; x, =—x,. The solution is
X, =X, X, =0 with x, arbitrary.

oq | 1 -1 20| 2rer | 1 -1 2|0
2 2 4|0 0 0 0|0

The first row represents the equation x, — x, +2x, =0; x, =X, —2X,. The
solution is x, = x, — 2x, with x, & x, arbitrary.

o5 | 12|83 | =mwm |1 2|-3 <R | 1 2| -3
3 1|1 0 -5 |10 0 1]|-2
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25. (continued)
The second row represents the equation x, =-2. Substituting x, =-2 into the

equation represented by the first row x +2(-2)=-3 x =1. The solution is

X =1 x,=-2
1 2 1|-1] 2ren | 1 2 2|-2| 3 |12 21| 1
26. RN LN 6
2 32| 4 0 -7 0|6 010|-%

The second row represents the equation x, =-8/. Substituting x, =8/
into the equation represented by the first row

X, + 2(—%) +X,=-1 x = 57— X,. Thesolutionis x = %— Xy X, = —% with
x, arbitrary.

27.
1 2|5 1 2| 5 |1 2] 5 1215
-3 1|18 | %> 0 7|28 | —/—| 0 1| 4 |—25 0 1|4
4 3]0 0 -5 | -20 0 -5 |-20 000

The second row represents the equation x, =4. Substituting x, =4 into the
equation represented by the first row x +2x x +2(4)=5 x =-3. The

solution is x, =-3 x, =4.

28.
2 4002 |, |1 201 1.2 01 | ,
32 1|8 |—=2—|32 1|8 |—%>0-41|5 | ——
5 -3 7|15 5 -3 7|15 0 -13 7|10

[ERN
N
o
=

1 2 0 1 . 1 2 0 1
13R, +R, _ 5 =h _ 5

4
i 0 0 1% _2% 0O 0 1 _%

The third row represents the equation x,=-%4. Substituting x,=-%4 into

X
X

o
I
[N
w
\l
=
o

the equation represented by the second row x, — %(—5/3) ==Y % =-%,
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28. (continued)

Substituting x, =-%4 and x, =-%; in the equation represented by the first

row x1+2(—%):l' x1=133. The solution is xlzl%; x2=_5/3; Xg:_%_

29.

3 4| 2 2 3 -4 2 1 -5 4 | -3
3—20—1%1—54—3%23—42%
8 -1 -4 10 8 -1 -4 |10 8 -1 -4 |10
1 -5 4 | -3 1 5 4 |-3
0 13 -12| 8 |—*%R 4, 0 13 -12 | 8
0 39 -36| 34 0 0 0 |10

The last row represents the equation 0=10 which is invalid. Hence there is
no solution.

30. The graph of each equation is a plane. If the two planes do not intersect,
there is no solution. If the planes intersect, their intersection is either a line
or a plane. In either case there are infinitely many solutions.

31. Given: Ax=Db; Ay=Db; Az=0.
Then Au=A(y+z2)=Ay+Az=b+0=h.

32. Given: Ax=Db; Ay=Db; Az=0.

@ Au=Aly+az)=Ay+A(az)=b+aAz=b+0=D.
Hence u is a solution for all real values of « .

(b)Au=A(ay+2)=A(ay )+ A@Zz)= c Ay+0=ab. Henceuisa
solution only for o =1.

33. 70,000 springs; 45,000 Ibs. of stuffing; each regular mattress requires 50
springs and 30 Ibs. of stuffing; each support mattress requires 60 springs and
40 Ibs. of stuffing. Let r represent the number of regular mattresses
produced daily, and s the number of support mattresses produced daily.
The system of equations that models this problem is given by:

50r + 60s = 70,000

30r + 40s = 45,000
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33. (continued)

. : g 5r +6s= 7,000
This may be simplified to
3r + 4s= 4,500
To solve:
5 6| 7,000 | g.g | -1 -2 | -2000 | ¢ 1 2| 2000 | e
— — —
3 4 | 4,500 3 4 4,500 3 4 | 4,500
1 2| 200 | 2 [1 2]200
—>
0 -2 | -1500 0 1| 750

The second row gives s=750. Substituting this value into the equation

represented by the first row r+2(750)=2,000; r =500. The solution is 500
regular mattresses and 750 support mattresses.

34. Desks: 5 hours for cutting, 10 hours for assembly

Bookcases: Y hour for cutting, 1 hour for assembly

Total times: 200 hours for cutting, 500 hours for assembly

Let drepresent the number of desks and b the number of bookcases to be
scheduled for completion in one day. The system of equations that models
this problem is given by:

5d + %b =200

10d + b=500

To solve:
5 711200 | R | 1 9| 40 | wren 1 Yo | 2 2R,
1 Yo | 40
o 1 | 200
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34. (continued)
The second row gives b=200. Substituting this value into the equation

represented by the first row d+ 1/,(200) =40, d=30. The solution is 30
desks and 200 bookcases.

35. Must supply 70,000 tons low-grade (I-g) ore; 181,000 tons medium-
grade (m-g) ore; 41,000 tons high-grade (h-g) ore. Daily production Mine A
8,000 tons I-g, 5,000 tons m-g, 1,000 tons h-g; Mine B 3,000 tons I-g,
12,000 tons m-g, 3,000 tons h-g; Mine C 1,000 tons I-g, 10,000 tons m-g,
2,000 tons h-g. Let A B,C denote the number of days mines A,B,C must
operate to meet demand. The system of equations that models this problem
IS given by

8,000A + 3,000B +1,000C = 70,000
5,000A +12,000B +10,000C =181,000
1,000A + 3,000B + 2,000C = 41,000

This may be simplified to

8A+3B+C=70
5A+12B+10C =181
A+3B+2C =41

To solve:

(8 3 1| 70 13 2| & 1 3 2| 4
5 12 10 | 181 |—=%| 5 12 10 | 181 |—#—>| 0 -3 0 | -24
1 3 2| 4 8 3 1| 70 0 -21 -15 | -258

13 2|4 132/al . [132|a
0108 [—™%5 010|8 |—=——>| 010]S8
0 7 5|86 0 0 5|30 0 0 1|6

The third row gives C=6. The second row gives B=28. Substituting these
values into the equation represented by the first row

A+3(8)+2(6)=4L A=5. The solution is Mine A — 5 days; Mine B - 8
days; Mine C — 6 days.
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36. Bonus b is 5% of $400,000 minus 5% of the city and state taxes; city
tax c is 2% of $400,000; state tax s is 3% of $400,000 minus 3% of the city
tax. The system of equations that models this problem is given by

b +.05c +.05s = 20,000

c=8,000
.03c+s=12,000

To solve:

1 .05 .05 | 20,000 1 .05 .05 | 20,000

0 1 O | 8000 |—*F 5 o 1 0 | 8000

0 .03 1 | 12,000 0 0 1 | 11,760

The third gives s=11,760. The second row gives c=28,000. Substituting
these values into the equation represented by the first row

b+.05(8,000) +.05(11, 760) = 20,000; b=19,012. The solution is the bonus is
$19,012.

37. Fixed costs $800,000; variable cost $30 per barrel (B - number of
barrels); net sales (S) - $40 per barrel.

(a)

C =800,000 + 30B
S=40B

(b) Adding the equation C =S leads to the following system of equations

that models this problem

-30B+C = 800,000
-40B +S=0

C-S=0
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37(b) (continued)

To solve
30 1 O | 800,000 40 0 1 0 1
40 0 1 0 —Ro® o1 30 1 0 | 800,000 |—%—s
0 1 -1 0 0 1 -1 0
1 0 -Y,| o 10 Y| o
30R1+R2 —R2+R3
20 0 1 |800000 | 2Bl _% 800,000 |—R'R
. 01 -1 0 01 -1 0
10 -
%O 0 10 —%0 0
—4Ry
01 —% 800,000 |—R| o 4 _% 800,000
—800,000 3,200,000
00 —% 00 1

The third row gives S=3,200,000. Substituting this value into the equation

represented by the second row C- %(3, 200,000) = 800,000; C = 3,200, 000.

