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1. An automobile manufacturer makes a profit of $1,500 on the sale of a certain model.
It is estimated that for every $100 of rebate, sales increase by 15%.

(a) What amount of rebate will maximize profit? Use the five-step method, and model as
a one-variable optimization problem.

Step 1: Ask the question.

Variables: r = rebate ($)
S = number of cars ld
P = profit (%)

S =s 0(1+0.15(r/100))
P = (1500r) s
S >=0, 0<=r <=1500

where the onstant s_0is the number of sales without any rebate

Asaumptions:

Objedive: Maximize P.
Step 2: Select the modeling approach.
We will model this problem as a one variable optimization problem. Seetext p. 6.
Step 3. Formulate the model.
Let x=r and y=P, and write
y = f(x) = (1500x) s_0(1+0.15(x/100)).
Our goal isto maximizef(x) over theinterval [0, 1,500 .
Step 4. Solvethe model.
Compute f '(x) = 1500s 0(0.0015 + (-1) s 0(1+0.15(x/100) =0 at x = 4166667,
f(x) = 176042 and sincethe graph of f(x) is a parabola we know thisis the global
maximum.
Step 5: Answer the question.
Acoording to this model, the optimal policy isto offer arebate of around $42Q which
should result in about a 17% increase in profits as compared to no rebate.
(b) Compute the sensitivity of your answer to the 15% assumption. Consider both the

amount of rebate and the resulting profit.

Generdizethe model from part (a) and let
y =f(x) = (1500x) s_0(1+ex)
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where aurrently e =0.0015 Compute that

f'(x) =1500s Oe +(-1) s 0(1+ex) =0
at x =7501/(2€). Thendx/de =1/(2 e2), and so

S(x,€) = (dx/de) (e/x) = 1/(2*0.0015'2) (0.0015416.6667) = 0.8
so if therebate is 10% more dfedive then we thought, then the optimal rebate will be 8%
bigger. A similar computation yields S(y,e) = 0.38 so that if the rebate is 10% more
effedive than we thought, then our optimal profit will be 4% greder.

(c) Suppose that rebates actually generate only a 10% increase in sales per $100. What
isthe effect? What if the response is somewhere between 10 and 15% per $100 of
rebate?

Using the results of part (b), if e deaeases by 33% to 0.0010then we exped the optimal
rebate to deaease by (0.8) 33% = 27% to around $310 We would also exped profits to
go down hy (0.38) 33% = 13% to around $1530 A dired computation (solve the etire
problem again using e=0.0010 yields a similar result: a40% deaease in the optimal
rebate (to $250 and an 11% deaease in profit (to 156250).

(d) Under what circumstances would a rebate offer cause a reduction in profit?

Using the sensitivity results of part (b), if every $1000f rebate results in a sales increase
of lessthan 8.3% then the optimal policy isto offer no rebate. To seethis, note that
currently the optimal profit is 17% higher than with no rebate, and (0.38) 44.7% = 17%.
The arrent rebate dfedivenessise =0.0015and so a44.7% deaease yields 0.00083
Exad cdculations yield a smilar result: if every $1000f rebate results in a salesincrease
of lessthan 6.7% then the optimal policy isto offer no rebate. To seethis, note that by
the formula derived in part (b), the optimal rebate is x = 750-1/(2€), which deaeases to
zeo asedeaeasesto 1/(2*750) = 0.00067

2. Inthe pig problem, perform a sensitivity analysis based on the cost per day of keeping
the pig. Consider both the effect on the best time to sell and on the resulting profit. If a
new feed costing 60 cents/day would et the pig grow at a rate of 7 |bs/day, would it be
worth switching feed? What is the minimum improvement in growth rate that would make
this new feed worthwhile?

In this case we have

y=f(x) =(0.65- 0.01x) (200+ 7 x) - 0.60x
and so f'(x) = (195- 14x) / 100= 0 a around x = 13.9, f (x) = 14358. Thisisthe global
maximum sincef (x) isaparabola. Sincethisis considerably more than the old maximum
of 13320, it isworth while to switch to the new feed.

