Solutions to B Problems

CHAPTER 2

B-2-1. £(t) =0 t<0
=t et t >0
Note that
-1
&[] = L

s
Referring to Equation (2-2), we obtain

F(s) = J, [£(e)) = [ [t e2t] = 1

(s + 2)2
B-2-2
(a) fl(t) =0 t <0
= 3 sin(5t + 45°) t =0
Note that
3 sin (5t + 45°) = 3 sin 5t cos 45° + 3 cos 5t sin 45°
s, ST 3
= —=— sin 5t + —= cos 5t
T2 JZ
So we have
3 5 3 s
F_(s) = [£.(t)] = +
1 e 1 JZ &2+ 52 > g2 4 52
=t B *S
J2 s2 + 25
(b) £5(t) =0 t<0

0.03(1 ~cos 2t) t>0

Fp(s) = J, [£5(¢)] = 0.03 - -0.03 8 . 012

s2 + 22 s(s? + a)




B-2-3. f£(t) =0 t<0

=t%e@t ¢ >0

Note that
L [t2] = L
g3

Referring to Equation (2-2), we obtain

F(s) = of; [£(t)] = [ [t%eat] = —2
(s +a)3

B-2-4. £(t) = 0 t <0

]

cos 2wt cos 3wt t >0

cos 2wt cos 3wt = %(cos 5wt + coset)

we have

F(s) = L IE(t)] = [ [5(cos 5wt + cos w't)]

s s \ (52 + 13 Wz)g

1 s - 2 S
: (sz v 25w?2 S+ w2 (2 + 25 wAE + @P)

B-2-5. The function f(t) can be written as
£f(t) = (t - a) 1(t - a)

The Laplace transform of f£(t) is

—as

F(s) = oy [£(£)] =) [(t - a) 1(t - a)] = &=

B-2-6. f(t) =c1(t -a) -c 1(t - b)

The Laplace transform of f(t) is

F(s) =c &2 _ ¢ €2 - ¢ (o35 _ ¢-bs)




B-2-7. The function f(t) can be written as

£(e) = =3~ - 132 1 - + 231t - a)

So the Laplace transform of f£(t) becomes

F(s) = 5 [£(t)) =22 1 _ _12.5 —1—e-<a/5>s+.2_-§_1_e—as
a

2 2
B S a s s

it

L (10 - 12.5 e (@/5)s | 5 5 g-as)

325

As a approaches zero, the limiting value of F(s) becomes as follows:

10 - 12.5 e=(a/5)s 4 5 5 o-as

lim F(s) = lim
a—=0 a—»0 azs
d
d - -(a/5 =
oy da (10-125e (a/5)s + 2.5 g=as)
a=>0 d_a@_ ads
= i 22588 e=(a/5)s _ 5.5 5 o-as
a=0 2as

d =
- (2.5 e (a/5)s = 9.5 e~as)

= 1lim
a—-0 d
— 2
da "
=0 ~-(a/5)s -as
= Iih [ s e > + 2.5 s e”¢
a-0
= 0.5 58 + 2.5 s - _28 e
2 2

B-2-8. The function £(t) can be written as

£t) =24 ¢ - 24 3(e--2y_ 24 (¢ -a)i(t-a)
a3 az 2 33

So the Laplace transform of f(t) becomes

28 §- .= 24 e
pis) =44 Ly - 2. %as'—aa——gz—‘

_ 24 1 _ _a g-kas _ e—as)
- a3 g2 s )