Substituting the values for S& C into the equation represented by the first
row B- 4—10(3, 200,000) = 0; B=80,000. The solution is 80,000 barrels must

be produced.

38. The break-even equations are as follows
Farmer: 40p, +.30p, +.50p, = p,
Carpenter: .40p, +.25p, +.35p, = p,

Weaver: .20p, +.45p, +.15p, = p,

43



38. (continued)
This may be rewritten as the following system of equations

_6p1+3p2 +5p3 =0
8p1_15p2 + 7p3 =0
4p1+9p2_17p3 =0

To solve

i ] _ _5 1 — _5
6 3 5 |o] . |1 7 %o 72 % | o
8 -15 7 |0 |——| 8 -15 7 |0 |—pF> 0 -11 4% 0 |—RR
4 9 -171|0 4 9 -17 |0 0

- - o 11 -4/

1 _% _56 0 1 _% _% 0
0 -11 4o |—= sl 0 1 4o
o o o IO 0 0 o |0

The second row gives p, —:—; p.=0; p,= g—é p;. Substituting this value into

) ) 1( 41 5 48
the equation represented by the firstrow p -=| — |p.—=p.=0; =—p..
q P y ] 2(33) Ps 6 p;=U B 33 Ps

The solution is p, = % Py P, = :—é p, Where p, is arbitrary.

39. Let Paul, Jim, and Mary have wages p,, p,, p, repectively. The break-
even equations are

111
Paul: Sp+op+op=p

1 1 1
Jim: AR

11 1
Mary-zp1+§p2+§p3=p3
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39. (continued)
This may be rewritten as the following system of equations.

6p1_4p2_2p3:O
3p1_8p2 +4p3:0
3p1+4p2_6p3:0

To solve

(6 4 2|0 012 -10| 0 | 0 12 -10 | 0
3 8 4|0 |22, 3-8 4 |0 |22, 3-8 4 |0 |22,
3 4 6|0 0 12 -10 | 0 00 0 |0

- _8/ 4 1 -8, 4
3-8 4 o). |1 % %o . 7 73
0 12 10| 0 |—5| 0 12 -10|0 |25 0 1 -5|o0

00 00 0 0 0 |0 o o o

The second row gives p, = g p,. Substituting this value into the equation

represented by the first row p, - %(gj Ps +% p,=0; p, = g p,. The solution is

8 5 T,
P.= 5P P =Py where p, is arbitrary.

40. Let p, p,, p,, p, denote the prices of the annual fruit harvests for
countries A, B, C, D respectively. The break-even equations are

Country A: .15p, +.10p, +0p, +.15p, = p,

Country B: .20p, +.40p, +% p,+.40p, = p,
Country C: .30p, +.15p, +% p,+.45p, = p,

Country D: .35p, +.35p, +%p3+0p4 =p

45



40. (continued)

This gives the system of equations

-.85p, +.10p, +Op, +.15p, =0

20p, ~.60p, +p, + 40p, =0
2
-30p1+-15p2_§p3+-45p4 =0

1
-35p1+-35p2 +§p3_ P, =0

This may be rewritten as

17p1_2p2 +Op3_3p4 =0
3p1_9p2 +5p3+6p4 =0
18p1+9p2 _40p3+27p4 =0
21p, +21p, +20p,—60p, =0

To solve

17 -2 0 -3
3 -9 5 6
18 9 -40 27
21 21 20 -60

o O OO

Since the computations fro this problem are tedious, the row-reduced from
was obtained using computer software (MAPLE). The result is

| 113 |
100 329 | o

_ 467

010 429 8
54

00 1 47 0

(000 0 |

113

467

54

The solution is p, === =.34347; p,=——=141945; p,=-—~1.14894 where
329 329 47

p, IS arbitrary.
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(92}

41.{1
4

0 W

‘ 3

ROR 4
1 1

(€3

The first pivot is 4.
" {1 —2‘—5} RO, {5 3 ‘85}
5 3|85 1 —2|-5

The first pivot is 5.

-2 8 -3 100 4 5 4| 75
43. 4 5 4| 75 |—R=* 1 2 8 -3|100
-3 -1 2 | 250 3 -1 2 | 250

The first pivot is 4.

1 2 3| 4 9 10 11| 12
44 5 6 7|8 |—2=* s 5 6 7|8

9 10 11| 12 1 2 3| 4
The first pivot is 9.

1 8 8| 400 1 8 8| 400
45 0 1 7|80 |—=% 5 0 3 9] 600

0 3 9| 600 0 1 71800

The first pivot is 3 since the first column is in reduced form.

0 2 3 410 4 10 1 8 |40
46. | 1 04 08 01| 9 |—2=% 5| 1 04 08 01| 9
4 10 1 8 |40 0 2 3 410

The first pivot is 4.
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Section 1.5

-3 8
12 -2

10. | 0 2 3 |=(1)(2)(-3)=-6 (Theorem 4)
00 -3
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11. (Using minors)
3 2 2

1o 4 |- 3 4]0 2 2|0 2 2|2 -2
2 0 -3

1 -2 -2
12. | 7 3 -3 |=0 (Theorem 5)

0O 0 O

Note the following notation is used in this section of problems.
cR-the i" is multiplied by ¢; cR +R - entries in the i" row multiplied by ¢

are added to the j" row; R « R - entries in the i and " rows are
interchanged.

13.
2 0 -1 2 0 -1

R+R ol e 2 L2 1
Y e E R o L0 ? 2o
=(0)((2)(-5)-(-1)(1))=-2
14.
3 5 2 0 5 14
_ ZRé:—Ré :004__514+0514:
00| mel 10 s 1=0] 3 4[] § 0]
= (5)(-1) - (14)(2) = 33
15.
; _83 _33 _RHR é _53 _03 :(_3)‘ 5‘_(0)‘ 1 -3 +(O)‘ 1 —3‘_
4 5 0 4 5 0 5 4 5 3 5
=(-3)((3)(5)-(5)(4)) =15
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2 1 -9 2 1 -9
311|225 0 8 |=-(0) 2 P o) 2 2 )-0] 2 2
3 -1 2 5 0 -7 5 7 5 -7 5 -8

-1 3 3 -1 3 3
17. 11 1 4| —2> 0 4 7 |=
11 2 0 2 -1
8 L83 4 7 3 3 3 3
1 14| —32>|0 4 7 _(—1)‘ ) 1‘—(0)‘ 1 +(0)‘4 7‘=
11 2 0 2 -1 T T
=(-1)((4)(-1)-(7)(-2))=-10
1 -3 -3 1 -3 -3
18. |2 8 4 |—&R—>| 0 14 10 (=0 (Corollary 2)
3 5 1 0 14 10
2 1 3 2 1 3| . i\ qy213
19. |3 -1 2|—x2—>| 5 0 5 51—>(—)(——)101=0
2 3 5 4 0 4| & WA g
(Theorem 8 and Corollary 2)
-1 3 3 -1 3 3
20. | 4 5 6|=0| 4 5 6|=0 (Corollary 2)
-1 3 3 -1 3 3
21.
1 2 -3 1 2 -3
5 5 1 |—%,0 5 16 =(1)‘ o ‘—(o)‘ 4 ‘53‘+(o)‘ 2 Ig‘:
2 5 -1 0 9 5

= (1)((-5)(5) - (16)(-9)) =119

50



-8 (Theorem 4)

(402

23.

=@((7)(-2)-(3)(-12)) =22

24,

-2 0
-7 0
-3 4 1

3
7

2R3 +R,

—40 (Theorem 4)

50 0\ () (8)(-2)(1) =

1
2

25.

-2 0

1

26.

™m O m
— N <
—~
N
-
hall
+ [+
|
N
—
ror N
m G P
— M N
—

o
N—
|
0
~ T T
1_3J_Q_.v
N O oo
T
o
+
&
I
131__%
N O N O
T
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217.

