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Chapter 2

Problem 2.1

1)
0o N
€ = / z(t) =Y cigi(t)
o i=1

0o N N
-/ (rc(t) =S aiqsi(t)) (z*(t) -3 a;¢;<t>) dt
—© i=1 ]

7j=1
= / |lz(t)|?dt — Zai/ Gi(t)z*(t)dt — Y o () (t)dt
e i=1 - j=1 oo
N N oo
—i—ZZaiaj/ i(t)rdt
i=1j=1 -
_ / o (t)2dt + 3 o - Zai/ bty (B)dt — S a;/ () (t)dt
> i=1 i=1 o j=1 >

Completing the square in terms of «; we obtain

e_/ |dt— / c(Oetrdt]

The first two terms are independent of a’s and the last term is always positive. Therefore the

minimum is achieved for -
; = / S5 (D) (8)dt

dt

which causes the last term to vanish.

2) With this choice of a;’s

¢ = [ law) KDY / bt

-/ |x<t>\2dt—z|ai12
e i=1

Problem 2.2
1) The signal x;(t) is periodic with period Ty = 2. Thus

1 .
T, = /A e 12T EtdE = /A(t)efj’mtdt

= 5/ (t+ 1)e 7™t + = / —t 4 1)e 7™t
-1
. 0
+ J e*jﬂ'nt

1/5 . 1N
= (L4 —gmnt ]ﬂ'nt>
2 (Wn c + m2n2¢ 1 2mn

1/ 1 N
S A —jmnt - ]wnt)

2 <7Tn ¢ + m2n2° 0 2mn
1 1

m2n2  272n2

-1
. 1

+ J eijmt

0

(ejﬁn + e—jﬂ'n) _

3,2 (1 — cos(mn))



When n = 0 then
L / Ayt = L
€T = — _ —
L0 =5 . 5

Thus

(mn)) cos(mnt)

2) xo(t) = 1. It follows then that x99 =1 and z3, =0, Vn # 0.

3) The signal is periodic with period Ty = 1. Thus

1 To . 1 .
T3n = 7/ ele 72t gt — / e(=a2mn+1)t gy
To Jo 0
S S e it |
—j2mn + 1 0 —j2mn + 1
e—1 e—1

1 —j2mn \/1+47T2n2( +J2mn)

4) The signal cos(t) is periodic with period T3 = 2w whereas cos(2.5t) is periodic with period
Ty = 0.87. It follows then that cos(t)+ cos(2.5¢) is periodic with period 7" = 4x. The trigonometric
Fourier series of the even signal cos(t) + cos(2.5¢t) is

o0
cos(t) + cos(2.5t) = Z Qi COS QWTt)
— 0

= n
= E ay, cos(—=t)
— 2
n=1

By equating the coefficients of cos(%t) of both s1des we observe that a, = 0 for all n unless n = 2,5

in which case as = a5 = 1. Hence 42 = 245 = 5 and x4, = 0 for all other values of n.

5) The signal z5(¢) is periodic with period Tp = 1. For n =0

1

1 1
w0 = [ (=t+1dt= (58 +1)
0

0o 2
For n#0
1 )
P / (—t + 1)e 92ty
0
. 1 - 1
J —j2mnt 1 —j2mnt J —j2mnt
Y = I ]
(27m ¢ * 4n2n2© ) 0+ 9n* 0
_ I
2mn
Thus,
=243 L nomne
x == — sin 27mn
b 2 ™ "

6) The signal z4(t) is periodic with period Ty = 27". We can write x¢(t) as

z6(t) = Z 5(t —n2T) — Z 5(t — T —n2T)

n=—oo n=—oo



1 e.¢]

(e.o]
- = 3 ejw%t_% S )

n=-—oo n=—oo
_ i i(l _ efjﬂn)ejQﬂ'%t
n=-—00 2T

However, this is the Fourier series expansion of z¢(t) and we identify x¢ , as

7) The signal is periodic with period T'. Thus,
Trnm = /_75/ Je —j2m it gy
= f(—l);ie_]?“ t . «72T7;”

8) The signal xg(t) is real even and periodic with period Ty = ﬁ Hence, x5, = ag /2 or

1

Ty, = 2f0/ f cos (27 fot) cos(2mn2 fot)dt

4f0
_1 L
_ fo/ f cos(27 fo(1 + 2n)t )dt+f0/ " cos(2m fo(1 - 2n)t)dt
4fo 1fo
1 . 4f 1 4}
L sin@rfo(l 4+ 2000 4 ——sin(2nfo(1 — 20)8)| P

- (_;)n {(1 +12n) T —12n)]

9) The signal zg(t) = cos(27 fot) + | cos(2m fot)| is even and periodic with period To=1/fo. It is
equal to 2cos(27 fot) in the interval [—ﬁ, ﬁ] and zero in the interval [4f T 3_]. Thus
1
4
To, = 2f0/ flo cos(2m fot) cos(2mn fot)dt

_%
1

- fo/T cos(2nfo(1+m)dt + fo [ 77 cos(zrfo(1 — )it
5 —I5

1 : 75 - 7
= ——sin(27fg(1 +n)t)] 1® + —————sin(27 fo(1 — n)t)| °

= 7r(11+n) sin(g(l +n))+ ) sin(g(l —n))

Thus xg,, is zero for odd values of n unless n = %1 in which case xg 41 = % When n is even
(n = 2l) then
(-1 1 1