More generally we have
y=f(x) = (0.65- 0.01x) (200+ g x) - 0.60x

where aurrently g =7. Computethat f'(x) = (65(g-4) - 2 gx) / 100= 0 when
x=65(g-4)/(29



and substitute this badk into the expresson for y to obtain

y=13(13 g'2+56 g+ 208 /(16 9
whichisequal to 13320 when g = 5.26. Thus the new feed would be worth 60 cents per
day aslong asit produced a growth rate of at least 5.26 pounds per day.

3. Reconsider the pig problem, of Example 1.1, but now assume that the price for pigsis
starting to level off. Let

p = 0.65 - 0.01t + 0.00004 t"2 4
represent the price for pigs (centg/lb) after t days.
(a) Graph Eq. (4) along with our original price equation. Explain why our original price
equation could be considered as an approximation to Eq. (4) for values of t near zero.

The following graph shows the new, nonlinea price function along with the origina, linea
pricefunction. The original equation is the tangent line to the new equation at t = 0, and
so the original equation may be mnsidered as an approximation of the new equation for
values of t nea zero.

GRAPH NG UTI LI TY
p =0.65 - 0.01t + 0.00004 t~2

©cooooooo0

o-bwl\)l—‘OI—‘l\)w-bU'I(D\l

] ] ]
coo

10 20 30 40 50 60 70 80 90 100
t

— new p(t) = original p(t)

(b) Find the best time to sell the pig. Use the five-step method, and model as a one-
variable optimization problem.

Step 1: Ask the question.
Exadly the same ain the text p. 5, but now we assume p = 0.65- 0.01t + 0.00004t"2.

Step 2: Select the modeling approach.



We will model this problem as a one variable optimization problem. Seetext p. 6.
Step 3. Formulate the model.

Let x=t and y=P, and write
y =f(x) = (0.65- 0.01 x + 0.00004x"2) (200+ 5 x) - 0.45x.
Our goal isto maximizef(x) over the set of all x >=0.

Step 4. Solvethe model.

Compute that f '(x) = (3 x*2 - 420x + 4000/5000which equals zero at x = 70-
10*SQRT(321)/3 and at x = 70+10*SQRT(321)/3, or at around x = 10.28 and x =
12972. As $own in the following graph, the maximum isat x = 10.28. Although f(x)
increases to infinity as x gets large, thisis beyond the range where our model makes sense.
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Step 5: Answer the question.
According to this model, the optimal policy isto sell the pig after 10 days, for a net profit
of about $134

(c) The parameter 0.00004 represents the rate at which price is leveling off. Conduct a
sengitivity analysis on this parameter. Consider both the optimal time to sell and the
resulting profit.

Generdlizethe model from part (b) and let



y=1(x) = (0.65- 0.01x + ax"2) (200+ 5x) - 0.45x
where arrently a =0.00004 Compute that

f'(x) = (150*a* x"2+x* (4000%*-1)+8)/10=0
at

X = -(SQRT(16000000&*2-12800%+1)+4000%a-1)/(300*q).
Then

dx/de =-(SQRT(16000000&"2-12800%a+1)

+ 6400%a-1)/(300*&"2* SQRT(16000000&"2-12800%a+1))

and so S(x,e) = (dx/de) (e/x) = 0.31. If priceisleveling off 10% faster then we thought,
then we should wait 3.1% longer to sell the pig. A similar computation yields S(y,e) =
0.008so that if priceis leveling off 1000% faster then we thought, then we should wait
8% longer to sall the pig.

(d) Compare the results of part (b) to the optimal solution contained in the text. Comment
on the robustness of our assumptions about price.

There is not much difference between the results in part (b) and the resultsin the text.
Our model is reasonably robust with resped to the assumption that priceisalinea
function of time. Given this, the alded computational difficulty associated with the
quadratic pricemodel is probably not justified.

4. An oil spill hasfouled 200 miles of Pacific shoreline. The oil company responsible
has been given 14 days to clean up the shoreline, after which a fine will be levied in the
amount of $10,000/day. Thelocal clean-up crew can scrub 5 miles of beach per week at
a cost of $500/day. Additional crews can be brought in at a cost of $18,000 plus
$800/day for each crew.

(a) How many additional crews should be brought in to minimize the total cost to the
company? Use the five-step method. How much will the clean-up cost?

Step 1: Ask the question.