112 -2

0 75 2

-1 8

-3 4

‘ R+R s
2
-1 =0

o
0 o 0 1 O
< 0T
o - o
N
N~ o 1\_:
?__35 Y
&
—~
o
il R%
~— N
T
I o o - <
R 2 D R
I ©
I
M ML o 4do0
—~
T ooo <
- o
o &
nwmmw ﬂmm
% g5
Yeou? <79
NY Ao N o
o © <
5T Y Y aw
T o mm =
-

(Theorem 5)

1 0 -2

0 (Theorem 5)

1 5 0 -1
-2 -2 0 3
-3 4 0 8

29.

30.

—44
6
-33

o 7
0 5

8 -1 4
(D -1 -1 6 |—Es(1) -1 1

-6 -1 3

0O -8 -1 4
0O -1 -1 6
0O 6 -1 3

-4R +R,
-Ri+Rs
2R +Ry

1 2 1 1
4 0 3 O
1 1 0 5

2 21 1

11 1 0 9 O

2
4

1100
-1 1 0 0|=0 (Theorem 5)

3 2 210
0 01 220

31.
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30 |t 2t
11t
' 3
34, | 44
' -1
35- 1_21
1
' 5
37. | 34
' 5
' 7
39- 1_21
2
40.
3-1 2
1 -2
2 0

=t*-2t=t(t-2)=0; t=0,2

tiz ‘:(t—z)(t+2)—3t:t2—3t—4:(t—4)(t+1):0; t=4,-1
1;2/1 ‘:(4—1)(1—i)+2:lz—51+6:(2,—3)(1—2):O 2=2,3
_15:/1 ‘:(1—1)(—1—,1)—5:12—6:0; A=+J6

4 | e VA1) on=12_a)

61 =(3-2)(6-1)-20=2°-91-2

4 1=(3-2)(6-2)+20=22—91+38

)

6 |_(c_ 2\a_ 1) a0=32 12

81 =(5-1)(8-1)-42=1"-131-2

7‘_1/1 ‘:(1—),)(7—1)+2:AZ—8&+9

f— p— 2 p—

M A 4 2 ~11-2

-3-1 0 2 -11-1

= (-1)((2+ 34~ 22)(-11- 2) - (14 + 42)(22)) = -A*+ T2+ 22

41.
1-1
7
0

-2

3-1 ;% =(-2) 1‘7’1 3‘_2/1 ‘:(—/1)((1—1)(3_/1)+14):—/13+4/12—17/1

0
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42.

2-2 0 -1 2-2 0 -1 3 11

_ R+R, _ _ = _1 - - —
1 1-2 1 |~ 23 A 1-2 0 |=( )‘ Yri-a o ‘
3 2 -3-2 A+A-3 2 0

=(-2)((3-2)(2)- (1-2)(2* + 2~ 3)) =-2*+62-9

43.
3-1 5 2 0 A>—31+5 14-41
AR, + _ A?—31+5 14-4A
1 -4 4 |EEEER L ) 4 ——(—1)‘ ey 1n
2 2 7-2 0 2421 -1-2

= (1)((42 - 32 +5)(-1- 2) - (14~ 42)(2+24)) = -A° +102 - 224 - 33

44, AB:{ 6 1}[ 3 ‘1}:{ 20 ‘5}; det(A):‘ 6 1‘:12—1:11-
122 1 7 1 12

det(B) = ‘ S —11

~3+2=5: det(AB):‘ 270 ‘15 ‘20+35:55; (12)(5) = 55.

l.e., det(AB) = det(A)det(B)

45. Area=| 1 2 ‘:|3—6|:3.
3 -3

46. Area=| 1 4 ‘:|—4—2o|:24.

5 -4
47. Area=|| > 3 |=|-16-12=28.
4 -8
48.
12 -2 12 -2 12 -2 12 -2
13 3|—>|01 5|—2501 5|—>(-1]01 5 |=-1
2 5 0 01 4 00 -1 00 1
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12 3 1 2 3 1 2 3
49. |4 5 6|—p—| 0 83 6 |—=5/ 0 -3 6|=0
7 89 0 -6 -12 0 0 O
50.
3 -4 2 1 9 -6 1 9 -6
15 7 |51 5 7 |——(-1)0 14 1
1 9 -6 3 -4 2 0 -31 20
1 9 -6 19 -6 y
(-n@4) 0 1 Y, | 2R (-14) 0 1 M, |_=u® (-14)
1
0 -3L 20 o o 3/,
= (—14)(3—11) =-311
14
51.
-1 3 3 1 1 4 11 4] 1
1 1 4|—==>5(-1) 1 3 3|—4=>(1) o047 —4>
11 2 11 2 02 6
1 4 114 11
(90 0 1 % () 0 1 a3 0 1
02 6 00 % 00
1 -3 -3 1 -3 -3
52. 12 8 4 |—ER—| 0 14 10 |=0 (Corollary 2)
3 5 1 0 14 10

55

ﬂRz

ap 19

_j01 14 |=
00 1



2 1 -9 -1 2 -10 -1 2 -10
3 -1 1 |—gRo 3 -1 1 [—500 5 -29 |
3 -1 2 0 0 1 00 1| °
1 -2 10
(-nG) o 1 -2 |=-5
00 1
54,
2 1 3 -1 2 1 12 1| 5 |-121
3 -1 2|—2R, 3 -1 2|—3F5055|—L— 055
2 3 5 2 3 5 07 7 0 55
(Corollary 2)
-1 3 3
55. | 4 5 6 |=0 (Corollary 2)
-1 3 3
56.
1 2 -3 1 2 3| . 1 2 3
5 5 1 |- 0 -5 16 |—(-5) 1/ SRR,
2 -5 -1 0 9 5 0 -9
12 12 -3

(-5) _11123 )(_%) 8 Cl) _116/5 :(_5)( 129) 119



2 0 -1 11 1 11 1] .
11 1 |—25(1) 20 1|—2>() 0 2 3|——
3 2 -3 3 2 -3 0 -1 -6
11 1 11 1
(A0 1 %) © 1 F | E ) -3
0 -1 -6 00 -%
9
=(-1)(-2)| -2 |=-
((-2(-3)=-o
58.
3 52 -1 0 4 -1 0 4
10 4 |—=o(-1) 3 5 2| ——(-1) 0 5 1|
2 27 2 27 02 -1
10 -4 10 1; 10
oR, + 0 1 ’*Ra
) 0 1 | % |—(e) -2 0 1 14
0 2 00 -33%¢ 00
33
=(5)| -= |=-33
6)-2
59.
1 -3 -3 1 -8 3| ., 1 8 3
2 8 3 |—Esl0 14 9 |2 (4)0 1 Y, | R,
4 5 0 0 17 12 0 17 12
. 9_3 " o Y 15
01 i _ _
(14) Na %(14)(1& 01 %, ‘(14)[ﬂj‘15

o

01%4 00 1



03)(

58

5 4 6 1 6 4 13 1 6 4 13
1 07| rem |-2 1 0 7| ®F |0 13 8 33 | 3#
4 7 2 5 4 7 2| R TI0 34 27 67
311 8 31 1 0 -51 -31 -103
L 6 4 13 16 4 13
0 1 85 sl e 0t Tz T B
51R, +R, (13) 00 7% _25 _—
0 34 27 67 13 13
0 -51 -31 -103 00 5, 34/,
16 4 13 16 4 13
8 33
0L Nz s SR (79 01 %3 s L
13) 00 1 -2 - (13) 00 1 -5
5/ 344 28,431
00 AB 13 00 O /1,027
16 4 13
7_9)(28,431) 01 %3 3%3 _ (13)(7_9)(28,431)_2187
13 )\ 1,027 _25 13 )\ 1,027
L 00 1 1 L
00 O 1
2 1 2 1 -2 -1 -2
0 3 -1| - 1 0 3 -1| 3k
—)_1 3
2 -1 1 (=) 2 2 -1 1 2R+R,
0 -3 2 2 0 -3 2
1 -2 -1 -2 1 -2 -1 -2
0 2 4 1| ;& 01 2 oRR,
S (0)(2) V2 | omen
0 6 1 5 06 1 5
0 4 -1 6 0 4 -1 6



61. (continued)

1 -2 -1 -2 1 -2 -1 -2
1 01 2
(9(2) ° * 2 7 1 5 (-1)(2)(-12) % _oReR
0 0 -11 2 00 1 -2,
0 0 -9 4 0 0 9 4
01 2 J| 01 2
(22) ) &(22)(5] % :(22)(5]:52
0O 0 1 _Al 11){o o0 1 _211 11
00 0 2 00 0 1
62.
1 1 2 -2 112 -2 112 -2
R+ 1
L 5 2 -1| GE 1040 1| 5% 010 | A
2 2 1 3| ®R7005 -1 00 5 -1 5
3 4 -1 8 075 2 07 5 2
112 -2 112 2 112 -2
010 Y| 1 010 ¥ . 010 ¥ | 4
5 3 Rt 5
(4) 005 -1 (4)E) 5 o 4 -Y (4)8) o o 1 ~1/5 ’
005 J 005 Y 000 ¥
112 -2
010
(20)(§j Ya = (20)(§) =25
4001 -Y¥ 4
000 1
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63.