TOA= T Ty T 19




Problem 2.3
It follows directly from the uniqueness of the decomposition of a real signal in an even and odd
part. Nevertheless for a real periodic signal

x(t) = 5 0 + Z {an COS(QW?t) + by, sin(2 W?t)

n=1

The even part of z(t) is

JUe(t) = x(t)_;x(_t)
— ;( +n2:1an cos(27r?t)+cos( 27Tf0t))

+oa(sin(2m 1) + sin(—27r£)t)))

= % + ; an cos(27rT£0t)
The last is true since cos(#) is even so that cos(#) 4 cos(—6) = 2 cos 6 whereas the oddness of sin(6)
provides sin(#) + sin(—60) = sin(#) — sin(f) = 0.
The odd part of z(t) is
z(t) — x(-t)
2

> n
Z by, sin(QW?t)
n=1 0

xo(t) =

Problem 2.4
a) The signal is periodic with period T. Thus

= —t ,—j2m % tdt / —(j2mE+1) tdt
Tn T/ e e T

— 67(327rT+1) _ 1 [67(j271'n+T) o 1}
T(]Q?TT—i-l) o j2mm+T
1 T — j52mn
= —— N-—eN=— 27" 11_¢T7T
j27m—|—T[ e T2 +47r2n2[ e
If we write x,, = % we obtain the trigonometric Fourier series expansion coefficients as
2T _T 4mn -T
an:T2+47r2n2[1_e ) bn:T2+47r2n2[1_€ ]

b) The signal is periodic with period 2T. Since the signal is odd we obtain g = 0. For n # 0
" 2T 2T )1 T

= 2T2/ te IT Tt

_ 1 JT pe—iTRt o 7 o—imikt g
o2 2n? -7
2 2 2 2
_ 1 ]T 7j7rn_+_ T 6*]'71'” + ﬂejﬂ'n _ Lejﬂn
272 m2n2 ™ m2n2
J n
- L4
—-(=1)



The trigonometric Fourier series expansion coefficients are:

anp =0, bn, = (_1>n+li
™

c) The signal is periodic with period T'. For n =0

1 [z 3
== t)dt = =
ro= 7 [ =3
If n # 0 then
1 2
2 4 n
T = _Zw(t)e 2ty
2
1 % : n 1 % N n
- —j2m =t - —j2m it
_T,Ze Tdt+T/,Z€ T dt
2 4
. T . T
_ I gempe|? i J et
2mn _T  27n _T
2 4
o J —jmn __ _jmn —jr2  —gmZ
= —271_” {e e +e 2 —e 2}
1 n 1. n
= 5111(775) = §SIHC(§)

Note that z,, = 0 for n even and x9;11 = m(—l)l. The trigonometric Fourier series expansion

coefficients are:

2

% (1) =

ap =3, ,ay =0, a4 =

d) The signal is periodic with period T'. For n =0

1 (T 2

If n # 0 then
Ty = ;/()Tx(t)eﬂ“;tdt = ;/og %te*j%%tdt
—|—% /;3T eI Tt 4 ;/;(—;t + 3)e 12Tty
3 3
+27jrne_ﬂﬂ?t T %%e_ﬂﬁ%t 2z
= gl -1
The trigonometric Fourier series expansion coefficients are:
ag = %, ap = %[cos(%%) —1], b,=0, Vn



e) The signal is periodic with period T'. Since the signal is odd zg = a9 = 0. For n # 0

Ty =

x(t)dt = 1o —e 2Tt
T ).
2
T

4

7 4 I 1 /2 oon
+— —j2mzt —j2m it
T/ZTte Tt T/Te Tt

T
1 /74T _ .5 n,\|74 1 /4T _.on
Bl Al P e 12 S (S et
T (27m€ > ‘_g + T (277716 )

o [(_1)71_25“1(”2")] _J [(—1)"—sinc(n)}

™ ™ ™ 2

For n even, sinc(y) = 0 and x,, = 2. The trigonometric Fourier series expansion coefficients are:

0. V. b { — n =2l
an = U, n, n = 9 9(—1)!
w(20+1) [1+ W((QH)I)} n=2+1

f) The signal is periodic with period 7. For n =0

1 (%
xo = —/ z(t)dt =1
T g
Forn #0
10 3 _— 1 (5, 3 om
= = — —j2m gt il _ 2 —j2mit
Ty = T/_g(Tt+2)e Tdt+T/0 ( Tt+2)e T'dt
_ 3 ]T —j2m 2t T2 —j2m 2t 0
T (27mte o 4n2n2© ! z
T
3 (T e . T°  pen\[F
e (27mte T An2n2© o 0
. . T
2T o i2m it ° —l—z jT oJ2m it
T 2mn -T T 2mn 0
3 1 2™ 1 . 2mn
= [2 - C°S<3>} o sl

The trigonometric Fourier series expansion coefficients are:

3 1 2mn 1 . 2mn
ap=2, ap=2 [W <2 - cos(S)) + — sm(3)} , b,=0,Vn

™m
Problem 2.5
1) The signal y(t) = z(t — to) is periodic with period T' = T.
1 a+Tpy o n
Yn = f/ x(t —to)e 2 Lat
0Ja
1 a—to+Tp i
= To/ t z(v)e 72 (v+to)dv
a—to
_iogn 1 a—to+To _iopn
= 72 TotOTO/ t z(v)e 10 dy
a—to
_ xne*jQﬂ'TﬂOto



where we used the change of variables v =t — tg

2) For y(t) to be periodic there must exist 7' such that y(t + mT) = y(t). But y(t + T) =
x(t + T)el?fotei2mfoT so that y(t) is periodic if T = Ty (the period of x(t)) and foT = k for some
kin Z. In this case

1 a+Ty oMy .
Yn = To/ x(t)e P25t gi2m fot gy
1 a+Ty o _(n—k)
- T/ w(t)e T dt = 2,y
0

3) The signal y(¢) is periodic with period T' = Tp/cv.