Variables: C = number of additional crews
t = time to clean up spill (days)
T = total cost of clean-up ($)
F = fine ($)

Asaumptions. T =500t + (18000+ 800t) ¢ +F
200 =(5/7) (c+1t
F =0 if t<=14
F =10,000(t - 14) if t>14

c isanonnegative integer, and t >=0
Objedive: MinimizeT.

Step 2: Select the modeling approach.



We will model this problem as a one variable optimization problem. Seetext p. 6.
Step 3. Formulate the model.

Leex=cady=T, andwrite
y = f(x) =500(280/ (x+1)) +(18,000+ 800(280/ (x+1))) X
if x>=19o0r
y = f(x) =500(280/ (x+1)) +(18,000+ 800(280/ (x+1))) X
+10,000(280/ (x + 1) - 14)
if x <19. Our goal isto maximizef(x) over the set of nonnegative integers x.

Step 4. Solvethe model.

One way to solve isto minimize over the nonnegative reds, and then spedalizeto the
integers. On 0 <=x < 19we have

f'(x) = 2000%(9*x"2+18*x-1349/(x+1)"2
which is negative on [0, 11.28) and positive on (11.28, 19), so x = 11.28 is the minimum.
Then the minimum over the integers occurs at either x = 11 or at x = 12, and we can
ched that x =11, f (x) = 508333is snaller. On x>= 19 we have

f'(x) = 6000%(3*X"2+6*x+17)/(x+1)"2
which is always positive, and so on thisinterval the minumum occursat x =19, f (x) =
561800 Then the global minimum occursat x = 11.
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Step 5: Answer the question.



According to this model, the optimal policy isto bring in 11 additional crews, resulting in
atotal clean-up cost of around $51Q000. Clean-up will take aound 233 days and the
resulting fine will be aound $93000.

(b) Examine the sengitivity to the rate at which a crew can clean up the shoreline.
Consider both the optimal number of crews and the total cost to the company.

Generdize the model in part (@) to obtain the assumption
200 =r(c+1)t

where aurrently r = (5/ 7) miles per day per crew. Then we have

y = f(x) =500(200/ (r (x+1))) +(18,000+ 800 * 200/ (r (x+1))) x
if x>=19o0r

y = f(x) =500(200/ (r (x+1))) +(18,000+ 800 * 200/ (r (x+1))) x

+10,000(200/ (r (x+1)) - 14)

if x <19. For values of r nea (5/ 7) the minimum should still occur on the interval
(0, 19). Solving

0 =1'(x) = 2000%(9*r*x"2+18*r*x+9*r-970)/(r* (x+1)"2)
yields

X = (SQRT(970)-3*SQRT(r))/(3*SQRT(r))
and so

dx / dr =-SQRT(970)/(6*r(3/2)).
Substituting r = (5/ 7) we obtain

S(x, r) = (dx /dr) (r/ x) =-0.54
so that if the deanup crews are 10% faster than expeded, the optimal number of crews
deaeases by about 5.4%. |If we substitute the formula for the optimal x in terms of r into
the formula for y = f(x) in the cae x < 19, we obtain

y =-2000%79*r-6* SQRT(970)* SQRT(r)-80)/r
and then we can also cdculate

dy / dr = -2000*SQRT(10)* (3* SQRT(97)* SQRT (r)+8*SQRT(10))/r"2
Substituting r = (5/ 7) we obtain

S(y, r) =(dy/dr) (r/y)=-0.88
so that if the deanup crews are 10% faster than expeded, the total cost of clean-up
deaeases by about 8.8%.

(c) Examine the sensitivity to the amount of the fine. Consider the number of days the
company will take to clean up the spill and the total cost to the company.

Generdlize the model in part (a) to obtain the assumption
F —a(t-14) ift>14
where aurrently a =10,000 dbllars per day. Then for values of anea 10,000we have
y = f(x) =500(280/ (x+1)) +(18,000+ 800(280/ (x+1))) X
+a(280/ (x+1) - 14)
if x<19. The optimal number of crewsis x = SQRT(14)* SQRT(a-300)/30-1 and so the
timeto finish the dean-upis



t =280/ (x+1) = 600*SQRT(14)/SQRT (a-300)
and then we can compute that at a=10,000we have

S(t,a) = (dt/da)(alt) = (-300*SQRT(14)/(a-300"(3/2))* (alt) = -0.52
so that if the fine is raised by 2% then the deanup time should deaease by about 1%.
Substituting the optimal formulafor x in terms of ainto the equetion for y above, we
obtain

y = 2*(600*SQRT(14)* SQRT (a-300)-7*a+103000Q

dy/da =2*SQRT(7)* (300*SQRT (2)-SQRT(7)* SQRT(a-300))/SQRT (a-300)
so that at a =10,000we have

S(y,a) = (dy/da)(aly) = 0.17
which meansthat if the fine isincreased then the total cleanup cost to the company will go
up by about 1.7% for ead additional $1,000 per day of fine.