-3 2 2

1

-3 2 2

1
1

-5
3 6 1
3 4 3

5 -4 6
6 1 1

1
3
3

-3

N

-3

4 3

-3 -2 2

1

-3 -2 2

1

o O

SR +R, (2)

-3R, +Ry

-2
-5

(Corollary 2)

1 0 -2
5 0 -1
-2 0 3

1

1
-2

0 (Theorem 5)

64.

-3 4 0 8

65.

-2 3
-8
1

1 0

-2 3
-2
1

1 0

-2 01 3

Ry Ry

-3

) o
(- 0 1 -3

4 0 2
-3 10 1

4

4

5 4 1 7

3

1
-1

-2
-3

10

-2 3

10

4R, +R,

4
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65. (continued)

10 2 -3 1 0 2 -3
1
(8) 01 -3 1 ~19R;+R, (8) 01 -3 1 T
00 1 -1 00 1 -1
0 019 O 0 0 0 19
1 0 -2 3
01 -3 1
8)(19 =(8)(19) =152
(B)9) 0 T 2 1 |=(B)o)
00 0 1
66.
a b c 12a2b2c 112a4b20
fos ot f_;g>(_1)(§j st _%(_1)&)(5) St o2s -t |=
Xy z X y z X 2y z
2a 4b 2c
1
:(——) -r -2s -t
4 X 2y z
67.
a-3x b-3y c-3z a-3x b-3y c-3z L a-3x b-3y c-3z
a+5x b+5y c+5z|—R™ | 8 8y 8z |—2.5(8) x y z
X y z X y z X y z

(Corollary 2)

a a C
2r 3r t E—CU(Z)(B) r r t =0 (Corollary 2 for columns)
X X Z
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69.

70.

O T 9

:

js}}
O
(¢

ar x a x r
r stl=|bsy|—22%5-1) by s
Xy z c t z c z t
ar x a+x r—x x
b s y|—&2>| bty sty y

t z c+tz t-z z
a r x 1\/1 2a 3r X 1
b s y 5—&>(—12)(§](§) b 3s y 3%;;(_2)(5)(_1)
ct z 2c X z

Ir X

6s 2y

-3 -z
r x a-3b r—3s x-3y a-3b
s y|—2R,(5) b s y |—2% 5(5)| b-2c
t z C t z C
a-3b r—3s x-3y a-3b r—3s x-3y

b-2c s-2t y-2z |=| b-2c s-2t y-2z

5¢c 5t 5z 5¢c 5t 5z

2a 3r X
4 6s 2y

-2c -3 -z

r-3 x-3y
s—-2t y-2z
t z

62
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1 2 -2
73. From problem48 | 1 3 3 |=-1. Determinant of the transpose
2 50
112 11 2 11
2 35%011:(1)54:4—5:—1
-2 30 0 5 4

1 4 7 1 4 7 3 6
2 5 8|—%50 -3 -6 |=(1 T . |=36-36=0
R -6 -12
369 0 6 -12
3 4 2
From problem50 | -1 5 7 |=-311. Determinant of the transpose:
1 9 -6
3 -1 1 1 -8 7 1 -8 7
-4 5 9 |—F¥E-5|0 19 3| —25/0 19 -3 (=
2 7 -6 2 7 -6 0 23 -20
() ¥ 3 |=_380+60=-311
23 -20
-1 3 3
From problem51 | 1 1 4 [=-10. Determinant of the transpose:
-1 12
-1 1 -1 -1 1 -1 4 o
3.1 1 |—4> 4 -2 |=(-1 7 _1‘=(—1)(—4+14)=—1o
3 4 2 7 -1




74. ForthisexampIeA:[ 13 i’} A=3 n=2 ;LA:|: 3 9 }

- -9 12
3 9 ‘:36+8l:117
-9 12
1 3|_ ~ , B
T g |F4+9=13 27=9 (9)(13)=117.

75. ForthisexampIeA:‘ 2 3 ‘; A=-2 n=2. AA:{‘A' —6}

-3 2 6 4
—4 _6‘:—16+30:20
6
2 3 |__ e g2y _
3 ‘- 4+9=5; 2*=4; (4)(5)=20.

76. ForthisexampIeA:{g’ g} A=-1 n=2, AA:{ -3 —4}
-3 4
-5 -6

3 g‘:18—20:—2; 22=1 (1)(-2)=-2.

‘218—202—2
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Section 1.6

3}1%:
1K

5
{/2 ] Not an inverse for A.

(b) {1 3} -1 -3 }:[ n }Notan inverse for A.
2 9 -2 -9

1 0
01

} It is an inverse for A.

(d) {; ;’} 9 _3}: 3 }NotaninverseforA.

11 2 -1
(d){ll}—lz

In problems 3 — 12 the answer is the matrix on the left as demonstrated by
the multiplication.



O OO0 ok

L O w - O

o O

w -

OO PFr OO0OO0o

1 ab _| ¢ d
0 | C d . a b
ol abl_[3 3
1 | C d | c d
0 ab _ a b
-5 c d -5¢ -5d
0 O ab c a b c
-5 0 d e f |[=| -bd -be -5f
0 1 g h k g h k
0 ab _ a b
1 c d 3a+c 3b+d
1 3 ab _ a+3c b+3d
0 1 c d C d
00 a b c a b c
1 3 d e f |=| d+3g e+3h f+3k
0 1] ghk g h K
0 a b c a b c
0 d e f |= d e f
1 h k S5a+g 5b+h 5c+k
000 0_ a; &, 3 A, g Qg
01 00 Ay Ay Ay Ay Ay Ay
1 0 0O Q3 83 Qg Qy Ay Ay -
0 00O a, 8, 8, a, a8, a
88;2 8, Ay A By s A
ol % B Qg By A5 g |

a,

Ay
8y
23}
g,

A,

2
A
8,
g

Q3

A5
A3
853
g3

&,

£ &P EE

Qs

A
Qs
55
s

66

Qg

A3
A
A5
g6




1
o<
h'4
T~
e
oK
o
L
(Y-
T~
| I |
T
1
1 - 1
o o « 1) o N
O - oo« o
o~ o+ o
T X — — —_— R o © - O o o -
o « N — O O
© < ro © - o - - O o oo )
o e |
Qo X © — o = ® - 1
R ) T T —_—
a...l \ﬁ .
I
L T T P T oo d o o - ™ o oy
I 1 ) 1 01 1
o~ o« N o o o N O - O o o - o+ o
™
- O N O - O 7 — - — O O O - O - O — O O
L | L ] L ] L ] ]
9N ™ < To) © N~ o) o o
— — — — — — — — N
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1
-
< 7
o -
- O
1
&
+
&
|
1
o«
— 7
1 [
1
o 0o O dH -
oo do
— - O
oo o o © o ©
o +d0o o
o +H0o o
—“ o mo o
- O o o 3
\ﬁ/ 1 | —
1
o oo o
oo do © -
—
oo o o o o o - O
o0 o
o+ 0o — <
™
4 o0 oo - oo )
L ] L ] L 1
— N ™
N I\ I\

_1}

4
-3 1

The inverse is {

|

/3

2 -
7 %

0
1

:

2R +R

|

1

0

1
1 2|01

1 2
0 1|-% %

WG

2 _
Theinverseis{ 3 %’]

It has no inverse.
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e
+
&
|
[ |
o XY XX
m.mz 3\—/
& & N N
% et
T 1 T 1
cCod od- 2%
OHd0O oo o V_/_
70 «dofY ©od
— - O
e o4« - O O
1a|__1 — - O
I
— O O o 0o o N [\ o
mee o0 3
I 1
o < o (§\
: I NN N N A
! 01V_/
eeee— N N
cow Onn ocony MM NN
cuo ©-O V_Q N 2% _
oo <= 7O 10_ V_/V_/_ 2
@
Odd O N d o - oo d m
A0 dA HOd ) O -0 W
..+ 40O — O O — O O — O O m
o L 11 1oL 1oL ] -

217.

