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2.1Let

/ab

SBl\c d/l

and write the S, eigenvalue equations in matrix notation

fa b Y1 (1Y 7m1 (1)
\e ¢« JZ 0 T2z )
(a pY1 (1) m1 (1)
\z o 2\ ) 22 )
which yields
a+pf=+3% y+to=+3%
a-p=-3 X=0=+3

Solve by adding and subtracting the equations to get
a=0 p=3 =3 0=0
Hence the matrix representing S, in the S, basis is

h /o 1)
SXBE'\l .

Let

/ab

SBI\C d/‘

and write the S, eigenvalue equations in matrix notation

fa b Y1 (1) n 1 (1)
c a 2\ J PN
[ a ,6’\ (1 ntl (1)
\z & 2\~ )"Eﬁk—z)
which yields
a+ if=+7% yrio=+13
a-iff= -3 X—10=+13

Solve by adding and subtracting the equations to get
a=0 pB=-13 y=13 0=0
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Hence the matrix representing S, in the S, basis is

s,gh {0 -
Y2 l\l 0
2.2 Solve the secular equation
det|S, -A7=0
a0
h -0
- A
2

Solve to find the eigenvalues

A=+

which was to be expected, because we know that the only possible results of a
measurement of any spin component are £1/2. Find the eigenvectors. For the positive

eigenvalue:
Ao 1V (a) nla)
FASEEAVIRERVY
yields
b=«
The normalization condition yields
af +lof =1

o -3
-2

Choose a to be real and positive, resulting in
a=

B=

ok &
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Ch. 2 Solutions

so the eigenvector corresponding to the positive eigenvalue is

L
b ‘\1 /‘
Likewise, the eigenvector for the negative eigenvalue is

i(o 1\/ \omla)
2 k1 0 2\}

b=-a
The normalization condition yields
o +]d =1
o =1
Choose a to be real and positive, resulting in
_ L
a=17
_ L
p=—%
so the eigenvector corresponding to the negative eigenvalue is

), B (_11 )

2.3 From Eq. (1.37), we know the S, eigenstates in the S, basis:

Let the representation of S, in the S, basis be

/a b\
SBl\cd/l

and write the S, eigenvalue equations in matrix notation

fa b V1 (1) n1
\e ¢ J2 N1 )72

(o g1 (1N n1 [}
b E L
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These yield
a+pf=+7% y+o=+3
a-pf= -3 X=0=+73
Solve by adding and subtracting the equations to get
a=0 p=3 x=3 0=0

Hence the matrix representing S, in the S, basis is

h /o 1)
iEE'Kl 0 )

Now diagonalize:

nlo 1N (a)_ nla) pe o
2 k1 o Mg )72 Mg )
yielding
8% (1]
Likewise
Rlo 1V a) nfla) fe -
A WAV RV Y

nlo 1Y), (1) n, (1) _.n

El\l . )ﬁ l\l }=+5$ l\l} = 2¢‘+>—+5‘+
nfo 1Y, (1) n, (1) . N
2kt o f7 ko )T L) 4=
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2.4 The general matrix is

/a b\
AB l\c d/l
The matrix elements are
Al =1 0 (0 {11 0y (9 )
e 1 oo (3
{-lAl+)=(o 1)(? Z)(é >|=( 0 1)(? >=c
[ \WAR (b )
ClalR=co 1y (80 1T o (g e
Hence we get
CEDRCEER
|y {40 )
2.5 The commutators are
h/{o 1 \Wnlo =) n/lo -2 \nlo 1)
[SX’Sy]BE‘u o bk, o) 20, 0 2ki o)
’ /z 0 \ /—l 0\
o) | - (5 0]
(2 0 ) (1 0 )\
B@ Lo =, JBM @ \o -1/
= mZ';
hio s \n/1 o) nn/1 o \lo -\
[SY’Sz]BEKI o ko -1 )72 o <1 24, o )
’ /0 z\ /0 —z\
s o) (80
(0 20 (0 1)\
BQ) \2: 0 )Bmg)l\l 0 )
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h/1t 0o Wmfo 1) nnfo1Wn/1 o)
15,5187 \o -1 21 o )72 1 0 2 ko 1)
“lo 1N (o =1)
B@{qo}_l\lo/}
)2/0 \
\

2.6 The spin component operator S, is
S, =Zw
= 2,avByoap+ X avOave+ 2 yodd

Using the matrix representations for Sy, Sy, and S, gives

h (o 1) nl{o -z ) nl1t o )
S, B— 6 — 6 = of
"B I\l 0 /‘av xocxp+2 l\z 0 }ow caw(p+2 1\0 5 /lxo
gl ( yooh avlyoap - tavBave \