The limiting value of F(s) as a approaches zero is

24(1 - as e—%aS — g-as)

lim F(s) = 1im

a-»0 a=0 3.332
a'g' 24(1 - as e-%as - e-as)
= lim —=
a—=>0 _d.. a332
da
2
24(-s e~ S 4 ___2_as e 5aS + g g™as)
= lim P
a0 3a2s?
4 g(- ¢~ + 88 e~:s 4 ¢735)
= lim da F
a—=>0 Ay =3
32 oS
B|-S-e%5 S oYas ,a8(8) Has _ go-as
3 2 2\ 2
= 1lim
2l 2as
_ 1
da (4 e BS _ a5 o7 P8 _ 4 o725
= lim
a—=+0 -
da
1 1
-28 @ 5 _ g 7928 4 ag -g— e 85 4 45 o738
= lim
a—=0 !
=28 -85 +4s =5
B-2-9. f(ee) = 1im f(t) = 1im sF(s)
t-—->00 s->0
= 1k sb(s+2) _ 5x2 .30
50 s(s + 1) 1
B-2-10. £(0+) = 1im f£(t) = 1lim s 2(s + 2) =
t—>0+ S+ S(5 +1)(s +3)




B-2-11. Define L
¥ =T&
Then -

y(0+) = x(0+)
The initial value of y can be obtained by use of the initial value theorem
as follows:

y(0+) = 1im sY(s)

S 00
Since .
| ¥(s) = 4 [y(£)] = o, [X(£)] = sX(s) - x(0+)
we obtain
y(0+) = lim sY(s) = 1im s[sX(s) - x(0+)]
s> ® S— o
= lim [82%X(s) - sx(0+)]
S0

B-2-12. Note that

& [a% f(t)] = sF(s) - £(0)

X (_QE f(t)] = s27(s) - s£(0) - £(0)

at2
Define
a2
t) = — f(t)
g(t) ae2
Then
..g..a_f(t) = - = - 0
£ [dt3 L | 3¢ 98| = s8(s) - g(0)
= s[s2F(s) - s£(0) - £(0)] - £(0)
= s3F(s) - s2£(0) - s£(0) - £(0)
' b
B-2-13. T st |®
S £(t) et gt = S ae®tas =afo
-s
0 0 0




Referring to Problem A-2-12, we have
it |l
£(t) eSt at
F(s) = -2 _2aQ1 - ePS)
1 - e-Ts s(1 - e7Ts)

B-2-14. v= e+
g £(t) e e S‘é‘(t) e St gt =1
‘_
o_-

Referring to Problem A-2-12, we obtain

= 1
F(S} 1 S e'Ts

B-2-15 .

(a) L #ye) =S e

c+1)(s+3) s+i1ts+3

Fl(s) can thus be written as

2 1

s + 1 s + 3

Fl(s) =

and the inverse Laplace transform of Fl(s) is

£ () = 2 a B gmit
(b)
v.(s) =382 . %1, %2
2 s(s +1)(s + 2) s s +1
where
e 3(s + 4) = 3%
17 (s+1)(s + 2) 2
S -
a = 3!8 + 41 = 3x3
2 s(s + 2) (-1) x 1
s -




a=3!s+4[ = 3x2=3
3 s(s +1) (-2)(-1)
= s = =2
Fz(s) can thus be written as
F(s)=-& __3_,_3
2 s s+1 s+ 2
and the inverse Laplace transform of FZ‘S) is
£,() =6 -9 et + 372
B-2-16.
=88 +3 _ 6 3
(a) Fl(s) 52 = +-;T
The inverse Laplace transform of Flfs) is
f (t) =6 + 3t
i
(b) F (s) 55 + 2 a b, b,
8) = =
2 (5+l)(5+2)2 g8+ 1 (5+2)2 s + 2
where
58 + 2 =9+ 2 = -3
Lol <ommyi= 12
+ 2
(s ) S
=355 +2 =10 + 2 _
b, =t - 5 8
b=_d(53"'2) _5(s+1) - (5s +2)
1 ds\ 8 +1 2
8 = =2 (s + 1) 8= <D
= 5(-1) - (=10 + 2) _ 3
12
Fz(s) can thus be written as
-3 8 3
FZ(S) = + +
s+1 (g+2)2 s5+2



and the inverse Laplace transform of szs) is

fz(t'.) =-3et+8re?t szt

B-2-17.
_ 282 +48 +5 _o,.._2 5
F(s) = s(s + 1) s +1 % s(s + 1)
=2+ 2 BT e D % + 3
s +1 s s +1 s +1 s