100|010
001|100 dkadic 010|001

RoR

1
1001010

|

0

1

1

01 0,001

O « O

— O O

o O

The inverse is {
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2R, +Rg
2R +Rs

«
+
& < —_—
+ —|'_ —|_
o
10?___|'_14__.2 oo d
— — O«
— N o+ 0o
oo« © <0 ~ |0
o+ O [ ©m 1__6Q_u [
— ™
“ oo e N
N oo oo - 3R_u1__
— N - N o+ O
N
= e =) 2n.,_oR_u
O« - — O O
OO0 4Hdo00 — O O
nﬂ_03 [
_| o —
3 i 3 oY~ T
L4 4 _ _ |
! ! — T
1 — o
1 o
<o %Y 4o« _ _ —
©o+d dod o ™ oo -
o uo O N 1__1?__ I I
o+ 0o B L o+ O
oM ™
- O O 1__00 _ [ © 5 w - O O
1B
— —
TN e YN oo« m ™M ©o o
Odd ddd HHd 0 oOodo W N O
. NO ™M - O m - O O - O O <& . - < N~
le0) N (o))
o | 11 11 11 ] - N 1 ]

-4 1 O

-3 6

0

It has no inverse.
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30.

hallhd
ot o o o
DY
o «€ v
1
© o - IO
O O\ ]
o «H o _
200 O O -
O+ 0o
O O -
— O O
O 1
— O < P
[ *
<
&%
N
— o o -
O O - o o O
O - O o
9V N
V_/V_
— O O |
O O - O O
o - - o - -
AN O < — O O

o o «N
oo 9
l:_ul

— | N

The inverse is

on_ulB
—

M O O

4

The inverse is

71



32.

ReR

0
-1 10
0

2
-2 0
9

3
1
3

e —|

10
010 |[—F

1
1

2
0
392|001

o
+
& o
7__ | | EEE——
N
— " ' 11 ®
o« o
© o 0 ™o
— o ™ I I N
— P D [
o 10 &
— 0
Tt 7Y _
oo«
odNn 0O
o« o
N oo B8 VT o
- o o
doo oo [
N |
I |
. . i
ik T e
| oy _
il
1
1
1
co« ©9Fo
oo«
™ ™M ™
“doo <@ a5
T - o 1__4_.n_u T o<
OdaN OHO OO«
Yoo Foi Yao
AMmM®M doOoO «HOoOo

The inverse is

0
-2 10

-1 1

1 2

1 00
010
0

1 2 -1
1

2

R+Re

3

—4

2R +R
R +Rg

0

1

0

-1 1 3

-1
5

1 2

1

-1 1 O
-2 10
-1 11

3
5

1 2

-1 11
-2 10

R oRs -1
—4

—4
-1

3

1 2 1|11 0 O
-5
3

0 1
0

01 -5 1 -1 -1
00 -17| 2 -3 4
N7

4R +Ry
2R +R

-1 -1

1
-2

_2
17

17

7
%7 _%7 317

317 %7

_2
17

o o

o

— O

—

o
o

5R;+R,
OR;+R;

9
-5

_2 3 4
17 A? 17

1

0 0
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33. (continued)

1 7 2
7 -2 3 |
-2 3 4

1
17

The inverse is

S 5N\
O\ T ©
e _ _
+3Ma
o
> N NS~
@ o —i |
T N Ty y
& & _
? — W_ ~N O o~
— © | © 41%%
o - o _ A S 9
o5 o
- o N~
oo« ©° 7 oo d
™ N
[ ™ O +d O
— o~ N~
12%
N~ M - «— O O
o 137_
o o - ™M - .
0
N T ~udO -
o O q
., Hdoo «Hoo
L
&
A PSRN
7 _ 5 LN
1
— ~ o~
O +dH 0o — N\
o - o 7w ENNY
o o H _ |
— © o OO -
N~
co < ™ /W_Sl —
N4 <\ g
< — ™~
I 0
— ™5 oo«
N — 0
I Y N7 T O N+ O
MmN 400 «HOoOo — O o

—6
-3 7

14 5
-5
13 1

-8

|

1
17
1

410 10

The inverse is

“R+Rs

4 0
50 -1]|]110
5 0 -1/0 0 1

It has no inverse.

R+R

-110 0 1

4
—4
5 0

]

1 O
1 1
-1 -1 1

3
-1
0
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5 0 -1/1 00 1 2 5|1 -2 0
2—12010%2—12010%
2 3 -1/0 0 1 1]/0 0 1
(1 2 -5 1—20 12 5|1 2 o
0 5 12 | -2 0 |—>% 5 0 0 33| 8 -15 -5 |—==R,
0 -1 9 | -2 1 0 -1 9 |2 4 1
(1 2 5] 1 -2 o0 12 5] 1 -2 o
0 -1 9 (-2 4 1 |—> 019 2 -4 -1 |
0 0 33|8 -15 5| = |00 1|_.8 1/ 5
L /33 33/33
I 7/ 9/ 25/ | I 5 3 |
1 2 0 AB AB 43 100 /33 AS %3
_6 3 12 2R 4R, _6 3/ 12
8;2 % Y a3 8(1)2 % a3 Vs
_8/ 15 5 _8/ 15 5
] /33 33 /33_ ] As 33 /33_
5 3 1 |
The inverseis —| -6 3 12
-8 15 5 |
37.
31 1100 13 -1/010
13-1{010 |—=5 311|100 | —>
(23-1/001 2 3 -1/00 1
13 -1]lo0 1 o0 L 1 3 -1 0O 1 0
8 3R2+R3
0 -8 4|1 -3 0 |—8°, }é }g /8 s
| 03 1]0-21 0 -3 1 0 -2 1
. . i
10 | % -7 o0 10 ol o 1 2
_ _ 3 R+R 2/ 10/ _ 2R,
_ .3 _7 0 0 - 3 _7
00 }é A 6 1 % 43 6 1
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37. (continued)

[

0 4 4
1 5 4|
3 7 -8

z{

The inverse is

}

1

0

1
Yo Yo L
Y Vg 2

o O o

o O

— O O

1
oo od
oo - o
T oo
— O o o
oY
~N T Nno
o+ oo
— O o o
N — |
"
+
&
|
1
oo o
oo - o
o+ oo
— O o o
N m
- 5 o
— - OO
. 40 0O
o0
3_ 1

1

0

(aV
— N\ 4V7
I IO\ ™ |
GO RN Y
_V_/V_/O
T 4 o o
- O o o
oNeNeR
ool Ne
O+ 0o
— O O o

The inverse is
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R

}

1 00O

-2 1 00

-4 0 1 0
-11-3 00 1

1 0 0 O
-1 0 O

0
0 6 2 O

{024

2R +R,
4R 4Ry
SRR

}

1 00O
0100
0 010
-110 0 0 1

1 0 0 O
-1 0 O

2
4 6 2 O
3 2 4

1
©ood N N
oo _
oo o
“ o
o5 o« © @ A
© © 19
IO Y N T N
—
ooo
coo Y7 _
oo o
oo N <
©o+H4o0o
o +dHoo
- o oo
- o oo _
e — |
@l ¥
+ [+ o
e 5
e
I
1
oo o
©ood
N
oo +Ho © o ©
o 7T oo o5 ® «
ANTP AN ®
coo Y coo Y
coa oo
O - © o +Ho0o
4o oo 4 o0 oo

oo o ¢
oo XU

—
©T ™ 3
10
N X N

2

[<B)

(%2]

| -

(D)

>

k=

(<B)

<

T
co o ¢
oo XY «w

i
©T ™ 3
Te)
— P N
© oo o
oo -o
o- oo
-0 oo
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1 1
41. (@) A=
@ [3 4-3

1 } A-l -
4

(b) A= L7 At =

R

|

42. The system of equations is given in matrix form by

1 2
31

M

The solution is x=1, y=-2.