Yn = T/ y(t)e 2Tt = To/ z(at)e A

1 [BatTy _
= o [ e P e =,
0

where we used the change of variables v = at.

4)
1 a+To —j)2m -t
wo= [ A0
1 —j2m -t at+To 1 a+To 21 -t
— (e ——/ —i2 Tt
To (t)e a To Ja J 7TTO)6
n 1 a+Ty —iom g
= j27TTOTO/a t)e 7T dt —]271'?1’71
Problem 2.6
1 a—+T1p 1 a+Ty oo 327rn 27rm
To/a xty(t)dt:TO/a an To ZyeTO dt
n=-—o0o m=—o00
0 0 1 a+Tp j27r(n—m)t
= Z Z Tl = e To dt
n=—00 M=—00 TO @
o0 o0 oo
n=—00 Mm=—00 n=-—oo
Problem 2.7
Using the results of Problem 2.6 we obtain
1 a+Ty 0
7/ s Wit = Y |anf?
To Ja n=-—00

Since the signal has finite power

1

a+Ty
7/ l2(8)|2dt = K < oo
TO a

Thus, >0°  _ |7,|?> = K < co. The last implies that |z,| — 0 as n — oo. To see this write

Z |73n|2 Z |33n|2+ Z ‘xn’2+ Z |$n‘2

n=—oo n=—oo



Each of the previous terms is positive and bounded by K. Assume that |z,|? does not converge to
zero as n goes to infinity and choose € = 1. Then there exists a subsequence of x,,, =, , such that

|z, | >€e=1, forny > N > M
Then

o0 o0
Z iz |* > Z iz |* > Z|xnk|2 =0

This contradicts our assumption that Y o2 ,, |:z:n\2 is finite. Thus |z,|, and consequently x,,, should
converge to zero as n — 00.

Problem 2.8
The power content of z(t) is

1 dt = = [ a(o) 2t
Po= Jim o [ le)Pde = o [ lato)

But |x(t)|? is periodic with period Tp/2 = 1 so that

N

NH

9 [To/2 2 To/2 4
P, =~ HPdt = =t} =<
= [ P = | T =
From Parseval’s theorem
1 a+T o0 a2 1 [e'e)
Pom o [T aOPd = Y fal = P45 Y (@ +2)
To Ja 4 4 2 —
n=-—oo n=1
For the signal under consideration
4 2
I n odd b — ) " n odd
" 0 n even " 0 neven
Thus,
1 1 5 1 e 9
3 7 2 Z “ T3 Z b
n=1 n=1
8 & 1 2 = 1
J— . + P
m g 204+ 1) w2 g (20 +1)2
But,

= —
= (2l+1) 8
and by substituting this in the previous formula we obtain

[e.9] 1 4

27 _T
—(20+1)t 96

Problem 2.9
1) Since (a — b)? > 0 we have that

with equality if a = b. Let



Then substituting «;/A for a and (3;/B for b in the previous inequality we obtain

aZﬁZ 777,_'_77
AB~2A2 " 2B?

with equality if % = % =k or o; = kf; for all i. Summing both sides from ¢ = 1 to n we obtain

n n 2 n 2
; B; 1 af 1 '
25 S sl m ok
i=1 i=1 i=1
1 & 1 - 1 2
- — N B
242 ;O" T ope ;ﬂ T
Thus,
FEPICCEIES R SR o
i=1 i=1 i=1 i=1
Equality holds if a; = kG;, fori=1,...,n
2) The second equation is trivial since |z;yf| = |z;||yf|. To see this write x; and y; in polar
coordinates as x; = py, /% and y; = py,e?%i. Then, |z;yF| = |pu, py, €70 =0 | = pu.py, = |xillyi] =

|zi||y;|. We turn now to prove the first inequality. Let z; be any complex with real and imaginary

components z; g and z; ; respectively. Then,
2 n 2 " 2
- (z R) + (z )
i=1 i=1

n n
= > (2i.r%m,R + Zi1%m,1)
=1 m=1

Since (2i,RZm.1 — #m,r%i.1)> > 0 we obtain
(zi,RZm.R + Zi2m1)? < (ZE,R + ZiQ,I)(Z?n,R + Z?%l,[)

Using this inequality in the previous equation we get

(2i,R%m,R + Zi,1%m.1)

|
AM:
NE

s
Il
—
i
—_

2 2 \1,.2 2 1
(zirt2i0)2(zmp+ 2m1)?

2
= 1 - 1 - 1
S 2t 22, ) (zuzn,wzma) _ (zuzwzm)

IA
M-
NE

@
I
~
3
I
A

Il
/\

i=1 m=1 i=1
Thus
2 n 2 n
1
[ <(Serant) o [$of <3
=1 =1
The inequality now follows if we substitute z; = z;y;. Equality is obtained if ZZ’Z—’; = Z”n’; = ky or

[z = Lzgm = 0.
3) From 2) we obtain

3
iYi

2 n
<D lwillyil
i=1




But |z;|, |y;| are real positive numbers so from 1)

=
N|=

IN

n
> |aillyil
=1

Combining the two inequalities we get

]

2

[NIE
[NIE

n n n
Ziﬁzyf < [Z $i|2] [Z \%\21
i=1 i=1 i=1
From part 1) equality holds if a; = kf; or |2;| = k|y;| and from part 2) z;yf = |zy}|e’. Therefore,

the two conditions are
\iﬁz’\ = k\yi\

which imply that for all ¢, x; = Ky; for some complex constant K.