2 Kow@xocprr tavBave —yodd
gM ( yood avBs? \
2 kow@g"’ —yocd

2.7 Diagonalize S;:

cosB av@g"”\
avBe?  —yodd

(

S, BE K

2
Now diagonalize:

LcosB-A  2avBe™®

lavBe® —2yodd -A B
A=) 4000 (1) av’0=0 = A -2y =0 = A=t

as expected. Find the eigenvectors:
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h [ cos® avBs® ) [ a \=+ [ o
2 \av@g‘p —yodd ) l\ﬂ /I l\ﬂ /l
1 —yocB

avl

ayodd+ pavle?=a = p=o’

The normalization condition yields

o+l (222 -

avb

of = av’ 6 :4av2§xoo2gzxo&g
2 —2y0ch 4av’? ?

yielding
\ = cosl|+) + e sin&]—)
[+), = cos§|+) +e”sing|-)

Likewise

[ cos®  avBs® \/a\__ﬂ a
2 \av@g"’ —y0cl )l\ﬂ /I_ 2 l\,3/I
1+ yodf
avl

ayodd + favle?=-a => f=-w"

The normalization condition yields

o <1 {20

avb

Iof = av’6 =4c1v2§x002%=(w2g
2 +2y0d0 4y05 ¢ :

yielding

), = sin]) - ¢” cost )

2.8 The |+>n eigenstate is
[+), = cosg|+) +e”sin|~) = cos|+) + &>’ sin%|-)

The probabilities are
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i5m/3

:‘/
y\

:i|cosl—ie

L(~ly(cosz]+)+ ¢ sing| )|

- o . 2
513 sin 2 —l|cosl+smlsm5—"—zsmlcoss—”|

= 1(cos’ & +sin’ Lsin” 2 +sin” £ cos” % + 2 cos & sin & sin L)

=1(1+2cos%sinZsinZ) =0.194

i5m/3

P /

-y ‘y\_

- T|T ~[)(cos | +)+ e sing|-)|

i5m/3

2
n iAol O P oin I 5m
= —|cos & —singsin=- +isinf cos3-

-1 T -
—E‘COS§+16 >

3 )iy
SlIl];
=21(cos?Z +sin® Zsin® 2 + sin’® L cos? 2~ — 2 cos Z sin L sin &

2 ( 8 8 3 8 3 8 8 3 )

=2(1-2cos%sinZsin ) =0.806

2.9 The expectation value of S, is easy to do in Dirac notation:

n n
(s St =2

z

)= (2= () =

The expectation values of S, and S, are easier in matrix notation:

( (0 )
s o2 (3o jo 3o o0 e

n {0 - n (0
/s \= _ 1 -
\S)=(1 0 \\l 0 /H\o /—2(1 O)I\I/—On

To find the uncertainties, we need the expectation values of the squares:

(s2) n {0 -
/=1 0)7 \: o

The uncertainties are
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2.10 These expectation values are easier in matrix notation:

1 nfo 1 V1 (1) n {0\
S=Fh O3 /f\,}‘z(l ERASI
v 1 nfo - )1 (1)

%) = 2(1‘1)2\\10/\/—1\}4(1—1)1\}
1 ( \ 1
<2§>:_2(1 —! )g l\(l) ?1 )\/—k /{ 4(1 —z)l\_ll /‘zOn

To find the uncertainties, we need the expectation values of the squares:

/g2y L nfo tnfo 1A 1Ay

S AR E CE 0)\51\,)‘2@(1 R

/s _ L nfo —omfo =)L 1) 1 AY

=g -3 B o E G Ela ol
1 n/1 0 Wmf1 01 (1)

EEEC e o e - )

The uncertainties are

NI:

In the vector model, shown below, the spin is precessing around the y-axis at a constant
angle such the y-component of the spin is constant and x- and z-components oscillate

about zero.

9/9/25
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a) ) b)

2
1
l
I
I
I
I
I

- — — - = — =

2.11 The commutators in matrix notation are

, 3h (1 0 \n /0 1
855,18 \o 1 2 k1 o

\
2 )
000 )]

/10\3/0 —l\_ﬂ/o
AP o 1 2 o JT 20 0 Ja ho

In abstract notation, the commutators are
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(8°.81= B+ S+ 2% = Bx]- Bx  BLE ]
= NN - IN A NN I I 4 XY -2
=L R AN I A NN N
=0+2(22,~m&) ~ (52 + m2) 2+ 2 (25 + m2) — (22 —ma) %,
R S o R

=0
5= B+ B+ 2.5] Ba) Bo) B2
=55, SR 55,55+ 25,55
=N S EI AL - E A I - ENY
= 2e(22F M) ~(25, m M) 2+ 0+ 2( 22~ ) ~ (25, M) %
=22t ma2 - 22 A2+ 220 —me 2 - 22 - m2 2,
=0
= 2)= B+ 5+ 2.5 Bn b B b B2 ]
B e R T R AR 2
=XEE - IEI AT - IIE AN F
= 2:(22 T MA) (220 M) 2+ (22,1 M) (240~ M) 2+ 0
=222 —mA 2, m 222 —mE g+ 200y ma S — 220 m22,
=0