43. The system of equations is given in matrix form by

1 2
31

HEEHIHE

The solution is a=-3 b=4.

5 |_1] -21
13 |77 28

|

44. The system of equations is given in matrix form by

Ep

e

4 -6
-6 12

L2 x 1} -3 . To solve using matrix inversion:
31|y 1

129 aj_ 5 . To solve using matrix inversion:
31 b 13

[z

}:{ i } To solve using matrix inversion:

|
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44. (continued)

S s

The solution is x = y:?

45. The system of equations is given in matrix form by

4 -1 }{ | }:[ 1 } To solve using matrix inversion:
5 2| p 1

IR EB

The solutionis 1 =1, p=3.

46. The system of equations is given in matrix form by

{ § ]:{ 284 } This cannot be solved using matrix inversion since

does not have an inverse.

© w O w

1
DN DN

47. The system of equations is given in matrix form by

1 2 -1 X -1
2 3 2 y |=| 5 |. Tosolve using matrix inversion:

|01 -1 2 2

- -1
X 1 2 -1 -1 1 5 -1 -7 -1 1 -24 -8
y |[=| 2 3 2 5 |=-| -2 1 4 5 |[==| 15 |=| 5
. 01 -1 2| 3 21 1| 213 9 3

The solutionis x=-8; y=5; z=3.
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48. The system of equations is given in matrix form by

2 3 -1 X 4
-1 -2 1 y |=| -2 |. Tosolve using matrix inversion:

| 3 -1 0 | 2 2
X 2 3 -1 4 1 1 1 1 4 1 4 1
y |=| -1 =2 1 2 (== 3 3 1| -2 (== 4 |=| 1
. 3 -1 0 o | Y7111 2| 4 4 1

The solution is x=y=z=1.

49. The system of equations (after simplifying) is given in matrix form by

6 3 2 I 0
6 4 3 m |=| -2 |. To solve using matrix inversion:
| 20 15 12 n -10

[ 6 3 2 ]] o % 3%

| 2 0 1
m|=| 6 4 3 -2 |=| 6 16 -3 -2 |=| 2
n 20 15 12 -10 5 -15 3 -10 0

The solutionis 1= m=-2. n=0.

50. The system of equations is given in matrix form by

2 3 4 r 12
3 -2 0 s |=| -1 |. This cannot be solved using matrix inversion
8 -1 4 t 10
2 3 -4
since | 3 -2 0 | does not have an inverse.
8 -1 -4
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51. The system of equations is given in matrix form by

1 2 -2 | x -1
2 1 1 y |=| 5 | Tosolve using matrix inversion:
11 -1 2 -2
- -1
X 1 2 -2 -1 4 204 1] |6 1
y |=| 2 1 1 5 |==| -1 3 5 5 |[==] 6 |=| 1
, 11 1| 2] %2333 2] 91w 2

-1
5o | 35| 2| 3 5
2 3 2 -3
@ | X |=| 2 2 | O |=| O | Thesolutionis x=70; y=-4o0.
y | | 2 3] 20 40
o) | *|=| = > || B |=] 3% | Thesolutionisx=134; y=-82
y | | 2 3] 22 82
(c) X =] 300 0212 19 | The solution is x=19 y=-11
y | | 2 -3] 05 -11
@ | *|=] 2 2| 9 |z| %2 |Thesolutionis x=25 y=-15.
y| | 2 35 -15
-1
2 4 0 1 =17 28 -4
53. 3 2 1 =—| 16 -14 2
5 37| 0 19 2% 8
X -17 28 -4 2 130 13
1 1 1
@ |y |=55| 16 -14 2 || 8 |=75| 50 |=3 5
Z 19 -26 8 15 -50 -5
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53. (a) (continued)

The solution is X:E; y=—§; z:—§.
3 3 3
X =17 28 -4 3
1 1
)| v =30 16 142 8 173
z 19 -26 8 15
The solution is x:£3; y=—ﬁ z:—3—1.
30 30 30
x| | -17 28 -4 2 1
©|y |==| 16 -14 2 9 |==
z 30 19 -26 8 15 30
The solution is X:B y=—§; z:—ﬁ.
15 15 15
X -17 28 -4 1
1 1
d| vy =30 18 -4 2 7 173
z 19 -26 8 14
The solution is x:4—1; y:—g; z:—g.
10 10 10
54. @) A=| L 1| at=] 3 1|
2 3 -2 1
AZ=| 3 1 3 1|11 4]
-2 1 -2 1 -8 3 |
A% = AZAL = 11 -4 3 -1 |_
-8 3 -2 1

113

34

34

123 1
76 | P
13 1
o | 0
41 -15
-30 11

41
-18
=17

81



54. (continued)

| 2 5| 1
onsfzz} e

A-3

-1

o]

- <

— ™M

€ A

1?__1
..
N
o 7« I o
— o o
T - o
|
oo "
o 7
11
- T o
< — o o
T il ] L 1
1
— -
o 7«
— - O
—
- oo I ©
— O o
11
< I
~ N
= <

A-B
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54. (continued)

12 -1 1 -2 -1
@A=|01-1 A'=]0 1 1
00 1 00 1

1 -4 411 -2 4 1 -6 -9
A=A°A*=]0 1 2 ||l0o 1 1 |=0 1 3
0O 0 1 0 0 1 0O 0 1

00 -0
55. Let A = | O O 0 O f AT exists, then AA™ = 1.

But AB = 0 for every matrix B. Hence A" does not exist.

56. Using the result of problem 20 in section 1.3: If D is a diagonal matrix,
then for any square matrix A for which the product is defined, the i row of
DA is the i" row of A multiplied by d, .

Let D be a diagonal matrix in which d, =0 for some i. If D™ exists, then

DD =1. Butthe i row of DD is a row of zeros (from problem 20,
section 1.3). Hence D™ does not exist.

57. If A>=1, then AA = | and by definition of the inverse, A= A™.
58. Since A is symmetric, A= AT .

(BAY)'(A'B")* = [(A")'BTI(B") (A= [(A)'BI(B")" (A)] =
=[A'BT[BHY (A)]=[A'BT (BN'A]=A'IA=A'A=.

59. LetB=(A")™ Then (AHB =1 and A[(AHB] = Al = A
But A[(A)B] = (AAHB=IB=B. Hence B=A, ie., (A)'= A,
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60. ((¥)AD(AA) = (¥, 2)(AM)A) = 1. Similarly, (1A) (¥)A = 1.

Hence (2A)" = (A"
61. (ABC)' = ((AB)(C))'=C'(AB)'=C'B'A™

62. Let A be an upper triangular matrix which is non-singular. (Note: this
means all diagonal entries are non-zero.) To show A™ is upper triangular let
B=A"' Then AB=C =1. Consider b,. Want to show b, =0. Since A is
upper triangular, a, =0 for k=2,---,n. Since C =1, ¢, =0. Further,

0=c, =b,a, +b,a, +b.a, +---+b,a,. And since a, #0, this means b,, =0.