3) The same procedure can be used to prove the Cauchy-Schwartz inequality for integrals. An
easier approach is obtained if one considers the inequality

|z(t) + ay(t)] > 0, for all «

Then
0 < [l +ayola= [ @) +ay®)e @) +aty (@)

= /Z|x(t)2dt+a/z x*(t)y(t)dt+a*/ (t)y* (t)dt + |a|2/o:o|y(t)|2dt

[e.o]

The inequality is true for [0 2*(t)y(t)dt = 0. Suppose that [0 z*(t)y(t)dt # 0 and set

S5 (@) dt

Sz (t)y(t)adt
Then, . 2
Y AT [J25 [z(@®)12dt]? [0, [y(t)]dt
0% - [ a0 S
and

‘/_O:O a:(t)y*(t)dt‘ < U_O:O |$(t)\2dtr U_O:o Iy(t)Pth

Equality holds if z(t) = —ay(t) a.e. for some complex «.

Problem 2.10
1) Using the Fourier transform pair

poll £, 20 22 1
a? + (2mf)?  4m? o5y f2

and the duality property of the Fourier transform: X (f) = Flz(t)] = z(—f) = F[X ()] we obtain

2c
Qﬁ)f

With o = 27 we get the desired result

}_{1+t2} e

1

2
&

e

10



Flz(t)] = FI(t —3) + (¢t + 3)]
= sinc(f)e*j?”f3 + sinc(f)eﬂ”f?’
= 2sinc(f) cos(273f)

Fla(t)] = FIAQt+3)+ A3t — 2)]

= FIAQU+ )+ AG(E -~ 2)

1 . 1 '
= §Sin02(£)e]”f3 + fsinc2(§)e—327rf%

4) T(f) = Flsinc®(t)] = F[sinc?(t)sinc(t)] = A(f) » II(f). But

/ TOAG — )0 = |7 A(f — )8 /fHéA(v)dv

1
2

3
For f§—§:>T(f):O
3 1 f+3 1 f+3 3 9
Fi —— < —= T(f) = 1dv = (=02 242 =z
o s<f<y =T = [ Cwrnd=Getau)| T=5r i
1 1 0 f+3
For —§<f§§:>T(f):/l(v+l)dv+ (=0 +1)dv
f=3 0
1 0 1 I+3 3
_(§v2+v)fil+(—§112+v)o 2_—f?+Z
2
1 3 1 1 1 1 3,09
Fi = < = T(f) = - Ddv = (— =02 ——-f_ 2 =z
o G <IS3= 1= [ e o= (gt )| =5 - 5r g
3
For §<f:>T(f):O
Thus,
0 f<—3
ey Sf<fs-d
T(f)=q —f*+4 —3<f<3
e R EIt
0 s<f
5)

Fltsinc(t)] = %f[sin(ﬂt)] = 2% [5(f + %) —0(f — ;)}

The same result is obtain if we recognize that multiplication by ¢ results in differentiation in the
frequency domain. Thus

Fltsinc] = 2]7Tde(f) = 2L { (f + ) 6(f — 1)}

11



Fltcos(2mfot)] = QJCZC ( 0(f — fo)+ 5(f+f0)>
- j (0'(f — fo) +8'(f + o)
7)
altl ¢og 1 20 20
7l O01=5 | @ s anr = L) @r(f+2)) ]
8)
—alt . j d « «
Flte= M cos(pt)] = o df <a2+(27r(f—2ﬂ,r))2 a2+ (27 (f + L))
_ 2ar(f — %) 2am(f + 5-)
2
(2 +@r(f = £)°) (a2 +@n(f +£)?)
Problem 2.11
Flplot+ )+ 030 = [ 50+ 3)+ - e ar
= %(e i 4 eIy = cos(nf)

Using the duality property of the Fourier transform:
X(f) = Flz(t)] = «(f) = F[X(-1)]
we obtain 1 1 1
Fleos(—mt)] = Flcos(mt)] = 5((5(]" + 5) +4(f — 5))
Note that sin(wt) = cos(nt + §). Thus

1

1 1 1. .
= 5607 +5) +6(f = 5 )ei™

1 .1 1 1 1 1
— _pJT3 _ oTITS _
5¢ 25(f+2)+2e 26(f 2)

_J Ly 1
= 55(f+5) - 55(f— 5)

Flsin(nt)] = Flcos(m(t +

Problem 2.12
a) We can write z(t) as z(t) = 2II(%) — 2A(%). Then

Fla(t)] = ]—"[211(3)] _ ]—"[2A(%)] _ Ssinc(4f) — 4sinc(2f)

x(t) = 2H(£) — A(t) = Flz(t)] = 8sinc(4f) — sinc?(f)

12



o0 . 0 ) 1 4
x() = [T ewer = [ aane s [ ner

—0o0

_ (jHl) ciempt| o I gt
2w f  4m2f2 1 2nf

+<j t+ ! >ef2”ft1
2rf 4m2f2

= 25 =sin(xf)