2.12 For S, the diagonalization yields the eigenvalues

0\

)

0
(-2

0 )
% EO[FO =2 AR -5 -E(AH)=0
0o = -

h

2

oS~ O
=

S

L

AA*=-1)=0 = A=1n0,-1

and the eigenvectors
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h/010\/a\ (o) f= o2
ﬁLl 0 1 JLﬂJﬂn LﬂJ = aty=p2
010 /)\y P b= A2
d+d + =1 = [AG+1+D=1 = p=F,a=1.2=1%
1), =31+ 5[0)+3|-1)
(o1 0N a) M) p=0
el ) g
0 1 0 V4 V4 £=0
A+ =1 = | d+D=1 = a=4.p=01=-%

0}, =11 11

h/01o\/a\ (o) B=-al2
s k(-
0 1 0 V4 V4 ﬂ=‘7{\/5

o+ 41 =1 = W Eseh=1 = po—pa—tr-t
1), = 411) =310} +41-1)

For S, the diagonalization yields

h /0 -1 0 \
SB—|: 0 -
y
\/ELO 1 OJ
[ A =0 \
E A E |0 5 AR (A=0
0o £ A

AA?-n")=0 = A=n,0,-—

and the eigenvectors

h/O 4 0 VY a) () —lﬂ=a\/§
s G-
0O ¢« O V4 X lﬂ=;{x/§

o A+ =1 = | Gr1d=1 = p=fia=1p=-1
D), =210+%10) =3]-1)

9/9/25
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h/O 2 0Vl a) (o) -1=0
ﬁLz 0 —zJLﬂ J=0n LﬂJ =  w-y=0

0 ¢z O Y4 4 =0
o +IA +1A =1 = |dA+D=1 = a=§.p=0=5

10),=%ID+3-1)

(0 = 0N (a)  (a) a3
ﬁLl 0 ‘IJL,BJ:‘ITI L[J’J = la—z;(:—ﬂ\/f

0O ¢ O V4 X ZIB=_Z\/§
4l =1 = I Eeh=1 = f=—famtg= -t

1), 1) ~£10) =411

2.13 The commutators are

h/01o\n/0—zo\ n/0—10\“/010\
[S,81B—=11 0 1 |=|¢ 0 -2 |-—F=|¢ 0 -2 |=|1 0 1

‘EL010J‘50:0J \/ELOIOJ\/ELOIOJ

2_/10—1\ (=10 )

Bn—LOOOJ—OOO

2 : 0 -« : 0 1

, (200 0 \ (1 0 0 )

B%oooJBnmLoooJ

0 0 -2 0 -1

:m):'{

h/o—zo\/loo\ /100\n/o—zo\
[S,8$1B—=1:¢ 0 -« m|[0O O O [-Mm|0O O O |[=|:¢ 0 -

‘EoloJLOO—lJ LOO—lJ‘ELOzoJ

o 00N (o = o)

B%LzOzJ—LoooJ

\0 0 0 0 - 0

n2/010\ n/010\

B—|, 0 ; |Bm—=|1 0 1

‘EOIOJ ‘EL010J

:mZ’f
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Y

S O

S O O

— o O
N~

Y
S — O

-_— O

S — O
N~

ﬂ_ﬁ

——
S — O

-_— O -

\.J
o 7 o
o oo

S - O
N~

S O O

S O O

+25+2

n—h\/dtg

2.14 Using the component matrices we find
S’ =

—_— O

S — O

Y
S O
oS O O
— O O
N———
=
+
/T N
— N OO —
—
el oano
S O O — o O
~_
— o O ~
~_ —| N
— +
— —
004. S O
S AN O
oS O O
— O O
— O O e
N———
o
ey rl_2
+ m

The eigenvalue equation is

7

For spin-1 this is

S*[1m) =21’ [1u)

Y
oS O

S — O

— O O
N—

S? B2h?

Hence the S* operator must be 2h? times the identity matrix:

2-14
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2.15 a) The possible results of a measurement of the spin component S, are always
+1h, Oh, —1h for a spin-1 particle. The probabilities are

R=[lw.f =[] H -|0) - %|—1>]2
im0 - -

R =[olw..) =|fol H>+ f|o>—i|—1>]2
=& (0[1)+ 2 (0]0) (0] -1 =| [ =3

=Kty )f =1 I+ 2510 -51-0 T

=| & (~1]1) + 2(-1]0) - (1|1 =|- %] =%

The three probabilities add to unity, as they must.
b) The possible results of a measurement of the spin component S, are always
+1h, Oh, —1h for a spin-1 particle. The probabilities are

2

R =110 = |31+ 0L+ At D+ 510) 5| -D)