0
In a similar way one can show that b, =0 for i =3-..,n. Now consider b,,.

0=c, =bya, +b,a, +b,a, +b,a, +---+b,a,. Since a, =0, this means
0 0
b, =0. Continuing in this way it can be seen that b, =0 for i > j. Hence

B = Al is an upper triangular matrix.

63. Proof of Theorem 1 (c):

Let E be an elementary matrix that adds to the c" row a constant k times the
™ row. Let F be the elementary matrix obtained by replacing k by —k in
the matrix E. An example is given by the following matrices:

100 0 0 10 - 0 0 0
01 0 00 01 -0 0 0
E=| 00 1k 0 )00 1 k0
00 0 - 10 00 - 0 1 0
(00 - 0 - 0 - 0 |00 - 0 0 0 |
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63. (continued)

Note that e, =1 e, =k and f =1 f,=-k LetB=EF,ie, b =) ¢gf,.
k=1

Fori= j: bn :Q1f1i +Q2f2i T tE fii +"'+anm =1.
T

0 0

Fori=j; izc j#r: by =e,f, +e,f,+-+ef +..+gf +---+¢,f, =0.
8 T % o Ty

b, =e,f, +e,f, +---+e f, +---+e f +.---+e,f =0.

Ccc cr — crorr cn nr

Hence B=1sothatEF=1,ie., F=E™

64. ] )
A o || A [ o |
A, A |

A Al = | =
o A | 'Nl RS I
Section 1.7
1] 11| = 11 y=|2121] =|10]
"1 3 4 01/ 01/ 31/
A=Lu=|10] 11}

31 01}



o o
- |
| I
11
o e
_ ]
1 o
Q. —
1
o) <
[ .
" n_v
w Il
>
3 o
1
I
I W
S =
} . -
©
= - Q
| I | L
11
Il
I Q X >
| I | [ |
1
o - —
- m — O
| |
o >
I 11
> X
-l -

1275
8

550, 3

B=

5
_a+
8

o = 625,

}

625
550
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3. (continued)

Ux =Yy,

|

1275, x=-400.

_ 1275
8 24

}; 8x+ 3y =625, %y

625

127%

|

}:

X

y
-400
1275

3
0 7%

8

O« N
-« T o
- oo
e |
1
O N
o oo
—
— o
! o« 5
— 0o o
— - O
| I— |
g 11
i
& <
I 1 I — 1
o« o o o
5 - o« 5
— O O — — O
L ] L ]
I
o -
&
| s
1
P — O+ N
o
- 5 o
— O -
— O O
— - O
e — |
e |
I
<t D

-3, y=-4

L-B+y=-1 B=

4, a+p

(04

=3

=1 X

4, —y+z=-3 2z=-4;, z=-2, y

X+y
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O «

-1 2 0
-3 1
-2 3

1
2

5.

O «—

=3 a=-1 ﬂ:_3’ y:_5

-2, —200-2B+vy

o=-1 —o+pf

Ux =Yy,

2, X=5

-1 —-y+z=-3, 5z=-5, z=-1, y=

—-X+2y=

3 2 1 3
0 |——| 0 -1 -6
-1 -2 0 0 1

1
1

2
4
-2

6.
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6. (continued)

Ly =b;
1 00 o 10
2 1 01| B |=| -40 |; =10, 200+ B=-40, —ox+y=0; ov=10, B=-60, y =10
-1 0 1 Y 0
Ux =Yy,
2 1 3 X 10
0O -1 -6 y |=| 60 |; 2x+y+3z=10, —-y-6z2=-60, z=10;, x=-10, y=0, z=10
0O 0 1 z 10
-10
X = 0
10
3 2 1 . 3 2 1 21 3 2 1
~SRHR TR*Ry
_8/ _ _8/ _
TA0 e 008 ) | 0 05 s
0o 7 1
o o ¥

3 2 1 1 0 O
Uu=|o -8 —% L= % 1 0
0 0 }{3 1 —2}{31

1 0 o 3 2 1
A= % 1 0 o-% —}g
1 —2}{31 0 0 }g

Ly =b;
1 0 0 o 50
% 1 0 B |=| 80 |, a=50, %OHB:SO, 05—2—81ﬁ+y:20; o =50, ﬁ:4—3?, y=5
20
Y

1 —2}{31
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7. (continued)

Ux=vy;
0 _83 _% y |= 403 ; 3x+2y+2z=50, ——y—lz:4—, lz:5;
: 3° 37 3’8
0 0 ys 5
x=10, y=-10, z=40.
10
X=| -10
40
1 2 1 12 1| 5 1 2 -
8.1 2 0 1 |—4*> 0 4 3 |—4——| 0 4 3
-1 1 3 0 3 2 0 0 174
1 2 - 1 0 0
U=|0 -4 3 | L= 2 1 0]
17 1 _3
o o 17 1 -3 1
1 0 Ol 1 2 -1
A=| 2 1 0] 0 -4 3
1 -3 17
1 -3, 1] 0 0 1
Ly =b;
1 0 0| « 80 .
2 10 B |=| 159 |; «=80, 20+ =159, a—zﬁ+y=—75;
-1 -3 1|y 75
17

o=80, B=-1 y=—.
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8. (continued)

:y,

Ux

1 z=1

>
o
~
I
X
S
I
N
N~
S<
s
I
N
™
+
>
4
|
@)
o
I
N
|
>
Q
+
X
.-
o i \¥
SIS
N |
I
1
X > N
I — |
1
- <
I
N 4 o
— O O
N — |

o
I
~
7
I
Q
o)
I
3
..
o 7w
L ]
I
T 1
J Q=
NN O
e — |
1
- oo
oo«
| I—
1
o+ o
cod
- O o
oo
- O o .-
O
1
1 -
< -

=19, y=-3 z=5

=5 x

=8, 2y+z=-1 z

X+2y—-2z
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10. (continued)

O O N
O N O
— O O

O O

o« NN

— M

2, p=-2, y=1

2,&x+ﬁ:4,a+%ﬁ+y:2;a

_1
2

=2, y:—]_, Z

=1 X

X=2, 2y=-2, 2z

1 011

1110

0111

0

-1
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11. (continued)

1
-1 0 |

1

3

0 0 1
0

o ood

O O +d N

O

- 1 - O

= _2,

4, a+pB=-3 a+B+y=-2, B+2y+6

:|; X+z+WwW

(04

o o o

0121

1 3w=3

4, y—z=-7, z—wW=

2, w=1.

x=1 y=-5 2z
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12.

5
—ZRe*Ry

2 1

13
0 % -
-1

0O O 1
_5/ 8
o0 % %

2R, 4R,
—r "

1 3 |
o % %
0 0 -1

0

(2 1
0 1

1
1

1
ERlRQ

M A A -

' 7o
A <t O

N -1 O O

-

-1

(2 1

0 % % -

0 O

1
3

-1
0

7 -

5
—v+6 =100;
77

2
B+
B

B =200, y =100,

1
_a+
2

1,000,

o

800
7

o =1,000, B=-300, ¥ =100, &
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12. (continued)

1

! =-300, —z+w

—Z-=W

5

2

2

Ty+
2y

1,000,

; 2X+Yy—2z+3w

1
X > N =2

N —
(a\

3V7137
[

— N
_7_O
(a\
1700
N O O O

800

3
500

3

500

3
800
3

-« T o
~N T oo
— o0 oo
I — |

o

+

g

N
1

1 O 1
11_2

~N T oo

1 1 (N
- N 1

AN~ «—

- 1+ O

95



13. (continued)

Ly =b;
1 0 0 0| 30
11 0 o0f| B 30
= , =30, a+f=30, a+fB+y=10, - -2y +6=10;
11 101y 10 | ¢ o*p a*rpry P2y
0 -1 211 g 10

Ux =Yy,
1 2 1 1 X 30
0 -1 10 ylz| © ; X+2y+z+w=30, —y+z=0, —z+w=-20, 3w=-30;
0 0 -1 1 z -20
0 0 0 3 | w =30

x=10, y=10, z=10, w=-10.