) ot !
——e
o 2nf 0

d) We can write z(t) as z(t) = A(t+ 1) — A(t — 1). Thus

X(f) = sinc?(f)e’?™ — sinc?(f)e 2™ = 2jsinc?(f) sin(2n f)

e) We can write z(t) as x(t) = A(t+ 1) + A(t) + A(t — 1). Hence,

X(f) =sinc(f)(1 + 2™ 4+ 7727y = sinc?(f)(1 + 2 cos(27f)

f) We can write z(t) as
o(t) = 1 (2falt = 7700 ) =T (260t = 7)) | snCzmpo)
Then
X(f) = [2;(]sinc <2J}0> e it _ 2;0$inc <2J;0)> ej%‘lll‘of]
%3 (0(F + fo) = 8(F + o)

B 2;0 Sinc(f 2+fofo)sin (ﬂf ;}Ofo)_ 2}0 Sinc(f;fof0>sin (Wf;fofo)

Problem 2.13
We start with

Flz(at)] = /ﬂ)o ooz (at)e 2™t

and make the change in variable v = at, then,

Flz(at)] = ;/_woox(u)e_j%f“/adu

(o)
lal " \a
where we have treated the cases a > 0 and a < 0 separately.
Note that in the above expression if a > 1, then x(at) is a contracted form of x(t) whereas if
a < 1, z(at) is an expanded version of x(¢). This means that if we expand a signal in the time
domain its frequency domain representation (Fourier transform) contracts and if we contract a
signal in the time domain its frequency domain representation expands. This is exactly what one

expects since contracting a signal in the time domain makes the changes in the signal more abrupt,
thus, increasing its frequency content.

13



Problem 2.14
We have

Flz(t)xy(t)] = / {/ oox(T)y(t — 1) dT] e It gt
= [m oox(T) {/Oo ooy(t — T)e_j%f(t_T) dt] e I IT dr

Now with the change of variable u =t — 7, we have

= Fly®)]
Y(f)
and, therefore,
Fla(t) xy(t)] = /_Ooooa:(T)Y(f)e*ﬂ”deT
= X(f)-Y(f)

Problem 2.15
We start with the Fourier transform of x(t — t),

f[l'(t — to)} = / OOZE(t _ to)e—j27rftdt
—00
With a change of variable of u =t — tg, we obtain
Fla(t —to)] = / oo (u)e I to =32 ugy,
— 0o

= e_ﬂ’rfto/ ooz (u)e 2™ Uy
—0oQ

= eI Fla(t)

Problem 2.16

[m ocox(t)y*(t)dt = / 00 {/ ooX(f)ej%ftdf] [/ ooY(f’)ej%f/tdf':*

dt

_ / [ / o X (f eﬂ”ftdf] [ / oY *(f )—ﬂﬂf’tdf’] dt

Now using properties of the impulse function.
[ coel =1 qas = 5(f — f)
and therefore
/_ ocox(t)y*(t)dt = /_ oo X (f [/ Y (fNS(f — f1)df'| df
= [ Xy (s

14

/_Oo oo X (f {/ oY *(f) [/_OO coel 2t =1") dt] df’:

df



where we have employed the sifting property of the impulse signal in the last step.

Problem 2.17
(Convolution theorem:)

Flat) xy(t)] = Flz@)]Fy(@)] = X (/)Y (f)
Thus

sinc(t) * sinc(t) =

Il
NI
!
)
IZINh
=
(@)
=<
=
)
=7
=
o
=<
=

Problem 2.18

Flalw®) = [ alywe s> a

= / </ X(H)eﬂ“etcw) y(t)e 72t dt

-/ O:o X(;) ( / O:O y(t)eﬂ”(f@)tdt) d

_ /Zx(g)y(f —0)do = X(f)* Y (f)

Problem 2.19

1) Clearly
x1(t+kTy) = i x(t + kTp — nTp) = i z(t — (n —k)Tp)
= i x(t — mTy) = z1(¢)

where we used the change of variable m =n — k.

2)
x1(t) = x(t) * Z o(t —nTy)
This is because
/_O:O x(T) _z: 0t — 7 —nTy)dr = _z: /_O:O x(1)6(t — 7 — nTp)dr = _Z x(t — nTp)

Flor®)] = Flzt)x Y 3t —nTo)] = Fla®)F[ Y 6t —nTp)]

= XUg X - = X X 1)

15



Problem 2.20
1) By Parseval’s theorem

/_O:O sinc5(t)dt = /_O:O sinc3(t)sin02(t)dt = /_Z AT (f)df

where
T(f) = Flsinc3(t)] = F[sinc?(t)sinc(t)] = H(f) » A(f)
But
f+1
/ TI(6)A(f — 6)d6 — IA(f e)de_/ Z Aw)dv
3
For f§—§:>T(f):O
3 I+3
For —Z<f§—;:>T(f):/fl+ (U—l—l)dU:(%UQ—FU) _Jlr —éf2+gf+g
For —;<f§2:>T(f):/0_(v+1)dv+/0f+(—v+1)dv
1 0 1 I+3 3
:(§v2+v)f_%+(—§v2+v)o :—f2+1
1 1
For ;<f§;:>T(f):/_;(—v+l)dv:(—v o) =5f2—;f+§
For g<f:>T(f):0
Thus,
0 f<-3
it sy
T(f)=4 —["+3 —5<f<3
o drey j<rsy
0 s<f
Hence,
[ s = [ Gre S Do enars [ s B
+/ —-f2+ f+1df+/ gf+§)(—f+1)df
- 64
2)
/OOO e sinc(t)dt = / t)sinc(t)dt