The inverse Laplace transform of F(s) is

£(t) =2 8(t)-3e P45
B-2-18.
e l:.(S)_s+25+*‘-i 142 5 4
s2 B s2
The inverse Laplace transform of F(s) is
£(t) = S (t) + 2+ 4t -
B-2-19. ol s " T
s2 + 2s + 10 (s +1)2 + 32
- s+1 " 3
(s +1)2+32 (s+1)2+ 32
Hence
£(t) = et cos 3t - —;— e-t sin 3t
B-2-20.
2
F(s)=5+2§+5za2+b+ <
52(s+l) S s s + 1
where
2 s2 + 2s + 5 =5
8 %+ 1 ot il



p={28+2)(s+1) - (s2 + 25 +5) =2-5_

= = -3
(s + 1)2 1
) s=0
& sz+gs+5 s s B B
s2  §
s = =1
Hence
F(s) = 2. =3 - 4
s2 s s +1
The inverse Laplace transform of F(s) is
f(t) =5t -3+ 4et
B-2-21. <
F(S)= 2s + 10 = a " + c
(s + 1)2(s + 4) (s+1)2 s+1 s+4
where
a=-28+10 _-2+10 8
s +4 3 3
s = -1
b =-2(s+4) - (2s + 10) =8=8 _=2
(s + 4)2 32 9
s=-1
o= 28410 _=8+10 __2
(s +1)2 9 9
s = -4
Hence
8 - 1 2 1 2 1
F = - +
(8) 3 (s+ 1)2 9 s+1 9 s+4

The inverse Laplace transform of F(s) is

f(t) = _8_. te—t == _2.. e-t + L e—4t
3 9 9




B-2-22.

1. 1 1 1
F(s) = = ( ] )
52(52 = w?-) 32 52 +w2 w2

The inverse Laplace transform of F(s) is

£(t) = —2— (t - - sin cot)
w? w
B-2-23. - b
F(s) ) (1 - e@8) i a>o0

The inverse Laplace transform of F(s) is

f(t) = ct - c(t - a)l(t - a) - b 1(t - a)

B-2-24. A MATIAB program to obtain partial-fraction expansions of the
given function F(s) is given below.

nmum=[0 0 0 0 1]
den=[1 3 2 0 0];
[r,p,k] = residue(num,den)

r=

-0.2500
1.0000
-0.7500
0.5000

10



From this computer output we obtain

1 -0.25 1 -0.75 0.5
F(s) = = = o + +
54 + 333 + 252 s + 2 s + 1 s 82

The inverse Laplace transform of F(s) is

f(t) = -0.25 e—2t + e-t - 0.75 + 0.5t

B-2-25. A possible MATLAB program to obtain partial-fraction expansions
of the given function F(s) is given below.

mm=[0 0 3 4 1j;
den=[1 2 5 8 10];
[r,p.k] = residue(num,den)

r=

0.3661 - 0.4881i
0.3661 + 0.4881i
-0.3661 - 0.0006i
-0.3661 + 0.0006i

p‘.:

0.2758 + 1.9081i
0.2758 - 1.9081i
-1.2758 + 1.0309i
-1.2758 - 1.0309i

From this computer output we obtain

3s2 + 45 + 1

F(s) =
s + 283 + 582 + 8s + 10

11



0.3661 - j0.4881 3 0.3661 + j0.4881
s - 0.2758 - j1.9081 s - 0,2758 + j1.9081

-0.3661 - j0.0006 4 -0.3661 + j0.0006
s + 1.2758 - j1.0309 s + 1.2758 + j1.0309

Since the poles are complex quantities, we may rewrite F(s) as follows:

F(s) = —0:7322s + 1.6607 . -0.7322s - 0.9329
(s - 0.2758)2 + 1.90812 (s +1.2758)2 + 1.03092

_ _0.7322(s - 0.2758) + 1.9081 x 0.9762
(s - 0.2758)2 + 1.90812

+ =0.7322(s + 1.2758) + 1.0309 x 0.001204
(s + 1.2758)2 + 1.03092

Then, the inverse Laplace transform of F(s) is obtained as

0.7322 €0.2758t o5 1.9081t
+ 0.9762 €0-2758t gin 1.9081t
0.7322 e-1.2758t cos 1.0309t
0.001204 e-1.2758t gin 1.0309t