(d) The company hasfiled an appeal on the grounds that the amount of the fineis
excessive. Assuming that the only purpose of the fine is to motivate the company to clean
up the oil spill in a timely manner, is the fine excessive?

Reasonable answerswill differ on this question. On the one hand, the fine is only 19% of
the total cost, and if the fine were reduced by 50% then the number of daysto clean up the
spill would increase by about 25% and it would only save the company about 8.5% of the
total cost. So the anount of the fine does not seem excessve. On the other hand, if the
14 day limit were extended to 21 days, cleanup would proceal exadly as before, only the
company would save $70,000. So in thiscasethe 14 day limit does seem excessve.

5. Itisestimated that the growth rate of the fin whale population (per year) is

r x(1-x/K), wherer = 0.08 isthe intrinsic growth rate, K = 400,000 is the maximum
sustainable population, and x is the current population, now around 70,000. It is further
estimated that the number of whales harvested per year isabout .00001 E x, where E is
the level of fishing effort in boat-days. Given a fixed level of effort, population will
eventually stabilize at the level where growth rate equals harvest rate.

(a) What level of effort will maximize the sustained harvest rate? Model as a one-
variable optimization problem using the five-step method.

Step 1: Ask the question.

Variables: X = population (whales)
E = level of effort (boat-days)
g = growth rate (whales per yea)
h = harvest rate (whales per yea)
Asaumptions: =0.08x (1-x/400000

o Q

=.00001E x
g =h, x>=0,E>=0



Objedive: Maximizeh.

Step 2: Select the modeling approach.

We will model this problem as a one variable optimization problem. Seetext p. 6.
Step 3. Formulate the model.

Let y=h, andwrite
y=f(x) =0.08x (1 - x/ 400,000).
Our goal isto maximizef(x) over the interval x >=0.

Step 4. Solvethe model.

Computef '(x) = 0 at x =200000, f(x) = 8000and sincethe graph of f(x) is a parabola
we know thisis the global maximum.

Step 5: Answer the question.

According to this model, the optimal policy isto harvest 8000whales per yea, which
requires controlling the level of effort at 4000boat-days per yea. Thiswill maintain the
population of whales at 200000which is higher than the aurrent population. This
indicates that in the past the harvesting rate has exceeded the optimum level aceording to
this model.

(b) Examine the sengitivity to the intrinsic growth rate. Consider both the optimum level
of effort and the resulting population level.

Generdlize the model in part (@) to dbtain the assumption
g =rx(1-x/400000
where arrently r = 0.08. Then we have
y=1(x) =rx (1-x/400000
and the optimum is gill at x = 200,000 but now f(x) = 100,000r which leals to
E =50,000r. Then
S(x,r =0
SE,nN=1

because x does not depend onr, and E is proportional to r.

(c) Examine the sensitivity to the maximum sustainable population. Consider both the
optimum level of effort and the resulting population level.

Generdizethe model in part (a) to obtain the assumption
g =0.08x (1-x/K)

where aurrently K = 400000 Then we have
y=1(x) =0.08x (1 - x/K)



and theoptimum isat x = K / 2, f(x) = 0.02 K which leadsto
E=400Q Then

Sx,K)=1

S(E,K)=0
because E does not depend on K, and x is proportional to K.

6. In problem 5, suppose that the cost of whaling is $500 per boat-day, and the price of a
fin whale carcassis $6,000.

(a) Find the level of effort that will maximize profit over the long term. Model as a one-
variable optimization problem using the five-step method.

Step 1: Ask the question.