B /ooa+327rf Jdf = /1a+j27rff

= j27T1 (Oé—l—j27rf)| 1/2 =

j27 a— g7

16
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/ e %sinc?(t)dt = / e~y (t)sinc?(t)dt
0

o0 1
= ——A(f)dfd
| e
0 f+1 D —f+1
S A e / iy
_1a+gjnf 0 a+]7rff
But [ ;5-dr = § — ;5 In(a + bx) so that
/oo ~otgin2(M)dt = (< + - In(a + j2 f))o
; e in = Gt e n(a + 527 |
f o 1 1
—(j27 + @ln(a—l—]QWf)) . + ﬂ—ﬂln(a + 727 f) B
1 _1,2m o o
p— — — 71 o
7Ttan (a)+2772 n( ﬁz+47r2)
4)
/ e~ cos(Bt)dt = / e~y (t) cos(Bt)dt
0 —00
N 8 8
= 5| e O ) 8
1 1 1 o
= 00 t—=l=5—%
22a+jB8 a-—jgB a*f+p
Problem 2.21
Using the convolution theorem we obtain
Y(f) = X(OH() = () ()
N C a+j2nf B+ j2nf

1 1 1
(B—a)a+j2nf (B-a)B+j52rf

Thus

1
t)=Fly = e — e Pu_(t
If o= (3 then X(f) = H(f) = aﬂli%f In this case
1
_ 1 ol N2 ot
v(t) = FY (D] = F gy =t i)
The signal is of the energy-type with energy content
2 71
— : 200 i - o—at  —PtN\2
Ey TIE;I;O _% ‘y(t)’ dt Th—I};o 0 (,8-0()2 (6 e ) dt
T/2 T/2 T/2
= lim # —i6720‘t / _ ieﬁﬁt / + Lef(orkﬁ)t /
T—o0 (ﬁ — O[)Q 2 0 2ﬁ 0 (a —+ /6) 0
SRS S S BN
 (B—a)2a 28 a+p 2af(a+f)

17



Problem 2.22

$a(t):{ z(t) a<t<a+T)

0 otherwise
Thus
o0 . Oé—‘rTO .
on(f) = / flfa(t)eijwrftdt = / x(t)efj%rftdt
Evaluating X, (f) for f = 7~ we obtain

a+Ty
Xa<%>= / w(t)e " dt = Ty,
«

where z;, are the coefficients in the Fourier series expansion of z(t). Thus Xq(7;) is independent
of the choice of a.

Problem 2.23

z(t —nTs) = o(t —nTs) ) * &2 Ts
> @lt—nT) Z >
1 Z

- ;5 L;g( ) m

Ts n=—00
If we set t = 0 in the previous relation we obtain Poisson’s sum formula
(0]

Zx(—nTs): ix ZX( )

n=-—00 m=—o0 Ts n=—00

Problem 2.24
1) We know that

paltl F, 2o
a? + 42 f2
Applying Poisson’s sum formula with 75 = 1 we obtain
oo [e.9]
_ 2¢
_Z el = _Z o2 + An2n2
n=-—oo n=-—oo

2) Use the Fourier transform pair II(t) — sinc(f) in the Poisson’s sum formula with 75 = K. Then

i H(nK):% > sinc(%)

n=—oo n=—oo

But II(nK) =1 for n =0 and I[I(nK) =0 for |n| > 1 and K € {1,2,...}. Thus the left side of the

previous relation reduces to 1 and
oo

K = Z sinc(%)

n=—oo

18



3) Use the Fourier transform pair A(t) — sinc?(f) in the Poisson’s sum formula with 7, = K. Then

Z AnK) = — Z sinc?

n=—oo TL——OO

Reasoning as before we see that > 02 A(nK) =1 since for K € {1,2,...}

n=—oo

1 n=0
0 otherwise

A(nK) = {

Thus, K = 30° __ sinc?(%)

n=—oo

Problem 2.25
Let H(f) be the Fourier transform of h(t). Then

1

H(f)Fle™*u-1(t)] = Flo(t)] = H(f)rj%f

=1= H(f)=a+j2rf

The response of the system to e~ cos(Bt)u_1(t) is

y(t) = F1 [H(f)Fle " cos(Bt)u-1 ()]

But
—at _ 1 —at ipt 1 —at —jpt
Fle “cos(Bt)u_i(t)] = .7-"[26 u_1(t)e’”" + 5¢ u_1(t)e 7"
_ 1
2 la+jg2n(f—L2)  a+ji2n(f+L2)
so that
_a+jg2nf 1

2

, + ,
a+2n(f — %) a+ 2m(f + %)
Using the linearity property of the Fourier transform, the Convolution theorem and the fact that
8 (t) ., jorf we obtain

y(t) = ae *cos(Bt)u_i(t) + (e~ cos(Bt)u_1(t)) x §'(t)

e~ cos(Bt)6(t) — fe”* sin(Bt)u—1(t)
= 6(t) — Be”sin(Bt)u_1(t)

Problem 2.26
1)

y(t) = x(t)xh(t) =z(t)* (6(t) + 5 (t)

With z(t) = e~ we obtain y(t) = e~ — ae=tsgn(t).