£(t)

+

B-2-26. X +4x = 0, x(0) = 5, %(0) = 0
The Laplace transform of the given differential equation is
[s2%(s) - sx(0) - X(0)] + 4X(s) =0
Substitution of the initial conditions into this last equation gives
(s? + 4)X(s) = 5s

Solving for X(s), we obtain

Ss
s +4

X(s) =

The inverse Laplace transform of X(s) is

x(t) = 5 cos 2t

This is the solution of the given differential equation.

12



B-2-27. X + aanx =, x(0) = 0, x(0) = 0
The Laplace transform of this differential equation is

) Rl el
2X(s) + W _“xX(s) = =

Solving this equation for X(s), we obtain

The inverse Laplace transform of X(s) is

x(t) = " (t - - sina)“t)

This is the solution of the given differential egquation.

B-2-28. X +2x+x=1, x(0) =0, x(0) = 2
The Laplace transform of this differential equation is

2[s%X(s) - sx(0) - %(0)] + 2[sX(s) - x(0)] + X(s) = _i_

Substitution of the initial conditions into this equation gives

2[s%(s) - 2] + 2[sX(s)] + X(s) = =

or

(282 + 25 + 1)X(s) = 4 + %.

Solving this last equation for X(s), we get

4s + 1
5(232 + 25 + 1)

X(s)

4 + 1
282 + 2s +1  s(28% + 25 + 1)

n

2 A 0.5

(s + 0.5)2 +0.25 s[(s + 0.5)2 + 0.25]

I

13



- ___4x0.5 L1 _ _(s+0.5) +0.5

(s + 0.5)2 + 0.52 8 (s + 0.5)2 + 0.52

The inverse Laplace transform of X(s) gives
x(t) = 4 793 gip 0.5t +1 - e 0-3t cos 0.5t - e 0+3t sin 0.5t

1+3 e'O'St sin 0.5t - e’O'St cos 0.5t

B-2-29. 2X + 7% + 3x = 0, x(0) = 3, x(0) = 0
Taking the Laplace transform of this differential equation, we obtain
2[s%X(s) - sx(0) - %(0)] + 7[sX(s) - x(0)] + 3X(s) = O
By substituting the given initial conditions into this last equation,
2[s2X(s) - 3s] + 7[sX(s) - 3] + 3X(s) = 0
or
{232 + 78 + 3)X(s) =6s + 21

Solving for X(s) yields

68 +.21 o 6s + 21
252 + 7s + 3 (25 + 1)(s + 3)

X(s) =

7.2 06 __3.6 ' 0.
282+1 8+3 s+0.5 8+ 3

Finally, taking the inverse Laplace transform of X(s), we obtain

e -

x(E) = 3.6 0.6 e

B-2-30. X + x = sin 3t, x(0) = 0, x(0) =0

The Laplace transform of this differential equation is

s2(s) + X(s) = —>—

s2 + 32
Solving this equation for X(s), we get
X(s) = 3 o3 1 . 3
(s2+1)s%+9) 9 2+1 B g2ao

14



The inverse Laplace transform of X(s) gives

x(t) = —— sin t - - sin 3t
8 B

15



CHAPTER 3

B-3-1. J=%mr? =% x 100 x 0.52 = 12.5 kg-m>

B-3-2. Assume that the body of known moment of inertia J0 is turned
through a small angle 6 about the vertical axis and then released. The
equation of motion for the oscillation is

JDB = - k8

where k is the torsional spring constant of the string. This equation can
be written as

Jo
or
e+ 28=0
n
where
k
w = [X-
n 3,

T, _._2x _ 2’1 (1)
Wy g8
Jo

Next, we attach a rotating body of unknown moment of inertia J and measure
the period T of oscillation. The equation for the period T is

2% (2)
fL

J
By eliminating the unknown torsional spring constant k from Equations (1) and
(2), we obtain

=

27C J3, 2T
T, T

0

2
0
(To)

The unknown moment of inertia J can therefore be determined by measuring the
period of oscillation T and substituting it into Equation (3).