:’;Jr w2 f 1| \/§+3,‘2:u
NIRRT ] B e

B =| L0y, ) \<f\1|——\ 1) 1)+ 35[0} | -1y

V2429 ﬁ@ 58

2
0}~ 5|1

G- H0l+ 3 -1 (FH I+ &

P=] 1)

-1x

— |1 3i — 1| — 2 =11
il Foia i ‘§|‘/§ 31|_58

The three probabilities add to unity, as they must.
c) For the first measurement, the expectation value is

z/—Zﬂﬂll—lnzﬁOﬂzﬁ( -3 N3

xolm

For the second measurement, the expectation value is

/SX/—Zﬂnllg—ln +0m3 + (=D = 0m

The histograms are shown below.
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¥ P
4
I. T ]_-o-
5, %
% # y I P
J_._-_‘ s, ~m .
-h 0 h ' h 0 h

2.16 a) The possible results of a measurement of the spin component S, are always
+1h, Oh, —1h for a spin-1 particle. The probabilities are

\/1\ H/W 10)

= Kl|‘l’,v/

L‘ -1 :Iz
V29 [y

|21 LL___ _u
=53t 5 52 \/5+3z‘ =
/ W _lol oy 4 acloy -y T
R=[0lw.) =‘\0| 29|1/W+E|0/W‘E|‘1/w:|
2
20y 4+ 32/010N — -4 /0] -1
—|m\0|1/w+@\0|0/w @\0| I/J
2
N I SV VP ] L _ 36
_|J5ﬁ+ L0 - R =%[2+4) =%
/ 2 |1\ 3|0 4 \ :
.P—l = \_1‘llum/ :‘ % 1 +_9 /Y_E‘_l/y:]
2
\ 31 /-1 =1\
|r\ 11), + &{-1]0), - 5 (-1 1/y|

2 2
|2y _4-_1:L‘,/+'|:£
R S S IR VPRSI

The three probabilities add to unity, as they must.
b) The possible results of a measurement of the spin component S, are always
+1h, Oh, —1h for a spin-1 particle. The probabilities are

2
[ 2 |1\ 3]l — 4| -1\
2
— |2 /1‘1\ 31 /1|O __4 /1|_1\ :‘Lr:i
V29 )\ 1yt Ty 29 )\ / 29 29

Aol B0, 410}, 11, ]

2
R =|{lw.)

=] f0lw,)
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Rly = ‘y<_]“win> ’

(1, + 2 {-1]0),

The three probabilities add to unity, as they must.
c) For the first measurement, the expectation value is

z/—Zﬂnll—ln +0n% +(-Dng

For the second measurement, the expectation value is

(S,)= uml],=Ings+0nz+(-Hnis
Vi

The histograms are shown below.

P
4
14
?u
» ? l i P,
=/ 1 Ly
5, — _._-_.. Fy
-h 0 h ; ke 0 h i

=N3

2
1] [, + 510), H ), ]

=0n

1

c|N

P

L3
1 4

2.17 a) The possible results of a measurement of the spin component S, are always

+1h, Oh, =1h for a spin-1 particle. The probabilities are

2
(1)
—1ly P = 1 = 2_1
R=lal)f =1 0 0ym |2 | =l =5
. 30
5i
2
(1) i
2
R=Kolwl =0 1 0y |2 | =[5 =55
51t
2
(1)
_/_1 \2: 1 = 5'2 é
R=ll)f =lco 0 1)g |2 | <[ =5
5i
The expectation value of S, is
1 24
(8,)= T+ T+ 1, (- = 5o+ 20+ (- = == = =

b) The expectation value of S, is
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. (01 0 ) | (1)
/g \_/ \ )
(S)={y|zlw)= (1 2 S0 L(l) (1) (1)J_30 L52 J
(2
_1m _ I B 2
= (1 2 —51)L1+251 J_3O—ﬁ(2+2(1+51) 51 2)=32n

2.18 a) The possible results of a measurement of the spin component S, are always
+1h, Oh, —1h for a spin-1 particle. The probabilities are

=[a) By -loy+ 210 ]

Sl =110 + 2 (1] =1\ =
=l (1]1) -2 (1]0) m\1| 1/| =

=[1 W)

) 2
=1 -0y + 211 ]

(10) + e -1l-0f = =

Pl = |<_1‘lpin> 2

:|ﬁ—\ 1) - 2

b) After the —1;. The possible results of a
measurement of the spin component S, are always +1h, Oh, —1h for a spin-1 particle.
The probabilities are

Pz‘/1| L1+ 45(0]+ ¢ 1||_1\2:|i|2:L
=] U] =& =0 =3 =4

2
Ry =] 0l =l =l =faf =2
2 2
Po =L (1) = | = g0l + H-1h -0 =[ =4

¢) Schematic of experiment.

i
s ™
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2.19 The probability is