y(t) = / h(r)a(t — 7)dr

t t
= / e e Plt-T)qr = e_ﬁt/ e~ @=Prqr
0 0

19



If a = ﬁ = y(t) — te_atufl(t)

t
a#B=y(t) = eﬁtﬂiae@ﬂ)t Ou_l(t) =5 i - [e at _ ﬁt} wa(t)
3)
wt) = [ e cos(rmun(meu (e - 1)dr
= /t e T COS(’YT)@iﬂ(t*T)dT =e Pt /t e(B—0)T cos(vyT)dr
0 0
Fa=8=yt) = e /Ot cos(yT)dTu_1(t) = e sin(yt)u_1(t)
fa=8=ylt) = ™ /t BT cos(y7)dTu_y (t)
0
< - (3-arr|
= G-t ((8 — a) cos(y7) + ysin(y7)) e Ou,l(t)
—at
= G (- e)cos(rt) + sin(r0) s ()
e (B~ a)
R
4)

> t
ult) = / e e PNy (t — 7)dr = / e~ lTle=B=7) 1,

—00 S

Consider first the case that o # 3. Then

— ¢ + 1
Ift 0= t = —Bt / (B+a)T _ at
< y(t) € e dr - e

0 t
Ift<0=yt) = / e Te =T dr + / eoTe A=) g7
oo 0
, 0 .
— ie(aw)f +
a+ ’8 —o0 /8 -«
Qe Pt et

_52—042+ﬁ—04

e Pt S5

0

Thus

In the case of « =
t
oo o

0 t
Ift < O = y(t) e e_at62a7'd7_ + e_ath




5) Using the convolution theorem we obtain

Thus

y(t) = FY( = [ Y (e

:/_0 7

1
2

=

(f + 1)e??mItqr + /:(—f + 1)e/2m It df

1 . . , 0
— j2mft j27m ft j27 ft
<j27rtfe * a2 € > ‘é j27rte -1
1 1
1 . . 2 1 . 2
= pog2nmft 727 ft j2r ft
(j27rtf€ t et ) o T,
1 1 .
= W[l — cos(7t)] + 57 sin(mt)

Problem 2.27
Let the response of the LTI system be h(t) with Fourier transform H(f). Then, from the convolution
theorem we obtain

Y(f) = H()X(f) = A(f) = TL(F)H(f)
However, this relation cannot hold since II(f) = 0 for 3 < |f| whereas A(f) # 0 for 1 < |f| < 1/2.

Problem 2.28

1) No. The input II(¢) has a spectrum with zeros at frequencies f = k, (k # 0, k € Z) and the
information about the spectrum of the system at those frequencies will not be present at the output.
The spectrum of the signal cos(27t) consists of two impulses at f = +1 but we do not know the
response of the system at these frequencies.

2)
hi(t) «TI(E) = TI(t) % TI(t) = A(t)
ho(t) % TI(E) = (TI(£) + cos(2mt)) « TI(t)
— AW+ %}"‘1 [3(f = V)sine?() + 3(f + L)sine?(f)

= A(t)+ %f‘l [5(f — 1)sinc®(1) 4+ 6(f + 1)sinc2(—1)}
= A(?)

Thus both signals are candidates for the impulse response of the system.

3) Flu—1()] = 26(f) + ﬁ Thus the system has a nonzero spectrum for every f and all the
frequencies of the system will be excited by this input. Fle™%u_1(t)] = m Again the spectrum
is nonzero for all f and the response to this signal uniquely determines the system. In general the
spectrum of the input must not vanish at any frequency. In this case the influence of the system

will be present at the output for every frequency.
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Problem 2.29
1)

o0
= / e 2t cos® tdt
0

o0 2td 1
< - t=—
/0 ¢ 2

where we have used cos?t < 1. Therefore, x1(t) is energy type. To find the energy we have

/ e 2leos?tdt = 7/ e 2t dt—l—f/ e 2t cos 2t dt
0 2 0 2 0
1 1

o0

1 1
= —+- {—46_% cos(2t) + Ze_Q*t sin(2t)]

4 2 0

where f(t) = 2 cos?(t)+sin(2t) + 1. By taking the derivative and setting it equal to zero we can find
the minimum of f(¢) and show that f(¢) > 0.5. This shows that lim;_, e—;tf(t) > limy— o0 el%t = 0
This shows that the signal is not energy-type.

To check if the signal is power type, we obviously have limp_, o, % fOT e 2 cos? tdt = 0. Therefore

N N
P = Tlgréo 7/ e cos”(t) dt
y 1/4€*T (cos(T))* + 1/4€2T cos(T) sin(T) +1/8 (eT)2 —3/8
e T
= o0

Therefore x2(t) is neither power- nor energy-type.
3)

— 00 —00

., :/OO (sen(t)2dt — /OO Ldt

and hence the signal is not energy-type. To find the power

. 1 /T
Py = Tlgféoﬁ _T(sgn(t)))th
1
= lim — 12 dt
7o OT |
= lim L2T:1
—o00 2T



4) Since x4(t) is periodic (or almost periodic when f1/f2 is not rational) the signal is not energy
type. To see whether it is power type, we have

1 T
P, = lim — / (Acos 2m fit + B cos 27 fot)* dt
2T J_r

T—o00

1 T
= lim 5T / <A2 cos? 21 fit + B2 cos® 27 fot + 2AB cos 27 fit cos 27rf2t) dt
-7

T—o0
A% + B?
2

Problem 2.30
1)

2
)" at

T—o0 2T 0

T
E = lim | KZ%/Vtdt
T—oo Jo

—  lim [2K2\/EE

T—o0
= lim 2K3VT
T—o0

= o0

therefore, it is not energy-type. To find the power

T
P o= lim — K?/Vtdt

and hence it is not power-type either.