Variables: X = population (whales)

E = level of effort (boat-days)

g = growth rate (whales per yea)
h = harvest rate (whales per yea)
R = revenue (dollars per yea)

C = cost (dollars per yea)

P = profit (dollars per yea)
Asaumptions. ¢ =0.08x (1-x/400000
h = .00001E x

R = 6000h

C =500E

P =R-C

g =h, x>=0,E>=0

Objedive: Maximize P.

Step 2: Select the modeling approach.

We will model this problem as a one variable optimization problem. Seetext p. 6.
Step 3. Formulate the model.

Setting g= h we seethat
E= 0.08(1-x/400000 /.00001
= 8000- .02 x
Let y=P, and write
y = f(x) = 6000(.00001E x) - 500E
=(.06x - 500 E
=-.0012x"2 + 490x - 4,000000.
Our goal isto maximizef(x) over the interval x >=0.



Step 4. Solvethe model.

Computef '(x) =0 at x = 204,167, f(x) = 4.60208*10'7 and sincethe graph of f(x) isa
parabola we know thisis the global maximum.

Step 5: Answer the question.

According to this model, the optimal policy isto harvest 7997whales per yea, which
reguires controlli ng the level of effort at 3917boat-days per yea. Thiswill maintain the
population of whales at 204,167 and will net the industry an annual profit of around 46
million dollars.

(b) Examine the sengitivity to the cost of whaling. Consider both the eventual profit in
$/ year and the level of effort.

Generdlize the model in part (a) to dbtain the assumption
y = f(x) = 6000(.00001E x) - w E
=(.06x-w)E
=-.0012x"2 + (480+.02w) x - 8000w.
where arrently w = 500 Then the optimum isat x = 200000+ 25w/3,
P=f(x) = (1/12) (w - 2400072 which leadsto E = (24000- w)/6. Then
S(P, w) = (dP/dw) (w/P) =-0.04
S(E , w) = (dE/dw) (W/E) =-0.02
so if the st of whaling goes up by 10% then the optimal profit deaeases by 0.4% and
the optimal level of effort deaeases by 0.2 %.

(c) Examine the sensitivity to the price of a fin whale carcass. Consider both profit and
level of effort.

Generdizethe model in part (a) to dbtain the assumption
y =f(x) = ¢ (.00001E x) - 500E
= (.00001cx - 500 E
= -(c¢/5,000,000 x*2 + (2c/25+ 10) x - 4,000000.
where aurrently ¢ =600Q Then the optimum isat x = 200000(c + 125/c,
f(x) = 8000( c*2 - 250c +15629 / c which leadsto E =400Qc-125/c. Then
S(P, ¢) = (dy/dc) (cly) = 1.04
S(E , ¢) = (dE/dc) (c/E) = 0.02
so if the price of afin whale cacassgoes up by 10% then the optimal profit increases by
about 10.4% and the optimal level of effort increases by 0.2 % .

(d) Over the past 30 years there have been several unsuccessful attempts to ban whaling
worldwide. Examine the economic incentives for whalers to continue harvesting. In
particular, determine the conditions (values of the two parameters: cost per boat-day and
price per fin whale carcass) under which harvesting the fin whale produces a sustained
profit over the long term.



From part (b) we seethat the optimal profit is P = f(x) = (1/12) (w - 24000”2 at $6000
per carcass so that the industry makes a profit whenever the st of whaling is below
$24,000 per boat-day. From part (c) we seethat P = 8000( ¢"2 - 250¢ +15625 /¢
at $500 per boat-day, in which case the industry makes a profit whenever the price per
cacassexceals $125 It isdifficult analyticdly to consider the optimal P as a function of
both ¢ and w together, but using our sengitivity results we have gpproximately that

P =46,000000+ 1.04 (46,000'6) (c-6,000) - 0.04 (460,0005) (w-500)
and then P>0 whenever ¢ >6w/13 or in other words the industry makes a profit as long as
the price of afin whale cacassis a bit more than half of the st per boat-day of whaling.
Thusthere isavery strong profit motive to continue whaling.

7. Reconsider the pig problem of Example 1.1, but now suppose that our objectiveisto
maximize our profit rate ($/day). Assume that we have already owned the pig for 90 days
and have invested $100 in this pig to date.

(a) Find the best time to sell the pig. Use the five-step method, and model as a one-
variable optimization problem.