=/ \" =l = ]+ / =121 = 2210\ + 3] 1)
(pf_\l)Uf|l)U1/ _( 7y\l|+ﬁy\0‘+ﬁy\ 1|)(£|1/ 6‘0/ 6| 1/)
i1 V= =iv2 AloV+ =B -1V 2 1 /ol1N— 22 /oloN+ 23 /o|—1\
_ﬁ@y\lll/ Nid Gy\1|0/+ > Gy\l‘ 1/+ﬁ@y\0‘1/ N ey\0|0/+ﬁ Gy\0| L+
B L /N N2/ \ 4 i i3 /1] -1\
*F N 11) -+ 5,0 1]0) ++ 5 )\ 1]-1)
i 11412 i _1=iifB1, 2 11 224 2 i1 L[
B B i R e R N s Y AU g
f L1 i 20 i i3
7 6 2 7 6 2 7 6 2

=ihfi-i+2+2i-3-i 3+2x/§—0+i2«/€+i+2+\/§|2
:ﬁ|5+2\/§+2i—i 3+i2\/€‘2 Zﬁ{(5+2\/§)2+(2_‘/§+2\/€)2}
= [15(64 + 872 — 44/3 + 86 =0.524

or in matrix notation

(1
2 P ; i -
2wl =ltcr F ForRcE O Tyt F P g |2
i3
2
(1 )
=ml( 1+242 22-iV2 -1+242) V2
i3
= i+ 22 + 4+ 2i-iV3 +i2J6| = 1L5(64+8v2 - 43 +86) =0.524

2.20 Spin 1 unknowns. Follow the solution method given in the lab handout. (i) For
unknown number 1, the measured probabilities are

R=t M=t T,=I
[I=5 T,=7 I,=0
H1:% sz% HWZO
Write the unknown state as
e

Equating the predicted S, probabilities and the experimental results gives
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R=[{tlw) = [l eit) + AO)+ A-Dhf =l =% = a=4
m=[0lw,)f =[ol¢an)+ A0+ A-1y =IA2=— p=f
=[] <[t + Ao)+ A-D =1 =4 = z=1¢°

allowing for possible relative phases. So now the unknown state is
0, =410+ e 0) w3 |-
Equating the predicted S, probabilities and the experimental results gives
2 2
Be=| 400wl = R0 = (1l )+ 5 £710) + 1 -1y =[5l (1= 2%
=H{1-" 1 {1-P =1 (1+1-&"

Giving the state

~&#)=1{l-y00B} =1 = yo0B=-1= =m

W) =31+ Fe0) - 3-1)
Equating the predicted S, probabilities and the experimental results gives
2
B =| (1w )] =[i2 (1] =500l - 4(-1) (31)+ % & |0) 4 -1y =|4 4"+
=q{l-" I+ =5 {1+ - + 1%}

={l+ava}=1= ava=1= a=73
Hence the unknown state is

Write the unknown state as

Equating the predicted S, probabilities and the experimental results gives

B= 1w =[1l(dy+A0)+ A-In] =|d = a=1
I3 =[ojy, )| =0l {1y + A0y + A-1[ =|4 =1
I, =[(-1|y, ) = -1ty +A0)+ A1 =4 =

allowing for possible relative phases. So now the unknown state is

o

€1
\/58

1L B
5 &

V4
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@) = 410+ J e [0) + 3¢ |-1)

Equating the predicted S, probabilities and the experimental results gives

2 J J
Bo=| 01w, ) =[5 (1] =(-1ly 31+ 5 0y + 38 -1y =[5tz 1 -
=11-&fyil- g’ﬁ} T+1-6 -Py=1{1-yooB} =2

= xoof=-3 = B=5.%
R =| il )f =
=Ll+26% + &P (1426 + &%) =L (6+4 000 + 2500 + 4 yoo(ax —B)}

o 2
{é(l‘"‘ {0]+% 1‘}{ ‘1>+J—8 ‘O>+lg’ﬁ| 1}‘ _| +1 %gtﬁ|

= £ {6+ 4 yooot + 2 yoof + 4 yooo yoof + 4ava avf}
=+{5+2y0cx +4avaavf} =+
which yields
cosa +2avaavf =2
2avaavf =2 - yoox
dav’aav’ B =4 -4y + %S o
4(1 =500 Q)3 =4 —4y0qx + Y00
4yod a —4yocot +1=0
2yocx —1=0
HOoU =3 = o =5,

Equating the predicted S, probabilities and the experimental results gives

2 Lof .D( B2
?y:’m/l\%}\ = ﬁ(”‘f(o‘_%<_1|}{%‘1>+f¢9 0)+£ & 1}‘ —| —%35|
=%{l -21" —g’ﬁ}{1+218_”’ —&® = {6+4ava —2yocf —4av(a _,B)}
=+{6+4ava -2yoof —4ava yoof + 4 yoox av B}
=+{7+6ava+4yocxavf}=0.87

which gives
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3sinat + 2 yoax av B = 3.46 =243
200t av B =23 -3ava
4yodaav: B =12 -12v3ava + 9av’ a