Problem 2.31

1) z(t) = e **u_1(t). The spectrum of the signal is X (f) = and the energy spectral density

1
a+j2nf

1

Gx(f) = |X(f)PP = o fAn2f2

Thus,

Rx(r) = F ' Gx (f)] = 5 e "
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The energy content of the signal is

2) z(t) = sinc(t). Clearly X (f) = I(f) so that Gx(f) = |X(f)|? = I?(f) = H(f). The energy

content of the signal is
EX_/ TI(f)df = /1 fdf =1
2

3) z(t) =Y o>_ A(t—2n). The signal is periodic and thus it is not of the energy type. The power
content of the signal is

0 1
P, = 2/ t)|2dt = / (t+1)2dt+/ (—t 4 1)2%dt
1 0

L/1s )0 1(13 5 )1
= —|=t t t — | =t° =t t
5 <3 e 4505 + .
1
3
The same result is obtain if we let
> n
Sx(f) = Z |95n|25(f—§)
n=—oo
with zg = %, x9r =0 and xg 11 = m (see Problem 2.2). Then
(o]
Py = Z | [”
n=—oo
1 8 & 1 1 2 1
S ITEL@r ) 1 %3
4)
2 T
Ex = lim lu—_1(t)|*dt = lim dt = lim — = oo
T—oo 2
Thus, the signal is not of the energy type.
1T 1
Px = 1 — dt = lim —— ==
et /’“1| T T2 2

Hence, the signal is of the power type and its power content is % To find the power spectral density
we find first the autocorrelation Rx (7).

1 /3
Rx(t) = Tlgrgof _zu_l(t)u_l(t—T)dt

r
2
= lim — dt
T—o0 T

1 1

— lim = (% — 7)==

A 75— =5

Thus, Sx(f) = F[Rx(7)] = 56(f).

24



T
5) Clearly |X(f)|> = m2sgn?(f) = 72 and Ex = limy_.o [ °p 72dt = co. The signal is not of the

2
energy type for the energy content is not bounded. Consider now the signal

1
er(t) = 11(;)
Then,
Xr(f) = —jnsgn(f) * Tsine(/T)
and )
2 [e§)
Sx(f) = Tlim ‘qul(f)’ = Tlim T /f sinc(vT)dv —/ sinc(vT)dv
—00 —00 —00 f

However, the squared term on the right side is bounded away from zero so that Sx(f) is co. The
signal is not of the power type either.

Problem 2.32

1)
a) lf a #7,
Y(NHI? = [XHPIHP
1

(a2 +Am2f2) (52 + 42 f2)

- 1 [ 1 B 1

- ﬂZ_az a2+4772f2 ﬂ2+471’2f2
From this, Ry (1) = 75 [i(;aw _ %(;qu and B, = Ry(0) = 5oy

If & =~ then
1

Gy (f) =Y (I = IX(HPIHHP = (@ 1 4222

The energy content of the signal is

oo 1
Ey = —_—
Y [m (a2 + dn2f2)2
1/°° 2a 2a df
402 J_oo 02 + 472 f2 a2 + 42 f2

prnd _— [ = —_— e
402 |- 402" Jo

_ 1 1 —2at o _ 1
22?2 2a o 4ad
b) H(f) = m — |H(f)]? = m. The energy spectral density of the output is
1
Gy (1) = Gx (NN = 5 =z7zT1)
The energy content of the signal is
1 1
2 1 1 fylz
Ey = ————df = —— arctan =—
Y /_é v2 + 42 f2 4 2y aretan o -1
_ 1 fr
= —arctan -—
Ty 4
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c) The power spectral density of the output is

(e}

S(f) = % |anLH<§>P6af—-§>
. ]w21+1| 2l+1
_4’y +Z 2l+)5(f_ > )
1 8 — 2041
- 47 7?;0 20+ 1)4 (42 + 72(20 + 1)?) =)

The power content of the output signal is

o0

n
Py = Z \an’H(g)\Q

7T4 7T2
- 22 1T a2 2 2\ 4 2
2l+1 Yy +7r(2l+1)) yA(20+1)

1 8 7'('2 d 2 &

= 2 T2\ 206 &4 727
2 ™\ 8y =0 =z t 2l+1)
1 72 2x2

- 37’)/2—¥+?tanh(§)

where we have used the fact

Tr,  4r 1 et —e @
tanh —_y tanh(z) = ———
o (2) W§)$2+(2l+1)27 anh(z) et +e
d) The power spectral density of the output signal is
§v(f) = Sx (NI = § 55 70() = 550(F)
YA T eX T 22 pam2 2N T 22

The power content of the signal is
Pr= [ Sv(pif =5
Y — oo Y - 2’72

e) X(f) = —jmsgn(f) so that |X(f)]? = 72 for all f except f = 0 for which |X(f)|*> = 0. Thus,
the energy spectral density of the output is

2

—|X 21g 2_ T
gY(f) | (f)| | (f)| ’)/2+47T2f2
and the energy content of the signal
o 1 1 2m | 2
Ey = 772/ 5 = WQ—arctan(—f TF) _
—o0 V2 AT 21y Y e 2

2)
a) h(t) = sinc(6t) = H(f) = %H(%) The energy spectral density of the output signal is Gy (f) =
gX(f)’H(f)P and with gX(f) == m we obtain

1 1 o f, 1 f
a2 + Ax2 f2 36" (E) ~ 36(a + 47r2f2)H(6)

Gy(f) =
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