Step oneisthe same asinfigure 1.1 of the text, except that we add a new variable Q =
profit per day ($/day), we ssume C =100+ 0.45t, Q =P/ (t + 90), and our objedive is
to optimize profit per day. Thisisaone variable optimization problem. Lettingx =t and
y=1(x) =Q we aeto find the maximum of the function

f () =((200+ 5x) (0.65- 0.01x) - (100+ 0.45Xx)) / (x + 90)
over the set of al nonnegative x. The graph indicates a maximum around x = 4.5,
f (x) =0.345
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f'(X) = -(x"2+180*x-840)/(20*(x+90)"2) = 0
at x = 2*SQRT(2235-90 or approximately x = 4.55. Then the farmer should sell the pig
in4 or 5 days to maximize profit per day, or the rate & which the farmer eans income.

(b) Examine the sengitivity to the growth rate of the pig. Consider both the best time to
sell and the resulting profit rate.

Let g denote the growth rate of the pig, where aurrently we asume g =5 Ibs/ day. Now
we ae to find the maximum of the function
f () = ((200+ g x) (0.65- 0.01x) - (100+ 0.45Xx)) / (x + 90)
over the set of al nonnegative x. Compute
f'(X) = -(g*x"2+180*g*x-150*(39*g-167))/(100*(x+90)"2) = 0
at
x = 5*SQRT(6)* (SQRT(93*g-167)-3* SQRT(6)* SQRT(9))/SQRT(9)
and then at g = 5 we have
S(x, g) = (dx/dg) (g/x) =4.82
so that if the pig grows 1% faster than expeded, we should wait 5% longer to sell the pig.
Substituting into y = f(x) we can also compute that

S(y, g) = (dy/dg) (g/y) = 0.42
o that if the pig grows 10% faster then expeded we should gain an additional 4% profit

per day.

(c) Examine the sensitivity to the rate at which the price for pigsisdropping. Consider
both the best time to sell and the resulting profit rate.

Let r denote the rate & which priceisfalling, where arrently r = 0.01 ($/day). Thenwe
are to maximize

f () =((200+ 5x) (0.65- r x) - (100+ 0.45Xx)) / (x + 90)
over the set of al nonnegative x. Compute

f'(X) = -(5*r*x"2+900*r* x+6* (3000%*-37))/(x+90)"2 = 0
at

x = SQRT(30)* (SQRT(3750%+37)-15*SQRT(30)* SQRT(r))/(5* SQRT(r))
and then at r = 0.01 we have

S(x, r) =(dx/dr) (r/x)=-5.16
so that if the price drops 1% faster than expeded, we should sell the pig 5% sooner.
Substituting into y = f(x) we can also compute that

S(y,r)=(dy/dr) (r/y)=-0.31
so that if the price drops 10% faster then expeded then we will | ose @out 3% of our
expeded profit per day.

8. Reconsider the pig problem of Example 1.1, but now take into account the fact that the
growth rate of the pig decreases asthe pig getsolder. Assume that the pig will be fully
grown in another five months.



(a) Find the best time to sell the pig in order to maximize profit. Use the five-step
method, and model as a one-variable optimization problem.

The results of step one aethe same ain figure 1.1 of the text, except that now we

asume the growth rate of the pig isr (lbs/day) wherer =5 -t/ 30 so that the weight

w (Ibs) of the pig after t daysisw =200+ (5-t/ 30) t. Thenwe neal to maximize
f(x) = (200+ (5-x/30) x) (0.65- 0.01x) - 0.45x

over the set of all nonnegative x. The graph indicates a maximum around X = 6,

f(x) =132
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We mompute that

f'(x) = (3*x"2-430*x+2400/3000= 0
at x = 2153-5*SQRT(1561)/3 = 5.82 so that f (x) = 13229. Then the farmer should sell
the pig after 6 days, and the expeded net profit will be éout $132

(b) Examine the sensitivity to the time it will take until the pig isfully gromn. Consider
both the best time to sell and the resulting profit.