4(1-avio)2 =12 -12/3ava + 9avia
av’a -3ava +1:0

Hence the unknown state is

|(1U2/ 1\+ ; e |0\+ - ‘_1>:|1>n(6=%,w=%)

(iii) For unknown number 3, the measured probabilities are

F=1 ngé I1,=0.0286
= 0.=% 1,=0
M=% M,=1 I1,=09714
Write the unknown state as
2

Equating the predicted S, probabilities and the experimental results gives
R=[1lw.) =[ilcaty+A0)+A-01[ =|d" =

1 =[olw.) =[oltan)+Ao)+ A=t =14 =

I, =[(-1ga)f =11+ A0y + A-13f ‘|Z| =5

allowing for possible relative phases. So now the unknown state is

- L

az\/g

@)= 1)+ e [0)+ Jye? |-1)
Equating the predicted S, probabilities and the experimental results gives
B =[ 0l =340l =¢-1l 5411 +e‘*|0 |-y =|p 1 - o

=i-fyl-gfr=1+1-&% -&*

=3{l-yooB}=1%
= yoo=-1= f=m

Equating the predicted S, probabilities and the experimental results gives
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2

7 =[ 1w} =

[P 1

2
=501+t i) + 10 - -] =k -5 +4)

=l -L e (It £ =12+ V2 avay =0.0286
= ava=-1= a=3

Hence the unknown state is

ws) =K -510)-F1-1) =Im),)

(iv) For unknown number 4, the measured probabilities are

R=t M=t 1,=t
— — _ 1
[j=0 If,=5 If,=7
I, =7 ngz% Hly/:%
Write the unknown state as

< |
Equating the predicted S, probabilities and the experimental results gives

p=[alw ) =[1](d+ A0+ A-1[ =|df =1 = a=1

2

i =[oly, )| =[ol{d1y+ A0y + A-I0[ =l =0 = p=0

2 2
= [ )f =K+ A0+ A= =If =1 = 7=
allowing for possible relative phases. So now the unknown state is

w.)=F0+Fe -1
Equating the predicted S, probabilities and the experimental results gives

2 2 p 2

Re=| 0| =gt = (-1 e+ & |-y =[50 -2

=tl- l-Pr=21+1-& - y=1{1-yooB} =1
= yoof=0 = B=3&

2% 2

Giving
w.) =) +il-1)

with no more info from Sy, Sy, S, measurements. In the SPINS program choose n at
angles 0 = 90°, ¢ = 45°, 225° to see that the unknown state is

|L‘U4> - %{m B i|_1>} - |0>n(9=%»¢=%) - |0>n(9=%’¢=57")
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2.21. The spin-1 interferometer had an S, SG device, an S, deveice, and an S, SG

device. The S, eigenstates are |1),]0},|-1). The S, eigenstates are
1 1 1
1) =—|1)+—=[0)+=|-1)
1, =21y oy 211

1 1
0\ =—1) =——|-1)
0}, =751~

1 1 1
\‘1>;=5|1>‘$\0>+5|‘1>

Let ‘L,U,-> be the quantum state after the i" Stern-Gerlach device. The first SG device
transmit particles with S, =+M, so the state |(,U1> is

) =11).

The second SG device transmits particles in 1, 2, or 3 of the S, eigenstates
11,0} .| —1>§. To find |, ), we use the projection postulate:

Pn llul>

\—__"nlv1/
LR TR

where P, is the projection operator onto the measured states. For example, if the second
SG device transmits particles with S, =+1, we get

) =l - J1>X\*<1U1> ==,
\/(ll’l P1x le1> \/\1H1/X X\lHl/
as expected. In matrix notation, the S, eigenstates are
(12 ) [z ) (12
0B | 1/v2 0,B| 0 -1),B | -1/v2
1/2 -1/\2 1/2

and the projection operators are
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(v ( Y% Ju W)
|1/H\1BL J %oV Yiy= | hs K Ss
% o Jmo A
£y [y o )
|O/§ ;\0|B 0 (yﬁ 0 _yx/f ): LO 0 0 J
s %0 4
(0 (v s Y\
.- l/“\_”BL J K s ko= | Hs % A
A A

The probability of measuring a result after the third SG device is || = |<(,U2 |l,U 3>|2. We
want to calculate the three probabilities