10
«=| 10
10
10
14,
2 020 2 0 2 0 20 2 0
2 206 | RE |02 26| SRR | 02 -2 6 | 3RR
T — —t
4 31 1| lrer, | 03 5 1 00 8 -8
1 0 31 00 2 1 00 2 1

O OON
O oOoN O
(0]
&
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14. (continued)

e s o 1 0 0 0]
o 5 s 1 1 0 0
U= B L= o 3
00 8 -8 272 10
00 0 3
1.0 00 2 0 2 0
11 00| oo 0
A=| _» 3 - ;
272 1 001 g0 8 -8
00 0 3
EANAY
Ly =b;
1 0 0 0f, >
1 1 00| 4 4 3
2 3% 1 0 y 9 B 25 v 27
4
EARAE
o=-2, ﬂ:6, j/:—4, 6=06.
Ux =Yy,
2 0 2 0 X -2
0 2 -2 6 Y =l © | ox+27=-2 2y—27+6w=6, 8z—8w=-4, 3w=6,
00 8 -8 z —4
00 0 3 | w 6
5 3 3
X=——, Yy=——, Z=—, w=2
2 2 2

5

X
I
|
w
N AN

N
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SIS e ER A AR M Y
2 3 o 7 o 7 -2 1

oy [ 22

}z

:l:{ -9 }; —X+2y=-9, 7y=-14; x=5, y=-2.

{ _49 }? 0=-9, —20+f=4; a=-9, p=-14

~14

The solutionis x=5, y=-2.

— h- 1 0
e 1]

non [

The solution is x= —%,

1

(04

B

g

y:

}:{ _11 }; a=1 -20+f=-1 a=1 B=1

NP

1 5
D —X+2y= v=1 =——, =
[1} x+2y=1 7y=1 X - Y

3 -1 1 3 -1 1 3 -1
16. @) | 2 5 1 |—=2*> 5 0 -1 3 |—2B51 0 -1 3 |;
7

2

1 3 -1
U=| 0 -1 3 |; L=
0 0 1
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16. (a) (continued)

Ly =b;
1 0 O o -1
2 1 0 B |=| 4 |, a=-1 20+p=4, 20-B+y=-6, a=-1, =6, y=2.
2 -1 1 y —6

1 3 -1 X -1
_ 0 -1 3 Yy [=| 6 |} xt3y—-z=-1 -y+3z=6, z=2
UX=Yi 10 0 1 | 2 2
x=1 y=0, z=2.

(b) Ly =b;
1 0 0| & 10
2 1 0| B |=] 10 | =10, 20+B=10, 2a-B+y=10; =10, B=-10, y =-20.
2 -1 1| vy 10
1 3 -1 X 10
_ 10 -1 3 y [=| <10 |; x+3y—-2z=10; —y+3z=-10, z=-20;
Ux=¥i 1o 0o 1 z -20
x =140, y=-50, z=-20.

The solutionis x=140, y=-50, z=-20.

17. From problem 4:

1 0 O 1 1 0
L=|1 1 0 U=| 0 11
0O -11 0O 0 2
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17. (continued)
(a)

Ly =b;

1 0 O
11
0O -11

o

(b) Ly =b;
1 0 O o
1 1 01| B |=
0O 11 y
Ux =y,
1 1 0 X
0O -1 1 y |=
O 0 2 z

The solution is x = {

];a=5,a+ﬁ=7,—ﬁ+y:—¢ a=5 B=2 y=-2

} X+y=5 —-y+z=2, 2z2=-2;, x=8, y=-3 z=-1

];a:2,a+ﬁ:2,—ﬁ+y20;a=2,ﬁ:O,y=Q

];x+y:2,—y+z:O,ZZ:Q x=2, y=0, z=0.

]_
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17. (continued)

=b
1 0 O
1 1 0
0O -1 1

Ux
1 1 0| X
0 -1 1 y |=
0 0 2| z

I
=3

(d) Ly

1
o R K
|

Lok o
=)

Ux =Yy,

1 10 X
0 -11 y |=
0O 0 2 z

The solution is x = {

40
50 }; =40, ¢ +B=50, —-B+y=20;, aa=40, p=10, y=30.
20

40
10 ]; X+y=40, —y+z=10, 2z=30; x=35, y=5, z=15.
30

35
5 |
15

1
1 ]; o=1 oa+B=1 -B+y=3 a=1 B=0 y=3.
3

1

0 ]; x+y=1 —-y+z=0, 2z=3 x:—i, y:§, z:§
2 2 2

3

-0.5

15 |.

15
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18. From problem 13:

— O d M

b;

(@ Ly

=1

L a+tf+y=1 -p-2y+6

}; a=-1 a+f

1

— —

]

QA >~ w

|

oo d

001?__

- 1 1 O

{

0, 6=3.

oa=-1 B=2 v

0, 3w=3

2
+
N
|
o
I
N
+
>
|
T
I
2
+
N
+
>
Q
+
<
.-
T Nom
N — |
T
1
X > N =2
1
— O« ™
-« 5 o
- —
y2_00
11
x — OOoo

=-1 z=1 w=1

x=-1vy

The solution is x

(b) Ly

:0’

0, a+B+y=0, —B-2y+¢

0, a+p

(04
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18. (b)(continued)

Ux =Yy,
1 2 1 1 X 0
0 1 1 00 ¥ I 0| yioytz+w=0 —y+2z=0 —z+w=0, 3w=0
0O 0 -11 z 0
O 0 0 3 W 0
x=0, y=0, z=0, w=0.
0
The solution is x = 8
0
(c) Ly=b;
1 0 0 O o 190
11 00 B —| 130 ; =190, a+B=130, ¢+ pB+y =160, — B—2y + 0 = 60;
11 1 0| vy 160
0O -1 -2 1 S 60

0 =190, B=-60, y =30, &= 60.

Ux =Yy,
1 2 1 1 X 190
0 -110 Y |=| 80 . X+2y+z+w=190, —y+2z=-60, —z+w=230, 3w=60;
0O 0 11 y4 30
O 0 0 3 w 60

x=80, y=50, z=-10, w=20.

80
50
-10
20

The solution is X =

103



18. (continued)

(d)
Ly =b;
10 0 0} @ 1
0 -1 -2 1| 5 1
a=1 =0, y=0, =1
Ux =Yy,
12 1 1 X 1
0 -1 1 0 VY 0
= : +2++:—+:O,—+ 20,3\N:'
0 0 -111| z oXyzwlyz zrw .
O 0 0 3 w 1
1 1 1
X=——=, Yy=—=, Z=—=, W=—.
3 3 3 3
-7
The solution is x = %’
75
R
0O 2 1
19. A=| 1 1 3 | The LU decomposition procedure cannot be used
2 -1 -1

since there is a 0 in the 1-1 position. Interchanging the first and second
equations (rows):

1 1 3 1 1 3 o 11 3
0 2 1 |—2% sy 0 2 1 2* 02 1
2 -1 -1 0 -3 -7 00_1%
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19. (continued)

11 3 1 0 0
U=l02 1 |;L={0 1 o0
_1 _3
00 -1 2 -3 1
12 1]
200 A=| 2 4 -1
11 2 |
12 1 (1 2 1
2 4 -1 |—2>| 0 0 -3 | The LU decomposition procedure
11 2 0 -1 1

cannot be used since there is a 0 in the 2-2 position. Interchanging the first
and third equations (rows):

11 2 11 2 E 11 2
2 4 -1 | 232502 5 |—2—5| 02 -5
1 2 1 01 -1 0032

11 2 1 0 0

U=|02 5| L=|2 1 0

3
oo/2 1%1

21. (a) A= { 8 S } The LU decomposition procedure cannot be used

since there is a 0 in the 1-1 position. The same problem occurs even if the
rows are interchanged.
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21. (continued)

(b)LU={1 o_[o 2}:{0 2}=A
1107 09

(C)LU=[1 o]o 2}:{0 2}=A
3103|009

(d) Because A issingular.
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