We generalize our previous model. Let adenote the rate & which the growth of the pig
dows. Currently a =1.0 Ibs/day per month. Now the problem is to maximize

f(x) = (200+ (5-ax/30) x) (0.65- 0.01x) - 0.45x
over the set of all nonnegative x. For values of anea 1.0 the maximum should occur a a
point nea x = 6 wheref '(x) = 0. We compute that

f'(x) = (3*a*x"2-10*x* (13*a+30)+2400/3000= 0
at x =-5*(SQRT(169*a"2+492*a+900)-13*a-30)/(3*a). Thenat a =1.0 we have

S(x, @ = (dx / da) (a/ x) =-0.28



so that if the pig stops growing 10% sooner than expeded, then we should sell the pig 3%
sooner. Substituting into the formulafor y = f (X) we may also compute that

S(y, @) = (dy/ da) (a/y) =-0.005
so that the resulting profit is almost totally insensitive to the rate & which the pig stops
growing. This makes ense becaise the growth rate of the pig will not change much in the
6 or so days until we sell.

9. A local daily newspaper with a circulation of 80,000 subscribersisthinking of raising
its subscription price. Currently the priceis $1.50 per week, and it is estimated that the
paper would lose 5,000 subscribers if the rate were to be raised by 10 cents/week.

(a) Find the subscription price that maximizes profit. Use the five-step method, and
model as a one-variable optimization problem.

Step 1: Ask the question.

Variables: = subscription price ($/paper)
= number of subscriptions (papers)

= profit ($)

T wo

Asaumptions. s = 80000- 50000(p - 1.50)
P =ps
S >=0
p  >=0

Objedive: Maximize P.
Step 2: Select the modeling approach.
We will model this problem as a one variable optimization problem. Seetext p. 6.
Step 3: Formulate the model.
Letx=pandy =P, andwrite
y = f(x) = x (80000- 50000(x - 1.50)).
Our goal isto maximizef(x) over theinterval [0, 3.10] sincethese ae the only values of x
that satisfy both s>=0and p>=0. In other words, price canot be negative, and
acording to our model the number of subscriptions drops to zero when priceisraised to
$3.10.
Step 4. Solvethe model.

A graph of the function f (x) shows that the maximum occurs at around x = 1.5 and
f (x) = 120000
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Compute f '(x) = 5000%31-20*x) = 0 at x = 31/20 = 1.55, f(x) = 120125which isthe

global maximum.

Step 5: Answer the question.

According to this model, the optimal policy isto raise the price of the paper by 5 centsto
$1.55 per week. Theresulting profit (actualy it is revenue since we have not acmunted
for any costsin our model) is $12Q0125 per week as opposed to $120000 currently.

(b) Examine the sensitivity of your answer in part (a) to the assumption of 5,000 lost
subscribers. Calculate the optimal subscription rate assuming that this parameter is
3,000, 4,000, 5,000, 6,000, or 7,000.

We reped the a&ove procedure with the parameter 10 n = 50000replaced by 3000Q ...
to abtain the following results:

n X y
3000 2.08 130210
4000 1.75 122490
5000 155 120125
6000 142 120410

7000 1.32 122220



(c) Let n= 5,000 denote the number of subscribers lost when the subscription price
increases by 10 cents. Calculate the optimal subscription price p as a function of n, and
use this formula to determine the sensitivity Sp,n).

Now we neal to maximize

f (x) =x (80000- 10n (x - 1.50))
where aurrently n=500Q For values of n nea 5000the maximum should occur at the
point nea x = 1.50wheref '(x) = 0. We cdculate that

f'(x) = -5*(4*n*x-3*n-16000 =0
a p =x=(3*n+16000Q/(4*n). Then at n=5000we find that

S(p, n) = (dp/dn) (n/p) =-16000(3*n+1600Q =-16/31=-0.52
so that if the number n of lost subscriptions for a 10 cent priceincrease is 20% higher than
expeded, then the optimal priceis about 10% lower. Thisisin rough agreament with the
results of part (b) above.

(d) Should the paper change its subscription price? Justify your conclusionsin plain
English.

The newspaper should not make a diange in its subscription price based on the results of
thismodel. The dhart in part (b) showsthat for current estimate of n =5000we ae
aready very close to the optimal subscription price. Infad the results of part (a) show
that we ae within 5 cents. If we did raise the price by 5 cents we would only increase our
revenue by an estimated $125or about 0.10 percent. The likely magnitude of error in our
estimate of nis probably at least 10 or 20 percent, and so in fad the optimal price may be
dightly higher or lower than the arrent price of $1.50 per week.