R=[(1lw.)
I = |<O‘Lp2>‘2
I, = |<_1‘¢’2>‘2

for all possible (7) cases of 1 beam, 2 beams, or 3 beams from SG2.
(i) When the second SG device transmits particles with S, =+1n only:

l/jl/ — 131)( ]'>
W2) =
’ \/\l’/] 1/ \/<]‘|‘P1x

(% Sa % NN [

1x

1x

RVB | e % A ||o L/fJ
Vi Y 4o )\O v,
(v
1P, JHB(1 0 0)| Sy |F1/4
Y,
(v N oy
w,)B LyIJ:L%
J/_ b p

which is

1\X as expected. The three probabilities are
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(1)

: 1

R=w.)f =1 0 O)LfJ—4
]

.
g=oly.) =jco 1 0) LI

)=10). and the

(ii) When the second SG device transmits particles with S, =0n,
three probabilities are

2 /%\ 1
R=Kilw)f =1 0 O)LO J =3
%
2 /%\
I =[olw.)f =l 0 1 O)LO J =0
=
2 /%\ 1
I, =[(-1g,)] =|c 0 0 1)Lo =3
=

}=|-1). and the

X

(iii) When the second SG device transmits particles with S, = —1In,
three probabilities are
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(1)
R=[ly.) =|(1 o O)L J’J_i
(1Y
| 1
=[olg) =l 0 1 0)L szi
/% Y

(iv) When the second SG device transmits particles with S, =+M and S,=0M in a
coherent beam

) ButR _ (R tR
|8, 0 e, RO
(v 0 % \N/(1\ (12 )
0 0 0 Lo J: 0
% 0 ¥% J\o -1/2
fya N () [ 34 )
(P, +POI)B [1/2v2 |+ | 0 |=]1/242
1/4 -1/2 ~1/4
(34 )
{1(p, + = 3/4
-1/4
(4 \ [ B2 )
W) B Ll 22 |= | 146
v ~1/4 -1/24/3

The three probabilities are
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=Koy, =0 1 0)

2
/ \/5/2 \
2 1
L =[-1]y,)| =0 o 1)| 1/V6 -5
-1/24/3
(v) When the second SG device transmits particles with S, =+n and S, =-In in a
coherent beam
(Plx+P—1x)l/J1> — (1)1x+P—1x)|1>
<wl‘(131x+P—1x)l1U1> \/<1|(131X+P—1x)|1>
(% Ha % NN [ oys )

P.UB| Vs 4 s LO J 1/242
Vi Hhe W 0 1/4

(ya N [ ya ) ()

(P + P} B Ll/Zﬁ J aa J 0

|(1U2>:

1/4 1/4 1/2
(172 )
A APOILBCT 0 0) | 0 [=1/2
1/2

, (12N [1/42 )
W.)B——= 10 |=] 0
1/32

V2 |, P

The three probabilities are
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/l/\/z \ |
=1y =1 0 0)] o =3
1/\2
j

=lolw.) =0 1 0)| o
1/\2

A 1
=g, =[co 0 1)] o =5
1/\2

(vi) When the second SG device transmits particles with S, =0n and S, =-1In in a
coherent beam
|(,U \: (POX+P—1x)l/J1> — (POx+P—1x)|1>
Y Jw @ P ol JalE, P
\lrul( 0x —1x)ll]1/ \ ( 0x —1x) /
(2 N [ ya N [ oya )
(R *P OB | 0 1+ [ -y2v2 |= | -1/2\2 J

~1/2 1/4 -1/4
(34 )
AP, +PL)MBCL 0 0 )| -1/2V2 |=3/4
~1/4
(34 \ (B
Il,lu}BL -1/232 = | -1/6
3
Vs ~1/4 -1/24/3

The three probabilities are

9/9/25 2-29



Ch. 2 Solutions

(vii) When the second SG device transmits particles with S, =+m, S,=0m, and

S, = ~In in a coherent beam.

(1)1x+P0x +P—1x)llU1

(Plx +P0X + P—lx)|1>

W)= 7
\/\WI‘(RX + POX + Pflx)

s /v 4 \/1\ /
P.IUB [ -1/242 12 -1/242 || o0 J= L—l/zﬁ
y4  -1/242  y4 0
[ ya N (2 \ [ v4
(P + P, +P))B | 1/242 +L 0 J+ Ll/zﬁ
1/4 -1/2 1/4

<1|(131X + POX + Pflx)

(1)
LB(1 0 O)LO le
0

(1)

v,)B LO J
0

which is [1) as expected. The three probabilities are
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[
=g, =1 0 o) L

S O

/
g=folw.) =/ 1 o 0>L

0

1

0
2 [0
H1=|<_1‘¢/2>‘ =1 0 0) LO
1

The cumulated results are

) R R P

D, T2 7

0), U
-1), To0 7

), &|0), T % m
D.&-D, 1z 0 3
00, &=, |+ & =©
D), &[0), &[-1) |1 0 0

2.22 a) The probability of measuring spin up at the 2™ Stern-Gerlach analyzer and spin
down at the 3" Stern-Gerlach analyzer is the product of the individual probabilities:

P B :P+ﬁ+nP =

+=+n--2z +tn--z

SRISE

n n

The |+>n eigenstate is
|+), = cosg[+) +e”sin§|-)
so the probability is
P, = |(cost(+]+ e sing{= )|+ [(~|(cos|+) + " sing |-
= cos’&sin* ¢ = 1sin’0
b) To maximize the probability requires that € =7/2 | and the probability is
Al

) If the 2™ Stern-Gerlach analyzer is removed, then the probability is
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P ==+ =0

+o -z

because the two states are orthogonal.