16



B-3-3. Define the vertical displacement of the ball as x(t) with x(0) = 0.
The positive direction is downward. The equation of motion for the system
is

mX = mg

with initial conditions x(0) = O m and %(0) = 20 m/s. So we have

X=g
x = gt + x(0)

x=5gt2+:::(0)t+x(0)=’:gt2+20t

b
Assume that at t = t. the ball reaches the ground. Then
1 JOO m
100 = ¥ x 9.81 t12 +20 t,
from which we obtain
t., = 2.915 s

1

The ball reaches the ground in 2.915 s.

B-3-4. Define the torque applied to the flywheel as T. The equation of
motion for the system is

Je =T, 8(0) = 0, 8(0) =0

from which we obtain

= _ T
0 =——t
J

By substituting numerical values into this equation, we have

20 x 6.28 = —L_x 5

50
Thus
T = 1256 N-m
B-3-5. JE =T (T = braking torque)
Integrating this equation,
6=- Lt 8(0),  6(0) = 100 rad/s

Substituting the given numerical values,

20=-—§—x 15 + 100

17



Solving for T/J, we obtain

i
J
Hence, the deceleration given by the brake is 5.33 rad/sz.

= 5.33

The total angle rotated in 15-second period is obtained from

2 5 .
a(t) = - -%L--g_ + 8(0)t + 8(0), 8(0) = 0, 8(0) = 100

as follows;

2
8(15) = - 5.33 x 12 + 100 x 15 = 900 rad

B-3-6. Assume that we apply force F to the spring system. Then
F = klx + kz(x -y)
kz(x -y) = k¥
Eliminating y from the preceding equations, we obtain

g i(k2 + k3) + kzka
]{2 + k3

F

k1+

1
1 1
—— + —
ky K3

Hence the equivalent spring constant keq is given by

B-3-7. The equations for the system are
F= kz(x -y) '3 %,
kz(x -y) = kIY ¥

Eliminating y from the two equations gives

18



The equivalent spring constant k is then obtained as

3

1
&
1 2

Next, consider the figure shown below. Note that A ABD and ACBE are
similar. So we have

or

0C(0B + % OA) = OA(OB - % 0C)

Solving for 5(:-, we obtain

= = l :k

pel )
3

oc

]
=lig)
o
ol f®
[
+ =
-
I

€q

1 K

B-3-8.
(a) The force f due to the dampers is

£=by(y - X) + by(y - X) = (by + by)(y - %)

In terms of the equivalent viscous friction coefficient beqs force
f is given by

e £ = beg(¥ - X)
beg = by + b
(b) The force f due to the dampers is
£ =Dby(z - X) = by(y - 2) (1)

where z is the displacement of a point between damper by and damper
by.  (Note that the same force is transmitted through the shaft.)
From Equation (1), we have

(by + bz)é = bz)'r + b]_}:’.

1
by + by

v
z =

(byy + byx) (2)

19



In terms of the equivalent viscous friction coefficient beq, force £
is given by
= beq(Y - x)
By substituting Equation (2) into Equation (1), we have
= ’ ] _ - 1 . "
f =Dby(y - z) = byly - —bl ¥ (boy + byx)]

blbz . »
W e (7= 13E)
bl + b2
Thus, 5 " . bbby E
f = beg(y - x) = ba(y - 2) " hin ¥
2
Hence,
b; by ]
W by +b 1 2
by by

B-3-9. Since the same force transmits the shaft, we have

£ =Dby(z - %) = by(y - 2) + b3(y - 2) (1)
where displacement z is defined in the figure below.

. A
'-: — L,

In terms of the equivalent viscous friction coefficient, the force f
is given by

£ = beg(y - X) (2)
From Egquation (1) we have
or

Fl l . L]
= 3
z = by + by + bs [bix + (by + b3)y] (3)

By substituting Equation (3) into Equation (1), we have

20