2.23 (a) The commutator is

(¢ 0 0N(B 0 0N (B 0 0\N(g 0 0)
[AB]=AB-BAB |0 & 0 [|0 0 & |[-|0 0 & [|0 a O

0 0 & JLOo B 0 0 4 0 JlOo 0 q

(e 0 0 ) (g8 0 0 )

B| O 0 af -] O 0 apf

0 af 0 0 ap 0
(0 0o )
B|O 0 B(a-a) |£0

0 L(a-a) 0

so they do not commute.
(b) Ais already diagonal, so the eigenvalues and eigenvectors are obtained by inspection.
The eigenvalues are

a,,d,,d,

and the eigenvectors are

(1) (o0
|a1>=\1>BLo J a)=|2)
0

For B, diagonalization yields the eigenvalues

(b,-A 0 0 )\
0 A B |50 = (-HA*-£)=0
0 B -A

= A=4.5.-A

and the eigenvectors
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(b, 0 0N/, N [, Au= v
0 0 b, LZUJ Blao | = Bo=fo = w=o=0
0 b, O (0 Ba= Lo

1\
f +]d +ef =1 = |f =1 = v=lLa=00=0 = |/1>=\1>BL0J

0
(b, 0 0 V/(,\ [u) Bo=fu
0 0 b, Lszﬁsz = pBo=po = v=0, v=0o
0 b 0 ® ® Bo=fw
(o \
(Bla)=1 = |d +lof =1 = v=0o=F0=F = |A)=3(2)+[3)B LT
5
(b, 0 0 \/, {5 Au=—A
0 0 b, w ,@ ZUJ = po=-Bo = v=0, v=-o
0 b 0 w o Bo=-Bo
(0
(-B|-B)=1 = |d +|ef =1 = v=0,= L, 0=-L = |-B)=L(2)+]3)B | &

L

V2

c) If B is measured, the possible results are the allowed eigenvalues b;,b,, =5 . If the
initial state is |/} =|2), then the probabilities are

R =
0 =(alw ) =5 @l+Eh)f =1
1, =-Al)l =2l -Ghi2f =4

If A is then measured, the possible results are the allowed eigenvalues a;,d,,a;. If b, was
the first result, then the new state is |b2> and when A is measured the subsequent

probabilities are
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P =[alg) =f1l&2)+13)[ =0
1, =[a|B8) =j2lE(2)+[3) =+
i, =[a|8) =|(31%(2)+13)] =1

If -b, was the first result, then the new state is |—b2> and when A is measured the
subsequent probabilities are

P =[(al-R) =[1l5(2) -13)[ =0
1, =[a|-B) =|2l5d2) -3 =4
1, =K e -a) =315 2y - 13y =1

d) If two operators do not commute, then the corresponding observables cannot be
measured simultaneously. Part (a) tells us that the operators A and B not commute. Part
(c) tells us that measurement B "disturbs" the measurement of A so the two measurements
are not compatible (cannot be made simultaneously).

2.24 (a) The eigenvalue equations for the S, operator and the four eigenstates are

5,[+3)=+3nl+3)
Zl+3)=+inl+3)
z]-4)=-tnl-3)
z|-3)=-1n-3)
(b) The matrix representations of the S, eigenstates are the unit vectors
(1) (0 ) (0 ) (0 )
e LN ) N R0 N e 13
0 0 0 1

(+3q 0 0 0 \
0 +in 0 0
S, B >N
0 0 -in o0
0 0 0 -3n

(d) The eigenvalue equations for the S* operator follow from the general equation
§*|sm,) = g o+ DN | )
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where we have suppressed the s label.

|-

+

NS TR O i O [ ) [96)
S~ ~ S~ S~

IS v SN v SN v S N

i

S 3 3 3

35}

[SS] LS}

LS}

+

Rlw = = ]
~ N~ ~— ~—

(e) The matrix representation of the S* operator has the eigenvalues along the diagonal:

2.25 The projection operators P, and P_ are represented by the matrices

[4

The Hermitian adjoints of these matrices are obtained by transposing and complex

conjugating them, yielding

(1
PjBl\O

0 )
0)’

17B|\

(0 0
0 1

\
)

Since the Hermitian adjoints are equal to the original matrices, these operators are

Hermitian.

9/9/25

2-35



